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Abstract

Let o, 3,7, be complex numbers such that v6 # 0. If A and B arc bounded lincar
operators on the Hilbert space H such that vA 4+ 0B is right invertible then we study the
operator norm of (A + 8B)(vA + 6B) ™! using the angle ¢ between two subspaces ran A and

ran BB or the angle v = ¢¥(A, B) between two operators A and 3 where

cos (A, B) = sup{[{AL, Bf)| / (JAf| - |BSI): [ H. Af #0. Bf #0}.

AMS classification: 47A30; 47B335.
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1. Introduction

Let B(H) be the set of all bounded lincar operators on the Hilbert space H. Let
P ¢ B(H) satisfy P2 = P and let Q = I — P where I denotes the identity operator on H.
Denote by ¢(H,, Hy) the minimal angle between two subspaces Hy, and Hy of H:

cos o(Hy, Hy) = sup Kol

0£FEITy 0#£g€ T2 HfH ’ H!JH

Then 0 < ¢(H,, Hy) < 7. Let ran I” denote the range of I>. If ¢ = ¢(ran P, ran ()) > 0 then

[P =1QI = cscd =

sin ¢

(see [2, p.339]). Let J =P — Q. Then

1 1
1Pl = o) = . <|J| | —)
> il

(see [6, Lemma 2|, [1]). Hence

||| = [|1P]] + /|| P]|> = 1 = (esc + cot)o = cot b

Let oo and 3 be complex numbers, and let ¢ be a nonnegative number. Then we define
a function F(«, 8,1) which is the generalization of max(|al, |5|) = F(a, 3,0).

Definition 1. Let

P

a— 3
2

o)

QH o] + |3 2+ (1ol ?
R =]

Then F(a, 3,1) is a nondecreasing function of £, ¢ > 0 and satisfics

a— 0

F(a,8,t) = J

max(|a|, |3]) = Fla, 5,0) < F(a, 8,t) <oc, (t>0).

Feldman, Krupnik and Markus [1] established the following formula.

Feldman-Krupnik-Markus formula. Let ° € B(H) satisfy I’ # 0,1 and P? = P. Let
Q=1-1". Let o, 3 € C. Then

lal + 8Q| = F (o, 8, || = 1).

Let ¢ = ¢(ran P, ran Q). Since ||P|| = ¢sc ¢, it follows that || P|[*> — 1 = cot? ¢. Hence

|laP + 3Q| = F ((1, 3, cot? qb) .
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Definition 2.  For two nonzero operators A, B on H, let ¥/(A, B) satisfy 0 < ¢(A,B) < I

AR BRI
ASI- BT

and

cos (A, B) = sup
Af#0,Bf£0

Since cos (A, B) < cos ¢(ran A, ran B), it follows that (A, B) > ¢(ran A, ran B). We
call (A, B) as the angle between two operators A and B. If P? = P(#0,I) and Q =1 — P
then ¢(ran Pyran (@) = (P, Q), because if h = Pf + Qg then

(PF.Qg) _ (Ph.Qh)|
[PAT- ol ~ TPRT- QAT

In this paper, we shall study the operator norm of (aA + 8B)(vA +6B)~". We use
¢(ran A,ran B) in Section 2, and we use (A, B) in Section 4. Let K =ran A N ran B. In
Section 2, we shall study in the case when K # ran A and K # ran B. In Theorem 1, we shall
use the Feldman—Krupnik—-Markus formula [1] and Lemma 1 to establish the formula of the
operator norm of (oA + 3B)(vA + 6B)~" using the angle ¢(ran A, ran B) in the case when
K = {0} and vA + 0B is right invertible. In Theorem 2. we shall use Theorem 1 to estimate
the norm from below using the angle ¢(ran A© K, ran B© K) in the case when K is a nonzero
invariant subspace of A(yA+3dB)~!. In Scction 3, we shall study in the case when K = ran B.
We shall consider the nilpotent operator B on H. The results in Sections 2 and 3 follow from
the Feldman Krupnik Markus formula. In Section 4, if ¢(A, B) > 0 and vA + §B is right
invertible or left invertible then we shall estimate |[(aA + 8B)(vA + dB)~ || from above. In
Theorem 3, we do not assume the boundedness of two operators A and B. As a corollary of
Theorem 3, we shall show that if ||A+ B|| < oc and (A, B) > 0 then ||A] < oc and || B|| < oc.
The results in Section 4 do not follow from the Feldman—Krupnik—Markus formula.

