HOKKAIDO UNIVERSITY

Title Properties of a Rubin’s orthogonal function which is a linear combination of two inner
functions
Author (s) Nakazi, T.; Watanabe, T.
Citation Hokkaido University Preprint Series in Mathematics, 550, 1-9
Issue Date 2002-04
DOI https://doi.org/10.14943/83695
Doc URL https://hdl. handle.net/2115/69299
Type departmental bulletin paper
File Information re550. pdf

kaido
\;\0\‘ U”/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




Properties of A Rudin's Orthogonal Function Which
Is A Linear Combination of Two Inner Functions

Takahiko Nakazi and Toru Watanabe

Series #550. April 2002



#524

#525
#526
#527
#528

#529
#530

#531
#532
4533

4534

#535
#536
#537

#542
#543
#544

4545
4546

#547

#548
4549

HOKKAIDO UNIVERSITY
PREPRINT SERIES IN MATHEMATICS

K. Yamaguchi and T. Yatsui, Geometry of higher order differential equations of finite type associated
with symmetric spaces, 43 pages. 2001.

T. Suwa, Residues of Chern classes, 20 pages. 2001.
V. Anh and A. Inoue, Dynamic models of asset prices with long memory, 21 pages. 2001.
T. Izawa and T. Suwa, Multiplicity of functions on singular varieties, 21 pages. 2001.

T. Nakazi and T. Yamamoto, Two dimensional commutative Banach algebras and von Neumann inequal-
ity, 18 pages. 2001.

Y. Giga, N. Ishimura and Y. Kohsaka, Spiral solutions for a weakly anisotropic curvature flow equation,
16 pages. 2001.

Y. Giga and P. Rybka, Quasi-static evolution of 3-D crystals grown from supersaturated vapor, 16 pages.
2001.

Y. Tonegawa, Remarks on convergence of the Allen-Cahn equation, 18 pages. 2001.
T. Suwa, Characteristic classes of singular varieties, 26 pages. 2001.

J. Escher, Y. Giga and K. Ito, On a limiting motion and self-intersections for the intermediate surface
diffusion flow, 20 pages. 2001.

Y.-H. R. Tsai, Y. Giga and S. Osher, A level set approach for computing discontinuous solutions of a
class of Hamilton-Jacobi equations, 30 pages. 2001.

A. Yamagami, On Gouveéa’s conjecture in the unobstructed case, 19 pages. 2001.
A. Inoue, What does the partial autocorrelation function look like for large lags, 27 pages. 2001.

T. Nakazi and T. Yamamoto, Norm of a linear combination of two operators of a Hilbert space, 16 pages.
2001.

Y. Giga, On the two-dimensional nonstationary vorticity equations, 12 pages. 2001.
M. Jinzenji, Gauss-Manin system and the virtual structure constants, 25 pages. 2001.
H. Ishii and T.Mikami, Motion of a graph by R-curvature, 28 pages. 2001.

M. Jinzenji- and T. Sasaki, N' = 4 supersymmetric Yang-Mills theory on orbifold-T*/Z,: higher rank
case, 17 pages. 2001.

T. Nakazi, The Nevanlinna counting functions for Rudin’s orthogonal functions, 7 pages. 2001.
K. Sugano, On H-separable extensions of QF-3 rings, 7pages. 2001.

A. Arai, Non-relativistic limit of a Dirac-Maxwell operator in relativistic quantum electrodynamics,

27pages. 2001.
0. Sawada, On time-local solvability of the Navier-Stokes equations in Besov spaces, 30 pages. 2001.

C. M. Elliott, Y. Giga, and S. Goto, Dynamic boundary conditions for Hamilton-Jacobi equations, 27
pages. 2001.

Y. Nakano, Minimizing coherent risk measures of shortfall in discrete-time models with cone constraints,
22 pages. 2002.

K. tachizawa, A generalization of the Lieb-Thirring inequalities in low dimensions, 13 pages. 2002.

T. Nakazi, Absolute values and real parts for functions in the Smirnov class, 8 pages. 2002.



Properties of A Rudin’s Orthogonal Function Which Is A Linear Combination of Two
Inner Functions

by
Takahiko Nakazi*
and

Toru Watanabe

*This rescarch was partially supported by Grant-in-Aid for Scientific Rescarch,
Ministry of Education

2000 Mathematics Subject Classification : Primary 30 D 55, 46 J 15

Key words and phrases : Hardy space, inner function, orthogonal, polynomial



Abstract. ¢ is called a Rudin’s (orthogonal) function if ¢ is a function in H* and
the different nonnegative powers of ¢ are orthogonal in H?. When ¢ is a multiple of an
inner function and ¢(0) = 0, ¢ is a Rudin’s function. Sundberg and Bishop showed that
a Rudin’s function is not necessarily a multiple of an inner function. We study a Rudin’s
function which is a linear combination of two inner functions or a polynomial of an inner

function.



61. Introduction.

For 1 < p < oo, H? denotes the usual Hardy space on the unit circle T" and o is
a normalized Lebesgue measure on T ¢ is called a Rudin’s (orthogonal) function if ¢ is
a function in H* and the different nonnegative powers of ¢ are orthogonal in H2. Two
inner functions f and g are called (statistically) independent if

/ ffg*do =0
JT

for all nonnegative integers ¢, s, [¢| + |s| > 0. W.Rudin posed two problems (see [3])
R1. Is a Rudin’s (orthogonal) function necessarily a multiple of an inner function 7 R2.
Do there exist two (statistically) independent inner functions 7 R1 has been negatively
solved by Sundberg (6] and Bishop [1]. It is shown in [3] that if R1 is valid, then so is R2.
We don’t know whether the converse is true or not. Under some conditions, IR1 has been
positively solved. That is, when ¢ is a univalent function [2] and ¢ is in the disc algebra
with boundary function in Lip « for some « > 1/2 [3].

In §2, we give a few properties two (statistically) independent inner functions. In
§3, we study a Rudin’s (independent) function which is a lincar combination of two inner
functions. In §4, we show that a Rudin’s (orthogonal) function is a multiple of an inner
function when it is a polynomial of an inner function.

62. Statistically independent inner functions

In this section, we give few necessary conditions for two independent inner func-
tions.

Proposition 1. If f and g are independent inner functions, then neither f nor
g 1s a finite Blashke product.

Proof. Let H?[g] be the closure of the set of all polynomials of ¢ in H?, then
f7H?[g] is orthogonal to f*H?[g] it j # £ because f and g are independent inner functions.
Sct

o
M=% @f Hg],
5=0
then M is a closed invariant subspace of H? under the multiplication by f. It is known
(¢f. [5, p11]) that the dimension of M © fM is less than or equal to that of H* & fH?.
This implies that f can not be a finite Blaschke product.

Proposition 2. If f and g are independent inner functions, then the set of all
polynomials of f and g is not dense in H2.



Proof. Suppose the set of all polynomials of f and ¢ is dense in H?. Then
H? =3 of 0Py = HPlg] © fH*

because f and g are independent. Hence for any n > 1, ¢" is orthogonal to fH? and so
oC

fg" € HE = L? © H?. Therefore f = 0 because [ € (| ¢"H? = {0}. This contradiction
n=0
shows the proposition.

Proposition 3. If f and g are independent inner functions, then there exists a
positive integer n such that 2" f and z"g are not independent.

Proof. Suppose 2" f and z"¢ arc independent for any positive integer n. For any
integer £ > 1, f*is orthognal to z"¢""! for all n > 0. Put ¢ = fg, then ¢fg belongs to
H? for all integer £ > 0. By [3, p177], ¢ belongs to H?. Similarly we can show that ¢
belongs to H?. Therefore ¢ is constant and so ¢ = «.f for some constant « with absolute
value 1. This contradicts that f and ¢ are independent.

63. A linear combination of two inner functions

Let f and g be inner functions with f(0) = ¢(0) = 0 and let @ and b complex
numbers. Put

dla,b) = af + byg.

If f and g are independent, then for an arbitrary pair (a,b) ¢(a, b) is a Rudin’s function.
Theorem 4 shows that the converse is not true formally.

Lemma 1. For some pair (a,b), if ¢(a,b) is a Rudin’s function, then for any
positive integer £ > 2

bE&/ fotdo + a%/ ftgdo = 0.
T T
Proof. Since (¢, ¢) = 0 for £ > 2,

¢/
Z() S [ty daJrZ ()/ﬁzﬂ'b [ g e =0
: ’1'

Ny o .
because ¢f =) < ) CIP gl Tf1 < j < £—1, then ff77 gl € H> and fligi-! e
j=0

H°. This implies that / I gide = / [ ¢ do = 0 because f(0) = g(0) = 0.
T JT
Thercefore - o,
ab / Foldo + a'b / Flado = 0.
JT JI

4



Corollary 1. For some pair (a,b), if ¢(a,b) = az + bg is a Rudin’s function
where g is an inner function with g(0) = 0, then.a =0, b =0 or g = cz for some complex
number c.

Proof. By Lemma 1,

[ S
ab | 2'gdo=0 (£>2)
JT
and so if a’b # 0, then ¢ = ¢z for some complex number c.
Theorem 4. For arbitrary pair (a,b), o(a,b) is a Rudin’s function if and only if

[ Fado = | f'grde 0
JT JUT

for all non-negative integers t,s, t > s+ 1.

Proof. When ¢ > k,
EUON g g o (R i i
(¢',0") = (Z <j>a‘-7b7 Fg Sy <,>a“bl f“g&)
§=0 =\

7 J v
Lok (N [k o S
_ Z () <_>(I/€'7(1klb'7bz / fé*k’%»zf]g]fzdo_
j=0i=0 \J/ \? ST
= > D Fkigj+ > Y F(lki)j)
—k<j—i<0 L—k<j—i<t

ENTRN o i imi [ ovtbri i i e
where F(0,k,i,j) = <> <_>aéja’“7’b]b7’/ fERTIGI e, Because if j —i =0 or 0 <
7]\ Jr

j—i < {—k, then _flé’k“’j_qj’i € H* and so F({,k,i,j) = 0. In the last line, note
the following. When —k < j —i < 0, t =4~k +1i — j?s if s = —(j —14). When

E—k?j—igf, t:j—iisifs:—(E—k‘+i—j). Hence

/fg,k;+7jfjgj—ido_: / flg*do or /f‘si(]”d(f
Jr I g

where t > s + 1.

The ‘if” part of the theorem is clear by the fact noted above. We will prove the
‘only if” part by induction about s. If s = 1, by Lemma 1 it holds because (a,b) is
arbitrary. Supposc it holds for 2 < s <n — 1, that is, for t > s + 1

/ﬁ fégtdo = / ftg*do = 0.
Jr Jr

Since ¢ is a Rudin’s function, (¢f, ¢") = 0 if £ > n. By the fact noted above,

(00" = > D Flnij)+ > D F(linij)

—n<j—i<0 f—n<j—i<f

Ot



By the hypothesis on induction,

(0%, 0") = > D F(nig)+ Y Y F(fni,j)

J—i=—n j—i=k
= F,n,n,0)+ F(, n0,7).
In fact, when —(n—1) <j—i<0, t =4L—n+i —j?s = —(j—i)and so F(¢,n,i,j) = 0.
When ¢ — njj < -1, t=4- i?s =—({l—-—n+i—j)<n-—1landso F({n,ij)=0.

Thus ) )
g n a/éa/() b() En / fégnda + g n (10 a/nb/,go / ergidU —0.
0/\n Jr £/ \0 Jr

Since (a, b) is arbitrary,

/ ftg"do = / frg*do = 0.
J

Question. If ¢(a,b) = af + by is a Rudin’s function for arbitrary pair (a,b),
then are f and g independent inner function ?

Theorem 5. Let q and Q be inner functions with q(0) = 0 and Q(0) # 0. If
f=¢q¢" and g =¢"Q where m > s+ 1, s > 1 and ¢(a,b) = af + by is a Rudin’s function,
then a =0 or b =0.

Proof. We will prove the following claim :

atht / Flgttdo =0 (6> k).
Jr
Put k =m — s and £ = m, then

/f[;gé‘—k:do_: / qsé*m(/lfk)c?ffkd(r: / C}SdU# 0
7 Jr r

because sf — m(£ — k) = 0. This implies a/b** = 0.
We will show the claim by induction about /. When ¢ = k, it is clear because
f(0) = 0. Suppose it holds for £ < ¢ <n — 1. Since ¢ is a Rudin’s function.

n n—k
-, | o N
m_ in— k Z Z ( >< )fﬂl‘?anklbﬂbz/ fﬂi(n*l")ﬂij.(?%]dg =0
7=0 =0 J '

When 7 — 5 <0, '

/ frn=ktiigid gy — ()

JT
because

fn (n—k)+i— 1J/ L:qs{n (n—k)+i— /} —m(i—j) 21 L: sk+(m $)(j—1) 21 L



When 0 <i—j < (n—1)—k, by the hypothesis on induction,

/ fnf(nsz)%»ifjgifjdg = (.
T

s—kand k<s<n-—1,thenn—(n—k)+i = 5. Thus

Because if we put i — j =
0 = (¢n qbnfk)
n n—=k n—k ) S )
— ZZ . anf]&nflffzb]bz/ }Lnfn k)+i (] “Jdo
J T

1

7=0 =0
n\(n—k\ a0t [ ek
_ (]/,L(]/Obobn k/ fngn kd()‘.
0/\n—k Jr

64. Rudin’s orthogonality function.

In this section, we study a Rudin’s function when ¢ is a polynomial of an inner
function. Theorem 5 determins a Rudln s function when ¢ = a¢® + b¢™, m > s+ 1 and
¢ is an inner function with ¢(0) = 0. On the other hand, Theorem 6 solves affirmatively
R1 when ¢ is a polynomial of an inner function. Proposition 7 gives another proof of
Corollary 3 in [2] and another one of Proposition 3 in §2.

n
Theorem 6. Let ¢y be a Rudin’s function and ¢ = Zaj(/){) with a, # 0. If ¢ 1s
j=1

a Rudin’s function, then ¢ = a,¢y.
n
Proof. We may assume that ¢ = Zaj(/){), a, = 1 and n > 1. By induction, we
J=l1
will show that ay, =0 for 1 < ¢ <n — 1. Supposc £ = 1. Since

n n 7
@”':Z 2_ (a100)" Zakoo .

1=0

1

the smallest degree of ¢™ is n because the smallest one of | ] (a1¢9)" Zak(/k is
n 4+ 4. On the other hand, the degree of ¢ is n. Hence if ¢ is a Rudln s fun(‘tlon,
N N
(0", ¢) =af =0

because ¢g is a Rudin’s function.

Supposc a; =ay = ---=ay =0 for £ <n — 1. Then since
i
7 . 4 n—1 7
" = N (agady) > andg |
i=0 \" fe={+2



n
. n r—i '
the smallest degree of ¢ is n(£+1) because the smallest one of < ) (age b0 > ap gk
i :
k=t+2

is ({+1)(n—1)+ (¢ +2)i =i+ n(f+1). On the other hand, since

£+1 f—}—l pl n—1 Y
/ , (P41 .
¢£+1 _ Z < ' >¢g( 7) Z aw%
j=o \ J k=41
R\ S ’
the largest degree of ¢**! is n(¢+1) because the largest one of < _ >o8’(’+ ) > aroh
J k=t+1

is(n—1)j+n(l+1—j)=n(f+1)—j. Hence if ¢ is a Rudin’s function,
(¢n7 ¢€+1) _ (a€+l)7L(i+l) -0
because ¢g is a Rudin’s function.

Proposition 7. If 2"¢ is a Rudin’s function for all n > 0, then ¢ is a multiple
of an inner function.

Proof. Fix a positive integer k. For all n > 0, 2™ ¢* is orthogonal to 2"
because 2"¢ is a Rudin’s function. Thus ¢* is orthogonal to {z"¢**! <0 Put ¢ = qh
where ¢ is inner and h is outer. Then by the Beurling’s theorem [5, pl1], ¢* is orthogonal
to ¢"*'H? and so h*T'q € H? for all k > 0. By [4, p177], h is constant and so ¢ is inner.

(k1) o1
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