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DYNAMIC BOUNDARY CONDITIONS FOR
HAMILTON-JACOBI EQUATIONS

C. M. ELLIOTT*, Y. GIGAT, AND S. GOTO?*

Abstract. A non standard dynamic boundary condition for a Hamilton-Jacobi equa-
tion in one space dimension is studied in the context of viscosity solutions. A comparison
principle and, hence, uniqueness is proved by consideration of an equivalent notion of vis-
cosity solution for an alternative formulation of the boundary condition. The relationship
with a Neumann condition is established. Global existence is obtained by consideration
of a related parabolic approximation with a dynamic boundary condition. The problem
is motivated by applications in superconductivity and interface evolution.

1. Introduction. We consider the first order equation
u, — F (u + "/2)1/2 =0 inQ x (0,00) (1.1)
supplemented with the dynamic boundary condition
w,— Fa=0 on 00 x (0,00), (1.2)

where €2 is a bounded open interval. The function F' and « are given con-
tinuous functions on Q x [0, 0c), 952 x [0,00) respectively and v > 0 is a
constant.

There are at least two sources of this problem. Consider the mean ficld
vortex density model in a cylinder D x R (D C R?) when the magnetic field
H is orthogonal to the axis of the cylinder; Chapman [3]. The vorticity field
& = (V+,0), V5 = (—0,,,0,,) is required to satisfy the conservation of
vorticity

& + curl (G x ¥) = 0.
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If the velocity field ¢ is of the form

U= curlH x &/|d

%

and H is given, then the conservation of vorticity vields

F,

where F' is a given function. Our equation (1.1) is derived by assuming that
Oy, = 7y is a constant on D = Q x R if we set u(r, 1) = ¢ (x), 29,1) — .
The quantity —; on the boundary corresponds to the flux 7 x (& x o) on
0D x R. The condition vy = Fa is considered as a special case of assigning
the value of flux and we obtain (1.1), (1.2). A full system with a different
boundary condition & - 7 = 0 is studied by Elliott, Schiitzle and Stoth [6].

Another source of the problem is a surface evolution problem with dy-
namic boundary condition. Consider (1.1) with v = 1. Then (1.1) is
equivalent to requiring that the upward normal velocity V'oof the graph
Iy = {y = u(x,t)} equals I i.e. V = F. The boundary condition (1.2)
is equivalent to saying that the upward velocity v of I'; on 002 X R is equal
to Fa, i.c. v = Fa. In [1] S. Angenent and M. Gurtin derive a dynamic
boundary condition for the mean curvature flow cquation. It is of the form
v = Acosf + B where v is the nomal velocity of O, in 9€2 and 6 is the
contact angle of I'; and 0€2; A and I3 are constants. Our boundary condition
corresponds to the case A = (.

Our goal is to study the global-in-time solvability of (1.1), (1.2) for a
given initial data. Since the problem is of first order, it is convenient to
handle this problem in the realm of viscosity solutions; sce e.g. G. Barles [2].
We establish the comparison principle (§3) for (1.1) and (1.2) by deriving
an equivalent definition (§2) of solutions. Although the dynamic boundary
value problem is studied in [2, P.102 (4.23)], it is essentially of Neumann type
and does not include (1.2). We further prove (§3) that the solution of (1.1)
and (1.2) solves the Neumann problem for (1.1) with

Ou)ov = (SignF) {(or — ) (o + ) }? (1.3)

in the viscosity sense, where 3. denotes the positive part of 3 and SignF
denotes the sign of Fic. SignF' = £1 if F' 2 0 and Signl” = 0 if I/ = 0.
It might be possible to prove the comparison principle for (1.1) with the
inhomogeneous data du/dv = p(t) when p is continuous; see J. Claisse [4].



However, our comparison principle for (1.1) and (1.2) still holds when F
changes sign in which case the Neumann data in (1.3) is discontinuous and
hence it is not included in the literature. Morcover, our proof is more direct
and does not use (1.3).

We also prove the global existence (§4) of a solution for (1.1), (1.2) when
the initial data a is a Lipschitz function in €, by using the approximate
equation

= 2ty — F (02 +72) 2 =0 in Q x (0,0) (1.4)
with the dynamic boundary condition
w, — Fa+edu/Ov =0 on 09 x (0,c), (1.5)

where ¢ is a positive parameter. The dynamic boundary condition for uni-
formly parabolic equations is well studied, for example by Hinterman [10]
and Escher [7, 8]. Their results may be applied to (1.4) and (1.5) in order
to yield at least a local solution. However, since the global existence of solu-
tions is casy to show we give a proof for global solvability of (1.4), (1.5) in the
Appendix. By the maximum principle we derive a priori bounds (§4) for the
sup norms of u, uZ, u® in Q x [0, T] for solutions of (1.4), (1.5) independent
of ¢ € (0,1). This yields the solution of (1.1), (1.2) as a limit. The presence

of the term edu/0v in (1.5) is crucial in order to obtain the a priori bound.

2. Definitions and equivalent notions of solutions. Let 2 be a
bounded interval (0, L) € R and 7 > 0 be a constant. For brevity we sct
Q = Qx(0,7T), Q = Q x (0,T) and their closure @ = Q x [0,T]. Given a
mapping k := k(z,1,7,p) : Q x R xR — R we recall the following definitions
of viscosity sub- and supersolutions u € C (Q) for k.

DEFINITION 2.1. A function u is said to be a viscosity subsolution of k
(in Q) provided for any (7,1, ¢) € Q x CY(Q) such that

(u— 6)(, 1) = sup(u — 0)

then the inequality

holds where 7 = ¢,(&,1) and p = ¢,(2,1).



DEFINITION 2.2. A function u is said to be a viscosity supersolution of
k (in Q) provided for any (%,1,0) € QQ x C'(Q) such that

(u— 0)(&, ) = inf(u - o)
O

then the inequality
k(2,t,7,p) >0

holds where 7 = ¢,(i,1) and p = 6,(%,1).

Let F'and « be given functions in C(Q), C(0$2 x [0,T]) respectively and
v > 0 be a given constant. We use the notation, since 92 = {0, L}, that
Gl d

5 = Vg, On 0O with v = —1 for x = 0 and v = +1 for x = L. The initial

boundary value problem is
u — F (u?+ ”/2)1/2 =0 in @,
w,— Fa=0 on 0 x (0,7), (2.1)

Ulpmo = @ on .