2. Norm formula using the angle ¢ between ran A and ran B3

Let A,B € B(H), A # 0, B# 0 and let K = ran A N ran B. In this scction we
shall study in the case when K # ran A and K # ran B. In Theorem 1, if K = {0} and
ran(vA + 0B) = H then we shall use the Feldman Krupnik Markus formula [1], and establish
the norm formula of |[(aA + B)(vA + 6B)~"|| using the angle ¢(ran A, ran B). In Theorem
2, if K is an invariant subspace of A(yA + dB)~" then we shall estimate the norm from below
using ¢(ran A © K,ran B © K).

The operator X € B(H) is said to be right invertible if there exists an operator ¥ €
B(H) such that XY = I. The operator Y is called the right inverse to X and is denoted by
X' Then X' € B(H) is not uniquely defined (see [3, Vol.I, p.63]). If vA + §B is right
invertible then ) ‘
(@A + 3B)(vA+6B)"'|=  sup H((‘YA—F‘JB)'][H,
(vasony o |[(vA+OB)f]

where (vA +dB)~" denotes one of the right inverses to vA + 6 B.




Lemma 1. Let A, B € B(H) satisfy A # 0, B#0 and ran(A+ B) = H.
The following assertions are equivalent:

(1) ran A N ran B = {0}.

(2) ran A N ran B = {0}.

(3)  ¢(ran A, ran B) > 0.

Suppose (1) ~ (3) hold. Let (A + B)~' denote one of the right inverses to A + B. Let
P =AA+B) " and let Q = B(A+ B)"". Then P and Q do not depend on the choice
of (A+ B)™Y. Then P2=P #0,I, P+ Q =1, ran P =ran A and ran Q = ran B.

Proof. (2) = (1) is trivial.

(1) = (3): Let H; = ker(A+ B), and let Hy = Hi-. Then H = H, ® H,. Since (A+ B)|y, = 0,
it follows that Aly, = —Bly,. By (1), A|y, = Bly, = 0. Let T = (A + B)|y,. Then
T € B(Hy,H) and kerT = {0}. Since ran(A + B) = H, it follows that ran T = H. By the
open mapping theorem, there exists S € B(H, Hy) such that ST = I, and T'S = I;. Hence
(A+B)S =TS =1,y = 1I. Hence S is a right inverse to A+ B. Let C be one of the right
inverses to A + B. Then P4+ Q) = (A4 B)C = I. Hence A(C — 5) = —B(C — S). By (1),
A(C = 8)=—-B(C —=95) =0. Hence P = AC = AS and () = BC = BS. Hence I’ and @ do
not depend on the choice of (A + B)~L. By (1),

ran P N ran(/ — P) =ran P N ran ) Cran A N ran B = {0}.

Since P(I — P) = (I — P)P, this implics that P? = P. Supposc P = 0. Then AS = 0 and
hence Ay, = AST = 0. Since A|, = 0, it follows that A = 0. This is a contradiction. Hence
P # 0. Suppose P = I. Then BS = @Q =1 — P = 0 and hence Bly, = BST = 0. Since
By, =0, it follows that B = 0. This is a contradiction. Hence P # I. Since P # 0,1 and
Q =1— P, it follows from Gohberg Krein [2, p.339] that ||| = csc ¢(ran I,ran ()). Hence

yIPIP =1
— < L.

coso(ran P, ran ()) =

1Pl

Hence ¢(ran P, ran Q) > 0. Since A|y, = Bly, = 0, it follows that
ran P =ran AS = ran A|y, =ran A,

ran Q = ran BS =ran B|y, = ran B.

Hence

o(ran A, ran B) = ¢(ran P, ran Q) > 0.

(3) = (2): Supposc ran A N ran B # {0}. Then there exists a h € H and scquences
{fa}, {gn} C H such that h £ 0, ||Af, — k|| = 0, [|Bg, — h|| = 0 as n — oco. Hence

[(Af, Bg)| - [(Afn, Bgn)| (b, 1)

cos p(ran A, ran B) = sup —————=— > lim =

roci ASI Byl = o ALl Bgall (B[] NIA]

Hence ¢(ran A, ran B) = 0. Lemma 1 is proved. O
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The assertions in Lemma 1 is equivalent to the formula:
JA(A + B) || = csc gp(ran A, ran B).

If o =v =0 =1and 5 = 0 then the following Theorem 1 implies this formula. Let Py
(resp. Pyr,) denote the orthogonal projection from H onto H, (resp. Hy). By Lemma 1, if
Hy N Hy = {0} and ran(Py, + Py,) = H then ¢(Hy, Hy) > 0.

Theorem 1.  Lel o, 3,7v,d be complex numbers such that v6 # 0. Let A, B € B(H) salisfy
A#0, B#0, ran(vA + éB) = H and

ran A N ran B = {0}
Then

~
Y
/

(@A + 8B)(vA+dB) Y =F <Oé./ E cot? o> :
where ¢ = ¢(ran A,ran B) > 0 and (vA+ dB)~" denotes one of the right inverses to vA + 6 B.

Proof. It issufficient to prove when v = § = 1. Let P = A(A+B) tandlet Q = B(A+B) !,
where (A + B)~! denote one of the right inverses to A + B. Then P+ @ = I. By Lemma
1, if A # 0and B # 0 then P> = P # 0,1, ran I = ran A and ran ) = ran B. Since
| P|| = csco(ran P ran @), it follows from the Feldman Krupnik Markus formula [1] that

(A +B8B)YA+DB) Y = [aP+ 38Q)
= Fla, 8, |P|*-1)
= F (oz, 3, cot? ¢(ran P ran Q))
= F ((1, 3, cot? ¢(ran A, ran B))

Theorem 1 is proved. O

In Theorem 1, if AB = BA then

(A + 8B)(yA+0B) ! = |(vA + 6B) (A + 8B) Y| = F <”‘ 5 cot”? o> :

~
Y
/

We have assumed that tan A N ran B = {0}. This is equivalent to the assertions in Lemma 1.
If (wd — 37)v6 # 0 then % — Ej # () and hence the norm formula in Theorem 1 is equivalent to
the assertions in Lemma 1. By Theorem 1, if P € B(H) satisfy P* =P #1,0and Q=1-1D
then

|P|| = ||Q]] = esc ¢(ran P, ran Q),

which is in the book of Gohberg and Krein [2, p.339]. If A = P and B = ) then Theorem 1
becomes the Feldman Krupnik Markus formula [1].
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In Theorem 1, it A = I” and B = Q* then A+ B becomes invertible and we can compute
the norm |[(«A + 8B)(A + B)~'|| as the following. For all f € H,

(A A+ BB f) = [AFP+ | BAIP
= [JAS[P+lf = AP
= |fIP+lAf — A7 |7
> IF1*

Hence A*A 4+ B*I3 is invertible. Similarly, AA* + BB* is invertible. Since
(A+ B)(A*+ B") = AA" + BDB”

and
(A*+ B")(A+ B) = A"A+ B"B,

it follows that A + I3 is invertible. Since ran A L ran 3, it follows that ¢(ran A, ran B) = 7.
By Theorem 1, 7
(A + 8B)(A+ B) Y| = F(a, 8,0) = max(|al, | 3]).

Let P = A(A+ B) ' and Q = B(A+ B)~'. Since (4 + B)*A = A*(A + B), it follows that P
and @) are selfadjoint. By Lemma 1, I” and @) are selfadjoint idempotent.

Corollary 1.  Let A, B € B(H) satisfy ran(A+ B) = H. Let o and 3 be complex numbers.
Let p,q,r,s be complex numbers satisfyingp +r =q+s=1, ps — qr £ 0, ran(pA + ¢B) # H,
ran(rA + sB) # H and ran(pA 4+ ¢B) N ran(rA + sB) = {0}. Then

, vs — Or pfd — qu
QA+ ABY A+ B) | =p [T P A 24
I
ps —qr  ps —qr

where ¢ = ¢(ran(pA + ¢B), ran(rA + sB)), and (A + B)~' denote one of the right inverses to
A+ B.

Proof. Let A’ =pA+¢gB and let B’ =rA+ sB. Then Then A+ B = A’ + B'. Define o

and 7 by
as — Or 3 — qao
o = —"— and F = pr —ga
ps — qr ps — qr
Then oA + 0B = /A" + §'B'. Since ran A’ % H, ran 3’ # H and ran A’ + ran B’ =

ran(A + B) = H, it follows from Theorem 1 that

(A + 8BY(A+B)"|| = [[(/A +3BYA +B)|
= F (a',ﬁ'./(z()tQ (/)(A',B')) .

