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Motion of a graph by R-curvature

Hitoshi Ishii* Toshio Mikami'
Waseda University Hokkaido University

September 21, 2001

Abstract

We show the existence of weak solutions to the PDE which de-
scribes the motion by R-curvature in R%, by the continuum limit of
a class of infinite particle systems. We also show that weak solutions
of the PDE are viscosity solutions and give the uniqueness result on
both weak and viscosity solutions.

1 Introduction.

In [8] Firey proposed a mathematical model of the wearing process of a convex
stone rolling on a beach. In his model a stone evolves according to the Gauss
curvature flow. (see, e. g., [1, 4, 5, 17] for the mathematical developments
regarding the Gauss curvature flow).

The crystalline approximation of a simple closed convex curve which
evolves according to the curvature flow was considered by Girao and Kohn
and is useful in the numerical analysis (see [10, 11]). We refer to [9] and the
references therein for the recent development of this topics.

In [14] we proposed and studied a two-dimensional random version of [10].
We also gencralized Firey’s argument to the case when the stone does not
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necessarily have a convex shape and when the boundary of the stone is given
by the graph of an evolving function (sce [15]).

In this paper we propose and study the stochastic approximations of
evolving functions which are generalizations of Gauss curvature flow consid-
ered in [15].

For u € C(R?: R) and z € RY, the following sct is called the subdiffer-
ential of w at a:

Ou(z) = {z € R uly) —u(z) >< z,y — 2 > for all y € R*}, (1.1)

where < -, - > denotes the inner product in R%. For a set A € R? and a
function v : A — R, let epi(v) and ¢ denote, respectively, the epi-graph of v,
i.e., the set {{x,y):x € A, y > v(x)}, and the convex envelope of v, i.e., the
function whose epi-graph is the convex hull of epi(v), provided that it exists.

IR-curvature which can be defined as follows plays a crucial role in this
paper.

Definition 1.1 (R-curvature) Let R € L'(R? : [0,00),dx). For u €
C(RY : R), we define the R-curvature of u as the finite Borel measure
w(R,u,dz) on RY given by (sce e.g. [2, section 9.6]):

w(R,u, A) = /U » )R(y)dy for all Borel A C RY. (1.2)
JUzeca0u(z

Remark 1.1 (i) w in (1.2) has another expression:

w(lR,u, A) = / R(y)dy  for all Borel A C R* (1.3)
JUpca00(x)

since the Lebesque measure of the set U ega{p € 00(x) : p is singular} is zero

(p € Ou(x) is called singular if {(y, a(x)+ < p,y —x >) 1 y € R¥}Nepi(0)

contains at least two different points.) (see [2, section 9.4]). (i1) w(l, u,dz)

15 also called the Monge-Ampére measure associated with u and is useful in

the study of the Monge-Ampére equation (see [2, 12]).

By the continuum limit of a class of infinite particle systems, we first
show the existence of the solution to the following equation (see Theorem 2.1
in scction 2).



Definition 1.2 (Motion by R-curvature) The graph of u € C([0, )
R? : R) is called the motion by R-curvature if the following holds: for any
0 € Co(RY: R) and any t > 0,

/‘ o(x)ult, v)dx —/ ) da (1.4)
Rd

/ ds /Rd (R, uls,-), dr).

Roughly speaking, our infinite particle systems {(Z,(t, 2)).ezd/, fo<s sat-
isfy that for any ¢ > 0 and any z € Z%/n,

P(Z,(t+ At 2) — Zy(t, 2) > 0) x E[w(R, Z,(t,-), {z}))]Al + o(At)

as At — 0 (n > 1), where Z,(t,-) denotes a convex envelope of the function
z > Zy(t, z) (see section 2).

We also show the uniqueness result on and clementary propertics of the
solutions to (1.4) (sce Theorems 2.1 and 2.2 in section 2).

Theorem 2.3 in section 2 shows that a continuous solution to (1.4) is a
viscosity solution of the following PDE:

Ou(t, z) /0t = x(u, Du(t, z),t, z)Det (D*u(t, 2)) R(Du(t, x)), (1.5)

where Du(t, z) = (Ju(t, z)/0x;)L |, D*u(t,x) = (0*u(t, x) /0 0x;)],_ ),
L1 if p € Jul(t, ),
X(u.p,tw) = { 0 otherwise,

Ou(t, z) denotes the subdifferential of the function x — u(?, x), and for a rcal
d x d-symmetric matrix X,

Det X if X is nonnegative definite,

Det, X = { 0 otherwise.

We give the definition of the viscosity solution to (1.5) for the reader’s
convenience.



Definition 1.3 (Viscosity solution) (see [15] and also [6]).

(i). We say that u € C((0,00) x R?: R) is a viscosity subsolution of (1.5)
if the following holds: whenever ¢ € C?((0,00) x RY: R) and u — ¢ attains
its mazimum at (t,,1,) € (0,00) x RY,

O0(to, 10) )0t < x(t, Dp(te, T4), to, To) Dety (D*p(ty, 1,) ) R(D@(ty, 7,)).

(ii) We say that u € C((0,0¢) x RY : R) is a viscosity supersolution of (1.5)
if the following holds: whenever ¢ € C?((0,00) x R?: R) and u — ¢ attains
its minimum at (t,,1,) € (0,00) x R,

Op(ty, 1,)/0t > X (u, Dip(ty, 0), te, 26) Det, (D*0(te, 24)) R(Dp(ty, 20)).
Here x (v, p,t,x) = 1 if p € Ov(t,z) and is not singular and if there exists

e > 0 such that for all (s,y) € (0,0¢) x R? satisfying |y| > ¢ and |s—t| <&,

v(s,y) >p-y+elyl,

and x (v,p,t,x) = 0, otherwise.
(i) We say that a function v € C((0,00) x R? : R) is a viscosity solution
of (1.5) if it is both a viscosity subsolution and supersolution of (1.5).