In order to formulate the definition of a viscosity solution to (2.1) we define,
for (x,t,7,p) € Q x Rx R

E(r*pr) =T F(Y?L) (p2 + ’*/2)1/2 \

, _ J E(x,t,7,p) it xeQ,
me(.’l-/t;T;p) =9 min {7_ . F(ZL’./t)(Y(:E./t),E(:L’_/t’T?p)} i we (99./

o . . E(:I;7t:7—:])) lf €T € S)/
Ellax<1/7t77_7p) = {InaX{T - F(’I/?L)O/(Eat) E(.’E,t,r/p)} lf T c 0(2

i

DEFINITION 2.3. We say that v € C(Q) is a viscosity solution of (2.1)
provided u(x,0) = a(x), x € Q, u is a viscosity subsolution for Fui, and a
viscosity supersolution for Fiay.

This is the usual notion of viscosity solution for boundary value prob-
lems (cf. [3]). We give an equivalent notion of solution by introducing, for

(r,t,7,p) €Q xR xR

E(x,t,7,p) if x e,
Glat.7p) = 7 — F(x,t) max {(y(.r, ), (([prSignF]_)? + “/2)1/2} if xco0Q,

4



where f_ is the negative part of f. Set
Gp(x,t,7,p) =7 — F(x,t) max {(x(:l;7 t), (([pvSignF]-)* +~?) 1/2} .

An alternative expression for Gy is

1/2

i

Gp(r,t,7,p) =7 — F(x,t) ([(SignF)py — §][(SignF)pv + 8] + +* + 6%)
where ¢ = (max(a, )% — +#)!/2. This identity follows from
max {o, (7)) +99)"?} = ((n—0)(n+6)_ ++"+ 52)1/2

, which is casy t ve. The mai se his section is t
for n € R, which is casy to prove. The main purpose of this scction is to
prove the following proposition:

PROPOSITION 2.4. A function u is a viscosity solution of (2.1) if and
only if u € C(Q), u(x,0) = a(x), x € Q, and u is both a viscosity subsolution
and a viscosity supersolution for G.

[t is sufficient to prove the following Lemmas.

LEMMA 2.5. A function u is a viscosity supersolutiuon for G if and only
if wis a viscosity supersolution for Fiax.

Proof. We usce the notation for (.7?,{, ¢, 7,p) introduced in Definition 2.2,
and F' = F(&,1) and & = a(#,1). Clearly there is nothing to prove if & € Q
since G and Fi . agree in 2. Futhermore without loss of generality we may
assume & = L € 0€) so that v = 1. We suppress the word wiscosity in the
proof.

If u is a supcersolution for G' then ™ > Fé so that, trivially, u is a super-
solution for F,. Thus the proof parts are concluding the situation that u
is a supersolution for £, and proving that this implies u is a supersolution
for G. We have that

max {T — Féa,7—F(p* + ”/2)1/2} > 0.

We may assume that (L, 1), by modifying ¢ if nccessary, is a unique

i

minimizer of v — ¢. It is convenient to make the following observation.

Observation (1). The following device shifts the minimizer into the interior.
Let h € C'(0,0¢c) be a nonincreasing function such that k(o) = 0 for all



o > 1, and that h(c) — +o0 as 0 — 0. Set d(z) :== L — z and ¢°(x,1) :=
o(x,t) — Sh(@). Let (z.,t.) be a minimum point of u — ¢° on (). Since

liminf,(u — ¢°) =u — ¢
e—0

on () we see that (x.,t.) — (L,7) as £ — 0. Here liminf, is the relaxed limit
as in [2], i.e.,

liminf, f¢(z,¢) = lim iglf{f‘s(y7 s)ly—x| <e,ls—t] <e,0<6 <e,(y,s) € Q}.
e—

e—0

Furthermore since h(c) — oo as 0 — 0 we have that, for £ sufficiently small,
r. < L and z, € Q. Because u is a supersolution for F., this implies that

e, 1, > F " 7L £ " f 2 -~ 2 l/2

07 (e, to) > Fao,t) (65 (e, 1) +97)

which yields

5 1/2
ou(w..t.) > Flae,t.) ((m(a:g,tg)m'(d(f"g))) +”/2) .

Observation (2).  Set for A > 0, ¥(x,t) := ¢(x,t) — Ad(x). Clearly

™

(u—)(x,t) = (u—0) (., 1) + Ad(z) > (u — ) (L, 1)

for all (x,t) € Q. Since u is a supersolution for Fy,,., we have

nax {7‘ —Fa,7—F ((p + A)2 + “,/2)1/2} > 0.

We consider separately the case 7> 0 and /' < 0 since the case [/ =0
leads to G = Fipax-
Casc I. F >0 Again we discuss three cascs.
i) v>daandp>0

This is immediately treated by observation (1). Sending ¢ to zero we have

7> F~ = Fmax {(i, (([pr]-)* + ”/2)1/2} :

i) pr+d<0



Using observation (1) we set that for small £, we have

o)

=
<

O (o, 1) = ¢u(xe,t.) + B < > < (e t.) <0

so that

OI(-IC te) Z F(fl'e-/ fC)(()’I’(LC/ tE)Q + A"/2)1/2

/

and sending ¢ to zero,
T > F(])Q + 72)1/2 — ﬁ((pz/ — 8 (pr +0)_ +~+* + (52)1/2,

(iii) pr+d6>0,v<a
This is the remaining case. From observation (2), by choosing A large we
find

> Fa=F((pr —6)(pr+6)_ +~* 4 6%)'/2.

Case I F <0
i) v>a,p>0
In the case Flc =7 — ﬁ(p2 + )2 = Gy
i) v>d& p<0
Use observation (2) and set A = —p > 0 which yields Fr =7 — Fﬂ/ =
GB.
(i) v<a,p<o
If |p| <0 then Fi =7 — Fa =Gy Ifp< =0 then Gy =7 — Fa and
using observation (2) and A = —p we have Fy . =7 — Fa.
(iv) v<a,p>96
In the case Frax — 7 — F(p2 + “/2)1/2 =G O

LEMMA 2.6. A function u is a viscosity subsolution for G if and only if
u 18 a viscosity subsolution for Foin.

Proof. We use the notation for (,1, ¢, 7,p) introduced in Definition 2.1.
Clearly there is nothing to prove if & € €2 since G and Fy;, agree in €.
Futhermore without loss of generality we may assume & = L € 9¢) so that
v=1.