Corollary 1 is proved. O

There are many operators A, B € B(H) such that p(A4, B) = 1 and p(pA+¢B,rA+sB) <
1. f p=s=1and ¢ =r =0 then Corollary 1 implies Theorem 1. Let K =ran A N ran B.
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In Theorem 1, we have established the norm formula in the case when K = {0}. Next we shall
consider the case when K # {0}. Then ¢(ran A,ran B) = 0. In the following Theorem 2, we
shall estimate the norm |[(eA + 8B)(A + B)™'|| from below in the case when K # ran A and
K #ran B.

Theorem 2.  Let «, 3,7,0 be complex numbers such that v6 # 0. Let A,B € B(H). Let
~A + 0B be invertible. Let K = ran A N ran B be an invariant subspace of A(vA + 6B)~!
such that K #ran A and K # ran B. Then

4

, v 3.
[(ad+ BB)(vA+6B) | > F (g, 5 cot? (/)>
g

i

where ¢ = ¢(ran A © K,ran B S K) > 0.

Proof. It is sufficient to prove when v =49 = 1:
(@A +B8B)(A+B) || > F (. 8,cot’ o).

Let X = A(A+B) 'andlet Y = B(A+B)~'. Then X +Y = I. Let Py denote the orthogonal
projection from H onto K and let Pr. denote the orthogonal projection from H onto K+. Let
X, = P X|ge and let V) = Pri Y|k, We shall show that ran X; Nran Y, = {0}. Let
h € ran X, Nran Y;. Then h € K. There exist f,g € K+ such that h = Pyr Xf = P Yy.
Then X f =h+DPXfand Yg=h+1PxYg. Hence X f—Y g € K. Since Yg € ran B, it follows
that Xf € ran A N ran B C K. Hence h € K N K+ = {0}. Therefore ran X, Nran Y, = {0}
and X, + Y, = I|g.. By Lemma 1, this implies that X and Y] are idempotent operators on
K=+, and ¢(ran X, ran Y}) > 0. Then ran X and ran Y, are closed subspaces of H. By
Theorem 1,

@A+ BBYA+B) Y| = [aX +38Y]|
sy P laX X+ v
FeKL £l feKL £l

= JlaX| + 8Y ||k
= F ((1, 3, cot? ¢(ran X, ran Yl)) )

If f € ran X © K then there exists ¢, + h, € K @& K+ such that ||f — X (g, + h,)|| — 0 as
n — o0o. Since K is an invariant subspaces of X, it follows that Xg, € K. Since f € K=,
Xihy = Pii Xhy, Pt Xg, =0 and ||Pio || = 1, it follows that

If = Xihwll = [P (f = X(gn + ha)) || < [[f = X{gn + ha)|-
Hence ran X 6 K C ran X; = ran X;. Since K is an invariant subspace of X and X +Y = 1,

it follows that K is an invariant subspace of Y. By the similar proof, ran ¥ & K C ran Y.
Since A + B is invertible, it follows that ran X = ran A and ran Y = ran 3. Hence
1 > coso(ran Xy, ran Y))
> coso(ran X © K,ran Y © K)
= coso(ran A6 K,ran B & K).

8



Hence
0 < ¢(ran Xy, ran Y7) < ¢(ran A& K,ran B & K).

Hence
oc > cot ¢(ran Xy, ran Y)) > cot ¢(ran A S K,ran B & K).

Since F'(a, §,t) is a nondecreasing function of ¢, (£ > 0), it follows that

(A + 8B)(A+ B)'| F(a, 3,cot? ¢g(ran X, ran Y}))

F(a, B,cot? ¢(ran AS K,ran Bo K)).

>
>

Theorem 2 is proved. O

By Theorem 1, if K = {0} then the equality holds in the inequality in Theorem 2. There
are many operators A, B € B(H) such that ¢(ran A,ran B) = 0 and

ofran A K,ran B & K) > 0.

