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MULTIPLICITY OF FUNCTIONS ON SINGULAR VARIETIES

TAKESHI IZAWA AND TATSUO SUWA

The multiplicity, also called the Milnor number, of a holomorphic function
f on a complex manifold M at an isolated critical point is an important invariant
and there are many ways to interpret it (see for example [O]). One way is to look
at it as the “residue” of the differential df on the top Chern class of the cotangent
bundle TV M of M. Then it is expressed as a Grothendieck residue (see for example
[S2-3]). In the global situation where there is a holomorphic map of a compact
complex manifold M onto a complex curve, with only isolated critical points, this
point of view leads to the “Multiplicity formula” (or the “Milnor number formula”),
which is stated in Corollary 2.4 below. In the algebraic category, this formula is a
special case of the one in [I], see also [F, Example 14.1.5]. In the analytic category,
this is proved in [HL, VI 3] using the “Milnor current”. Here we reprove it along
the above line.

There have been a number of works on the critical points of holomorphic
functions on singular varieties and generalization of multiplicities so that they have
some properties similar to the ones the usual multiplicity has (see for example [Dim)],
L&), [BR], (2)).

In this paper, we introduce a multiplicity for a function on a local complete
intersection variety, compute the number at an isolated singular point and prove
an analogous multiplicity formula, from the above viewpoint. In fact, to define
the multiplicity, the function needs not be holomorphic, it only needs to be the
restriction of a C'* function on the ambient manifold.

More precisely, let V' be a subvariety of dimension n in a complex manifold
W of dimension n + k such that there exist a holomorphic vector bundle N of rank
k and a holomorphic section s of N, generically transverse to the zero section, with
V = s71(0) (see Section 4 below). Note that V is then a local complete intersection
defined by the local components of s. We denote the virtual bundle (TW — N)|v
by 7v and call it the virtual tangent bundle of V. Let g be a C* function on W
and let f be its restriction to V. We define the singular set S(f) of f to be the
union of the singular set Sing(V) of V and the critical set C(f') of the restriction
f' of f to the regular part V' = V' \ Sing(V') of V. Let S be a compact connected
component of S(f). Using the differential df’, we may define the localization of the
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n-th Chern class of the virtual cotangent bundle 7y of V', which in turn defines the
residue Resc» (df, 7y;5). We denote this residue by m(f, S) and call it the virtual
multiplicity of f at S. On the other hand, we have the (generalized) Milnor number
p(V,8) of V at S ([BLSS], see also [P], [PP] in the case of hypersurfaces). We
define the multiplicity m(f, S) of f at S as the difference of m(f,S) and u(V,S)
(Definition 4.4).

Suppose that S consists of a point py and that V is defined by the equations
hy = -++ = hx = 0 in a neighborhood of py. Then it is shown that the virtual multi-
plicity m(f,po) coincides with the residue of the n-th Chern class of the restriction
TW |y with respect to the (k + 1)-frame s = (dg|v,dhi]|v,...,dhi|v) (Proposition
4.6) so that it can be computed using formulas in [S3]. Note that in this case,
the Milnor number u(V,py) coincides with the usual one, introduced in [M] when
k = 1, and in [H] for arbitrary k. We may also interpret m(f,po) in the spirit
of the “GSV”-index of a vector field on a singular variety, namely, as the sum of
the multiplicities of the function on a (local) smoothing (Proposition 4.9). We see
that both the virtual multiplicity m(f, py) and the multiplicity m(f, po) are integers
from either one of the above propositions. Note moreover that, if g is holomorphic,
m(f, po) is non-negative.

With this definition of multiplicities, in the global situation where V is
compact and where there is a holomorphic map of V onto a complex curve, we have
the multiplicity formula, which takes exactly the same form as in the non-singular
case (Corollary 5.6).

Let us finally remark that, for an isolated singular point py of a function f,
we could have defined m(f, po) simply by the identity in Proposition 4.9. However,
the way we adopted here has the following advantages. First, we can express the
multiplicity only in terms of some data on V, as Grothendieck residues. Second,
to prove a formula as in Corollary 5.6, we do not need a “global smoothing” of V,
which is not available in general.

We would like to thank J.-P. Brasselet and J. Seade for helpful conversations.

1. Preliminaries

For the background on the Cech-de Rham cohomology, we refer to [BT).
The integration theory on the Cech-de Rham cohomology is developed in [Lel-2].
For the Chern-Weil theory of characteristic classes of vector bundles, we refer to
[BB], [Bo] and [GH]. See also [S1] for the material in this section. We freely use the
notation and facts there.

(A) Integration on the Cech-de Rham cohomology

Let M be a (connected) oriented C*° manifold of dimension m. For an open
set U in M, we denote by A?(U) the space of complex valued C*° g-forms on U.
For an open covering U = {U,}o of M, we denote by A*(U) the Cech-de Rham
complex, with differential D, associated to the covering U and by HI(A*(U)) its



cohomology. We have a canonical isomorphism
(1.1) HY(M,C) S HI(A*U)),

where H?(M, C) denotes the de Rham cohomology of M.
If M is compact, taking a “system of honey-comb cells” {Ry}, adapted to
U, we may define the integration

/  H™(A*(U)) — C,
M

which is compatible, via (1.1), with the usual integration on the de Rham cohomol-
ogy.