Theorem 2.5 in section 2 shows that a continuous viscosity solution to
(1.5) in the space of continuous functions v : [0, 0c) x R4 +» R for which

v(t,x) — h(x)| : (t,2) €[0,T] x R*} < oc for all T > 0 (1.6)

sup{

is also a solution to (1.4). Theorem 2.6 in scction 2 shows that a continu-
ous viscosity solution to (1.3) is also a solution to (1.4) under the stronger
assumption than that in Theorem 2.5.

In section 2 we give our main result which will be proved in section 4. In
scetion 3 we state and prove technical lemmas. Section 5 is the appendix.

We give the following for the reader’s convenicence. For any metric space
A and B, the topology of C'(A : B) is induced by the uniform convergence
in every compact subsets of 4, and for f and g € C(R?: R), we put



demery(fo9) = D 27" min(sup | f(x) — g(x)],1).

m>1 |z <m

We also denote by D([0,0c) : C(R? : R)) the space of right continuous
functions z : [0,0c) + C(R? : R) with left limits, with the topology in-
duced by the following metric (sce [7]): for x and y € D([0,00) : C(RY :
R)), dp(x,y) = infrca{max(y(N), ;< exp(—u)d(x, y, A, u)du)}, where A de-
notes the set of strictly increasing Lipschitz continuous functions from [0, oc)
onto [0, 00), and y(A) = supg<c, |log{(A(s) — A(®))/(s — ) }], d(z,y, A\, u) =
sup,o{min(1, degag) (2(min(t, u)). y(min(A(t), u))))}.

2 Main Result.

We fix a sequence {&,},>1 of positive real numbers which converge to zero
as n — oc, and introduce assumptions.

(A1) Re LYRY:[0,00),dz), ||R||;1 = [ga R(y)dy > 0and h € C(R?: R).
(A.2). The set Oh(R?) = U,cgs0h(z) has a positive Lebesgue measure, i.c.,
Oh(R?%) has a non-empty interior.

Under (A.1)-(A.2), for any n > 1 and v : Z%/n — R, put

poe(dB) = n%, {0 w(R, 0, {z})d,,.(d3) (2.1)

z€Z4/n
(R — w(R, 2, RY))6,(d3)},
where
v (1) = v(x) +e, ifr =z,
Un 2\ = v(x) if 2 € (Z%/n)\{z}

(Notice that w(R, 6, RI\(Z%/n)) = 0 (see Remark 1.1, (i)).).
Put also

Sy = {v:Z%n =R Y (v(z) —h(2)) <, (2.2)

2€Z%/n

(v(2) — h(2))/e, € NU{0} for all z € Z%/n}.

5



S, is countable and complete by the following metric: for u and v € 5,

ds,(u,v) = > |ulz) —v(2)|.

2€Z%/n

For a bounded Borel measurable function f: S, +> R and v € S5, put

Anf(0) = [ (F(8) = ()b (dB). (23)

Then A,, generates jump-type Markov processes on S,, under (A.1)-(A.2) (see
c.g. [7]).

Let {Z,(t. ) }o<¢ denote a Markov process on S, with a generator A,, and
with an initial condition Z,(0,2) = h(z) (z € Z%/n). For t > 0 and x € R,
put

X, (t, r) = max(Z,(t, x), h(x)). (2.4)

We introduce additional assumptions before we state our first result.

(A.3). The closure of the set {2 € R?: h(x) < h(z)} docs not contain any
line which is unbounded in two different directions.

(A.4). For any p ¢ Oh(RY) and C € R,

/. lmax(< p.x > +C — h(x),0)dr = oc. (2.5)
J R

Then the following holds.

Theorem 2.1 Suppose that (A.1) and (A.3)-(A.4) hold. Then there exists
a unique continuous solution u to (1.4) with u(0,-) = h. Suppose in addition
that (A.2) holds. Then the following holds: for any v > 0 and T > 0,

lim P( Sup dC(R‘l:R)(X’n(t'/ ')7”(tr )) > A/) = 0. (26)

n—00 0<t<T

Remark 2.1 (i) For any C € R, if p & Oh(RY), then the set {x € R? :<
p,x > +C > h(xz)} is unbounded. (it) If h is convex, then (A.4) holds.
Indeed, the set {x € R? :< p.o > +C > h(x)} is convex for all (p,C) €
R? x R and is nondecreasing in C' for any p € R



The following theorem collects some of elementary properties of solutions
to (1.4) and hence those of the motion by R-curvature.

Theorem 2.2 Suppose that (A.1) holds. Let v € C([0,00) x R%: R) be a
solution of (1.4) with u(0,-) = h. Then:

(a) For each v € RY, the function t — u(l, z) is nondecreasing in [0, 00).
(b) If i(t,z) < u(t,x) for some (t,x) € (0,0c) x R4, then u(s,x) = h(x) for
all s € 0,t]. In particular, w = max(i, h) on [0,oc) x RY.

(¢) For any (t,z) € [0,00) x RY,

w(t, @) — a(t, 2) < h(x) — hix). (2.7)

In particular, if h(x) = h(z) for some & € RY, then u(t,z) = a(t,x). Or
equivalently, if Oh(x) # 0 for some x € RY, then du(t,z) £ 0.