If AB = BA then A(yA+6B)"'B = BA(vA+6B) " and hence K =ran A N ran B is an
invariant subspace of A(yA+03)~". Even when the conditions in Theorem 2 do not hold, the
similar result holds as the followings. If A, B € B(H) satisfy A # 0, B # 0, A + B is right
invertible, and M is the closed subspace of H satisfying

ran A N ran B C M C ran B,

then

i

(A + 3BY(A+ B) || > F ((y 3, cot? (/))
where ¢ = ¢(Pyr A(A+ B) 'y, PyrB(A+ B) ') > 0.

3. Norm formula when A =7 and B" =0

Let K =ran A N ran B. In Section 2, we have considered two operators A, B € B(H)
satisfving K # ran A and K # ran B. In this scction we shall consider two operators A and B
satisfying K = ran B. In general, suppose Ag, By € B(H), ran By C ran Ay and ker By # {0}.
Then there are many Cy € B(H) such that Cy(ran By) C ker By. Let A = CyAg and B = Cy By.
Then

ColawAg + 8By) = cA + 5B.

Since ran By C ran Ay, it follows that ran 3 C ran A and hence K = ran B. Since Cy(ran By) C
ker By, it follows that B? = 0. Hence, in many cases, the lincar combination aA + 3B for
A, B € B(H) satisfying B2 = 0 appears. We shall prove the following Proposition 1 using the
Feldman Krupnik Markus formula [1]. The first author [3] proved it in the different way.



Proposition 1.  Let B € B(H) satisfy B* = 0. Let o and 3 be complex numbers. Then

2

v} ‘ ‘ 3
01 11 + o + | 211

ol + BB|| = \l

Proof. It is sufficient to prove when o = —1 and 3 = 2:

2B — Il =/ IBI* + 1+ [|B].

Let I’z denote the orthogonal projection from H onto ran 3. For € > () let

B
P.=Pp——.
Then PR BP 3
pPop,- 22 T F_p, —~_p.
€ € €

Let Q. =1 — .. Then
2B~ 1 = 2:(Pp— P.)— (P. +Q.)
= 2Py — (14 26)P. — Q..

Since ||eP.|| = ||ePr — B|| — [|B]| as ¢ — 0, it follows from the Feldman-Krupnik—Markus
formula [1] that
2B~ 1) = lim|(1+2)P + Q.|

= lim F(1+ 25,1, ||| = 1)

e—0
T -2 2 ~\2 -2 2 -2
= tim (VORI D+ (U e (IR~ 1)+ =)

= VIBIP+1+]B].

Proposition 1 is proved. O

Suppose A is invertible. Let ¢ = A™'B. If B* = 0 and A~ '(ran B) C ker B then
C? = 0. In Proposition 1, we have considered ||al 4+ 3C||. Then
| + 5C||
A=
For example, if A is invertible, B2 = 0 and AB = BA then A~ Yran B) C ker B. If
then inequalitics become equalities. Then A is a unitary operator.

< |laA+ 8B|| < ||A]| - |l + 5C|.

Al = A7

Proposition 2. Let n be an integer satisfying n > 2. Let B € B(H) satisfy B" = 0. Let «
and 3 be complex numbers. Then

2

2
+ |e)? + 5

lol + 3B]| >¢ j | Bl | Bl
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4. Norm formula using the angle " between A4 and B

In this scction, we shall estimate the operator norm of (A + 8B)(vA + 6B)~' from
above in the case when ¢¥(A, B) > 0 where ¢ is defined in Introduction. We do not assume the
boundedness of two operators A and B on H. In the proof of Theorem 3 (1), we do not use the
linearity of A and B. We do not use the Feldman Krupnik Markus formula [1] in this section.

Definition 3. For f,g € H, let

[7.0)] if f#£0and g+#0

p(f,9) =

0 otherwise

Then
cos p(ran A,ran B) = sup p(Af, Bg) > sup p(Af, Bf) = cosv(A, B).
fenr

froell

Lemma 2. Let a and 3 be distinct complex numbers. Let x and p be real numbers satisfying
x> max(|al,|5]) and 0 < p < 1. The following assertions are equivalent:

2
(1) x> F <(Jz,3, P > :

1—p?
P’ ‘ | |
N " (1 lo = B + ol + 32) 2 + Jad]? > 0.
- p
(3) \1‘2 - (13 1
a—Ble T V1 p?
(4> (1;2 _ |()é|2) (:1;2 o ‘3|2) Z p? ‘1;2 . 06’33 2

The equivalence holds for not only inequalities but also equalities.

