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Abstract

We rigorously prove that the solution surface of the intermediate
surface diffusion flow converges to that of the averaged mean curva-
ture flow locally in time as the diffusion coefficient tends to infinity.
As an application of this convergence result, we show that the inter-
mediate surface diffusion flow can drive embedded hypersurfaces into
self-intersections.
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1 Introduction

We study the following nonlocal geometric evolution equation:

-1

V(t) = Arg (11) — 1AF(t)> H(t) on I'(t) for t>0. (1)
Here T'(¢) is an unknown, with respect to time ¢ > 0 evolving closed com-
pact oriented hypersurface in R" . We write Ar(,y for the Lapalce-Beltrami
operator on I'(¢) with respect to the Euclidean metric. The mean curvature
of I'(t) is denoted by H(¢t) and V stands for the normal velocity of the family
{I'(t); t > 0}. The evolution equation (1) does not depend on the local choice
of orientation. However, if I'(¢) encloses a domain €2(¢) (which is the physical
relevant case), we always choose the orientation such that V(¢) is positive if
Q(t) grows and such that H(t) is positive if T'(¢) is convex with respect to
Q(t). We mention that in the plane case sometimes the opposite orientation
is used. Finally, D > 0 is the diffusion coefficient and M > 0 is the mobility
constant. The equation (1) is called intermediate surface diffusion flow and
was first proposed by J. W. Cahn and J. E. Taylor [1]. The evolution equation
(1) has to be supplemented by an appropriate initial condition

r(0) = Iy, (2)

where T’y is a (possibly) immersed compact closed oriented hypersurface of
class C*™® with a € (0,1) fixed. We are interested in the behaviour of solu-
tions to (1), (2) for large D, therefore we restrict ourselves to the case D > 1.

The purpose of this paper is to prove that problem (1), (2) admits a
unique local solution T'P := {T'P(¢); t € [0, 7]} of class C1*™® on a common
existence interval (0,77 (i.e. [0,7] is independent of D > 1), and that this
solution T'P converges for D — oc in C'?"% to the unique solution T' :=

{T'(t); t € [0,T]} of the averaged mean curvature flow, defined by
V(t)=M(H(t)— H(t)) on I'(t) for t>0, TI(0)=TI,. (3)

Here H(t) is the spatial average of the mean curvature H(t), i.e.

) ::ré H(t) do(l) /F(/t) do(t).
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where do(t) denote s the Euklidean surface measure on I'(t).

Additionally, as an application of the above convergence result, we prove
that embedded hypersurfaces can be driven under the flow (1) into self-inter-
sections in finite time for all D > 0.

The intermediate surface diffusion flow was introduced to describe a geo-
metric growth law for a moving interface where surface diffusion is the only
transport mechanism and the reduction of total surface energy is the only
driving force for surface motion, cf. [1, 11]. The first mathematical results for
(1), (2) was presented by C. M. Elliott and H. Garcke [2]. They prove both
global existence and stabilty results for plane curves when T’y is close to a
circle. These results were extended by J. Escher and G. Simonett [5] to the
multi-dimensional case. Additionally, a general uniqueness result is obtained
in [5].

It was already suggested in [1] that the formal limit of (1) becomes (3)
as D — oo. In this paper we carefully investigate the D—dependence of
solutions to (1), which enables us to justify this conjecture. More precisely,
we show that there exist positive constants 7y and C, both independent of
D > 1, such that for any D > 1 problem (1) has a unique solution on [0, Tp],
satisfying the uniform a priori estimate | T?||ci2+a < C. We mention that
the present results generalize those obtained in [3].

The analysis here is restricted to local-in-time solutions. We have the fol-
lowing two reasons to do that. First, even in the plane case general global
existence results for (1) and (3) are not available. Secondly, the flow (3) pre-
serves convexity, cf. [7, 8], whereas (1) does not seem to share this property,
and hence the global-in-time convergence of solutions to (1) towards solutions
to (3) in CH*T may be delicate.

Based on the convergence result for ) — oc, we can investigate particular
properties of solutions to (1) with large D by analyzing the averaged mean
curvature flow which is (sometimes) easier to treat than (1). We illustrate
this procedure here by proving that the flow (1) may drive embedded initial
surfaces to immersed but not embedded surfaces. This behaviour was known
for the flow (3) by the work of M. Gage [7] for curves and by the paper of
U. F. Mayer and G. Simonett [10] for surfaces. These results suggest that a
loss of embeddedness for (1) can also happen, since (1) and (3) are linked by
the limit D — oo. In the present paper we prove, using the above mentioned
convergence result and a scaling argument, that for solutions to (1) this
phenomenon actually occurs for all D > 0.