Suppose in addition that (A.4) holds. Then:
(d) For any t >0, ou(t, RY) = On(R%). In particular,

/I‘{d(u(t, z) — h(x))dr =t -w(R, h,RY. (2.8)

(¢) Let w € C([0,00) x R® = R) be the solution of (1.4) with (0, ) = h. If
u(s, ) —a(s,-) # h —h for some s € (0,00), then u(t,-) — a(t,-) # 0 for all
t > s.

According to the above theorem, (a) any graph moves upward by R-
curvature, (b) those points on any graph moving by R-curvature does not
moves as far as they stay in its cavities, (¢) the height between any graph
moving by R-curvature and its convex envelope is non-increasing as it evolves,
(d) any graph moving by R-curvature sweeps in time ¢ > 0 a region with
volume given by ¢ - w(R,h,R?), and (¢) for the motion of a graph by R-
curvature, taking its convex envelope at time ¢ > 0 and evolving up to time
¢t starting with the convex envelope of the initial graph give different graphs
in general, if the initial graph is not convex.

We introduce

(A.5). Re C(R?:]0,0c)),

and give the relation between the motion by R-curvature and the viscosity
solution of (1.5).



Theorem 2.3 Suppose that (A.1) and (A.5) hold. Then a continuous so-
lution w to (1.4) with u(0,-) = h is a viscosity solution to (1.5).

We introduce more assumptions to show that the viscosity solution to
(1.5) in the flamework of [15] is the motion by R-curvature.

(A.6). R(x) > R(rx) for any r > 1 and x € R™.
(A7), inf, 2o h(x)/|2| > 0.

(A.8). There exists a constant C' > 0 such that h(z+y)+h(z—y)—2h(z) < C
for all (x,y) € R? x U;(0), where U (0) = {y € R : |y| < 1}.

Theorem 2.4 Suppose that (A.1) and (A.3)-(A.8) hold. Then there exists
a unique continuous viscosity solution u to (1.5) with u(0,-) = h in the space
of continuous functions v for which (1.6) holds. u is also a unique continuous
solution to (1.4) with u(0,-) = h.

We give the uniqueness result for the viscosity solution to (1.5) in a dif-
ferent flamework from that of [15], when the solution is a Gauss curvature
flow. As a corollary, we show that a continuous viscosity solution to (1.3) is
the motion by R-curvature. Put

(A1), R(y) = (1+ |y>)~“**/2 and h € C(RY: R).

For r > 0, define A" : R+ R by

7

W (x) = inf{y € R | U.((z,9)) Cepi(h)} (2 € RY (2.9)

and we introduce
(A.2).

hréﬁnf{hyiglf[hm inf(h(0x) — " (x))]} > 0,

|x|—>oc

IOiHl{ sup (h(z) — h(fz))} = 0.

7CRA

Then we have



Theorem 2.5 Suppose that (A.1)-(A.2)" hold. Then for any viscosity sub-
solution u and supersolution v, of (1.5) in the space C([0,0c) x R4 : R), such
that u(0,-) < h < v(0,-), u < w.

Remark 2.2 (i) (A.2)° holds if there exists a convez function hy : R — R
such that ho(z) — oc as |x| — oo and that

lim [h(x) — ho(x)] = 0. (2.10)

(see section b for the proof). (i) After completing this work we realized that
Theorem 2.5 is similar to [3, Theorem 4.1] where they considered the mean
curvature flow with a convex coercive initial function by a different approach
from ours.

We casily obtain the following, from Theorems 2.1, 2.3 and 2.5, which
should be compared with Theorem 2.4.

Corollary 2.1 Suppose that (A.1)-(A.2)" and (A.3)-(A.4) hold. Then there

erists a unique continuous viscosity solution u to (1.5) with u(0,-) = h. u is
also a unique continuous solution to (1.4) with u(0,-) = h.

3 Lemmas.

In this section we state and prove technical lemmas.

Lemma 3.1 Suppose that [ : Usy(0) = [0,00) is convex for some m > 1.
Then

sup f(z) <

|| <

Un() " [ fla)de. (3.1)
J|xz|<2m
(Proof). For x and y € U,,(0), by the convexity of f,

2f(x) < flz+y) + flz —y).
Integrating the both sides on the set U, (0) with respect to dy, the proof is
over since f is nonnegative.

Q. E. D.



Lemma 3.2 Suppose that (A.1)-(A.2) hold. Then for any r € (0,1/2),
n > d1/2/7', m > 1 and s and t for which 0 < s < t, the following holds
almost surely:

sup (X, (t,z) — X,.(s, 7)) (3.2)
|| <m
< 2dr  sup | Zp(u, )|+ sup |h(z) — h(y)}
|z| <m~+2,u=s,t |],ly|<m+1,|z—y|<2r

+ Z (Zu(t, 2) — Zn(s, Z))77/7d/|U'r‘(0)| +&n-

2€Z% [n,|z|<m+1
(Proof). For x = (1;)L, € RY, put [z] = ([#;]))&,, where [1;] denotes an
integer part of z;. Then for any ¢ > 0 and 2 € R?,
0 < Z,(t, [nz]/n) — X,(t, [nx]/n) < &,. (3.3)

This is true, since

€ [Z,,,(tl[m:}/n), Zn(t, [na]/n) + £,)
Zn(t, Inx|/n) if Zu(t, [nal/n) > h([nz]/n),
= h(nzx|/n) if Z,(t, [nx|/n) < h(lnx]/n).

For z € U,,(0),

0 < X,(t,x)— X,(s,2) (3.4)
< sup {Xaltir) — Xalt lng)/m)| + 1 X5, Iyl /m) — Xas, )]}
o —y|<r

+ /L',.(m)<X"<t7 [nyl/n) — X, (s, [ny]/n))dy/|Ux(0)].

