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A level set method for spiral crystal growth

TAKESHI OHTSUKA

Abstract. In this paper we introduce a new level set model for the growth of spirals
on the surface of a crystal. Since the conventional level set method cannot express a
spiral curve having orientation, we modify the level set method by using a sheet structure
function. Since the model equation we obtain is degenerate parabolic, we need to consider
a notion of weak solution. Our goal is to prove the existence and the uniqueness of the
solution for our model in the sence of viscosity solutions.

1 Introduction

The theory of spiral crystal growth was proposed by F. C. Frank in 1948(sce [1]). He first
pointed out that dislocations play an important role in the theory of crystal growth. He
especially pointed out the importance of the role of a screw dislocation. In his theory, if
a screw dislocation terminates in the exposed surface of a crystal, there is a permanently
exposed cliff of atoms, say the step. The step can grow perpetually up a spiral staircase,
When one observe the surface from above, one can find spirals drawn by exposed edge
of the step. He proposed an evolution cquation of curves which indicates the location of
edges of steps. The equation he proposed is of the form

V=C—r&, (1.1)

where V' is a normal velocity of the steps, s is a curvature of the curve corresponding to
the edge of steps, and C' is the driving force of steps (see [2]). The sign of the curvature
is taken so that the problem is parabolic. The curvature term is interpreted as a result of
the Gibbs-Thomson effect. We postulate that steps moves under (1.1), and we construct
a new mathematical model based on (1.1). The formula (1.1), says the geometric model,
performs the model of spiral crystal growth for only one screw dislocation. However, it is
not enough to handle other situation when there are two or more screw dislocations on
the surface of the crystal and curves generated from each screw dislocations may touch



cach other. We would like to handle such a situation by adjusting the model. There are
at least two methods to realize our purpose. One is the Allen—Cahn cquation model, and
the other is a level set method for geometric model. In this paper we propose a model
reflecting a level set method.

Let Q be a bounded domain in R?, which denotes the surface of the crystal. For
technical reasons we postulate that a screw dislocation is a close disk on the surface. We
also assume that all screw dislocations do not touch cach other nor the boundary of €.
We denote by W the complement of all screw dislocations in the surface of the crystal.
We denote by I'; the curve corresponding to edges of steps at time ¢.

In conventional level set approach to (1.1), we denote the evolving curve by the zero-
level set of auxiliary function w, i.c.,

Iy={xeW; ut,z) =0},

In this way, however, we cannot distinguish the direction of moving steps. To overcome
this difficulty, we recall sheet structure function due to R. