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Abstract

This paper studies the problem of minimizing coherent risk measures of
shortfall lor general discrete-time [inancial models with cone-constrained
trading strategies, as developed by Pham and Touzi (1999) and Pham
(1999). We show that the optimal strategy is obtained by super-hedging a
contingent claim, which is represented as a Neyman-Pearson-type random
variable.
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1 Introduction

It is well-known that a frictionless, discrete-time and finite-horizon model of
financial market is arbitrage-free if and only if there exists an equivalent mar-
tingale measure (the first fundamental theorem of asset pricing). Moreover,
the arbitrage-free market is complete if and only if the equivalent martingale
measure is unique (the second fundamental theorem of asset pricing). See, e.g.,
Shiryaev [23, Chapter V]. In arbitrage-free and complete models, any contin-
gent claim H is attainable, that is, there exists a trading strategy €'/ such that
the self-financed wealth process V (zg,¢'') is worth H at the maturity date T.
The cost zgp of replication is given by the expectation of H under the unique
martingale measure.

Under the market incompleteness or in the presence of frictions, the standard
no-arbitrage arguments are no longer available, and some contingent claims
may not be attainable. However, even so, we can still super-hedge such claims:
starting with an enough initial wealth zj, an agent can find a trading strategy
&' such that

Vip(xg, €M) > H, almost surely.



The strategy &' is called a super-hedging strateqy for H. Then, the super-
replication cost xg is given by the supremum of expectations of H over a suitable
set of probability measures (see, e.g., El Karoui and Quenes [§], Féllmer and
Kabanov [9], Karatzas [13], Schél [21] and the references cited there). We define
the shortfall risk by the following net profit of hedging loss:

- (H - V[($£))+ ;

where (a), = max(a,0). For a super-hedging strategy &'/, the shortfall risk is
equal to zero, that is,

—(H = Vi(zo,6™)), =0.

However, if an investor has only an initial wealth x less than zg, then he or she
cannot necessarily accomplish the super-hedging, that is, the shortfall risk may
not be equal to zero.

If we are in a position of such an investor, then we have to accept the
possibility of shortfall. As a result, we wish to measure the shortfall risk by some
risk measure p, and try to find an optimal strategy that solves the minimization
problem

ilglfp (—(H - V[~(x,£))+) .

See, e.g., Cvitani¢ [4], Follmer and Leukert [10], [11], and Pham [18]. These
references adopted the p(X) = E” [[(—X)] as risk measures, where [(-) is a
loss function and P is the objective probability. They studied the minimization
problem

hngP [l ((H — V[‘(l’:f)h)}

in complete or incomplete market models.

In this paper, we work in the general discrete-time models with convex cone-
constrained trading strategies. Such models were studied in [18], and Pham
and Touzl [19]. Under an assumption, the market model is arbitrage-free if
and only if the set M¢ of all equivalent probability measures under which the
discounted price process satisfies a generalized martingale property is not empty
(see Theorem 2.3 below). Moreover, in such a market, the super-hedging as
stated above is possible. Theorem 2.4 below, due to Pham [18], characterizes
the super-replication cost of H by the supremum of expectations of H over M¢.
In particular, in the case of short-selling prohibition, the set M€ is given by the
set of all “equivalent supermartingale measures”.

As risk measures, we use the coherent risk measures introduced by Artzner,
Delbaen, Eber, and Heath [2]. They are real-valued functions on a suitable space
of random variables satisfying four desirable properties, that is, monotonicity,
subadditivity, positive homogeneity, and translation invariance. We recall the
precise definition in Section 3. Given a coherent risk measure p and a contingent



claim H, we study the stochastic control problem
(1.1) ilglfp(f(HfV[~(x.,£))+) .

See Nakano [17], where a similar optimization problem for general frictionless
continuous-time semimartingale models is studied.

It is known that a coherent risk measure p of a random variable X arises as
the supremum of the expected negative of X over a set of “real-world” proba-

bility measures or “scenarios”, that is,

p(X) = sup E9[—X]
QeQ

for some set of probability measures Q (see [2, Proposition 4.1], Delbaen |7,
Theorem 2.3]; see also [17, Theorem 1.2] and Inoue [12, Theorem 1.1]). Thus
the problem (1.1) is equivalent to the minimization problem

ilgf SE%EQ (H — Vip(z,9), ]

For a special scenario set @, problems of this type are studied in Cvitani¢ and
Karatzas [6], and Sekine [20] for frictionless, essentially complete, continuous-
time models. The problem (1.1) that consider in this paper is different from
those in these references because of the presence of constraints on trading strate-
gies (and the discrete-time setting).