Henee (3.2) holds by (3.3), the intermediate value theorem, and by the fol-
lowing: for a convex function f: R?+ R and r > 0,

sup{[f(x) — FWI/Jx —yl o £ ymy €U0} <2 sup [f(5)]  (35)

2 <rt1

(see e.g. [2, p. 20, Lemma 3.1}).



Lemma 3.3 Suppose that (A.1)-(A.2) hold. Then for any T > 0, n > 2d'/?
and m > 1,

P( sup / {Z,(t,x) +2 sup |h(y)|}dx (3.6)
0<t<T Jz|<m ly|<m+2
> 2% sup {2|h(x)] + |h(@)|} | Umso(0)] + T||R||,1))
|z <m+-2
< eantm 2 sup 120h() 5 (@) HUnra(0)] + TIRIL) ™
|| <m+-2

(Proof). For t € [0,T]

7 7

/ﬁ - {Z,(t,x) +2 sup |h(y)|}dr (3.7)

[yl <m+2

IA

21 > {Z,(t,2) +2 sup |h(y)]In~?

2€Z4 /n,|z|<m+1 ly| <m+2

< 24 > (Zu(t, 2) — Z,(0,2))n "

2€Z%/n,|z|<m+1
. ~

f/ ds Y w(R Zu(s. ), {2})}
70 2€Z4 /n,|z|<m+1

240 sup {2]h(x)| + |h(z)]}
2| <m+2

Um2(0)| + T1[B][12),

since w(R, Zy(s,-), Upya(0)) < ||R]|;1. Here we used the fact that a convex
function takes its maximum on the boundary of the set where it is defined.
Hence by Doob-Kolmogorov’s inequality (see [13, p. 34]), the following
completes the proof: by Itd’s formula (see [7, p. 162] or [13, p. 66]), for any
s and ¢ for which 0 < s <t and any p € C,(R?: R)

i

Ell 3 0(2)(Zult,2) = Zuls,2))n " (3.8)
z€Z4/n
- /"' S (R, Zulu, ), {2))dul?]
T8 sezdn
- E{/, Z @<Z>2/LU<R_/ Z"(u?')? {Z})du]gnnfd_

¥ zeZd/n

11



Q. E. D.

Lemma 3.4 Suppose that (A.1)-(A.2) hold. Then for any n and T > 0,
there exists & > 0 such that

I ¢ (R n(10,-), X, ((1 = 1)d,-)) > n) = 0. .
nlglgop(l<7§% L demar) (Xn (99, ), X0 ((1 — 1)4,)) > n) =0 (3.9)
(Proof). Take m for which 2=+ < /2 and take also r € (0,1/2) such
that

ro < (/60| Upia(0) {272 (m+2)( sup  {2|h(z)]
|| <2(rm+2)+2

(@) HUz(m22(0)| + (T + D[ R]]12)}

2 sup \h(x) — h(y)| < n/8.

2]yl <m-+1,[z—y|<2r

Then for any § € (0, min(1,n|U.(0)|/(8]|R||;2))) and any n > d'/?/r, by

Lemmas 3.1-3.2,

P(l<71<r%a/>§}+ld(y(Rd:R) (X, (@0, ), Xp((i = 1)6,-)) > n) (3.10)

< P( sup / {Z,(t,x)+2 sup  |h(y)|}dz > 272 (m + 2)
0<I<T+1 /|w|<2(rn+2) ly|<2(m+3)

<( sup {2(h@)] + () [} Usgmy (0)] + (T + DIIR]|1)

|2|<2(rm+3)

SO S (D SR A B A )

1<a<[1 /o}+1 2€Z4 [n,|z|<m+1
7

w(R, Z(s,), {z})ds| = |U(0)[(n/8 — £a)),

1) 7€Zf1/n |2|<m+1

since for ¢ > 0,

sup |Zo(t,2)| < sup {Z,(t,z)+2 sup  |h(y)|}, (3.11)
|z|<m+2 |z|<m+2 ly|<2(m-+3)

12



and since

inf Z,,, t.x)+2 sup h ? > (). 3.12
iy Bt 2 s RG] (3.12)

(3.10) together with Lemma 3.3 and (3.8) completes the proof by Doob-
Kolmogorov’s inequality.
Q. E. D

Lemma 3.5 Suppose that (A.1)-(A.2) hold. Then for any n > 1, the fol-
lowing holds almost surely: for any t > 0 and v € RY,

X, (t, 2) = max(X, (¢, ), h(x)) (3.13)

(Proof). By (2.4),

Zu(t,x) < X, (t, x) (3.14)

J
= inf{d AX,(tw;):5>0,0>0,0;, € RY(i=0,---,)

1=0

Pﬂ-w

j
/\7 Z v =}
i—0

=,

- L

<inf{> NZu(t,a;) > 0,0 > 0,2, € Z9/n(i = 0,---, 5)

fen)

v} = Z,(t, 1)

'M“- T

<

j
No=1,) N\
i=0

(see [16, p. 53, Th. 2. 27]).

Q. E. D.

Lemma 3.6 Suppose that (A.1) and (A.3)-(A.4) hold. Then for any func-
tions [ and f, € C(R*: R) (n > 1) such that f, = max(f,,h) (n > 1), and
that f, — f in C(RY: R) asn — oo, and that [ga(f(x) — h{x))dz is finite,
Jf(RY) = Oh(R?) and fn = fin C(RY : R) as n — oo. In particular,
f= max(f, h) and the following holds: for any ¢ € Co(R%: R),
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lim | o w(R, f,dr) = / ) o(x)w(R, f,dx). (3.15)
: JR4

n—oc JRd

(Proof). We first show that 9f(R%) = h(R%). Indeed, Oh(RY) C 0f(RY)
since f > h, and Of (RY) € Oh(R4) by (A.4) since for any xq € RY for which
Of (x9) # 0 and any p € Of (),

/Rd max(< p,x — xg > +f(x9) — h(x),0)dz < (f( ) — h{x))dar < oc.

JRA

Since f, > f,L > h and {fu}n>1 is uniformly bounded on every compact
subsct of R, there exists a convergent subsequence { fy, }k>1 in C(R?: R)
(sce [2, p. 21, Theorem 3.2]). We denote by ¢ the limit of f,, as k — oo. It
is easy to see that f = max(g, h) and that f > f>g>h

Suppose that f # ¢g. Then there exist z; and 2o € R? and p € 8}‘(1;1)
Jdg(ry) such that

<pox—x >+f(r) ><p.ax—xy>+glxy) forall z € R (3.16)
since df(RY) = dg(R?) from the above argument.
For sufficiently large k& > 1, one can take (Mg, 244)%, € ([0, 1] x RE)4H!

such that 37, Ak = 1, Y7, AeiThi = T2, h(Zh, tirg) > o (2L, i)
for all t; > 0 (i = 0,---,d) for which ©¢ ,¢; < 1, and that

d
Z Meih(2g ) — fu, (22) < 1/k.

=0

Indeed, since f(ry) = h(zy) > f(x) > g(xs) by (3.16), fu, (22) = h(xy) >

fA’ka(:I;Q) for sufficiently large £ > 1, and henceforth

fo (22) = mf{ZAh y) N >0, € RUi=0,---,d) (3.17)

2=0
d d
A= LY A=
1=0 2=0
d
h(>_ tiy:) > o Zt% (0<t(i= Zt < 1)}

i=0 i=0
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(sce [16, p. 56, Prop. 2.31]). By (A.3), {#i}k>1 is bounded for some 1,
which contradicts (3.16).
(3.15) can be proved by [2, p. 119, Th. 9.1].
Q. E. D.

Lemma 3.7 Suppose that R € L'(R? : [0,00),dx). Then for any continu-
ous solutions uy and us, to (1.4), for which ui(0,-) < uy(0,-) and for which
Ouy (t, RY) C Ouy(t, RY) for all t >0, uy < us.

(Proof). Suppose that u; < uy is not true. For £ > 0, put

V. ={(t,2) € (0,6 1) x R uy(t, ) + et < uy(t,x)}.
Then for sufficiently small € > 0, the set V. is open and V]| > 0.

If (7,€) € V., and if p € Ou, (7, &), then p € Juy (7, 1) for some 1 for which
(t.m) € V.. Indeed, uy(7, x) — I(z) attains the minimum over R? at a point
n for which p € duy(7,n), where

z) :=u(r, &)+ < p,x—&> for all z € RY.
We also have (7,7) € V. since
ug(mox) > u(r,x) —er > l(x) —er (3.18)

if (7,x) ¢ V., and since

us(7, &) < up(7,8) —erT = 1(&) — e7. (3.19)
An immediate consequence is that
/ﬁ w(R,ui(t, ), dx)dt < / w(R,uy(t, ), dx)dt. (3.20)
JV2 v Ve

Take a nondecreasing sequence {n,},>1 of nondecreasing C'-functions
such that

1
nu(r) =0 forallr <0, n,(r)=1 foralr> — (3.21)

and for » € R, put



Glr) = /0 " (s)ds. (3.22)

Then for any v € R? and ¢ € (0,271,

0 < Cului(t,x) —us(t,z) —et) (3.23)
-t
= / N (ur (s, 0) —ua(s, z) —es)(ui(ds, v) — us(ds, x) — eds).
Jo

(Notice that the function ¢ > w; (¢, x) is nondecreasing for ¢ = 1, 2 and
xr € R%) Hence by (1.4), for any r > 0

0 < / /.; (w1 (8, 2) — ua(s,x) —£s) (3.24)
|z|<r
(711 (ds,x) — uy(ds,x) — eds)dx

= / /1<7 (U (s, 2) — uy(s, x) — £5)
X (w(R,uy(s,-),dz) .UJ(R us(s, ), dr) — edx)ds
= / w(R,u(t, ), do)dt — /‘ w(R, us(t, ), de)dt — |V,

as r — oc and then n — oo, This together with (3.20) implies that [V, = 0,
which is a contradiction.
Q. E. D.

Lemma 3.8 Suppose that u € C((0,00)xR?: R) and v € C*((0,00) xR :
R) satisfy the following: for some (s,y) € (0,00) x R4,

X (u, DU(s,y),8,9) =1, uls,y) = v(s,y), D*(s,y) >0,

and there exists A > 0 such that for any ¢ > 0,

U- ={(t,z) € (0,00) x RYw(t, ) + & > u(t,x)} C Upayie((s.y)). (3.25)

Then for sufficiently small e > 0 and any (1,€) € U, D(1,€&) € Ou(r, 2)
for some z for which (1,2) € U_.