Now let S be a closed set in M. Letting Uy = M \ S and U; a neighborhood
of S in M, we consider the covering U = {Up,U;} of M. In this case, a cochain
o in AYU) may be written as ¢ = (09,01,001) With o; € AYU;), ¢ = 0,1, and
oo1 € AT YUpy), Upy = Uy NU;. The differential D : A1(U) — ATT(UY) is given by

Do = (ddo,d01,0'1 —~0p — dO’g]).

If we set

AfU,Uy) ={o € AT(U) | 59 =0},
A*(U,Up) forms a subcomplex of A*(U) and we have a canonical isomorphism
HI(A*(U,Up)) ~ HI(M, M\ S;C).

Suppose S is compact (M may not be). Let R; be a compact manifold of
dimension m with C* boundary dR; in Uy, containing S in its interior Int B;, and
set Rp = M \ Int R). Then {Ro, R;} is a system of honey-comb cells adapted to U.
In this situation, we have the integration on A™(U, Up) defined by

/U=/ 01+/ 001,
M Ry Roy

where Rg1 = Ro N Ry = —OR; (OR; with opposite orientation). This induces the
integration

/ :H™(M,M\ S;C) — C.
M
If M is compact, the following diagram is commutative :

H™(M,M\ 8;C) —— H™(M,C)



(B) Chern classes in the Cech-de Rham cohomology

Let M be a C° manifold of dimension m and E a C* complex vector
bundle of (complex) rank r over M. For a connection V for E and for: =1,...,r,
we denote by ¢!(V) the i-th Chern form defined by V. It is obtained from the i-th
symmetric function of the curvature matrix of V and is a closed 2i-form on M. Its
class in H?'(M,C) is the i-th Chern class ¢'(E) of E.

For p 4+ 1 connections Vy,...,V, for E, we have the “difference form”
¢*(Vo, ..., V), which is a (2i ~ p)-form alternating in the p+ 1 entries and satisfies

p

(1.3) 3 (1) (Vo,..., Vs, .., V) + (=1 (V,..., V,) =0,

v=0

cf. [Bo]. Here we use a different sign convention, see [S1, Ch.II, (7.10)].

Let i{ = {Uq}o be an open covering of M. For each a, we choose a con-
nection V4 for E on Uy, and for the collection V, = (V4)q, we define the element
c(V.) in A%(U) by

ci(v*)ao...ap = ci(vaoa <. 7vap)-

Then we have D ¢!(V,) = 0 by (1.3). Moreover, it is shown that the class of ¢(V4)
in H*(A*(U)) does not depend on the choice of the collection of connections V.
It corresponds to the class ¢!(E) in H*(M,C) under the isomorphism (1.1).

(C) Localization of the top Chern class

Let E be a C* complex vector bundle of rank n over a complex manifold M
of dimension n. Also, let S be a closed set in M and suppose we have a C'*° section
s of E on M which is non-vanishing on M \ S. Sometimes S is called the singular
set of s. In this situation, we have the “localization” ¢"(E,s) in H**(M, M \ S;C)
of the Chern class ¢"(E) in H2*(M,C) at S with respect to s, which is described
as follows [52-3).

Letting Uy = M \ S and U; a neighborhood of S, we consider the covering
U = {Uy, U1} of M. Then the Chern class ¢"(E) is represented by the cocycle
c®(V,) in A2*(U) given by c™(V.) = (c®(Vy),c™(V1),c"(Vo, V1)), where Vy and
V1 denote connections for E on Uy and Uy, respectively. If we take as Vy an s-
trivial connection (i.e., a connection with Vo(s) = 0), we have c®(Vy) = 0 and the
the cocycle ¢®(V.,) is in A?™(U,Uy). The localization c™(E, s) is represented by this
cocycle

c"(V,) =(0,¢"(Vy),c"(Vo, V1)).

In the above situation, suppose that S is compact and let (Sx)x be the
connected components of S. Then, for each A, ¢"(E,s) defines the residue of s at
S with respect to c”, denote by Res. (s, E;Sy). Namely, for each A, we choose a
neighborhood Uy of Sy in Uy, so that the Uy’s are mutually disjoint, and let Ry be



a compact 2n-dimensional manifold with C* boundary in Uy containing S in its
interior. We set Rygx = —OR). Then the residue is given by

(1.4) Resen (s, E; Sy) = / (V1) + /R (Yo, V).

R
Note that the above residues are in fact integers (cf. [S3, Remark 2.4.3]). From the
commutativity of (1.2), we have the “residue formula” :

Proposition 1.5. If M is compact,
ZRescn(s,E; Sx) =/ c"(E).
A M

(D) Residue at an isolated singularity

In general, let U be a neighborhood of 0 in C* and fy,..., f, holomorphic
functions on U such that {p € U | fi(p) =0, 1 <7 < n} = {0}. For a holomorphic
n-from w on U, the Grothendieck residue is defined by

wo T (LY [ e
Reso[fl,..-,fn]_(%r\/——l) /I‘fl"'fn’

where T" denotes the n-cycle in U given by
P={peUl|lfilp)l=ei; 1<i<n}

for small positive numbers ¢;. It is oriented so that darg(fi) A+ Adarg(fn) 20
(see for example [GH, Ch.5]).