2 Parametrization

For simplicity we set 6 := 1/D with D € [1,0c) and M := 1. Hence we
consider the evolution equation

V= Argy (6 - Arg) H(t) on T(t) for ¢>0, (4)
with the initial condition (2). Observe that (4) can be rewritten as
_ . -1
V= H(t) - H(t) =6 (5~ Argy) (H(t) — H(1) (5)

on T'(t) for ¢t > 0. This follows from the fact that A and (§ — A)~! commute
and since AH = 0.

Furthermore, note that (5) is also meaningful for § = 0 and coincides in
that case with the averaged mean curvature flow (3). This follows from the
fact that A;(lt)f is well defined for continuous functions having zero average.
In the following we study (3) for all 6 € [0, 1].

We parametrize (5) in a neighbourhood of a smooth compact closed im-
mersed oriented hypersurface X in R" being close to ['g. To make this precise,
let v denote the unit outer normal field on . Moreover, given a > 0, choose
a localization system {(U;,¢;); ! = 1,...,m} for ¥ such that ¥ = U™, U,
and

o (—a,a)" P = U, le{l,...,m},

is a smooth parametrization of U;. Shrinking a > 0 if nessecary, we may
assume that

X, : U x(—a,a) = R", Xi(s,7):=s+rv(s).
is a smooth diffeomorphism onto its image R; := im(X)), i.e.

X, € Diff (U, x (—a,a), Ry).

The inverse of X; can be decomposed in the following way. Writing 5, €
C*®(Ry,Uy) and A; € C*°(Ry, (—a, a)) for the metric projection of R, onto U
and for the signed distance function with respect to U, respectively, we have
X, ' = (S, A). In particular, observe that R := UP R, consists of those
points in R™ with distance less than a to X.



Let now
W(E) = Wo(X) = {p € C*(%): lplley < a/2}.

and define

s

r {Xi(s,p(s)); s € Ui}

p=
I

Il
_

for p € W(X). Here ||p||¢(s;) denotes the maximum norm of p on X. Then T, is
a compact closed oriented immersed hypersurface in R of class C**, which
can be seen as a graph in normal direction over Y. Of course, p measures the
signed distance of ¥ to I',. For convenience let us also introduce the mapping

0, : =1, s—= X(sp(s) for seU,.

Then 6, is a well-defined global diffeomorphism of class C**® from X onto
I',. By means of this diffeomorphism we can pull back the Euclidean metric
on I', to X, producing in that way a Riemannian manifold which we denote
in the following by X(p). We now consider a family of hypersurfaces in R.
More precisely, let T > 0 be given, and define X7 := [0, 7] x X, as well as

W(Sr) = Wa(Sr) = {p € C**"*(Zr); llplle,) < a/2}.

Then we transform the evolution equation (5) on the family I' := {I'py: t €
(0,77} into an evolution equation on X. For this we first calculate the normal
velocity of I'. We have, cf. [4],

V(t,s) = 0up(t,8) [|Va®p(x, ) smp,i)  for (t,5) € Or,
where we used the function
®, : Rx[0.T] =R, (x,t)— N(z)—p(t, Si(z))

to represent ',y as the O0—level set of ®,(-,¢), i.e. Tpyy = ®71(-,¢)(0). To
shorten our notation, let

L(p)(t,8) == [Va®p(x,1)]s=0,,ys), (L 8) € Zr.



Moreover, we write
K() =851 wd K(o)i= [ Kolato)do [ [ ato)ao
5 5

for the mean curvature of ¥(p) and its average over ¥(p), respectively. Here,
0, denotes the pull-back operator induced by the diffeomorphism 6,, i.e
0,/ = o0, We further set

= \/det([D,0,]T[D,6,))

with AT being the transpose of A, and do stands for the Euclidean surface
volume element on ¥. Finally, let A, denote the Laplace-Beltrami operator
on X(p). This means in particular that we have

0,Ar, = A0
Consider now the following nonlinear nonlocal partial differential equation

dp

o = F°(p) in I, p(0)=py on X, (6)

where pg is determined by [y, and F? := F} — Fy — F{ with

Fi(p) == L(pK(p),  Falp) = L(p)K(p),
F{(p) == 6L(p)(6 = Ap) " (K(p) — K(p)).