16



(Proof). Take r € (0, s) such that

D*(t,x) >0 forall (t,2) € [s —r,s+71] x Up(y). (3.26)

Since x~ (u, DY (s,y), s,y) = 1, by the continuity of u, there exists a constant
§ € (0,7] such that for all p € Us(Dw(s,y)), and (¢, z) € [s —§, s + 8] x (R
U (y)).

u(t,z) > (s, y) + 0+ < p,az—y> (3.27)

7

(see Definition 1.3). Take a constant v € (0, d] so that

Y(s) 18 > plty)+y forall L€ s — s +1) (3.25)
Diy(t,x) € Us(Dy(s,y)) forall (t,z) € [s—v, s+ x U, (y).(3.29)

Take £ € (0, ] sufficiently small so that U C [s—,s+~] x U,(y). Then
for (7,€) € UZ, from (3.26), we see that
Wt ) > 1(x) = (r, &)+ < DY(r, &), — &> forall x € U(y). (3.30)

In particular, we have from (3.28)

7

Vs, y) + 0> 0(ry) +e > 1(y) +e. (3.31)
Hence for all 2 € R\ U,(y), by (3.27) and (3.29),
I(x) +e=1(y) +et+ < Du(r,6), 2 —y > (3.32)
< (s, y) + 0+ < DY(r, &), v —y >< u(r, ).
We also have, by (3.30), for all x € U,(y) for which (r,2) ¢ U_,
I(2) +e < lr,2) +e <ulr,z). (3.33)

Since



the function z +— u(7, 2) —[(x) attains a minimum at z for which (7, z) € U~
which means that Dy(7, &) € du(r, 2).

i

Q. E. D.

The following two lemmas can be shown by the arguments in the proof
of [15, Theorem 1], and we omit the proof.

Lemma 3.9 Suppose that (A.5)-(A.7) hold, and that uy and us are contin-
uous viscosity solutions, to (1.5) with u,(0,-) = uy(0,-), for which

sup{|ui(t, x) —u;(0,2)] i = 1,2,(t,2) € [0,T] x R} < oo forall T > 0.
(3.34)
Then u, = usy.

Lemma 3.10 Suppose that u and v are continuous wviscosily subsolution
and supersolution of (1.5), respectively, and that w < v on the set ({0} X
U.(0) U ((0,T) x (RE\ U,(0))) for somer >0 and T > 0. Then u < v in
(0,T) x RY,

4 Proof of Main Result.

In this scction we prove theorems given in section 2.

(Proof of Theorem 2.1). First of all, we point out that one can show, from
(A.4), that dv(t,RY) = 0h(R?) for all ¢t > 0, for any continuous solution v
to (1.4) with v(0,-) = h(-), by the argument of the first part of the proof of
Lemma 3.6. In particular, a continuous solution v to (1.4) with v(0,-) = h(-)
is unique by Lemma 3.7.

Suppose first that (A.2) does not hold. Then u(t,-) = h(-) for all £ > 0 is
a unique solution to (1.4) with u(0,-) = h(-).

Suppose next that (A.2) holds. Take mgy > 0 such that

sup  {2|h(x)| + |h(x)]} > 0.
|| <2mo+2

For ¢t > 0, put
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[, = {max(f, h)(z): fis convex from R? to R, and (4.1)
sup | f(2)] < 29 2m|U(0) 71 sup  {2]h(2)]

|z|<m |z|<2m+2

+|h(2) |} Usmaa(0)| + ¢||R]|[11) for all m > mg}.

Then Ty is compact in C(R?: R) (sce |2, section 3.3]).
By Lemmas 3.1, 3.3 and (3.11)-(3.12), the following holds: for any ¢ > 0,

nlgIolo P(X,(t,-)eT,) =1 (4.2)
This together with Lemma 3.4 implies the tightness of {X,(¢,-)}o<in>1 in
D([0,00) : C(R® : R)), since for any § > 0 and any ¢ and s for which

t/8) = [s/9],

dC(R‘l:R)(X’n(tv ) Xn(s: )) < dC(R‘l:R)(X’n(([t/(ﬂ =+ 1)(57 ) X?b([t/(ﬂ(gr ))

(see [7, p. 129, Corollary 7.4)).

One can also show, by Lemma 3.4, that any weak limit point of { X,,(¢, ) }o<i,
as n — oc, belongs to the set C'([0, ) : C(R?: R)), since for any ¢ > 0 and
0 >0,

d(?(Rd:R) (Xn(t: '): X’n(t*-/ )) < max d(?(Rd:R) (Xn(jé-/ ) Xn((7 - 1)6~ ))

T 1<<[t/8]+1

(see [7, p. 148, Theorem 10.2, (a)]).

Let { X5, bi>1 be a weakly convergent subsequence of {X,,},>1, and X be
the weak limit of {X,, }4>1. Then by Skorohod’s theorem (sce [7, p. 102,
Theorem 1.8]), taking a new probability space, one can assume that for any

T >0, X,,(,-) converges, as k — oc, to X(¢,-) in C(R? : R) uniformly in
t €[0,7T] as.. By (3.8), we have

E[_/I'{d(X(t, ) — h(z))dz] < t]|R]| 1, (4.3)

h(lnx]/n) = X,(0,[nz]/n) — X(0,2) (as n — o) (4.4)

19



for x € RY, and since

| Z @(Z)(an(tz)*an(oyz))nid (4.5)

2€Z% /ny,
— /Rd o([npx]/m) (X, (&, ngx]/ng) — X, (0, [nex]/ng) ) dx|

< 2e,, ./Rd o([ngx]/ng)lde — 0 (as k — o0) a.s.

by (3.3). Hence by (1.3), (4.3), Lemmas 3.5 and 3.6, for any p € C,(R?: R)
and any ¢ > 0,

Z w(2)w(R, an (t,-),{z}) = / o(x)w(R, X, (t,-),dr) (4.6)

2€Z% ny, R?
— / lgo(w)w(R./X(t./ -), dx)
R

as k — oc a.s.. (3.8) and (4.3)-(4.6) imply that X (¢, z) is a unique continuous
solution to (1.4) with X (0,2) = h(x). In particular, X is nonrandom and
henceforth (2.6) holds.