In the situation of (C) above, if Sy consists of a single point py and if
E and s are holomorphic, the residue Res.n(s, E;po) is given as follows [S2-3].
Let € = (e1,...,€,) be a holomorphic frame of E on a sufficiently small open
neighborhood U of py and write s = 3 ., fie;, with f; holomorphic functions on
U. Then we have

Note that it is also equal to the dimension of the vector space O/( fi,..., fn), where
O denotes the ring of germs of holomorphic functions at py and (f1,..., fn) the ideal
generated by f1,..., fa.

In particular, let E = TV M, the (holomorphic) cotangent bundle of M, and
let f be a holomorphic function near py with only critical point at pg. Then the
differential df is a section of TV M with an isolated singularity at po. If (z1,...,2n)

denotes a coordinate system around pg, we have f; = a%é in the above so that
(1.6) Rescn (df, TY M po) = m(f, po),

the multiplicity (or the Milnor number) of f at pg.



2. Multiplicity formula

Let M be an almost complex manifold of dimension 2n so that its cotangent
bundle TV M may be naturally thought of as a complex vector bundle of rank n.
For a C* function f on M, its differential df is a section of TV M, which is non-
vanishing away from its critical set C(f). For a compact connected component S
of C(f) having a neighborhood disjoint from the other components, we define the
multiplicity m(f,S) of f at S by

m(f,S) = Resen (df, TV M3 S).

Note that, if M is a complex manifold, f is holomorphic and if S consists of a point
P, it coinsides with the usual multiplicity of f at py (see (1.6)).

Now we consider the global situation. Let f : M — C be a holomorphic
map of a complex manifold M of dimension n onto a complex curve C (complex
manifold of dimension one). The differential

df : TM — f*TC

of f determines a section of the bundle TVM ® f*T'C, which is also denoted by
df. The set of zeros of df is the critical set C(f) of f. Suppose C(f) is com-

pact and denote by (Sx)a its connected components. Then we have the residue
Resen (df, TYM ® f*TC; S)) for each A\. By Proposition 1.5, we have :

Proposition 2.1. If M is compact,
ZR,escn(df, TVM @ f*TC; Sy) :/ (TVM ® f*TC).
X M

We look at the both sides of the above more closely. In the sequel, we set
D(f) = f(C(f)), the set of critical values. Then, if M is compact, f defines a C'>°
fiber bundle structure on M \ C(f) — C \ D(f).

Lemma 2.2. If M is compact, and if D(f) consists of isolated points,

/M TVM ® F*TC) = (~1)*(x(M) — x(F) x(C)),

where F' denotes a general fiber of f.

Proof. Using properties of Chern classes and noting that C is complex one dimen-
sional, we have

TV M ® f*TC) = (—1)" (c"(M) — "1 (M) - f*(C)).



Thus it suffices to show that
[ e 5e(©) = x(FIx(E),

which follows essentially from the projection formula. See Lemma 5.2 below, where
this is proved precisely in a more general situation. O

Suppose that f(S») is a point. Taking a coordinate on C around f(Sy), we
think of f as a holomorphic function near S. Then we may write

Resen (df, TV M ® f*TC; Sy) = Resen (df, TV M; S) = m(f, Sx),

the multiplicity of f at S). Thus we proved :

Theorem 2.3. Let f : M — C be a holomorphic map of a compact complex
manifold M of dimension n onto a complex curve C. If the critical values D(f) of
f consists of only isolated points, then

Y_m(f,5) = (=1)"(x(M) — x(F) x(C)),
A

where the sum is taken over the connected components Sy of C(f).
In particular, we have ([I], see also [F, Example 14.1.5] and [HL, VI 3]) :

Corollary 2.4. In the above situation, if the critical set C(f) of f consists of only
isolated points,

> m(f,p) = (1) (x(M) — x(F) x(C)).

p€C(f)

Analogous formulas are studied in [Dio] when the target space is higher
dimensional.

3. Characteristic numbers on singular varieties

We refer to [S1, Ch.IV, 2, Ch.VI, 4] and [S3] for details of the material in
this section. Let V be an analytic subvariety of pure dimension n in a complex
manifold W of dimension n + k. We denote by Sing(V') the singular set of V and
set V! =V \ Sing(V).



(A) Integration

First, we suppose that V is compact. Let U be a neighborhood of V in W
and let U = {U,}4 be an open covering of U/. Taking a system {R,}« of honey-
comb cells adapted to U such that V is transverse to each Ra0-~~a,, = Rao n-- -ﬂﬁ’,ap,
we may define the integration

/ s H*"(A*(U)) — C.
|4

We have H2"(A*(U)) ~ H?**(U,C) and the above integration is compatible with
the integration on H2*(U,C) induced from the integration of 2n-forms on U over
the 2n-cycle V.

Second, suppose V may not be compact. Let S be a compact set in V such
that there is an open set U in V with § € U and U \ S C V'. Letting U; be
a neighborhood of S in W with U; NV C U and Uy a tubular neighborhood of
Up =U\ S in W, we consider the covering U = {[70, ﬁl} of U = Uy UU;. We define
the subcomplex A*(U,Uy) of A*(U) as in Section 1 (A).

Let R; be a compact real 2(n+ k) dimensional manifold with ' boundary
in U; such that S is in its interior and that OR; is transverse to U. We set Ry =
RiNU, Ryy = —0R; = —8Ry NU. Then we have the integration on AU, [70)

given by
/U=/ a1 +/ 001
U Ry Ro

for 0 = (0,01,001) in A*™(U, ﬁo). This induces the integration on the cohomology
/ : H*™(A*(U,T,)) — C.
U

Suppose V is compact again and let S be a compact set in V' which contains
Sing(V'). In this situation we set U = V and we have the following commutative
diagram :

HAM AU, T0)) —— H*"(A"(W)
(3.1) L~ | &
C

—_— C.

Remarks 8.2. 1. In the above, the assumption that Uy = U \ S is in the regular
part V' = V \ Sing(V) is not necessary. However, with this condition, to define a
cochain o = (09,071,001) in AY(U) we only need to define oy on Uy, since there is a
C® retraction Uy — U,.



2. If S admits a regular neighborhood in W, we may choose U1 so that it is a
regular neighborhood of $ and that U is a deformation retract of U = Uy U U,. In
this case, we have canonical isomorphisms

HY(A*U)) ~ HY(U,C) and  HY(A*U,Ty)) ~ HY(U,U \ S;C).

(B) Localization of Chern classes

Let E be a vector bundle of rank r. In general, an ¢-frame of F is an ¢-tuple
of sections s = (s3,...,8¢) of E linearly independent everywhere on the domain of
definition. An r-frame is simply called a frame. A connection V for E is s-trivial if
V(s;) =0 for all :.

Let S, Uy, Uy, U and U be as in (A). For a complex vector bundle E over
U of rank r (> n), the Chern class ¢"(E) is represented by the cocycle ¢®(V,) in
A’™(U) given by

c"(Vi) = ("(Vo), "(V1),¢"(Vo, V1)),

where Vo and V; denote connections for E on Uy and Uy, respectively. Note that
it is sufficient if V is defined only on Uy = U \ S (see Remark 3.2.1).

Suppose that we have a C® {-frame s = (s1,...,8¢) on Up, L =r —n + 1,
and let Vg be s-trivial. Then we have the vanishing ¢"(Vg) = 0 and the above
cocycle ¢®(V,) is in A?™(U,Up) and it defines a class ¢(E,s) in H2(A*(U,Ty)),
which is independent of the choice of the s-trivial connection Vy or the connection
Vi.

If we let (Sa)a be the connected components of S, integrating c"(E, s) over
U, we have the residue Res.x (s, E|y; Sy) of s at Sy with respect to ¢”, for each A.
For each A, we choose a neighborhood Uy of Sy in Uy, so that the Uy’s are mutually
disjoint. Let Ry be a real 2(n + k)-dimensional manifold with C* boundary in U
containing S in its interior such that the boundary AR, is transverse to V. We set
Rox = —OR\ N V. Then the residue is given by

Rescn(s,ElU;S,\)z/ c"(V1)+/ c"(Vo,V1).
Ry Roa

Note that the above residues are in fact integers. From the commutativity of (3.1),
we have the “residue formula” :

Proposition 3.4. IfV is compact,

ZRescn(s,Elv;S)\)=/ c"(E).
A V



(C) Residue at an isolated singularity

In general, let U be a neighborhood of 0 in C*** and V a subvariety of
dimension n in U which contains 0 as at most an isolated singular point. Also, let
f1,..., fn be holomorphic functions on U such that

{pel]filp)=0,1<i<n}nV ={0}.

For a holomorphic n-from w on U, the Grothendieck residue relative to V is defined

by
w _ 1 " w
Res"[fl,---,fn]v“(z%‘\/—_l) /—_ff

where T denotes the n-cycle expressed as the one in Section 1 (D) with U = U NV
([LS}], [Sul, Ch.IV, 8)]).

If V is a complete intersection defined by hy = -+ = hx = 0 in U, by an
iterated use of the projection formula, we see that

Adhy A---Adh
R, w =R w A ah k]_
es”[fl,...,fn]v eso[fl,...,fn,hl,...,hk

Now we go back to the previous situation. Let pp be a point in V and assume
that V has at most an isolated singularity at py. Let E be a holomorphic vector
bundle of rank r, 1 < n < r, over a neighborhood UofpoinW. Let {=r —n+1
and suppose we have ¢ holomorphic sections s;,...,s¢ of E on U such that

{peUlsiA--Ase(p)=0}NV ={po}.