In our approach to the problem (1.1), we use the methods of convex duality
and super-hedging. The supermartingale property of V{z,¢) and the super-
hedging method enable us to reduce the dynamic problem (1.1) to the following
static one:

(1.2) xéﬁ»f(@ p(=(H - X)),

where the infimum is taken over a suitable set X'(x) of random variables. To
solve the static problem (1.2), we use the convex duality method (cf. [4], Cvi-
tani¢ and Karatzas [5]). After we enlarge @ and M¢ to suitable classes Z and
G, respectively, we define the auxiliary dual problem to (1.2) by

(1.3) sup{EP H(ZANyG) —zy:Z€Z,GeG, y>0},

where a A b= min(a, b). Following the manner in [5], we prove the existence of
a solution (Z,G,3) to the dual problem (1.3). Using the triple, we show that
there exists a solution to the problem (1.2) of the form:

(1.4) X =Hl ez + HBl e g,

where I3 is some random variable taking values in [0, 1]. This result is similar
to [5, Theorem 4.1].

In conclusion, our approach may be summarized as follows: First, we solve
the auxiliary dual problem (1.3) to obtain a triple (Z,G, 7). Next, we find a



random variable B such that X of the form (1.4) is a solution to the static
problem (1.2). Finally, we construct a super-hedging strategy é for X. Then,
the resulting strategy é solves (1.1).

This paper is organized as follows: In Section 2, we present the general frame-
work and the basic results for the discrete-time models with cone-constrained
trading strategies. We prepare coherent risk measures to be used in Section
3. In Section 4, we formulate the minimization problem (1.1), and reduce the
dynamic problem (1.1) to the static one (1.2). Then we present the semi-closed
form solution as in (1.4) to the problem (1.2) via the convex duality method.
We also give a simple illustrating example. Section 5 is devoted to the proof of
a key to the main theorem.

2 Discrete-time models with constraints

Let T € N. The discounted price process of d stocks is described as an R%-
valued adapted stochastic process S = {S, ¢ = 0,...,T} on some filtered
probability space ({0, F, ), (Fi)i=o,...r). We shall assume that Fy = {0, Q}
and that Fr = F. For a probability measure @ on (2, F), we denote by E?
the expectation with respect to . We write L'(P) for L'(Q, F, ). Here we

consider only real-valued function. We assume that S, € L1(P) fort =0,...,T.
For R¥-valued process Y = (V;)i—o,..7, we define AY, := Y, — Y, for
t=1,...,T. We write a-b for the inner product of a,b ¢ R%: aq-b:= ZZ:] arby

for @ = (ag) and b = (by).

A trading strategy is an R4-valued predictable process € = (&)¢—1,...7. Here,
fori=1,...,d, &" represents the number of shares of the stock S held by the
investor during (¢t — 1,¢] for t = 1,...,T. We denote by = the set of all trading
strategies. For z € R and £ € =, we define the discounted (self-financed) wealth

process Vi(x,&) by

t
‘/Yt(l'/f):.%"FZékASk/ til,,T,
k=1
‘/E)(l’f) = L.

Let C be a nonempty closed convex cone in R%. A constrained trading
strategy & is a trading strategy such that

&EelC, t=1,....,T, Pas.

We denote by E(C) the set of all constrained trading strategies. Since C'is a
cone, the (negative) polar cone C° of C is given by

Co={beR:a-b<0 (Vac )}
(see, e.g., [3, Chapter 1, Section 5]).

Example 2.1. We have the following examples of constraint sets:



(1) Unconstrained case: C' = R%. Then C° = {0}.
(2) Prohibition of short-selling of some stocks:

C={aeR%:d" >0 (VicI)}

where [ is a subset of {1,..., d}. Then C° is given by

CO={beR“:p' <0 (icl), ' =0 (ic{l,....d}]\])}.

We define the following convex cone associated with =(C):

K ={Vp(0.£): € c Z(C)}.

Denote by LO+(P) the space of all nonnegative random variables. We define the
no arbitrage condition as follows:

Definition 2.2. We say that there is no arbitrage opportunity if
(NA) KnL(P)={0}.
We define the subset =(x) of Z(C') by
Ex)={£c=Z(C): Vy(z,€) >0, P—as.}.

Thus we consider the admissibility condition that imposes the nonnegativity
constraint only on the terminal wealth value. Denote L°(€), F, ) by L>*(DP),
and let P be the set of all probability measures on (€2, F) absolutely continuous
with respect to I°. As in [18], we introduce the following set of “martingale
measures”:

dQ/dP € L°°(P) and
CEQIASFi 4 cC® t=1,...,T, Q-as. |
MEP)={Q e M(P):Q ~ P}.

M(P) = {Q cePp

Writing Vi{z, &) = Vi1 (x, &) + & - AS,, it is easily seen that for any £ € =(x),
the process V(z,€) is a supermartingale under any ) € M(). In the uncon-
strained case C' = RY, the set M¢(P) is actually the set of equivalent probability
measures with density in L°°(/?) under which S is a martingale. On the other
hand, in the no short-selling constraints case C' = [0, 00)?, the set M¢(P) is the
set of equivalent probability measures with density in L°(J?) under which S is
a supermartingale.

Following [18] and [19], we shall make a nondegeneracy assumption on the
price process. Set, fort =1,...,T,

Nit—1)={ne Ll%YF,_1,P):n-AS, =0, P-as.},

where Lo’d(}'t.,P) denotes the space of all R%-valued Fy-measurable random
variables. We assume that

(B) N(t—1)=1{0} (t=1,....,T).

ot



The condition (B) is satisfied by most standard financial models. For example,
the Cox-Ross-Rubinstein model satisfies (B) (see [18, Section 3 and 5]).

Under the condition (B), the no arbitrage condition (NA) implies the “no
free lunch” condition (see [18] and [19]). Further, we have the following extended
version of first fundamental theorem of asset pricing:

Theorem 2.3 (Pham and Touzi [19]). Assume (B). Then (NA) holds if and
only of Me(P) +£ 0.

We define the super-replication cost xy of a nonnegative contingent claim
H ¢ L'(P) by

o =inf{z € R: Vy(x, &) > H, P—as., for some £ € =(z)}.

In what follows, we write M = M(P?) and M*¢ = M*(P?) for simplicity. The
next theorem, due to Pham [18], provides a duality result between the initial
wealth and the expectation of the contingent claim under probability measures
ME, within a general discrete-time framework with cone constraints.

Theorem 2.4 (Pham [18]). Assume (NA) and (IB3). Then the super-replication
cost of a nonnegative contingent claim H € L'(P) is given by

(2.1) zo = sup {EC[H]: Q € M*}.

In (2.1), we may replace M* by M. Moreover, if supge e EQ[H| < oc, then
there exists £ € =Z(zg) such that Vip(xg, &) > H, P—a.s. The strategy &' is
called a super-hedging strategqy for H.

Remark 2.5. For a super-hedging strategy £/ in Theorem 2.4 and = > xq, we
easily see that Vip(z, &) > H.

3 Coherent risk measures

Let us consider a nonnegative contingent claim H ¢ L'(P). Following a trad-
ing strategy & and starting with an initial wealth z, an agent loses the result-
ing shortfall (H — Vp(x,€)), at time ¢ = T Thus his or her shortfall risk is
—(H — Vp(z,§)),. We are concerned with the problem of minimizing a coher-
ent risk measure of this shortfall risk.

Definition 3.1 ([2] and [7]). We say that a functional p : L'(P’) —» R is a
coherent risk measure if the following are satisfied:

(i) For X € L'(P) with X > 0, we have p(X) < 0.

)
(i) For X and Y € L1(P), we have p(X +Y) < p(X) + p(Y).
i) If X € L'(P) and X € (0,50), then p(AX) = Ap(X).
)

(it

(iv) If X € L'(P) and ¢ € R, then p(X +¢) = p(X) — .



Remark 3.2. We refer to [2] for interpretations of the above properties. In [2],
they restrict themselves to finite probability spaces. Subsequently, in [7], the
definition of coherent risk measures is extended to general probability spaces.
In [7], as the space of random variables, the space L () or the space L°(P)
of all random variables is adopted. As in [17], we use the intermediate space
L'(P) here. The space L' () is large enough to be used in our hedging problem
since the payoff of, e.g., a European call option belongs to L!(I?) since we have
assumed that Sy ¢ L'(P).

Let p : L'(I’) — R be a coherent risk measure that is continuous in the
L'-norm. Recall P from Section 2. Then, we have the following representation:

(3.1) p(X) = sup EQ-X] (X ¢ L'(P))
QeQ

where
(3.2) Q= {Q €P:dQ/dP € L>=(DP), EQ[fX} < p(X) (VX € L](P))} .

See [17, Theorem 1.2]; see also [2, Proposition 4.1], [7, Theorem 2.3], and [12,
Theorem 1.1]. So, every continuous coherent risk measure arises as the supre-
mum of expected negatives of a random variable over a set Q of “real-world”
probability measures or “scenarios”. Then, from the uniform boundedness the-

orem, we easily see that

(3.3) sup [ dQ/dP| o < oc.
QeQ

Remark 3.3. In [17, Theorem 1.2], it is proved that the representation (3.1)
also holds for lower semi-continuous coherent risk measures p. However, even for
such p, (3.3) still holds by the uniform boundedness theorem. This implies that
every lower semi-continuous coherent risk measure turns out to be continuous
(see [12, Lemma 2.1]).

We need the next property of coherent risk measures.

Definition 3.4 ([2] and [7]). We say that a coherent risk measure p : L' () —
R is relevant if, for every A € F with P(A) > 0, we have p(—14) > 0.

The next proposition, which is an analogue of [7, Theorem 3.5], characterizes
relevant coherent risk measures.

Proposition 3.5. Let p: L1(P) — R be a continuous coherent risk measure,
and let Q be as in (3.2). Then the following are equivalent:

(1) p is relevant.

(ii) The set {Q € Q : Q) ~ P’} is not empty.



Proof. It is easy to prove the implication (ii) = (i). To prove the converse
one (i) = (ii), we follow the line of the proof of [7, Theorem 3.5]. Set J =
{dQ/dP : Q € Q} and take a sequence {Y,}5¢, from Y so that

lim P(Y, > 0) = sup P(Y >0).

n—>0oC Yey

We define the probability measure ) = Y P by

Y = i O

n=1

Then, since {Y > 0} = U, {Y; > 0}, we have

n=1

P(Y > 0) > sup P(Y > 0).
Yey

However, by (3.3), Y € L(P), whence () € Q. Thus

(3.4) P(Y > 0) = sup P(Y > 0).
Yyey

Now suppose that (Y = 0) > 0. Since p is relevant, there exists Yy €
such that E”[Yp1 ;] > 0. This implies

P(Yy>0,Y =0)>0.

However, if we put Y/ := (}A/ +Yy)/2 € Y, then we find from (3.4) that

PYp>0, Y =0)=PY =0)—P(Y =0, Yy = 0)
:P(Y/:O)+P({}7 > 0l U Y, >0}> 1
=PY =0)+P(Y >0)-1
—P(Y =0)+ P >0)—1=0,

which is a contradiction. Thus Q and P are equivalent. ]

Remark 3.6. The worst conditional expectation is a typical example of coher-
ent risk measures. Given o € (0, 1), this measure is defined by, for X € L'(P)

WCEG (X) = sup { E®[~X] : Q(:) = P(|A), P(A) >, Ac T}

(see [2, Section 5] and [7, Section 4]). WCE,, is the law-invariant, smallest
coherent risk measure dominating the value at risk VaR,,, which is a popular
risk measure, but not a coherent one. Now we define another coherent risk
measure p(+) on L'(P) by

(3.5) pa(X) = sup EQ[-X] (X ¢ L'(P))
QeQ



where
Q={Q cP:dQ/dP <1/a}.
As mentioned in [7, Section 4], if the underlying probability space (Q, F, P) is

nonatomic, then p, coincides with WCE, on L'(P) since the extreme points
of Q are of the form 1,4/P(A) with P(A) = « (see Lindenstrauss [16]). We
easily see that p, is relevant and continuous in the L'-norm. For related work,
we refer to Acerbi and Tasche [1], [12], Kusuoka [15], and [20]. In particular,
[20] studies the minimization problem of p, (f (H — V[~(x,£))+) in complete
continuous-time market models. In many situations, it seems more convenient
to use p, than to use WCE,, itself.

4 The minimization

Let p: L'(P) — R be a relevant, continuous coherent risk measure. Then p has
a representation of the form (3.1). We consider a nonnegative contingent claim
H ¢ L'(P) that satisfies

zg:= sup EC[H] < +oc.
QeM
In this section, we assume the no arbitrage condition (NA) and the nondegen-
eracy condition (B). Then, it follows from Theorems 2.3 and 2.4 that M¢ £
and that the super-replication cost of H is given by supge v E%[H].
Now let z > 0 and &1,& € Z(x). If

p(—(H = Ve(x,&)),) <p(—H - Vr(z,&)),)
or, equivalently,

sup EQ {(H — Vr(x.,{]))J < sup EQ {(H — Vi{z, &)

QeQ QeQ J 7

then we may regard the strategy & as preferable to &. Therefore, an agent,
who uses the coherent risk measure p as measure of shortfall risk, wishes to
minimize p(—(H — Vp(z,€))+) for a given initial wealth . Thus we consider
the following optimization problem: for x > 0,

(4.1) R(z) : geig(fw) (—(H —Vr(z,9).)-

Remark 4.1. For x > zg, the super-hedging strategy £/ is obviously a solution
to the problem (4.1) since (H — V[~(x7£1’))+ = 0.

We define the set X' (z) by
(42) X(z)={XeL'(P):0< X <H, P-as., E'[GX] <z, (VGeM)}.

Here we identify each probability measure Q € M with its Radon-Nikodym
density G = d@)/dP. As in [11, Proposition 3.1], [17, Proposition 1.3], and [18,

Proposition 4.1], we reduce the dynamic problem (4.1) to a static one by the

next proposition.



Proposition 4.2. Suppose that X is a solution to the static problem

(4.3) inf p(—(H — X)).