If w is a subsolution for G then

R N 1/2
7 < Fmax {(i, (([pl/SignF},)z + ”,w’z) }

7



so that either 7 < Fé or 7 < F(([[)I/Signljﬁ],)2 + )2 1f F > 0 then this
implies min{r — Fa,r— F(p + )12y <0 and uis a subsolution for Fln,.
On the other hand if ' < 0 then 7 < F((pZ/ +0)py — )+ + §2)112,
If v > & then cither 7 < F(p F)2 or 7 < F~ < Fé which 1mph(‘s uis a
subsolution for Fi;,. Whenever 1f & > v then either 7 < F( V2 6 )1/2 = Fa
or 7 < F(p2 +~v3)!/2 and again u is a subsolution for Fiy,.
We may suppose that « is a subsolution for F;, so that

min {T — Fa, 7 — F(p*+ “,/2)1/2} < 0.

[t is convenient to make the following observation.

Observation (1). The following device shifts the maximizer into the interior.
Let h € C'(0,00) be a nonincreasing function such that k(o) = 0 for all
o > 1, and that h(o) — +oo as 0 — 0. Sct d(r) :== L — 2 and ¢°(2,1) :=
o(a, 1) 4 eh (2 )) Let (2.,t.) be a maximum point of u — ¢° on . Since

limsup™(u — ¢°) =u— ¢
e—0

on () we see that (x.,t.) — (L,1) as £ — 0. Furthermore since h(c) — o as
o — 0 we have that, for e sufficiently small, . < L and z. € Q. Because u
is a subcrsolution for F,;, this implies that

5 £ < o\ 1/2
05 (rerte) < Flao,t) (65(ae, 1) + 7)Y

which yields

“ 5 (AN,
@ (J/'Ea te) S F(ZL'E-/ fc) @.7:(1'67 fc) —h - + i

Observation (2). Set for A > 0, ¥(x,t) := ¢(x,t) + Ad(x). Clearly

1/2

A~

(w — ) (e, t) = (u— @) (2, 1) — Ad(x) < (u — ¢)(L, 1) = (u — ¥)(L,1)

for all (x,t) € (). Since u is a subsolution for Fi;,. we have
min{T — Fa,7—F ((p— A2+ ) /2} <0.

We treat the case F'> 0 and F < 0 separately.



Case I. F >0
i) v>a

If p<0then 7 < F(p? + )2 = Fmax{a, (([pv]_)* + ¥*)?}. If
p > 0 then we use observation (2) which yiclds with A = p, 7 < F o=
Fmax{a, (([pv]_)? + 7272}
i) v<a

If p < —0 then 7 < F(p*+~°)"% = F((p—0)(p+68)_+~2+02)/2 It [p| < 6
then 7 < Fa = F max{d, (([pr]_)24++2)'/?}. If p > & then we use observation
(2) which yields with A = p, 7 < Fv < Fmax{a, (([pr]_)? + ~2)"/?}.
Case II: F <0
i) v>aandp<0

This is immediately treated by observation (1). Sending ¢ to zero in

Oy(we,te) < Fag, 1) (0 (we, 1) +7°)' 7 < Flaa te)y

vields 7 < Fry = Fmax{da, (([—pr]_)* +~2)"/2}.
i) pr—0>0
Using observation (1) we get that for small €,

d(x.)

O (e, te) = Qulwe, te) — I ( ) > ¢u(2e,te) >0
so that
oo 1) < Fla,t) (65 (e t)? +42) " < Fla,t) (du(a, t)? +4)'

and sending ¢ — 0

T < F(p? + )2 = F((pr + 0)(pv — 6), + %+ 64V

i) pr—90<0,vy<d
This is the remaining case. From observation (2), by choosing A large

< Fa= F((pr+8)(pr —d), +9° + %)% 1

REMARK. As usual the definition of subsolutions (Definition 2.1) ex-
tends to an upper semicontinuous function « on Q provided that u is locally
bounded on Q. Similarly, a supersolution is defined for lower semicontinuous
functions not only for continuous functions. Results on equivalence (Lemma
2.5, Lemma 2.6) are still valid for semicontinuous functions.



3. Comparison principle. Let {2 and T be as introduced in §2 and set
Q= x(0,T)and Q =Q x [0,T]. In §2 we defined a function G by

7

G(x,t,7,p)
T Fla, ) (p* + )" it zeq,
| 7 — F(x,t) max {()z(:l/’./ 1), (([pv(z)SignF(x, )] )* + “/2)1/2} if @ e 00,

where v > 0 is a constant and v(2) denotes the outer unit normal of 092 (i.e.,
v(0) =—1, v(L) =1).

THEOREM 3.1. Assume that F € C(Q), o € C(9Q x [0,T]) and
Flent) — Fu0) < Cle— gl forall (0). (n.0) €T (3.1

holds for some constant C' > 0 independent of t. Let u and —v be bounded
upper semicontinuous functions on x 0,T). Let u be a viscosity subsolulion
for G = 0 in Q and v be a viscosity supersolution for G = 0 in Q. If
u(-,0) < v(-0) in Q, then v < v in Q.

Proof. Suppose that the conclusion is false. Then there would exist a
point (z1,t,) € Q x [0,7T) such that u := u(xy,t;) — v(xy,t;) > 0. For
positive parameters A, 3, §, we sct

f ‘ ) J
d(a,ty,s) = Mo —y)* + Bt — s)° '
oz, t,y,s) (= y)" + Bt —3) T T

Oz, t,y, s) = ulx,t) —ov(y,s) — oz, t,y, s)

and, as preparation, study the behavior of a maximum point (7, 9, §) of @
on @ x . We choose a small ¢ (fixed here) such that 0 < § < (T — ) /4.
So, we have
max ® > /2 > 0, (3.2)
QxQ

and then 0 < #,§ < T holds uniformly for A and 4. Let M > 0 be an upper
bound of both u and —v. By using (3.2) we sce that

M > u(i, ) —v(f,8) > M@ — 9> + 8/t — 8%,

which leads to

M3 — g%, 8|t — 8]* are bounded, (3.3)

10



and then |2 — g = 0 (as A = o0), |t — §| — 0 (as 8 — oc), i.e., by taking a
subsequence, there exists (xg, ty) € @ such that

B — a0 (as A = 00), 1,8 =ty (as 8 — o). (3.4)
(Because of our assumption u < v at £ = 0 the time £5 > 0 so that £, §>0
for sufficiently large A and 3.) From now on, we use the same notation after
taking a subscquence. By taking a subscquence, (3.3) implics that there are
Ao and Fy such that

Mz =97 = X (as A = o), 3lt — 57 = 3 (as 3 — o0).