Obviously, (6) is a transfomed version of (1), (2), defined on ¥p. For later
purposes we express the terms L(p), K(p), and A, in local coordinates. To
make this precise, let

ﬁl(s) = p((pl(é’)), XZ(S:T) = Xl(@l(5)77ﬂ)> (S7T) S (_a7 a)n7

be the local representations of p; and X; with respect to U;. In the following
we do not always distinguish between p;, X; and their local representations
o1, Xl, as well as between local coordinates s € (—a,a)” ! and the corre-
sponding points ¢;(s) on U;. Moreover, we suppress the index { € {1,...,m}
if no confusion seems likely. Given p € W (X), define



wir(p)(s) == (0;X |06 X)|(s.p05)), 5 € (—a,a)",
for where (-|-) stands for the Euclidean metric in R” and 0; denotes the
partial derivative with respect to the j-th variable of s. Since p belongs to
W (), the matrix [w;x(p)] is invertible and we write w/*(p) for the entries of
its inverse. Then we have

\/1 + wik(p)d; pOip (7)

cf. (2.3) in [6]. Moreover, using the summation convention over repeated
indices we introduce the corresponding Christoffel symbols:

Thy(p) o= (o) (Bkuy (p) — Buose(p) + junal )

Then Lemma 2.1 in [6] shows that K(p) carries a quasi-linear structure, i.e.
letting U(X) := {p € C"(2); |pllers) < a/2}, with v € (@, 1), there exist

P e CX(U(T), LIC*(D),C4(T))) and Q€ CX(U(X),CV(E))  (8)
such that
K(p)=P(p)p+Q(p) for peUnC* (). (9)

Moreover, given p € U(X), the operator P(p) is uniformly strong elliptic,
cf. Lemma 3.2 in [4]. In the chosen local coordinates these operators are
represented as:

P(p) = Gt | { = L0 (o) + w? ()™ (p)Dupdp} 0104
+{L(p)?w ™ ()%, (p) + w?(p)wh (p)I7y (p)Orp (10)
+2uF™ ()17, (0) Omp — w”(p)w’“m(p)Fék(p)azpamp}&}

and
B
(n—1)L(p)

In order to express A, in local coordinates, let n be the Euclidean metric
and write o(p) := @7 for the Riemannian metric on ¥ induced by the diffeo-
morphism 6,. This means that, using the above introduced notation, we have

Qp) = - w*(p) % (p). (11)

7



X(p) = (£,0(p)). Let further o;,(p) denote the components of o(p) in local
coordinates and write a7%(p) for the components of the inverse of [} (p)].
Using summation convention over repeated indices, the Christoffel symbols
of o(p) in the chosen coordinates are given by

, O.lm
Tik = 5

OCkm 8ajm 803-,6}
0s’ Osk dsm |’

and we have

0? N 0
Osi0sk /jk@

A, = o¥(p)

} p e UNC*o), (12)

cf. the proof of Lemma 2.1 in [6].

3 Uniform local existence

In this section we establish the existence of a unique local solution of (6).
Additionally, we prove that there exists a common interval of existence for
all 6 € [0,1]. More precisely, letting

CH () = {f € C(0,T] x X); f, D*f € C**([0,T] x ¥)}
endowed with the norm

[ fllera+aimr) = Iflown + IV e + 10fllconry + 1D° fllcoa sy

we have

Theorem 3.1 (Uniform local existence) Given py € Wyo(X), there are
positive constants Ty = To(||pol|c2tesy) and No = No(||pol|c2te(s)), which
are independent of 6 € [0,1], such that (6) admits a unique solution p° in
C127e(Sn)) satisfying

16°| 1 2ta(sr) < No - for 6 € [0,1].

Remarks 3.2 (a) Local existence results for (4) were previously obtained in
2, 3]. But in these articles the dependence of solutions to (4) with respect
to ¢ is not considered.



(b) Using well-known bootstrapping arguments for quasi-linear uniformly
parabolic equations (based e.g. on [12]) it can be shown that the solution
constructed in Theorem 3.1 is in fact smooth, i.e.

p° € C®((0,Ty) x %) for §€]0,1].