Proof. (1)< (2): Since x > 0, (1) is equivalent to

82

N
- 21— 2 2

B2 2 EENIEA
Ia_s\ p {+le + 15 ad
2 1 p2 9

Since o > max(|al, |5]), this is cquivalent to (2).
(2) = (3): By (2),
(:172 — ‘O/‘Z) (1"2 —

2

2

2 p p
)2 1_[)2‘(1*;3

2,2
€T,

o)

11



Hence 9
e
1—p?

2 . .
2 af] o — g)fat > 242,

‘.73

oo — 5

This implies (3).
(3) = (4): By (3),
2

) _2 5 o _
‘.’172 —af| —|a— B*x* > p? ‘rl —af

This implics (4).
(4) = (2): By (4),

(1—p%) (ZL’2 — \04\2) (ZL’2 — |5 2) > pPla — 82
This implies (2). Lemma 2 is proved. O
Lemma 3. Let «, 8,7,0 be complex numbers satisfying vo # 0, and let f,g be nonzero

elements in the Hilbert space H satisfying p = p(f,qg) < 1. Then

v f + oyl vl p?

Proof. It is sufficient to prove when o # 3 and v = 6 = 1. Let p = p(f,g), and let
r=F(a, 0, ”;2). By Lemma 2, (22 — |a|?)(2? — |8]*) = p?|2? — a3]*. Hence

1— /

(2 = o) (@ = 18P IPIgl” = [2* = aBP[(f. 9)]
Hence
(22 — o) IFI1* + (22 = [8)lg]]* + 2Re ((2” — aB)(f, 9))
> 2y/a2 — Jaf2y/a2 — [BR2| FI] - llgll — 2/2% — B [{f. g)] = 0.
Therefore

laf + Bgll* <2?||f + gl

Lemma 3 is proved. O

Theorem 3.  Let A and B be nonzero linear operators on H satisfying ¢(A, B) > 0. Let
«, 3,7v,0 be complex numbers such that ~d # 0. Then

(1) ~A+dB #0 and

YA+ 0B)f v 8
sup (e , +°,. )][H < F <Q7 =, cot® ¥( A, B)) :
(a0 || (YA +0B)f]] gl

(2)  If vA + B is right invertible then

v .
| (A + 3BY(vA+8B) | < F (“ g cot? (A, B)) :
gl
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where (YA + 0B)~" denotes one of the right inverses to vA + 6 3.
(3)  If vA 4 0B is left invertible then

, , v 3
(A + BB)Y(vA+6B) Y| < ||(vA+ dB)(vA + dB) Y| F (3, < cot? (A, B)) :
Y

where (YA + 6B)~! denotes one of the left inverses to vA + 6 B.

Proof. It is sufficient to prove when v = § = 1. We shall prove (1). Suppose f € H satisfies
Af#0, Bf #0 and p(Af, Bf) < 1. By Lemma 3,

l(ad 1 8B)f| < ] p(Af,Bf>2>
1Ay I\ T B )

Since y = F(a, 3, =5) is a nondecreasing function of 2, 0 < z < 1, and y > max(|al,]3]),

1—z?

sup

(arnyrzo I(A+BYfI — ren 1 — p(Af, Bf)?
cos® (A, B)
<O¢/ "1 —cos? (A, B)
= F (oz./ 8, cot? L/<AB))
We shall prove (2). For every g € H, let f = (A+ B)™'g. Since (A+ B)~!is the right inverse

to A+ B, it follows that

YA+ 8B)(A+ B)! vA+ 0B)f
o lOA+BBA+B) gl (ad+0B)/]

940 gl armpzo A+ B)fI

By (1), this implies (2).
We shall prove (3). Let ¢ = [[(A+ B)(A+ B) || and let f = (A+ B)'g. Since (A+ B)~" is
the left inverse to A 4+ I3, it follows that
(04 + BB)(A 1 B) 4] (04 + BB)(A 1 B) 4
sup c sup ~
670 gl (armya+ny gz |[(A+ B)(A+ B)"g]
A+ 6B
o wp lladrom)r
(arnyf20 [[(A+ B)fl

By (1), this implics (3). Theorem 3 is proved. O

By Theorem 1, if (A, B) = ¢(ran A,ran B) then the equality holds in Theorem 3 (2).
In many cases (4, B) = ¢(ran A,ran B). Let I’ be an analytic projection on the weighted L?
space. Helson and Szeg6 [4] used the equivalence of ¢(P, I — P) > 0 and || P|| < oc.
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Corollary 2.  Let A and B be linear operators on H. If ||A+ B < oo and ¥(A, B) > 0
then ||A|l < oo and || B]| < oc.