It follows that

. 20
limsup max ® < u(xg,to) — vz, to) — Ao — o — = )
A—00,8—00 QX Q T —1

Since the left hand side is equal to or greater than w(zg, ty) — v(we, to) —
20 /(T — ty), we have A\y = 3y = 0, i.e.,
Mz —g]* =0 (as A —> o), Bl =5 =0 (as 3 — o). (3.9)

i

Now, let us start the main part of the proof. Note that our classifications
given below are not disjoint but cover whole cases.

Case 1: xg € 2 First, we discuss the case when &, y§ converge to an
interior point zy as A — oo. We may assume that 2, § € . We use an
abbreviated notation qgt — ¢y(2,1,9,8), cte. It follows from the definition of
viscosity solutions that

b — F(e, D)2+ )Y <0 and (=) — F(5.8) (=) + )2 > 0.

Subtracting the second inequality from the first one we get

0> Gy~ F(, (62 19212~ (-6~ FG.5)((- ) + 4)1?)

) o o o o
> 7 + (= F(&,1) +F(§U,=9))(4/\2‘1;—y‘Q_i_ﬂ/Z)l/z.

We send 3 to infinity and, after that, we send A to infinity. Then, by using
(3.5) and the Lipschitz continuity of F'(-,#) as in (3.1), we see the second
term goes to zero. Since ¢ > (), we get a contradiction.

11



Case 2: xg € €2 Next, we discuss the case when Z, § go to a boundary
point xy as A — oc. If both & and ¢ in Q for any large A, we get a contra-
diction similarly to Case 1. We classify the rest of Case 2 into three cases,
Casc 2a, 2b, 2¢, depending on the limit of the convergent subsequences. We
further classify Case 2b and 2¢ into more subcasces as follows:

Casc 2a | 7 =9 = 19 € 092
Case 2b | 2 € Q — =y, Case 2b(i) | F(xg,t9) >0
y =1y € 0F) Case 2b(ii) | F(x,t9) =0
Case 2b(iil) | F'(xzo,ty) <0
Case 2¢ | & = xy € 09, Case 2¢(i) | F(xg,t9) <0
g€ Q—x Case 2¢(il) | F(xg,t9) =0
Case 2c(iil) | F'(xzg,tg) >0

Since the proof for Case 2¢ and its subcases is symmetric to that of Case 2b,
we do not present the proof for Case 2c.

Case 2a: When there exists a subsequence A\ — oo such that 2 = ¢ =
xy € 0L, it follows that

0> o, — F(i,1) max { (@, 1), <([g3xl/(:i')SignF(:f;7 0] )+ “,/2> 1/2}
~ (=60 = F.5) max {a(a.9), (-0 @i ++7) "))
> ;—(z — F(x,1) max{a(z, 1), v} + F(zo, 8) max{a(ze, §), 7},

since ¢, = —¢, = (. Since the second and third terms are continuous and
since the sum of them goes to zero as 5 — oc by (3.4), we get a contradiction.

Case 2b: When there exists a subscequence A — oc such that & € € and
7 = xo € 092, it follows that

O — F(&,1)(0 + %) <0,
R N ‘ 1/2
(—¢s) — F(xg, §) max {(y(ro §), <([(—(/):u)y(.'EU)SignF(ﬂro, 5)] )+ 7/’2) } >
(3.6)

We see that (—o,)v(x0) = 2A(# — 20)v(z9) < 0. We shall classify this case
into three sub(,ases depending on the sign of F.

12



Case 2b(i): F(xg,t9) >0 When F(xzg.ty) > 0, we may assume that
F(x9,8) > 0 holds for sufficiently large 3. The second inequality of (3.6)
implics that

0

IN

(f
(f

We get a contradiction similarly to Case 1.

Case 2b(ii): F(x,to) =0 When F(xq,ty) = 0, we see that both F(i, )
and F(xg,§) go to zero as A, # — oc. Then it is easy to get a contradiction
from (3.6).

Case 2b(iii): F(xg,to) <0 When F(xg, 1) < 0, we may assume that
F(z9,8) < 0 holds for any large 3. The sccond inequality of (3.6) implics
that

o) — F(xg, §) max {(y(ro §), ((/;i + “/2)1/2}

¢
0y) — F(wo, 8)(92 + 7).

IN

~

(—0s) — F(xg, §) max{a(xg, §),v} > 0.
If (o, tg) < 7, sending /3 to infinity, we have

20 . - ‘ o
0> T2 + (—F (&, ty) + F(xo. 1)) (4X*|2 — x| + ”/2)1/2.
By using (3.5) and (3.1) the second term goes to zero as A — oo. This yields
a contradiction since o > 0.

Case R: We must discuss the remaining case when ag = a(xg, fy) > v

from Case 2b(iii) (similarly from Casc 2¢(iii)). Let us change ¢ to a new test
function ¢ as follows:

; 2
(0 - ﬂ,»r/2>l/21/<:z-o>> PO sy

vz, ty, )= A (r — y + SignF'(xy, ty) o

) )
+

27;‘2 1/25,( 2 { 5 S
,\(.ry(% /_) V(TU)> + 8t —5)* + ‘( +

We then consider the maximum point (Z,t, 7, §) of
Uz, t,y,s) =ulz,t) —v(y,s) —(x, t,y,s)

13



on  x Q. It is easy to see that 0 < ¢,5 < T holds uniformly for A and 3,
|7 — gl — 0 (as A = oc) and |t — 5] = 0 (as § — oc). We claim that

T, — a0 (as A = o), 1,5ty (as 3 — o). (3.7)

If (3.7) does not hold, we see that, for some closed neighborhood K of (g, ty)
there exists ' > 0 such that

7

(7,1, 9,5) — max ¥ >y,
(7,2, 9,5) — max ¥ > u

Since ¢ is almost equal to ¢ as A — oc and |z — y| — 0, we see that

@@i@@—gﬁ@z@@i@@—@@ﬂyﬂzﬂﬂ
X

for large A, which is inconsistent with the property that (z, t. 1. §) is a global
maximum point of ®. Thus (3.7) holds.

In the case when Z, 7 € Q or 2, § € 99 for large A we can discuss similarly
to Casc 1 and Case 2a, and obtain a contradiction, respectively. We thus
study the remaining two cases, Case Rb, Re.