Since we do not need this result in the present paper we omit its proof. [

Before we proceed to the proof of Theorem 3.1, we provide some prepara-
tion. To economize our notation we fix ¢ and suppress it whenever possible.
Our plan is to use the quasi-linear structure of the principal part of F?
in order to apply the Banach contraction principle on a closed subspace of
Ch#te(3r). More precisely, fix pg € Wyo(X) and let A := —L(po)P(po).
Then it follows from (10), the fact that X(p) is a smooth compact closed Rie-
mannian manifold, and well-known Schauder-estimates that A is sectorial in
C*(X) with

dom(A4) = C*™*(X), cf. Theorem 3.1.12 and Corollary 3.1.16 in [9]. Next
we remark that [p — L(p)K(p)] is of “lower order” with respect to A. More
precisely, let p € W(Z) be given. Using the fact that P(p) is a second order
differential operator with coefficients depending smoothly on p and on Vp,
cf. (10), we find a positive constant C' = C(||p||c1+=(x)) such that

[P(p)rlc) < Clirllexs), e C*E).
Further we have ||L(p)||ce(xy < C and therefore

L P o) = 148 oy 22 A

for each p € W(X) . We already noted that @ is of lower order with respect
to P(p). Hence

Fi(p) = L(p)[K(p) = Q(p)], pe€W(X) (14)

consists only of such lower order terms. Moreover, using (10), (11), and (13) it

is easily verified that, given p, o € W(X), there exists a constant C' depending
continuously on ||p||¢i+e(x), ||0|/c1+e(x) such that

< Cllplle2sy,  (13)

1F1(p) = Fi(0)learz) < Cllp = ol c2m)- (15)

9



We proceed in decomposing the nonlinear operator F?(p), cf. (6). For this let

Ey(p) := [L(po) P(po) — L(p) P(p)]p, (16)
where p € W(X). Here we obtain from (10) and (11) that there is a constant
C, depending continuously on ||pg|/¢c1+e(s) and |/p||c1+e(xy, such that

1Ea(p)llcasy < Cllp = pol ey pllczsarsy.  p € W(E). (17)

Finally, we collect those terms in F°(p) containing the parameter ¢:

~

F{(p) := 6L(p)(6 — A,) (K (p) — K(p))
so that we have
F*(p) = Ap+ Fi(p) + Fo(p) — F{(p), pe€ W(X). (18)

We now consider time dependent distance functions. Given any p € W (3r)
define

’

~ ~

F(p) == Fi(p) + Fa(p) — F{(p), if 6 € (0.1],
and
FOp) = Fi(p) + Fx(p), it 6=0,

and observe that F9(p) € C%%(Sy) for p € W () and 6 € [0, 1]. Therefore,
applying general results for linear inhomogeneous evolution equations involv-
ing sectorial operators, in particular Theorem 5.1.4(iv) in [9], we obtain

Lemma 3.3 Given py € W(X) and p € W(Xr), there is a unique solution
7"6 c Cl,2+a(ET) Of

d ~

diz = Ar + F‘s(p) n X, r(0) =py on X, (19)
satisfying

P cr2vagery < € (lpollczrasy + 1F2(p) ] comsny) » (20)

where the constant ¢ = c(||po||c2+e(x)) is independent of § € [0, 1].
Observe that, given p € W(X), we have

0 if
ker(6 — A,) = .



Thus there is no hope to have a uniform resolvent estimate of (6§ — A,)™!

with respect to § € (0, 1]. However, our next result shows that such a uniform
resolvent estimate holds true on the Lo(X,)—complement of R1 in C*(X).
For this let

M,(Y) = {heC*(Z); b= /hg(p) do =0} for peW(x)

and
Br(Z) := W(E)N{u € C*T*(X); |ullczrars) < R}.

Further we note that, given ¢ > 0 and p € W (%), we have
(5 - Ap)il Mp(z) C Mp(z)- (21)

Indeed, given h € M,(X), set u := (6 — A,)"'h. Since I, is a closed Rieman-
nian manifold, we know that [5,[A,ulg(p) do = 0, showing that ¢ f5, ug(p) do
vanishes as well. By assumption ¢ is positive, and hence we find that u €
M,(%).