Thus s = (s1,...,5¢) is an -frame of E on Uy = U \ {po}, U = UNV. In this
situation, the residue Res.n (s, E|v;po) is given as follows [S3, Theorem 5.7]. Let
e = (e1,...,¢,) be a holomorphic frame of E on U and write s; = Z;=1 fijej,

i=1,...,¢, with f;; holomorphic functions on U. Let F be the £ x r matrix whose
(i,7)-entry is fi;. We set

I={(t,.- i) |1<i1< - <ig<r}

For an element I = (1,...,1¢) in Z, let Fr denote the £ x £ matrix consisting of the
columns of F' corresponding to I and set f; = det F;. We have [S3, Lemma 5.6] :

Lemma 3.5. We may choose a holomorphic frame e = (ey,...,¢e;) of E so that
there exist n elements IV, ... I(") in T with the property

{pelUl|fin@) == frm)=0}NV ={p}.



Note that we may assume that IV, ... I™ are the first n elements in T
with the lexicographic order. Let e = (ej,...,e,) be a frame of E on U as in
Lemma 3.5. Let us write I{®) = (iga),. . .,iga) ,a=1,...,n, and let F{® be the
r X r matrix obtained by replacing the z'g-a)—th row of the r x r identity matrix by

the j-th row of F, j = 1,...,£. Note that det F{®) = f;.). Let F(® denote the
adjoint matrix of F(®) and set

0@ = f(a) . gp(e)

which is an r X r-matrix whose entries are holomorphic 1-forms. For an n-tuple of
integers A = (ay,...,a,) with 1 < ay < --- < a, <r, we denote by @Ef) the n x n
matrix whose (s, j)-entry is the (a;,a;)-entry of ©(®). Also, for a permutation p of

degree n, we denote by © 4(p) the n X n-matrix whose ¢-th column is that of @Ef(i)).

For the collection © = {0(®},, we set
1
o,(0) = .} ZA: Z sgn p - det © 4(p),
p

where the sums are taken over the n-tuples A as above and the permutations p of
degree n, and the determinant is defined as in [S3, 4 (C)]. Note that ,(0) is a
holomorphic n-form on U. Then we have [S3, Theorem 5.7] :

Theorem 3.6. In the above situation, the residue is given by

(0
R,esc”(s) E;p()) = R'espo [f[(l)(j -(‘ ))fI(") ] 174 ’

We refer to [S3, 6] for more explicit expressions of the above in some special
cases.

(D) Virtual bundles

Let E and E' be vector bundles. The total Chern class ¢*({) of the virtual
bundle ¢ = E — E' is defined by ¢*(¢) = ¢*(E)/c*(E"). The i-th Chern class ¢'(£) is
the component of c*(¢) of degree 2i. It is also define by taking connections V and
V' of E and E', respectively. From the pair V* = (V', V) we may define a closed
2i-form ¢'(V*) and its class in the de Rham cohomology is c¢*(¢) [S1, Ch.II, 8 (C)].

For p + 1 pairs of connections V§,...,V; for E, the “difference form”
c(Vs,... ,V3) is defined similarly as in the case of a single vector bundle. It is
a (2t — p)-form satisfying an identity similar to (1.3).

Suppose we have an exact sequence of vector bundles

0—>E - E—E"—0.



If we have p + 1 triples of connections (V},V;, V), 2 = 0,...,p, compatible with
the above sequence [BB], we have

(3.7) (V... V) =¢(Ve,...,Vy),

where V? = (Vi,V,).
Chern numbers of virtual bundles on a singular variety can be computed
similarly as in the case of single vector bundles.

4. Multiplicity of functions on local complete intersections

In Sections 4 and 5, the varieties we consider are “local complete intersec-
tions defined by a section”. Namely, let V be a subvariety of dimension n in a
complex manifold W of dimension n + k. We say that V is a local complete inter-
section defined by a section, if there exist a holomorphic vector bundle N of rank
k over W and a holomorphic section s of N such that s is generically transverse to
the zero section and that V is the zero set of s. Note that, in this case, the ideal
sheaf of germs of holomorphic functions vanishing on V is generated by the local
components of s and V is in fact a local complete intersection (cf. [T]).

Let V be as above and let ¢ denote the embedding V «— W. We denote by
Sing(V') the singular set of V and by V' the regular part of V ; V! =V \ Sing(V).
Then the restriction N|y coincides with the normal bundle Ny of V' in W. We
set Ny = N|y. On V', there is a commutative diagram of vector bundles whose
first row is exact :

0 —— TV -2 TWy s Ny y 0
(41) lincl. lincl.
: TW|v LN Ny

We set 7v = TW |y — Ny and call it the virtual tangent bundle of V. Taking the
duals of the above, we have :
0 —— Ny, —— TYWiy LTV — 0
(42) lincl. lincl.
Ny 7, VW |y

We set 7y = TVW |y — Ny call it the virtual cotangent bundle of V.

Let g be a C* function on W and let f and f' denote the restrictions of g
to V and V', respectively. We set S(f) = Sing(V) U C(f') and call it the singular

set of f. Welet Vo = V \ S(f). Let S be a compact connected component of
S(f) which admits an open neighborhood U in V with U\ § C V. Letting U;



be a neighborhood of S in W with U; NV c U and Uo a tubular neighborhood of
=U\ S in W, we consider the covering U = {Uo,Ul} of U =U,UTs.