Proof. By Theorem 3 (1), if ©(A, B) > 0 and

A+ B|| < oc then
[(ad + BB)F| < Fla,B,eo? 6(A, B)II(A+ B)fI| < Fla, 5, cot* oA, B) A+ B - 1],
for all f € H. Hence
oA + 3B|| < F(a, 3,cot> (A, B))||A + BJ| < oc,

for every complex numbers v and 3. Corollary 2 is proved. O

Lemma 4. Let A and B be nonzero operators on H satisfying (A, B) > 0. Let o, 3,7,9 be
complex numbers such that ~6 # 0. Then

wp  sup  MEIATOBI o leA BB
1eC (aton) 0 |(VEA + 0B)f| 1eC (rata)yzo || (YA + 0tB) f]]
v 3 :
- F (Q, —. cot? ’LJ(A;B)> .
v 6

Proof. It is sufficient to prove that

viA + 8B)f f
atA + 5B) ] =F (oz./ 3, cot? '1;“)(A,B)) )

sup  sup :
cC uarn)fzo ||(EA+ B)f]]

Let ‘
c=sup sup H <OétA + ’SB” H
teC (tA+B)f#£0 |(tA+ B)fI|

We shall prove that ¢ = F(a, 3, cot? (4, B)). By Theorem 3 (1), ¢ < F(a, §,cot? (A, B)).
Hence it is sufficient to prove that ¢ > F(a, 3, cot? (A, B)). Since

. llatAf + 3B/

2 parv e 19

i

it follows that
[t2 (= |al?) JASFIP + (2 = [B7) IBF]? + 2Re (t(c> — aB)(Af, B)) 20,
for all ¢ € C. Hence

2

o)

(AL BOHE < (& —1alP) (& = 18P) 1AFIP1BI”

2.

‘(12 —af

Hence

3

p(Af, Bf)? ‘(:2 — o ’ < ((:2 — \(1\2) ((:2 —
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By Lemma 2,

= <(Y b1 p(Af, Bf)2> ’

for all f € H. Hence

p(Af, Bf) )
c>sup F |, 0, = ].
~Jen < 1= p(A].BfY

—3) is a nondecreasing function of x, 0 < 2 < 1, it follows that

Since y = F(«, 3,

cos” (A, B)
> F Y, “Bq “ { l
c > (O‘/ 11— cos? (A, B)

= F ((1,53,(:0t2 ’U)(A,B)).

Lemma 4 is proved. O

Corollary 3. Let A and B be nonzero linear operators on H satisfying (A, B) > 0,
AB = BA =0 and vA 4+ 6B is right invertible. Let o, 3,v,6 be complex nurmbers such that
v6 # 0. Then

¥
/

(@A + 8B)(vA+6B) || = F <(j “g./cotl (A, B)> :

Proof. It is sufficient to prove when v = ¢ = 1. Suppose A 4+ B is right invertible. By
Lemma 4, it is sufficient to prove the equality:
(A + 5B f]| |(atA + 8B) [

sup - =sup sup — .
(A+B)J#0 H (A + B)f H teC (LA+B) [#0 H (1514 + B)f H

Since A + B is right invertible, it follows that ran A 4 ran B = ran(A + B) = H. Since A and
B arc lincar operators satisfying AB = BA = 0, it follows that
A+ 3B tA+ 3B
At BBL o atd )
wrsyr#0 |[(A+ B)f]] reC arpyrzo |[(LA+ B)f]]
|laAg + 3BA||
sup

AgtBhzo ||Ag + Bh||

IA

lcAg + BBA||
Ag + Bh||
) . (A + 8B)(g + )|
(A+B)(g+h)#0,9cran Ahcran B H(A + B)(g + h)H
- (A + 3B)[|]
— sup :
(arsyrzo [[(A+ B)f]]

= sup
Ag+DBh#0,g€ran Ah€ran B

Corollary 3 is proved. O
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