Q. E. D.

(Proof of Theorem 2.2). The proof of (a) is standard and is omitted.
(b) Suppose that a(t,z) < u(t,2). Then there exists a constant r > 0
such that

u(s,y) < uls,y) for all (s,y) € [t —r,t] x U,(x) (4.7)

i

since the function s v (s, y) is non-decreasing in [0, o¢) for cach y € RY,
and a(s,-) € C(R?: R) for cach s € [0,0¢), and u € C(]0,2¢) x R : R).
Therefore, we have

/ dsw(R,u(s,-),dy) =0, (4.8)
[t—r.t]x U ()

This together with (1.4) implies the following:

u(s,y) = u(t,y) for all (s,y) € [t —r,t] x U(x). (4.9)
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Since the function s v u(s,y) is nondecreasing in [0, 00) for cach y € R,
this implies that u(t, <) = u(0, ) in the set U, ().

(¢) If w(t,z) = a(t,z), then u(t,z) — a(t, ) < h(x) — h(z) since h(z) >
h(z). Supose that a(t, ) < u(t,x). Then u(t,z) = h(z) by (b), from which
we conclude that w(f, ) — a(t, 2) < h(x) — h(x) since a(t, z) > h(x).

(d) du(t, RY) = 0h(R?) by the first argument of the proof of Theorem 2.1,
Plugging functions ¢, € C,(R?: R) (n > 1) into (1.4), where the sequence
{©n}n>1 1s nondecreasing and approximates the constant function ¢(x) =1,
and sending n — oo, we get

: L -
/ (u(t,z) — h(x))dx = / ds / w(R, u(s,-),dr) =t -w(R,h,RY. (4.10)
JRA Jo  JRd

(¢) We argue by contradiction. Suppose that a(t,-) = u(t,-) for some
t > s. Then we have
/ (u(t, ) — h(z))de < / (a(t, 2) — h(z))dz (4.11)
JRA RA
since

u(f)_&@/) SU(S/ >_u( )#h_h
in view of (c¢). Hence

/I.{d(u(t,.r) ~ h(x))dr < / (@(t,z) — h(z))dz, (4.12)

Rd

which is a contradiction in view of (d), since (A.4) with h replaced by A holds
(see Remark 2.1, (ii)).
Q. E. D.

(Proof of Theorem 2.3). By (a) in Theorem 2.2, (1.4) is equivalent to

/[i - o(t, x)|uldt, x)dr — dtw (R, u(t,-),dz)] =0 (4.13)
J10,00)x R4

for all ¢ € C,(]0,00) x R?: R).

(Step I). We first show that w is a viscosity subsolution of (1.5).

Let ¥ e C*((0,00) x RY : R) and assume that u — ¢ attains a maximum
at (s,y) € (0, oo) x R4, We may assume that u(s,y) = ¢(s,y), so that

u(z‘ x) < y(t, 7) for all (t,7) € (0,00) x R\ {(s,9)} (sce [6]).
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(i). Consider first the case when a(s, y) = u(s, y).

By adding to ¢ the function (t,z) > A{|t — s[*> + v — y|?}, with a suitablec
A > 0, if necessary, we may assume that D?¢ (s, y) > 0 and that the following
set

US ={(t,z) € (0,00) x R”

Yt o) —e <u(t,x)} (¢>0) (4.14)

is contained in the set U qy1/2((5,4)).
In the same way as in (3.18)-(3.20), considering (u, v, —¢) instead of

i

(w1, ug,et), by the compactness of the closure of the set U, one can show

that if (7,€) € U and p € Ou(r,£), then p € 9 (7, 2) = {Dy(r, 2)} for some
z for which (7,2) € U and that

/' w(Rou(t, ), de)dt < / w(R.(t, ), da)dt. (4.15)
Ju .

U

We argue by contradiction. Assume that the following holds:

OY(s, 1) /0t > R(DY(s,y)) det, D*u(s, y), (4.16)

since by the definition of x, we have
x(u, DY(s,y),s,y) = 1.
By reselecting £ > 0 if necessary, we may assume that

OU(t, x) /0t > = + R(DU(t, x)) det, D*(t, ), det, D*¥(t,z) >0 (4.17)

7

for all (¢,2) € Uz a((s,y)). Hence in the same way as in (3.21)-(3.24), con-
sidering u — ¢ + ¢ instead of u; — uy — £t, we have

Ut

&

fal
<

< / L w(R ult, ), dr)dt — / L R(Dy(t, 7)) det, D*(t, x)dxdt <0,
Ju: Ju

6 (1.18)
by (4.15), which is a contradiction.
(ii). Consider next the case when a(s,y) < u(s,y).
We have
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x(u. Dy(s,y),s,y) =0,

from which we only have to show that

O (s,y) /ot <. (4.19)

(4.19) is true, since from (b) in Theorem 2.2, we have

u(t,y) = u(s,y) forallte (0,s),

from which we have

v(s,y) <(t,y) forallt e (0,s).
(Step II). Next, we show that u is a viscosity supersolution of (1.5).
Let ¢ € C%((0,00) x R : R%) and assume that v — 1 attains a minimum at
(5,9) € (0,00) x R% We may assume as well that u(s,y) = ¢(s,y), so that
u(t,x) > (t, z) for all (t,2) € (0,00) x R\ {(s,4)} (see [6]).
By (a) in Theorem 2.2, we see that

0y(s,y) /0t > 0.

Hence we only have to consider the case when the following holds:

X (u, Do(s,y), s,y) =1,  det, D*¢(s,y) > 0.