We denote by fo the restriction of ¢ to V3. Thus dfy is a non-vanishing
section of the bundle TVUy, which is of rank n. We now try to compute ¢*(7V),
7V = TVW — NV, and will see that there is a canonical localization ¢"(7V,df) in
H2(A*(U,Ty)) of ¢(7V). Let V be a dfy-trivial connection for TVU, on Uy. Let
Vo and Vj be connections for TVW and NV on Uy, respectively, such that the
triple (Vg, Vo, V) is compatible with the first row in (4.2). Let V; and Vj be
arbitrary connections for TVW and NV on U, respectively. Then the class (V)
is represented in H2"(A*(U)) by the cocycle

c"(V3) = (¢"(Vo), ¢*(V1),¢"(V, V1)),
where we set Vi = (V},V;), i = 0,1. Since (Vg,Vp, V) is compatible and V is
dfop-trivial, we have
c"(Vg) =c"(V)=0.
Hence the cocycle is in A2*(U,U,) and it defines a class in H2"(A*(U,TUp)) which
is denoted by c¢*(7Y,df) and called the localization of ¢®(rV) by df at S. It is
independent of the choces of various connections.
Let R; be a compact real 2(n +k) dimensional manifold with C* boundary
n ﬁl such that S is in its interior and that 3R1 is transverse to U. We set Ry =
RiNU, Ryy = —9Ry = —3Ry N U. Then, integrating c¢*(rV, df) over U, we have
the residue Res.»(df, 7y; S), which is given by
(4.3) Resen (df, 73 S) = / c*(VY) +/ c*(Vg,V1).
Ry R

01

We define the virtual multiplicity m(f,S) of f at S to be this residue :
m(f,S) = Resen (df, Tv/; S).

On the other hand, for such a component S, we have the (generalized)
Milnor number p(V,S) of V at S [BLSS]. Note that if S consists of a point p, it
is the usual Milnor number p(V, p) of the isolated complete intersection singularity
(V,p) ([M], [H], see also [Lo]). In the hypersurface case, it is studied in detail in
[P], [PP].

Definition 4.4. The multiplicity m(f,S) of f at S is defined by
m(fa S) = "%(fa S) - /‘(Va S)

Remark 4.5, If S is in the regular part V', we may choose the above connections
Vi and V; and a connection for T vV so that they are compatible with the first
row of (4.2) on Uy N'V. Then we have, by (3.7),

Resen (df, 773 S) = Resen (df, TVV'; S).

On the other hand, in this case we have u(V,S) = 0 so that m(f,S) coincides with
the one in Section 2.



If S consists of a single point pg, the residue Res.~(df, Ty;po) is given as
follows. We may assume that U is small enough so that the bundle N admits a

frame v = (v4,...,v) on U. We write s = Zle h; v; with h; holomorphic functions
on U. Thus V is defined by Ay = --- = by = 0 on U. Then the (k + 1)-tuple of
sections

s = (dglu,dhil|y, - ,dhilu)

of TVW |y form a (k + 1)-frame on Uy. Here it should be emphasized that these are
not restrictions of differential forms but restrictions of sections. Since the rank of
TYW]|yv is n + k, we have the residue Rescn (s, TV W|v;po) (see Section 3).

Proposition 4.6.
m(f,po) = Rescn (S,TVW|V;P0)-

Proof. Recall that the left hand side is given by (4.3) and the right hand side by a
similar formula, except V§ is replaced by an s-trivial connection for TVW |y on Uy
and V$ by a connection for TVW on U;.

First we take connections on Uy. Note that, on U, the homomorphism
p in (4.1) sends a tangent vector v of W to Ele v(h;)vily. Hence, if we let
vV = (vy,...,v)) be the frame of N¥ on U which is dual to v, the homomorphism
p¥ in (4.2) sends v)|y to dhijy, i = 1,...,k. On the other hand, dgly, is sent
to dfy by ¢*. Thus there exist, on Uy, a vV-trivial connection V§ for NV|y, an
s-trivial connection Vq for TVW |y and a df-trivial connection V for TVUp such
that the triple (V§, Vo, V) is compatible with the first row of (4.2) on Up. If we set
Vs = (V4, Vo), we have c*(V}) = ¢*(V) = 0, since V is dfp-trivial. We also have
c¢"(Vp) = 0, since V is s-trivial

Next we take connections on U;. Let V; be an arbitrary connection for
TYW and let V} be the vV-trivial connection for N¥ on U; and set V3§ = (V}, Vy).

From c*(7y) = ¢*(TVW)/c*(NV), we may write

() = MTVW) + Y T - (V)

where ¢* denotes a Chern polynomial homogeneous of degree ¢. Then, since Vi is
vV-trivial, we have ¢*(V]) = 0 and

(4.7) (Vi) = "(Vi) + Z "H V1) - 9(V)) = (V1)

=1

To compute c"(Vg, V1), recall that it is given by integrating~c”(€7') over the
1-simplex [0, 1], where V* = (V', V) with V = (1 —t)V+tV; and V' = (1-¢) Vg +



V). Since V), = V4, which is vV-trivial, we have V' = V/ and ¢*(V') = ¢¥(V}) =0
for all ;. Hence we have

(V%) = n(9) + 3 (D) - (V) = (D).
1=1
Therefore we have ¢*(V§, V1) = ¢*(Vy, V1), which together with (4.7) imply the
equality of the residues. 0O

Corollary 4.8. The multiplicity of f at py is given by
m(f)pO) = Resc"(S) TVW|V7p0) - /,I,(I/,po)

From the above we see that m(f, po) and thus m(f, po) are integers. If g is
holomorphic, we may compute m(f,py) = Rescn(s, TYW|y;po) using the formula
in Theorem 3.6. We give an explicit expression in some cases.