Case Rb:  When there exists a subsequence A — oc such that € 2 and

y = xy € 012, it follows that

v — F(E D02+ <0,
] . 1/2
(—10s) — F(xo, §) max {(Y(To 5), (([(*@y)y(”;o)SignF(mU’ -+ A’WQ) } = 0.
(3.8)

By the definition of & we sce that (—,)v(ze) = 2MF — zo)v(20) — (0f —
v?)1/2 < 0. In the remaining case from Case 2b(iii) we sce that F(xg, t) < 0,
and then F(xg, §) < 0 for large 5. Thus the second incquality of (3.8) implics
that

(—t5) — F(xo, §) max{a(xg, §),v} > 0. (3.9)
By the definition of ¢ we also see that (v <) g < (02 4+ ~%)'/?. Subtracting
(3.9) from the first inequality of (3.8) and sending 5 — oc we have

20 -
0> - + (= F(Z,ty) + F(xo, 1)) ap

14



since F(Z,t5) < 0 for large A. By (3.7) and (3.1) the second term goes to
zero as A — oo. This yields a contradiction since ¢ > 0.

Case Re: When there exists a subsequence A — oc such that 7 =y €
0L and g € €, it follows that

- N - ~ . S\ 172
¥y — F(xg, ) max {(1(.7;0, t), ((['Lf)a,l/(aro)SignF(.’EU, 0]+ ”/2> } <0,
(—30) = F(33)((~5)? + 72 > .

If 4, (x0) > 0, the first inequality implies

Uy — Flag, D2 +4H)Y2 <0

since F'(2q,1) < 0 for large 8. We thus obtain a contradiction similarly to
Case 1. If ¥, v(xg) < 0, we have

0 < 2X(xo — §)v(xo) < (g — v2)H2,
and then ((—,)2 +~2)Y2 < ay. Since F(7,5) < 0 for large A, 3, we sce that

20 - - L

0> =i F(xo, t)a(xg, t) + F(7, §)a(xg, to)-

We get a contradiction by the continuity of the second and third terms. The
proof of Theorem 3.1 is now complete. 0O

4. Existence theorem. Let € and T be introduced in §2. Our goal is
to show the existence of viscosity solutions of the dynamic boundary problem

w— F 2+ =0 in Q=Qx(0,7),
u — Fa=0 on 09 x (0,7T), (4.1)
U0 = a on .

THEOREM 4.1. Assume that F € C'(Q) and o € C(92x[0,T]). Assume
that a is a Lipschitz function over Q). Then there exists a function u € C(Q)
which is a unique viscosity solution of (4.1). Moreover, |u,| is bounded in

Let £ > 0. First, we shall prove a priori estimates for a classical solution
u® for the approximate problem

up - eug, = F((ug)? +92)"? in Q,
u§ + svu = Fmax {oa./ (([rusSignF]_)* + “,/2)1/2} on JQ x (0,7),
Uiy = a* on €,

(4.2)



where v denotes the outer unit normal of 0€2.

PROPOSITION 4.2. Assume that F € C'(Q) and o € C(0Q x [0,T]).
Assume that a° is a C? function over Q and zaZ,, is bounded on Q uniformly
for e. Let u® be a smooth solution of (4.2). Then the estimate holds

max (|u®| + [ul| + |uj]) < C (4.3)
Q

I

cH) ‘6(];1

with some constant C > 0 depending only on T, v, |a°
|Fleng and |o

c(Q):

Co0x[0,17) -
Proof. We shall prove (4.3) by using maximum principles. (i) the estimate
for u®:  We set w(x,t) = e "uf(x,t). Tt follows from (4.2) that

Wy W — EWyy = ¢ 'F ((cluy)? + ~2)' in @,

Wy + W+ VW,
= ¢ 'F max {(Jz, (([e'vw,SignF]_)* + 3/2)1/2} on 99 x (0,7),
w(x,0) = a*(x) for x €.
(4.4)

Assume that w has a positive maximum in ). Let (&,7) be the maximum
point of w and A be its maximum value, i.c., maxeg w = w(Z,t) and A =
w(Z,t). We assume that

A >max|a®| and A > max|F|max { max_ o, ﬂ,} (4.5)
Q Q 90 [0,T)
and shall show that it is inconsistent with (4.4) for w. First, we observe that
£ > 0 by the first incquality of (4.5) and obtain wy(#,1) > 0. When & € 09,
we also observe that v(2)w,(2,t) > 0. If F(Z,t) > 0, then it follows from
the second identity of (4.4) that
A < e (2, 1) max{a(2, 1), v},

which is a contradiction to the second inequality of (4.5). On the other hand,
F(&,1) <0 implies that A < 0, but it is also a contradiction. When Z € ©,
we sce that w,(#,1) = 0, we,(7,1) < 0 to get A < e *F(&,1)y by the first
identity of (4.4), which is a contradiction to the sccond inequality of (4.5).
Thus we have an a priori estimate

max u® < e! max { max |a°|, max |F|max{ max |af, v p.
Q Q Q a0x[0,T]
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We argue in the same way for a negative minimum to get

max |[u°| < e’ max {max la®|, max | F'| max { max |a, ﬂ/} } (4.6)
0 a 0 80%[0,17
(ii) the estimate for uf: We set w(x,t) = e~ ""uf and K = 2maxg |F,].

It follows from (4.2) that
(w; + Kw — 6wy,

Ki
K Kioa2 L 2\ 1/2 Fe™ww,
=c N ((P w)* + ) ((eFKtw)?2 + ~2)1/2
ew, + e MF ((eMw)? ++2) V24 oo
:e*K"Fmax{a, (([e"'vwSignF]_)% + ~ )l/ } on 00 x (0,7T),

L w(z, 0) = as(x) for x € Q.

in  Q,

(4.7)

As before we take (£,1), ) satisfying maxg w = w(Z,t) and A = w(f, f). We
assume that
A > max|a,], A> m?x ol and A >y (4.8)
QO o0
and shall show that it is inconsistent with (4.7) for w. First, we see that
> () by the first inequality of (4.8) and observe w,(Z,t) > 0. When 2 € 99,
we also see that v(#)w,(2,¢) > 0. If v(2)F(Z,1) > 0, then it follows from
the sccond identity of (4.7) after multiplying »(#) to the both sides that

A X . N 172 A . .
v(@)e MF(2,1) ((eiK‘A)Z + "/2> +ed < v(@)e MF (2, 1) max{a(i, 1), ~}.