XeX (x)

Then there exists a super-hedging stmtegyé € Z(z) for X that solves the dy-
namic problem (4.1). Moreover, we have

R(z) = p(—(H — X)).

inf
XeX (x)

Proof. The proof is similar to that of [18, Proposition 4.1]. Let £ € =(x) and
X := H— (H—-Vp(x,€),. Then X € L'(P) and X < Vp(x,£). Now, under
every () € M, the process V(z.£) is a supermartingale, so that X € X(z). So
we obtain

p(— (H - Vr(2,9),) =p(-(H - X)) = inf p(—(H- X))

X'eX(x)
Since ¢ is an arbitrary element of =(z), we find that

(4.4) R(z) = PRI p(—(H — X)).

Conversely, suppose that X € X(z) solves the problem (4.3). We put

&= sup EU[GX].
GeM

Then & < x < +oc, and so Theorem 2.4 implies that there exists a super-hedging
strategy £ € =(z) for X such that

Vip(z,€) > X,

Since —(H—X) < —(H— Vir(z, é))+., we have, from the monotonicity of p, that

(4.5) R(x) < p(— (H = Vir(2,9)), ) < p(—(H — X)),
The proposition follows from (4.4) and (4.5). OJ
In what follows, we assume
0 < x <z,

and study the static problem (4.3) for the initial wealth z. We follow the convex
duality method as in [4] and [5].
We define
\ Z>0(P-as), E"[Z] <1,
Z=<SZecL™P): ;

EPZX] < p(-X) (VX € LL(P))

where L} (P’) denotes the space of all nonnegative random variables in L'(P).
Since Q C Z, it holds that

(4.6) p(=X) = sup E"[ZX] (X € LL(P)).

10



Remark 4.3. In the case of p, in (3.5) with (4.6), we can show that
Z={ZecL™P):0<Z<1/a, E'[Z] <1}
The next proposition is needed to prove Lemmas 4.7 and 5.1.
Proposition 4.4. Let Z be as above.
(i) The set Z is convex and closed under I’—a.s. convergence.

(it) If a sequence {Z,}5° ¢ from Z converges to a random variable Z, P—a.s.,
on the set {H > 0} asn — oo, and if Z =0 on the set {H = 0}, then we
have Z € Z.

Proof. Suppose that a sequence {Z,} from Z converges to a random variable
Z, P—a.s. Then, by Fatou’s lemma, we have

EP[ZX] <liminf E”[Z,X] < p(—X) < o0 (X € L} (P)).

n—>0oC

From this, it easily follows that Z € L°° (). Similarly, by Fatou’s lemma, we
have E”[Z] < 1. Thus Z € Z, and so (i) follows.
Let {Z,} and Z be as in (il). By Fatou’s lemma, we see that, for X € L1 (P),

E"(ZX]=E" [ZX1{>01] < liminf E” [Z,X1{1750;]

n—>0oC

< lim infEP[ZnX} < p(—X) < .

n—>0oC

In particular, Z € L°(P). Similarly, we have that E”[Z] < 1. Thus Z € Z.
This proves (ii). |
As in [4, Section 3] and [5, Section 3], we introduce the set
; E”G) <1, E”[GH] < zy,
Gi=<GeL (P): ,
EVGX] <z (VX € X(x))
(recall that we have assumed that z € (0, zg)).

Proposition 4.5. We have the following:

(i) The set G is convex, closed under P—a.s. convergence, and bounded in
LY(P), and it includes the convex hull of M, that is,

de
conv {2} C g.
ar QeM

(ii) If a sequence {G,}55, from G converges to some random variable G,
P—a.s., on the set {H > 0}, and if G = 0 on the set {H = 0}, then
we have G € G.

11



Proof. As in the proof of Proposition 4.4, we obtain Proposition 4.5 using Fa-
tou’s lemma several times. 1

Remark 4.6. The properties (i) and (ii) in Proposition 4.5 are needed to prove
Lemma 4.7 and Lemma 5.1, respectively. Therefore, for this purpose, we may
replace G by another set G’ if it satisfies (i) and (ii) in Proposition 4.5. For
example, consider the one-period models with no-short-selling constraints. Then
we know that

(4.7) M={QecP:ES|<S}.
We easily find that the set G’ defined by
¢ ={G el (P):E"[G'S1] < S, EV[G'] < 1}

satisfies the properties (i) and (ii) in Proposition 4.5 for every H, whence we
may replace G by G'.

Now, as in [5, Section 3], we have the following important observation: for
Ze€Z GegG, y>0,and X € X(x),

E(Z(H - X)) =E"[zH] - E" [X(Z — y&)] — yE"[GX]
(4.8) > EP[ZH| - E” [H(Z — yG)y] — ay
= E"[H(Z AyG)] — zy.

We define
(4.9) Jw) = sup E[H(ZAyG)  (y>0)
ZeZ,Geg
(4.10) g(x) = sup (f(y) — o).
y=0
Then we have
4.11 g(z) < inf sup EU[Z(H — X)] = inf —(H - X)).
@iy gl < int s B"(Z00 X)) = ot p(~(H - X))

Lemma 4.7. For each y > 0, there ezists a pair (Z,,G,) € Z x G that attains
the supremum in (4.9).