Lemma 3.4 Given R > 0, there exists a positive constant C(R) independent
of § € (0,1] such that

1(6 = Ap) " hl|creesy < C(R)||A]|cas)

for all p € Br(X), h € M,(X), 6 € (0,1].

Proof. (i) Let p € Br(X), h € M,(X), and ¢ € (0, 1] be given. By standard
Schauder theory for elliptic equations, cf. Theorem 3.1.34 in [9], we have
(6 = Ap)th € C?*T*(X) and there is a constant ¢ := ¢(R, a), independent of
(p, h,0), such that

16 = 85) hllervasy < E(IBleai + 16— A0) Mhllem)  (22)
(il) We would like to prove that there is a ¢ such that
16 = Ap) bl grrersy < cl|hlloa (23)

for all p € Br(X), h € My(¥), and § € (0,1]. To prove (23) we argue by
contradiction. If (23) does not hold true there is a sequence (pm, fim, 0r,) such
that pp, € Br(X), him € M, ., 0, € (0,1] and such that

(0 — Apm)flilchHa(z) > ml\ﬁml\m(m m &€ N.

11



Set Ay := i /H((Sm — Apm)’lfzmﬂczmm) and Uy, := (6 — A, ) thy,. Then

we have
[tmllcztesy =1 and  |[hgllcay <1/m. meN. (24)

By the Theorem of Arzela-Ascoli there is a subsequence of (u,,, pp,) still
denoted by (U, prm) and u, p € C?(X) such that u, — u and p, — p in
C?*(X). Of course, we have | plc(sy < a. Hence by means of local coordinates
we conclude that

1 (A, —Ap)ullesy =0 as m — oc.
Moreover, using the bound ||pp||c2+es) < R, we conclude that
A, (U — w)]leE) < COrllum — ulle2y = 0 as m — oc.
Consequently, we see that
Ay Uy = Apu in C(X) as m — oo. (25)

Moreover, there is a subsequence of (d,,), again still denoted by (é,,), and a
§ € [0,1] with lim,, §,,, = d. Since (h,,) converges in C*(X) to 0, cf. (24), we
conclude from (23) that

(0 —Ayu=0. (26)
In addition, (22) applied to (om, Am, 6m) yields
1< e (|lmllenm) + lumller)) -
Passing to the limit m — oo, we see that
1 < &|ullers). (27)

(ili) Assume first that 6 > 0. Then by (26) we must have u = 0, which
contradicts (27).

In the case § = 0, (26) implies that u is a constant. By (21) we know that
Js umg(pm) do = 0. Sending m — oo, we find

[ uglp)do = [ g(p)do =0,

3

12



which is for a constant u only possible if v = 0. This contradicts again (27)
and the proof is complete. [

h= [ holpydo | [ g(o)do

for h € C%(X), we have the following

3

Recalling that

Corollary 3.5 Given R > 0, there erists a positive constant C = C(R) such
that B B
1600 = Ap) " hllgeragsy < Cllh = Rllcogny + [

for all p € Br(X), he C*(X), § € (0,1].
Proof. Given h € C*(X), we have

56— A)Th=6(6 — A) L (h—R)+6(5 — A,) 'R

Observing that h — h = 0 and (6§ — A,)h = 8h, thus §(§ — A,)"th = h, the
conclusion follows from Lemma 3.4, since 6 < 1. [

Proof of Theorem 3.1. (i) Fix py € W,;5(X). Given T € (0,1], N > 0,
define
Xr,n = {P € Wa(ET)§ HPHCLZM(ET) <N, P(O) = 00}7

and, given § € [0, 1], let
56 : XT.,N — Cl72+a(ET)

be the solution operator for (19), i.e., given p € X7 n, S°(p) is the unique
solution to (19), cf. Lemma 3.3. Then, given 3 € (0, «), we shall prove that

3

there are positive constants Cy, C1, Cy independent of § € [0, 1] such that
15%(p) [ c12+e(sr) < Colllpollcrraqs)) + CrL(N )T @/ (28)
and
18°(0) = S°(@)lle 2em(mry < CoNITE P lp = o crvmen) (29)

for all p, 0 € Xr n.
(ii) Assume that (28), (29) hold true. Letting Ny := 2Cy(|/po||c2+e(x)) and
choosing Ty > 0 such that

13



CLN) T P < Nyj2,  Co(N)TL® P <1, TyNy < a/4,

it is easily verified that S° maps Xr, n, as a contraction into itself. Since
Xr, N, 18 a closed subspace o the Banach space C?"%(X)) we obtain the
assertion from the contraction principle.