Dividing the both sides by v(2)e X F(&,) > 0, we obtain

EA .
- —— < max{a(,t),v}.

v(2)e KLE(2,1)

The left hand side is strictly greater than A, which is a contradiction to the
sccond and third incqualities of (4.8). If v(#)F(%,t) < 0, then a similar
calculation shows that

(((%Kf/\) + v )1/2 +

. . . N\ 1/2
p(@)e MTF (@, D) (02 +42) T+ 2a
< V(.’%)G*K[F(:%, £) max {(y(ft, 1), ((e K’,\) )1/2}
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and, since v(&)e KTF(2,1) <0,

Kiyy\2 2\ /2 eA £ 7 Ki 1/2
((e ) +“/) T >mdx{(y(7:,t) (e"EA)? 1 42) }
v(2)e KLE(2,1)

Since the sccond term of the left hand side is negative, we get a contradic-
tion. The term svu, plays a crucial role to get a contradiction for the case
v(T)F(z,t) # 0. If F(2,t) = 0, then the second identity of (4.7) implies
A <0, which is also a contradiction. When & € €2, we see that w,(Z,t) = 0,
Wy, (Z,1) < 0 and then

) ) . 1/2
KX\ <e ", (1,1) ((eK”A)Z + 3/2)

from the first identity of (4.7). The right hand side is less than or equal to
K (X2 +~+%)1/2/2, which is a contradiction to the third inequality of (4.8).
Hence, we have the estimate

KT max {mdx|a |, jJnax |, } K =2max|F,|. (4.9)
Q Q

max
fa] (x[0,1]

(iii) the estimate for uj: We set w(x,t) = e *us(x,t) (up=1). It follows
from (4.2) that

(W, + pw — sy, o
» 1/2 U”[UT .

w+ e Mg
= e " max {oz./ (([vusSignF]-)* +~+?) 2 } on 0 x (0,7),
w(z,0) = eal  (x) + F(z,0) (a5 (x)? +~ )1/2 for =€ Q.

(4.10)

Let (2,1) and X satisfy maxgw = w(Z,{) and A = w(Z,1). We assume that

A > F()./ A > Fl and A > FQ./ (411)

|F| (IndX as| + 1 )
Q 0
{OSZX[UT [9) A’/}?

I'y = max |F|max{ max |«|, max
Q

with

[p=¢ max |az.,

[y = max |F)| { max |u |+~
Q Q
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We shall show that it is inconsistent with (4.10) for w. First, we see that
t > 0 by the first inequality of (4.11) and obtain w,(Z,¢) > 0. When & € 012,
by the sccond identity of (4.10) we see that

A+ ee My (8, 1) < e M F(2,1) max {a(@, 1), (ui(3,1)? + 512}

Since u, is bounded uniformly for e, by choosing ¢ sufficiently small at the
sccond term of the left hand side, we get a contradiction to the second in-
cquality of (4.11). When & € Q, we sce that w,(#,1) = 0, w,,(#,1) < 0 and
then

pA < e MF, (&, D) ((us)? 4+ 32

from the first identity of (4.10), which is a contradiction to the third incqual-
ity of (4.11). Hence, we have the estimate

max |uf| < el max {Ty, ', Ty} . (4.12)
Q

By (4.6), (4.9), (4.12) we get the estimate (4.3) and now complete the

i i

proof of Proposition 4.2. 0O

REMARK. (1) When F, = 0, one can choose any K > 0 in the proof (ii).
So, we have

max

Q

£ £
u;| < max < max |a,
Q A0,

, max_|af,y . 4.9'
: IIllXﬂ‘(k‘/ /} (4.9

(2) When F; = 0, we can choose any g > 0 in the proof (iii). So, we have

max |u;| < max {I'g, ', o} . (4.12")
0

In a similar way to prove Proposition 4.2 onc is able to prove a priori
estimate which is useful to prove the global existence of solutions of (4.2) (cf.
Theorem 6.1).

COROLLARY 4.3. Assume that F and « are in Proposition 4.2 and that
a is a C* function over Q. Let o € [0,1] and £ > 0. Let v be a solution of

7

Uy — Uy = o F ((V5)? + ”/2)1/2 in Q,
vy = oF max {(1./ (([pv,SignF]_)? + “/2)1/2} —oevv, on 00 x (0,7T),
Uli=0 = 0a on €.
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Then the estimate holds

max (|[v] + |v,]) < C (4.13)
Q

with some constant C' > 0 independent of € € (0,1) and o € [0, 1].

Proof of Theorem 4.1. For a given Lipschitz function there is a sequence
a® € C2(2) such that a® — a uniformly and that |a® o and |gal, | o) are
bounded. By Theorem 6.1 there exists a unique classical solution u® of (4.2).

By the estimate (4.3) uniformly for £, the Arzela-Ascoli theorem implies

that these exists a function « such that
¢ — u uniformly on Q.

Finally, we show that u is the viscosity solution of the original dynamic
boundary problem (4.1). Since the proof for viscosity supersolutions is sym-
metric, we only prove that u is a viscosity subsolution for G = 0. To do
this, let ¢ € C%(Q) be a test function and (2,1) € Q = Q x (0,7) be
the maximum point of u — ¢. We may assume that (Z, f) Is a strict max-
imum of u — ¢. Then there exists (z.,t.) such that (x.,%.) — (,f) and
supg (u® — ¢) = (u° — o) (e, Le).

Case 1: When there exists a subscequence {(z.,1.) € Q}, we sce that
ui (e, te) = oy(ae,te), uS(xe,te) = op(we,t.) and uS, (2., t.) < Oup(x.,t.).
Since u® satisfies the first identity of (4.2) at (z.,1.) as a classical solution,
we get

O (22, t.) — 0pp (e, te) — Flae, t.)(0p(x., 1) + “/2)1/2 < 0.

By ¢ — 0 we sce that u is a viscosity subsolution at (#, ).

Case 2: When & € 02 and there is a subsequence {(z.,t.) € 9Qx (0,7)},
we see that uj(x.,t.) = ¢(x.,t.) and vu(x.,t.) > I/(5)1<JJE,1€E>. Since u®
satisfies the second identity of (4.2) at (x., ) as a classical solution, we get

qb ( ) + {‘I/qﬁl(rg 5
< Faxe,t max{ xot), (([vus(a., t.)SignF(a., t.)] )2 + v )1/2}
(4.14)

If F(z, f) > 0, we may assume that F(uz.,t.) > 0. We also see that
([vui(z.,t.)])? < dp(ae, t.)? and then

GOi(xo,t) + evg(xe,t.) < Flr.,t.) max {(y(r; t.), (qbl. (Te,t)? + “/2)1/2} )
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By £ — 0 it holds that u satisfies either the first or second identity of (4.1)
as a viscosity subsolution at (Z,t). If F(Z,t) < 0, we may assume that
F(a.,t.) <0. It is casy to sce that

Or(xe, te) + vy (re, t.) < Fag, t)a(x., t,).