(1) The case n = 1 with k arbitrary.
Thus V is a curve of arbitrary codimension in W. We may assume that U

is small enough so that it admits a coordinate system (zi,...,zk+1). Let ¢ denote
the Jacobian : ek "
§0=det (ga 1y k)
6(21, tee 7zk+1)

Then we have [S3, Section 6, (2)] :

do Adhy A -+ A dhyg

- _ dp| _
m(f’pO)_ReSPo[SO:lV—ReSPO[ O, hiy. .. hg

Thus, in this case, m(f, po) can be interpreted as the intersection number at py of
V and the divisor defined by ¢ in U.
(2) The case k = 1 with n arbitrary.

Thus V is a hypersurface in W of arbitrary dimension. We may assume that
U admits a coordinate system (21,...,2n+1) such that the frame (dz1,...,d2nq1)
satisfies the condition of Lemma 3.5. Set h = hy and

T T S99 g9
| 9% 9z; 9. = 0z; 9z;j
Pij = | o ok |1 i = | on  gOk |
Oz dz; dz; Bz;
We may assume that
{peU|pa(p)="=¢1n(p) =0}NV ={po}.
Then we have [S3, Section 6, (3)] :

o'n(@) O'n(G) A dh ]

m = Res = Res
(f,po) po [(Plz,_”,sol,nﬂ]v po [9012,---,‘P1,n+1,h



where

n+1

1
on(©) :E(Z Ora A Nbyicg ANdpri AN igi Ao ANy
=2
+ Y (-1 /\dgo,-j/\012/\---/\67;/\--~/\9/1\j/\-—-/\61,n+1).
2<i<j<n+1

We finish this section by giving an interpretation of the number m(f, po)
similar to the one for the “GSV-index” of a vector field ([GSV], [SS1]) so that it may
be called the “virtual multiplicity” of f at py (cf. [LSS], [SS2], where the virtual
index of a vector field is defined and is shown to coincide with the GSV-index). The
integrality of m(f,po) and m(f, py) can be also seen from this.

Let U and v = (v1,...,1;) be as before and write s = ELI hiv;. We
consider the holomorphic map k = (hy,..., k) : (U,po) — (C¥,0). For a point ¢
in C* near 0, we set V; = h~1(t) and dente by f; the restriction of g to V;. We set
S(f:) = Sing(V;) UC(f:). Note that S(f;) consists of a finite number of points. For
a general point ¢ (a point not in h(C(R))), V; is non-singular (the Milnor fiber of &,
[M], [H], [Lo]).

Proposition 4.9. In the above situation, we have

w(f,po) = Y, m(fi,p).

pES(ft)

In particular, for general t,

m(fapﬂ) = Z m(ft,p) and thus m(faPO) = Z m(ft)p) - ,U.(V,po)

PEC(ft) PEC(ft)

Proof. We set U' = U \ C(h) and denote by h' the restriction of h to U’. Then
there is a commutative diagram of vector bundles whose first row is exact and which
extends (4.1) (restricted to V' NU) :

0 —— NV —— TVW|u — TVR' —— 0

(4.10) Jvincl. lincl.

NVl —2— TVW|y

b

where Th' denotes the bundle of vectors tangent to the fibers of h'. We compute
the localization ¢*(ry;, df:) using (the restrictions to Vi of) the connections deifned

as follows. On Uy = U’ \ C(g), n(dg) is non-vanishing and its restrction to V; is



dfe. Let V be a w(dg)-trivial connection for TVh' on Uy and choose connections
Vo and V), respectively, for TYW and NV on U, so that the triple (V, Vo, V})
is compatible with the first row of (4.10) on Us. We let V; and V| be arbitrary
connections for TYW and NV, respectively, on U.

Then we see that the class ¢"(ry;,df;) gives the sum - ..y Mm(fe,p),
which depends continuously on t. For a regular value ¢ of k, we have c*(ry,,df:) =
c®(TVVi, df:) (see Remark 4.5) and the sum becomes ) cc(s,) m(ftp), which is

an integer (see Section 2). Thus the sum remains constant, since the regular values
are dense. 0O

5. Singular multiplicity formula

Let V be a local complete intersection of dimension n in W defined by a
section of a holomorphic vector bundle N over W. Also, let ¢ : W — C be a
holomorphic map from W onto a complex curve C and let f denote the restrictions
of g to V. We denote by f’ the restiction of f to V' and set S(f) = Sing(V)UC(f').
Note that C(g)NV C S(f). We assume that S(f) is compact. We set V = V'\S(f),
which is a subset of V'. We denote by fo the restriction of ¢ to V4. Thus dfy is a
non-vanishing section of the bundle TVV, ® f3T'C, which is of rank n. We now try
to compute ¢*(¢), € = 7 ® f*T'C and will see that there is a canonical localization
c*(g,df) in H*(V,V '\ $;C) of c"(¢). This is done exactly in the same way, except
all the bundles are tensored by ¢*T'C or f*TC.