Proof. Let {(Z,,G )}~ be a sequence from Z x G such that

n=1
lim E"”[H(Zy AyGn)] = f(y).
Since the set Z x @G is bounded in L' (I?) x L' (), the theorem of Komlds [14] (see

also Schwartz [22]) implies that there exists a pair (Z,,G,) € L'(P) x L'(P)
and a relabeled subsequence {(Z], G’l)}i] of {(Z,.Gy)},~, such that

J

k .
1 4 1 4
%ZZW%ZGJ —(Z,,Gy) (k—oc), DP-as.

J=1 J=1

12



By the I’—a.s. closedness of Z and G, we have (Z,,Gy) € Z x G. Since
EP(ZX]| < p(—|X]) < 400 (X € L'(P), Z € 2),
it follows from the uniform boundedness theorem that

(4.12) sup || 7]/ < oc.
Zez

From this, as well as Lebesgue’s convergence theorem and the concavity of the
function (s,1) v s A t, we obtain

; k
bl . bl 1 1
E"[H(Z, AyGy)| = lim E” | H %ZZ;- Ay %ZG;

p =
1 k
. I’
> lim Z] EV[H(Z; nyG))]
-

= lim E” (H(Z; NyGY)| = fy).

o0
Thus (Z,,G,) attains the supremum, as desired. [l
Lemma 4.8. The function f(-) is concave.

Proof. Let y1,y2 € [0,0c) and ¢ € (0,1). If y17 = yo = 0 then the concavity
immediately follows. So we assume that y7 > 0 or yo > 0. By Lemma 4.7, there
exist (Z,,,Gy,) € 2 x G, j=1,2,such that

E[H(Z,, Ny;Gy)] = Fly) (5= 1,2).

We put G := (ty1Gy, + (1 —y2Gy,) / (ty1 + (1 —t)y2) € G. Then it follows
that

tf )+ (1 =) f(y2)
= EV[HA{t(Zy, Ay Gy,) + (1= 8)(Zyy A y2Gya))]
< EV[HA{(tZy, + (1~ 8)Zy,) A (851 Gy, + (1= 1)3pGy,) Y]
= EV[HA{(tZy, + (1 = )Zy) Aty + (1 = t)y2)G Y]
= [l + (1 —1p).
Thus we obtain the lemma. ]

Lemma 4.9. There exists § = 4, > 0 that attains the supremum in (4.10).

Proof. By Lemma 4.8, the function

h(y) = fy) —zy (y>0)

13



is concave. From (4.12), we see that h(4oc) = —oc. Clearly, we have
h(0)=0, h(y)> —zy (y>0).

We claim that there exists yp > 0 such that A(ys) > 0. Suppose otherwise.
Then h(y) < 0 for y > 0. Since p is relevant, by Proposition 3.5 there exists
7 € Z such that Z > 0, P—a.s. We see that, for every G € G,

ay > fly) > E"[H(Z AyG)] (Vy > 0).
Dividing by 3 and then letting y | 0, we have that, for any G € G,
EP[HG) < z.

However, this contradicts the assumption z < zg (recall that zg = supgeg E7[GH]).
Thus the claim is proved. The lemma now follows from the concavity of A(-). O

Remark 4.10. As mentioned in Remark 4.6, the necessity of considering Z and
G rather than Q@ and M, respectively, is to ensure the existence of a solution to
the dual problem g¢(x).

Now, here is our main theorem.

Theorem 4.11. Let § > 0 be as in Lemma 4.9, and let (Z,G) = (Z;,Gy) be
an optimal pair for the problem (4.9) with y = 3.

(1) There exists a [0, 1]-valued random variable B such that the random vari-
able

Xo=Hl ez + HBL e g

is a solution to the static problem (4.3). Moreover, there is no “duality
gap” in (4.11), that is. g(z) = R(z).

(ii) If € is a super-hedging strategy for X, then £ is a solution to (4.1).
The following proposition is a key to the proof of Theorem 4.11.

Proposition 4.12. There exists a |0, 1]-valued random variable B such that X
of the form in Theorem 4.11 satisfies X € X(x) as well as the conditions

(4.13) foll {GX} —z,
(4.14) sup B {Z(H - X)} ~E" {ZA(H - X)} .

We prove this proposition in Section 5, following the method of [4] and [5].
In this method, some results from the non-smooth convex analysis (Aubin and
Ekeland [3]) are used.

14



Proof of Theorem 4.11. Using (4.13) and the fact X(Z —§G) = H(Z — G)
in (4.8) with Z =2, X = X, G =G, and y = ¢, we see that

E” {Z(ﬁ - X)} —E" {H( 7 A yG)} g
= J(@) —z9 = g(z),

whence, by (4.14)

g(x) = sup E” {Z(H—X)} = p(—(H—X)) .