By ¢ — 0 we get the second identity of (4.1) as a viscosity subsolution at
(2,1). If F(2,1) = 0, the right hand side of (4.14) vanishes as ¢ — 0. We
get 1, < 0 in the viscosity sense at (#,%). The Lipschitz continuity of u in 2
follows from (4.9). O

5. Relation to other boundary conditions. We shall relate an in-
homogencous Neumann boundary value problem for

u — Fu? ++4%)'? =0 (5.1)
supplemented with the dynamic boundary
uw, — Fa=0. (5.2)
Formally, (5.1) and (5.2) yiclds
F(u? +~%)'? = Fa.
If F is not zero, this implies u2 + +* = o*. Thus we obtain
Ou)Ov = ugv = +(a? — 4242 (5.3)

on the boundary. The Neumann data in (5.3) needs more explanation since
both its sign and its value for o? < 4% are unclear. We shall clarify these
points and prove that a solution of (5.1), (5.2) solves an inhomogeneous
Neumann problem in the viscosity sense (Theorem 5.1).

When we are asked to solve (5.1) and (5.2), we are tempted to integrate

(5.2) in order to obtain the Dirichlet condition:
Y
u(x, t) = / F(x, m)oalx, m)dr + a(z), =€ 0. (5.4)
Jo
However, unfortunately, (5.1) with the Dirichlet condition (5.4) is not equiv-
alent to (5.1), (5.2). We shall give a counterexample in the last part of this

section.
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THEOREM 5.1. Assume that F and o are continuous on Q) and 0 x
[0,T], respectively. Assume that u is a viscosity subsolution (resp. superso-
lution) for G in Q. Then u is a viscosity subsolution (resp. supersolution)
of the Neumann problem of (5.1) in Q with

OujOv = SignF {(a — 7) (o +)}'*. (5.

Ot
Ot
A

Here (3, is the plus part of § defined by 5, = max(5,0).

Proof. We suppress the word viscosity in the proof. Since the proof for
supersolutions is symmetric, we shall only present the proof for subsolutions.
We may assume that u is upper semicontinuous in Q. Assume that u is a
subsolution for GG in Q. Assume that u — ¢ takes its maximum over ) at
(#,1) with & € Q, £ € (0,T) for 6 € C'(Q). We may assume that & € 99
since the equation is the same in Q x (0, 7). To simplify notation we set

A~

=2, 1), p=o,(i,1), F=TF(1), a=alil.
We have to prove that
min {7‘ — F(p? + Y2 pv — SignF {(6¢ — 7). (6 + 7’)}1/2} <0 (5.6
To prove (5.6) we may assume that
T F@* ++3)'? > 0. (5.7)
Case 1 (F < 0). Since u is a subsolution of G = 0, we have
T — Fmax {d’, (([pr)4)* +~ )1/2} < 0. (5.8)
From (5.7) and (5.8) it follows that
Ia (p* + ”/2)1/2 < Fmax {d’./ (([p)4)* ++7) /2} :
or

(7 +22)" > max {a, ()2 + )"} (5.9
> () +2%)'".
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This implies p* > ([pr];)? so we obtain
pr < 0. (5.10)

Assume that & > ~. From (5.9) it follows that (p?> ++2)'/? > &. This together
with (5.10) implies that

2

pr < —(6% — )Y for @& > . (5.11)

By (5.10) and (5.11) we obtain

pr < — (& —v) (& + A/)}I/Q ‘

We now obtain (3.6) when F < 0.
Case 2 (F > 0). Wenote that G = 0 is cquivalent to the dynamic boundary
value problem (5.1), (5.2). Since (5.7) holds, we have
T —Fa <0. (5.12)
From (5.7) and (5.12) it follows that
P +1)12 < Pa,
Since I > 0, this yields (p® +7)"/? < &. This implies

2

Pt =y or P <A’ 7= (@—7)i(a+ ).

We have thus proved (5.6) when F > 0.

Case 3 (F'=10). Since G = 0 is equivalent to the dynamic boundary value
problem (5.1), (5.2), 7 < 0 is always fulfilled if ' = 0. Thus we have proved
(5.6). O

We shall give a counterexample to show that the problem (5.1), (5.2) is
different from the Dirichlet problem (5.1), (5.4) in the viscosity sense. We
suppress the word viscosity.

We shall give two different functions u and v which initially agree with
cach other but u solves (5.1), (5.2) while v solves (5.1), (5.4) when o = 1, F =

1, > v and Q = (0, 00). Although it is not difficult to give such functions for
Q2 = (0, L) with more general «v and F, we keep such assumptions to clarify
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the argument. Let 3 be a constant strictly greater than o = (1 — +?)"/2 s0

that n = (3* + )1/2 > 1. We set

/

w(x,t) = min{3 +~t, Bx +nt, —ox + o+ 3 +t}, xc. (5.13)
This function is nondecreasing in ¢ and
w(x,0) = min{fx, —ox + o + 3}
so that w(x,0) is lincar except at @ = 1. At time 4y = 8(n — )}
w(x, ty) = min{f + vytg, —ox + o0+ 8+ to}.

Since 3 > o, it is casy to sce that
2 o\ 1/2 P
b — (q}r +7 ) <0 at (2,1

if w — ¢ attains its maximum at (&, %) over Q x (0,#,] even if & € 9. So w
is a subsolution of Q x (0,#y] of (5.1), (5.2) and (5.1), (5.4). It is casy to sce
that w is a supersolution of (5.1), (5.2) and (5.1), (5.4) in Q x (0, ] since
wy > 1, w >ty on the boundary. We now sct

u(z, t) = v, t) = w(a,t) fort <tg,z€Q (5.14)
and

v(z,t) =min{3 +t, —ox + o+ B+1t} fort>ty,z€Q, (5.13)

u(z,t) = max{8 + (v — Dtg+t —oa,v(x, 1)} fort >ty 2 € Q. (5.16)

As for w it is casy to sce that v is a subsolution of both the dynamic (5.1),
(5.2) and the Dirichlet problem (5.1), (5.4) in ©Q x (0,00). Since 7 > 1 so
that t; = 8(1—~)"" > ¢y, and since v(0,1) > ¢ for t < 1, v is a supersolution
of the Dirichlet problem in Q x (0,#,;). However, v is not a supersolution in
Q x (0,t)) of (5.1), (5.2) since at the boundary v, < 1 with v, = 0.