(iii) We only prove (28). The proof of (29) can be done similarly. Throughout
the following we denote by C(g) a universal constant depending on ¢ > 0,
but being independent of § € [0,1]. Due to Lemma 3.3, it suffices to show
that

|E2(p)llensry < Clllpolloziom) + CONTED2, - p e Xy (30)
From (15) and (17) we conclude that
1F3(p) + F2(p)l|comsry < [1F1(p0) lcow sy + [ F1(p) = Fi(po) lcowsr)

+[F(p)l 0o (5 (31)
< C(|lpollzracsy) + C(N)|lp = pollcozizy

Invoking the interpolation inequality
lp = polleozisyy < C(N)T*2, pe X, (32)
cf. Lemma 5.1.1 in [9], we conclude from (31) that
1E1(p) + E2(p)l|coaqmry < Cllpollcram) + C(N)T2, (33)

for all p € X7 w.

(iv) In order to estimate FY(p), we first remark that, given 3 € (0,a), we
have

1o = pollcozrs(sy) < C(N)T@ 972, pe XN (34)
This follows from (32) and from the interpolation inequality
8/ 1-3/a

lolles < Clloflcalolle for o€ C*(%),

applied to the second derivative D?(p — py) of p.
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We next write F2(p) in the following way:

E3(p)(2) = 6(L(p(t)) = L(p0) ) (6 — Apiy) ™ F(p(2))
+0L(po) (0 = Apy) ™ = (6= Ay0) 1) F(p(1))
+6L(po) (6 — po)’l(f(p(t)) — flpo))
+6L(po) (6 — Agy) ™ f (p0)

=: I (t) + L(t) + I5(t) + L(1),

with f(p(t)) := K(p(t)) — K(p(t)). It follows from Corollary 3.5 and (7), (9)
that

Halloagory < Cllpollc2+a ) (35)

To estimate the term I3 we use Lemma 3.4 and (7) to obtain:

[3()]lcasy < ClL#)||c2vssy
< C(llpolloz+a)I £ (1) — fpo)llesis

Similarly as in (15) and (17) we have
1 (p(2)) = f(po)llesisy < C(N)lp(t) = pollczesis
and thus, due to (34):
sllcospy < CN)TTO=12, (36)
Using the identity
(6 - Apoy1 — (06— Ap)il = (0 - Apo)il(Apo - Ap)(5 - Ap)il
and Corollary 3.5 we find

L()llcogmy < CIN)[(Ap, = Ap)( = Ag) (o) lleocsy

Based on the representation (12) we can estimate A, — A, in the operator
norm as follows

HAPO - Ap(t)Hc(cM(z) ) < C( )HP( ) poch(z)-
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Finally, observing that f(p(¢)) has vanishing average, i.e. that f(p(t)) = 0,
Lemma 3.4 implies

16 = Ape) ™ o)l 2oy < C(N).
From these considerations and (34) we conclude
| L] com(syy < C(N)T@972, (37)
It remains to estimate /;. From (7), (9) and Corollary 3.5 one easily gets
1) lowmy < CN)l[p(t) = pollcz+o (s,
and hence, due to (34):
11| com(syy < C(N)T@-972, (38)
Combing (33), (35)—(38) we get (30), and hence (28). O

4 Convergence and loss of embeddedness

In this section we apply Theorem 3.1 to establish the C1?T- convergence of
solutions I'° to the intermediate surface diffusion flow (4)

i -1
V=Arg (6 - Arg) H(E) t>0; I(0)=Ty (39)

toward the solution I'° of the averaged mean curvature flow
V=H@{t)—H() t>0; I'(0)=1I, (40)

as 0 — 0. Additionally, we show that there exists a smooth embedded surface
['g such that the corresponding solution to (39) loses embeddedness in finite
time.

Given py € W,2(X) and 0 € [0, 1], we denote in the following by

p" =’ (-, po) € CH*7 ()

the unique solution to (6) in X7, n,. cf. Theorem 3.1. Recall that this means
that the family {I°(¢); t € [0,Tp]} with

T2(t) :=T oy = b1y (Z) for ¢ €[0,Ty),
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cf. Section 2, is a solution to (39) if d € (0, 1] and to (40) in case ¢ = 0.