ZEZ

Therefore, from (4.11), it follows from that

p(f(Hf)A()>< inf p(—(H - X)).

T XcXx(x)
However, X isin X(z), so that X attains the infimum above. In particular, by

Proposition 4.2, we find that g(z) = R(z) and that (ii) holds. Thus the theorem
follows. OJ

We illustrate Theorem 4.11 by using one-period binomial models.

Example 4.13. Let 0 < d < 1 <wuwand 0 < 7w < 1. We consider the probability
space Q) = {u,d}, F = 2%, P({u}) =7 =1~ P({d}) Let {Sp,S1} be the
discounted price process described as

if w=u,
So—1. S — u ?w u,
d if w=d.

We consider the no-short-selling constraints. From (4.7), we see that ) € M if
and only if Q(u) <7 :=(1—d)/(u—d).

Let o € (0,1). We take p,, in (3.5) as the measure of risk here. We consider
the European call H = (S1 — K); with d < K < u. Then it follows from
Remark 4.3 that

Z={Z:0<z<a ', 7Z(u)+(1-7)Z(d)<1}.

We put
G ={G:0<Gu) <a/m, #Gu)+ (1 —7)G(d) <1}.

Then G’ satisfies the properties (i) and (ii) in Proposition 4.5. Here, as men-
tioned in Remark 4.6, we consider G’ rather than G. The function f(-) in (4.9)
with G replaced by G’ is given by

fly) = ~sup w(u— K) (Z(u) AyG(u)) .
ZcZ,Geg’



We easily find that, for y > 0, this supremum is attained by, e.g.,

«

A 1 1 A N
Z(w) = ( A W) 1{u}(w)., Gw) = Wl{u}(w).
Then the dual problem (4.10) is written as

glz) = ig% [mu—K){(a " Ax ) Ayr} —ay].

Since 7 < 79 = #(u—K), § = n(a”'Ax~1)/# attains this supremum. Therefore,
from Theorem 4.11, we deduce that the random variable

Xo=Hlyaop + HBl e g
= (U - K)Bl{u}

is optimal for some [0, 1]-valued random variable B. However, from the condition
(4.13), we obtain

whence

A X X
X="1, = "H
(.

5 Proof of Proposition 4.12

This section is devoted to the proof of Proposition 4.12. Following [4] and [5],
we introduce the Banach space

K:=L'(P)x LY(P)x R
with norm
U Vo)l = B [[U]+ V] + Jy]
and its subset
L:={(HZyHG,y)cK:Zc2Z Geg, y>0}.
Lemma 5.1. The set L is convex and closed in K.

Proof. Let t € (0,1) and (HZ;,y; HG;,y;) € Lfor j =1,2. If y1 = y» =0, the
convexity immediately follows. Assume that y1 > 0 or 2 > 0. Then we have

G ty1 G1+ (1 — t)yQGQ

€ g,
tyr + (1 —t)y2
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sothat (H(tZ1 + (1 —£)Z2), H{ty1G1 + (1 — HyaG2), ty1 + (1 — t)y2) € L. Thus
the convexity follows.

Next, let (HZ,,y,HG,,y,) € L be a sequence that converges to some
(U,V,y) in K. Then y,, — y, and HZ, — U, P—a.s. (possibly along a subse-
quence). Put

7. U/H on{H >0},
"o on {H = 0}.

Then we have that U = HZ on {H > 0} and that Z,, — Z on {H > 0}, as
n — oo, P—a.s. The property (ii) in Proposition 4.4 implies Z € Z.
On the other hand, we have

EP [H‘ynGn - yGrLH S ‘yn - y\l’o — 0 (Tl - OC‘):
hence

E" [H|yG, — W[ -0 (n— o)

where, we set W = V/H on {H > 0}, and = 0 on {H = 0}. If y = 0,
then W =0 = yHGy. If y > 0 and if we put G := W/y, then we have that
G, — G = W/y, P—as., on the set {H > 0} (possibly along a subsequence)
and that G = 0 on the set {H = 0}. The property (ii) in Proposition 4.5 implies
G € G. Thus the closedness of £ follows. 1

We now define a functional & : K — R by

(U, V.y) = zy — E'[U A V],

Lemma 5.2. Let Z, G, and 4§ be as in Section 4. The functional ® is proper,
convezr and lower semi-continuous on K and attains its infimum over L at the
triple (HZ ,gHG, 7).