Since w; = 1 on the boundary and since it is casy to sce that u is a
solution of (5.1) in © x (0, o0}, we conclude that « is a solution of (5.1), (5.2)
in Q x (0,00). This is not a subsolution of (5.1), (5.4) in Q x (0, 00) since
u(0,t) > t) by n > 1 and

o - (6249%) >0 at (0.0
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if u — ¢ attains its maximum on Q x (0,00) and ¢ > #;. (The function v is a

7

supersolution of (5.1), (5.4) since u(0,t) > t.) We sumiarize our results.

PROPOSITION 5.2. Assume that o = F =1 and v < 1. Let 3 > 0 =
(1 — Y2 For Q = (0,00), let uw and v be functions defined by (5.13)-
(5.16). Then u is a solution of the dynamic boundary problem (5.1), (5.2)
in Q x (0,00) while v is a solution of the Dirichlet problem (5.1), (5.4) in
Q x (0,t)) with t; = 3(1 —v)~". However, u is not a subsolution of (5.1),
(5.4) in Q x (0,T), T > ty while u is a supersolution of (5.1), (5.4) in
Q x (0,00). The function v is not a supersolution of (5.1), (5.2) while it is
a subsolution of (5.1), (5.2).

6. Appendix: Existence of solutions of approximate solutions.
Our goal is to prove:

THEOREM 6.1. For T > 0 assume that F € C'(Q) and o € C(95) x
[0,T]) with Q = Q2 x (0,T), where Q is a bounded open interval. Assume

7

that a € C*(Q)) and v € R. Then for each € > 0 there exists a solution

uwe C*HQ)NCH(Q) of

Uy — Elgy = }7(/[1‘37 + ’\;’/2> 1/2 in 62/
uy + gvu, = F max {(1, (([vu,SignF|_)* + ”/2)1/2} on 00 x (0,7),
Uli—p = a on .

The space C*1(Q) denotes the space of all w € C(Q) satisfying u,, .,
u; € C(Q). The space X = CH(Q) denotes the space of all u € C(Q)
satisfying u, € C(Q). The space X is a Banach space equipped with the
norm |jully = Inax(|u\c(§)7 |um\c(§)).

We shall find a solution in X by a method of continuity which is a version
of a fixed point argument [9, Theorem 11.6]. For o € [0,1] we define a
mapping §, : X — Y by

So(0) = ((IF((/)i + )2 o F max {(y./ (([ve.SignF]_)* + “/2)1/2} ‘ — oV,
B

asz) ’

where Y = C(Q) x C(092 x [0,T]). Let 9, denote the solution operator of
the problem:

Up — EUyy = f 1IN Q)
U =g on 00 x (0,7T)

U|¢:0 =oa on €.

i



In other words, it is formally defined by $,(f,¢9) = u for (f,g) € Y. Let
us give a rigorous definition. We replace the boundary condition by the
standard Dirichlet condition

u(r,t) = /0 g(x,7)dr + oa(x) =: h(x,t).

We extend A linearly in x, i.e.

~ L—ux €
(1) = =—Zh(0,1) + Zh(L.1), x€Q,

L

when Q = (0, L). Then v = u — A solves

U — EUg = [ —hy in Q,
v=20 on 00 x (0,7),

Ulj—g = 0a — fNL\,,:O on .

Since h, € C(Q), by the standard L? theory [11] there is a unique solution
v of the above problem and it belongs the Sobolev space W2H(Q) for every
p > 1, if a is cnough regular, say @ € C?(Q2). The value 9,(f, g) is defined
by v + h. By the construction the mapping $, is bounded linear from Y to
W3HQ) for every p > 1.

Thus the mapping $ : Y x [0, 1] — X defined by H((f, 9),0) = 9,(f,g) is
well-defined and compact by the standard embedding theory [11]. We define
§:X x[0,1] = X by

S((/)./(T) - ﬁ(80(¢) U)'

Evidently, §(¢,0) = 0 for all ¢ € X. Morcover § is compact since § is com-
pact and § is continuous. To apply the Leray-Schauder fixed point theorem
[9, Theorem 11.6] it remains to prove a priori estimate

lollx < M for o = F(0,0)

with M independent of ¢ and ¢. Fortunately, such an estimate can be
obtained as in Corollary 4.3. Note that the term evu, plays a crucial role,
here. We have thus proved that there exists v € X such that F(u, 1) = u
which is the desired solution. A standard regularity theory [11] vields u €
C*'(Q) so Theorem 6.1 has been proved.

26



Acknowledgments. This work was carried out during extremely en-
jovable and stimulating visits by C. M. E. to Hokkaido University whose
hospitality he gratefully acknowledges.

REFERENCES

[1] S. ANGENENT AND M. E. GURTIN, General contact-angle conditions with and with-
out kinetics, Quart. Appl. Math., 54 (1996), pp 537 569.

[2] G. BarwLes, Solutions de wviscosité des équations de Hamilton-Jacobi, Springer
Verlag, 1994.

[3] S. J. CuapMAN, A mean-field model of superconducting vortices in three dimensions,

STAM J. Appl. Math., 55 (1995), pp. 1259 1274.

[4] J. R. Craissk, Vortex density motion in a cylindrical type II superconducter subject
to a transverse applied magnetic field, 2001, D. Phil. thesis. University of Sussex.

[65] M. G. CraxpaLL, H. Tsuu aANxp P. -L. LioNs, User’s guide to viscosity solutions
of second order partial differential equations, Bull. Amer. Math. Soc., 27 (1992),
pp. 1-67.

[6] C. M. ErLuiorr, R. ScuArzue axp B. E. E. Storu, Viscosity solutions of a
degenerate parabolic elliptic system arising in the mean field theory of supercon-
ductivity, Arch. Rational Mech. Anal., 145 (1998), pp. 99-127.

[7] J. ESCHER, Quasilinear parabolic systems with dynamic boundary conditions, Comm.
Partial Differential Equations, 18 (1993), pp. 1309 1364.

[8] J. ESCHER, On the qualitative behaviour of some semilinear parabolic problems, Dif-
ferential Integral Equations, 8 (1995), pp. 247-267.

[9] D. GILBARG AND N. S. TRUDINGER, Elliptic Partial Differential Equations of Sec-
ond Order, Sccond Edition, Springer Verlag, 1983.

[10] T. HINTERMAN, Evolution equations with dynamic boundary conditions, Proc. Roy.
Soc. Edinburgh Secct. A, 113 (1989), pp. 43 60.

[11] O. A. LADYZHENSKAYA, V. A. SOLONNIKOV AND N. N. URAL"ISEVA, Linecar and
Quasilinear Equations of Parabolic Type, American Mathematical Society, 1968.

27