Theorem 4.1 Given py € W(X), there exists a positive constant K =
K(||pol|c2te(sy), independent of 6 € [0,1], such that

10" = Pllerzsasy,y <G K for 6 €[0,1].

Proof. In the following K = K({/po||¢2+e(x)) stands for a universal constant,
which is independent of ¢ € [0,1]. Further we use the notation of Theorem
3.1. Then ¢ :=1 — (Jg(]\fo)T‘O(O‘_ﬂ)/2 is positive and independent of ¢ € [0, 1].
Moreover, writing for simplicity F := C'*7%(Zr,), we have

10" =0le = I15°(p°) = S°())| e
< I15°(0°) = S2(M)|E + [15° (%) — S°(°)|
< (L=a)lp’ = p°lle + IS°(0°) — S°(0°) |-

Observing that 0% := S%(p°) — S%(p°) is a solution to

do’ . ;
LA L) i Sr A0)=0 on X

we obtain as in Lemma 3.3 the estimate

0°]|z < KIIF5(0°) | com(smy)-
Moreover, Lemma 3.4 yields

B (0| comimn) <OK  for 6€0,1]

?

and we find
K
c

1" = Pl craraqsyy <0 = for d€0,1]

completing the proof. [
Corollary 4.2 Given § > 0 there is a Ty := T1(6) € (0, Tp] and a closed com-
pact embedded O -hypersurface Ty = To(8) such that the solution {T°(t), t €

0,T1]} to (89) with initial data Ty loses its embeddedness in finite time al-
though M° := Ureo,m ({t} % I°(t)) stays a C*T*-manifold.
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Proof. (i) Theorem 2 in [10] ensures the existence of a closed compact em-
bedded smooth hypersurface Iy and a number 7" > 0 such that there is
smooth solution {T'(¢); ¢ € [0,T]} to (40) with initial data [y losing its em-
beddedness in finifte time.

More precisely, there exist a smooth compact closed immersed hypersurface
> and a smooth function gy such that [’y is the embedded graph of oy in nor-
mal direction of over ¥ with the following properties: Let p(t,0q), t € [0, T],
denote the signed distance of T'(¢) to ¥. Then there are points s € ¥ with
sy # s¢ and neighbourhoods U®* of s; in ¥ with U~ N U = () such that
7(0,00)(s5) = oo(s;5) < 0 and such that T(¢) is not an embedded hypersur-
face, provided 5(t,00)(s5) > 0. With this notation it is shown in [10] that
thereisa u > 0and 0 < ty < t; < T such that 5(t,00)(s5) > pfort € (to, ).

(ii) It follows from Theorem 4.1 that there exist positive constants K and
T. < T, both independent of § € (0,1], such that

16°(, 00) —p(+, 00)|lc1240(zp) S 6K for 6 € (0,1].

Clearly, choosing § € (0, 1] small enough, we have that p°(¢, oq)(s5) > /2
for t € (to,t1). Hence, given ¢t € (tg,11), the hypersurface IT'°(¢) cannot be
embedded. Observe that Theorem 3.1 implies that M? is for any § € (0,1] a
Cl2Te manifold.

(iii) To get the result for an arbitrary 6 € (0,0c), we introduce the scaling
t=1t/)2, % =x/) for A > 0. Then the normal velocity, the mean curvature,
and the Laplace-Beltrami operator have the scaling properties Vo= AV,
H = AH, and A = \2A, respectively, and hence (39) becomes

~ P ~ ~

V() =A8pg (V26— Arg) HD T>0; T(0) =T, (41)
More precisely, letting
P (1, 8) == p° (M2, A8), (1,3) € [0, A\72T] x ¥,

where ¥* stands for the scaled reference surface ¥, it is easily verified that
p} is the unique solution to

d g}
dt

= F¥()(F5), (£5) €02 *Tp) x £
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Thus, given § € (0, 1], we find A = A(d) > 0 sufficiently small, an embedded
hypersurface Iy, and 7, € (0, A\"27;) such that the solution [** to (41) is
not embedded at #,. Rescaling, this means that the solution T to (39) with
the embedded initial surface I'y, obtained by rescaling fm is not embedded
at t, == 24, € (0,T). O
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