Proof. Since the proof of the properness, convexity, and lower semi-continuity
are simple, we omit them. By Lemmas 4.7 and 4.9, we have

DHZ,GHG,§) = 2 — B [H(Z A j6)| =25 — 1)
<ay— fly) <zy — E"[H(Z A yG)]
= O(HZ,yHG,y), V(HZ,yHG,y) € L.
Thus the triple (HZQHG ) is optimal. 1

Proof of Proposition 4.8. The methods of the proof is almost same as in [4,
Section 3] and [5, Section 4 and 6]. We now consider the dual space

K= L) x L=(P)x R

17



of I, and the normal cone (see [3, Definition 4.1.3 and Proposition 4.1.4])

5 A EP[HZT + gHGW| + ¢ >
N(HZ gHG,j) = {(T, W,() e K™ [ Y [+g¢= }

EP[UT+ VW] 4y, (Y(U.V,y) € L)

to the set £ at the point (HZ, QHG, 7) € L. We also consider the subdifferential
at this point

OD(HZ,gHG, ) == (T,W,¢) ¢ K* - EV |T(HZ —U) + W(§HG — V)
+¢C@—y), (VU V,y) k)

Then, from Lemma 5.2, it follows that the triple (H Z.9HG, 7) solves the prob-
lem

inf  ®U,V.y),
(U,Vl,l;;)eﬂ/l (U Voy).

so that, by [3, Corollary 4.6.3], there exists a triple (T W, é) € K* such that
(T,W,0) e N(HZ,§HG, §) and (=T, W, —() € 08(HZ,§HG, ). These are
equivalent to the following, respectively:
(1) E” {H:ﬁ(z — Z)+ HW(HG — yG)| + () —y) >0,
Y(Z,G,y) € Z x G x[0,+00),
(5.2) {T”(U HZ)+ W(V —gHG) + H(Z A jC) —U AV
> (2400 ) YU, V.0) €K

By letting y — 400, we see that (5.2) holds only if

(5.3) ¢=—
From (5.1) with { = —#, Z = Z, G = G, and y = d (6 > 0), we have
(5.4) EV[GHW] =

On the other hand, (5.1) with Z = Z and y = ¢ implies
(5.5) EV[GHW] < EV[GHW], VG g,
and (5.1) with G = G and y = ¢ implies

(5.6) EP|ZHT) < EV|ZHT), VZ¢€ Z.

18



Reading (5.2) with

U=HZ-1 V =9HG -1

(WaPs1} (WP>1}
and using (5.3), we have

EV|[(W+T —1)4] <0.

Similarly we obtain E” |(1 — W — 7). | <0, whence

(5.7) W4T
Hence, the conditions (5.1) and (5.2) can be written as
E” {HW(;;G YG L Z -+ H(Z-D)| > —y),
Y(Z,G,y) € Z x G x[0,+00),
(5.8) E” W(v ~U+HZ—gHG)+U - HZ+H(ZA)G) —~UAV| >0,
Y(U, V) € L'(P) x L'(P).

Considering (5.8) for U = HZ,V = §HG + 14 with arbitrary A € F, we see
that

0<E" Wilsa+H(ZANJG) —HZ N(GHG + 1A)} < EP[W1,],
so that W > 0, P—a.s. Similarly we get

0<E” {(1 - W)1A} .,
whence W < 1, P—a.s. Therefore
(5.9) 0<W<1 P-as.

The conditions (5.5) and (5.9) imply HW ¢ X(z). The condition (5.8) for
U =V implies

(5.10) EP [HW(Z — gé)} > EP {H(Z o
Hence, (5.9) and (5.10) lead to HW (Z — §G) = H(Z — ()4, P—a.s., so that
W=1 on {§G<Z}n{H>0}, =0 on {§G>Z}n{H >0}

Thus, there exist [0, 1]-valued random variables B and J such that

(5.11) W= 1{:067<'/3,11>0} + Bl{:&éz'/?,lbo} + ‘]1{”:0}'
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Reading (5.8) with W in (5.11), U = HU', and V = HV’, we have

r > ~ A

+H(U—Z+ZA§C/}‘7U/\V)} >0, YU,V e L=(D).

In particular, reading U = Z, we have that, for V € Lee(P),

EP {H (1{m<2} + B1{:062,/37,,>0}> (V- 9G) L H(Z A G — ZAV)] > 0.
So, for V € L*(I’), we obtain
B” [BH1 e (G~ V)]
< E” {H(v GO ey + H(Z NG — 2 A V)]
’ {H(V - .ﬁé)l{gé<2} + H(HG — Vlgacrvery
VHGG — D)1 e gy +H(Z ~ V)1{géz,;2v}}
{H(v DNy peny H(Z V)1{mz,32v}} :

From (5.12) with

for some ¢ > 0, we have
(V<Z}={HG< 2},
and so

B” [BHGG - 2),] < E” [H(=)1 56| <0.

This implies B = 0 on {2}@ > 7 H> 0}, P—a.s. Therefore we deduce that

HW = H(l{gé<2} + Bl{zjé:Z}) =X P—a.s.

On the other hand, the conditions (5.4), (5.6) and (5.7) imply that X satisfies

(4.13) and (4.14). Thus the proposition follows. ]
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