Let (Sx)x be the connected components of S and let (Rx)x be as in Section
3 (B). Then we have, for each A, the residue Rescn(df, 7y @ f*T'C;Sy), which is
given by a formula similar to (4.3). Note that, if Sy is in the regular part V', it
coincides with the one in Section 2. From the definition, we have :

Proposition 5.1. If V is compact,
ZRescn(df, Ty @ f*TC; Sy) = / c(ry @ f*TC).
A 14

We now compute the global number in the right hand side of the equality
in Proposition 5.1.

Lemma 5.2. If V is compact, and if f(S(f)) = f(Sing(V) U C(f')) consists of
isolated points,

[ et @ £70) = (1" (V) = X(F) MO + (Y 53),
A

where F is a general fiber of f.

Proof. First, using the properties of the Chern classes and noting that C is complex
one dimensional, we have

c*(ry ® f*TC) = (=1)* (¢™(rv) — " H(7v) - f(C)).



By [BLSS] (see also [SS2)),
[ o) =x )+ (-1n S v ).
A

Thus it suffices to prove

(5.3) /V (1) - £7¢(C) = x(F) x(C).

Let f(S) = {t1---tx} and, for each ¢;, let C; be a small open disk around ¢;. We
set Cp = C'\ f(S) and consider the covering C = {Cy, {C;}%_;} of C. In this proof,
we set Vo =V \ f71(Cy) so that fy : Vo — Cp is a holomorphic submersion and is
a C™ fiber bundle with typical fiber F. Let W; = ¢~1(C;) and let Wy be a tubular
neighborhood of V; in W small enough so that g does not have critical points in Wj.
We let go be the restriction of g to Wy. Let W denote the covering {Wo, {W;}5,}
of W. In the following, we work on the Cech-de Rham cohomologies associated
with the coverings C and W. We have an exact sequence of vector bundles on V; :

(5.4) 0— Tfo — TVp — fETC — 0.

where T fy denotes the bundles of vectors tangent to the fibers of fo.

To compute the left hand side of (5.3), we take various connections. We
choose a connection V§ for T'C on Cy and connections V V({ , Vo and V), respec-
tively, for TVy, T fo, TW|y, and Ny, on V; so that (Vg,V(‘,/,f*Vg) is compatible
with (5.4) and (VY , Vo, V}) is compatible with (5.1). Foreach ¢ = 1,...,k, let V§
be a connection for TC on C; which is trivial with respect to some local frame of
TC. Also, let V; and V! be connections for TW and N, respectively, on W;. We
set V§ = (Vh, Vp) and V! = (V4,V;). Then ¢'(C) is represented by the cocycle

M (VE) = (HVE) (M (VN (¢1(VF, V)):)
in A%(C) and ¢"~!(7v) is represented by the cocycle
(V1) = (PTHV) (¢ THVL (" TH(VE, Vi)

in A2(»=D(W) (cf. Remark 3.2.1). Note that ¢}(VY) = 0. The class ¢**(7v) -
f*c'(C) is then represented by the cup product

VL) - FrH(VE) = (P TH(VE) - f* e (VE), 0, (<" (V5) - el (V5, VE))i) -

From the compatibilities of the connections and the fact that C is complex one
dimensional, we have

U VE) = TN (VY) = UV + (V) - (V)



Hence we have
U (V2) - £ (VE) = (V) - £ (V6),0, ("N (TE) - 1 (VE, VEN)

For each 7 = 1,...,k, let D; be a closed disk in C; centered at ; and let
Dy = C\UE_, Int D;. Then {Dy, {D;}*_,} is a system of honey-comb cells adapted
to the covering C. If we set R; = f~1(D;) and Ry; = f~Y(Dy;), Doi = —0D;, by
the projection formula, the left hand side of (5.3) becomes

k
/R ECOREIAEDY /R ) S99

k
- /D RSO AEDY /D ST - 95, 9)

In the above, f*c"~1(vg,‘ ) denotes the integration along the fibers of f and it is
equal to the constant x(F'). On the other hand,

/Do cl(v§)+g/mi cl(Vg,Vf):/ccl(C):X(C).

Thus we proved (5.3). O

Suppose that f(S)) is a point. Taking a coordinate on C around f(Sy), we
think of ¢ and f as functions near S. Then we may write

Rese» (df, 7y ® F*TC;Sx) = (£, Sa) = m(f,5x) — w(V, S»).

Summarizing the above, we have :

Theorem 5.5. Let V be a local complete intersection of dimension n defined by a
section of a holomorphic vector bundle over a complex manifold W. Let g : W — C
be a holomorphic map and let f be the restriction of g to V. If V is compact and
if f(S(f)), S(f) = Sing(V) U C(f"), consists only of isolated points,

Y m(f,5) = (1" (x(V) = x(F) x(C)),
A

where F' denotes a general fiber of f.

Corollary 5.6. In the above situation, if S(f) consists only of isolated points,

Y mf,p) = (1) (x(V) - x(F)x(C))-

PES(S)
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