By subtracting from ¢ the function (¢, z) +— A{|t — s[*> + |z — y|?}, with
a sufficiently small A > 0, if nccessary, we may assume that D¢ (s, y) is
positive definite and that (3.25) holds. By Lemma 3.8, if ¢ > 0 is sufficiently
small, then for any (t,z) € U-, Dv(t,x) € du(t, z) for some z for which
(t,z) e U-.

Asin (Step 1), we argue by contradiction. Suppose that

O(s,y)/0t < R(D(s,y)) dete D*y(s, y). (4.20)

Reselecting £ > 0 sufficiently small, we may assume that

OU(t, 2) /0t +e < R(DU(t, x)) det, D*)(t, ), det, D*y(t,z) >0 (4.21)

7
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for all (¢,2) € Uy, ay/2((s,9)). Then in the same way as in (Step 1), we get

e|lU-] < /lR(Dz/(?‘r)) det D*(t, 2)dadt —w (R, u(t,-), dz)dt] <0, (4.22)

JU
which is a contradiction.
Q. E. D.

(Proof of Theorem 2.4). By Lemma 3.9 and Theorems 2.1 and 2.3, we only
have to show the following: for a solution u to (1.4) with «(0,-) = h(:) and
any T > 0,

sup{|u(t,z) — h(x)| : (t,2) € [0,T] x R} < oc. (4.23)

This is true, since

u(t,x) — h(.T) (4.24)
< |L1<o>|{/g< (ult. e+ y) = b +y) +ult.w —y) — hiz — ))dy/2
o)~ /U (h(z +y) + h(z —y) — 2h(x))dy/2
< HU(o) 1/ Riy)dy + C/2 < oo,

by (A.1) and (A.8). Here we used the following. If u(t,z) — h(z) > 0, then
by (¢) in Theorem 2.2, for any y € RY,

u(t,z) = a(t,x) < (alt,x+y)+alt,x —y))/2 < (ult,z +y) +ult,z —y))/2.
Q. E. D.

(Proof of Theorem 2.5). In R?"', the moving ball with a fixed center and
with radius given by

r(t) = (ro — (d+ D)) e 0,r0/(d + 1)), (4.25)

with ry > 0, is a Gauss curvature flow. In particular, for fixed a € R¢ and
b € R, put
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b— ((ro— (d+ 1)15)2/(‘”1) — |z — a‘|2)1/2

w(t, x5 a,b,ro) = if |v —a| < (ro — (d+ 1)t)!/d+1), (4.26)
+oo otherwise.
Then w(-;a,b,ry) is a viscosity supersolution of (1.5) with R(p) = (1 +

|p|2)~*+D/2 Applying Lemma 3.10 to w and w(-;a,b,r), where 7 > 0 and
a € R? arc chosen arbitrarily, and b = h"(a), we find that

u(t,r) < w(t,z;a,b,r) forall (t,z) € [0,r/(d+ 1)) x R% (4.27)

In particular,

u(t,a) < w(t,a;a,b,r) < h'(a) forall (t,a) € [0,r/(d+1)) x R (4.28)
Fix any 6 > 1 and put

e := sup (h(x) — h(f2))(> h(o) — h(fo) = 0)

7CRA

(4.29)

and define z : [0,00) x R — R by

2(t, 1) = +v(0°%, 0x). (4.30)

Then 2 is a viscosity supersolution of (1.5) with R(p) = (1 +[p|?)~*1/2 and
satisfies

2(0,x) > h(x) for all x € R®. (4.31)

By (A.2)” and (4.29), for any @ for which § — 1(> 0) is sufficiently small, and
for » > 0 which is sufficiently large, depending on 8, there exists a constant
L > 0 such that

2(0,2) > h(fz) > h" (x) if || > L. (4.32)
Hence by (4.28) and (4.32), if 0 < ¢ <7r/(d+ 1) and |x| > L, then

ut,x) < h'(x) < z(t, x), (4.33)
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since for cach 2 € R? the function ¢+ v(#, x) is non-decreasing in [0, o).
Again by Lemma 3.10, we have from (4.31) and (4.33)

i

u(t,z) < 2(t, ) = e +v(0*', 0x) in (0,r/(d+1)) x R (4.34)
Let  — oc and # | 1. Then we have, by (A.2)’,

u(t,z) < w(t,z) in (0,00) x R”. (4.35)
Q. E. D.

5 Appendix.
In this section we prove (i) in Remark 2.2.

Proposition 5.1 Let h ¢ C(R? : R). Suppose that there erists a conver
function hg : R? v R such that hy(z) — oc as |x| — oo and that (2.10)
holds. Then

lim [h(0x) —h"(z)] =oc forall > 1,r >0, (5.1)

laifn{ sup [h(x) — h(02)]} = 0. (5.2)

L peRrd

(Proof). Without loss of generality, we may assume that hy > 0.
For any # > 1 and r > 0, we have

ho(0x) — max ho(r +y) — o0 as |z| — oo, (5.3)
yl<r

since by the convexity of kg, for any 2 and y € R, with ly| <r,

hola +y) = ho(0 10z + (1 — 0100 — 1) y) (5.4)
< 0 he(0x) + (1 — 0 Dh(0(0 — 1) 'y) <0 "he(02) + C(r,0),

where C(r, 6) is a constant. We also have
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h'(z) < sup h(x +z) +r for all z € R4 (5.9)
|z|<r

since U, ((w,y)) C epi(h) for all y > sup, o, h(z + z) + 7. (2.10), (5.3) and
(5.5) implies (5.1).

We also have, by (5.4) with y = o, for any 6 > 1,

ho(z) — ho(Bz) < Oho(x) — ho(Oz) < (0 — 1)hy(0). (5.6)

This together with (2.10) and (4.29) implies (5.2).

Q. E. D.
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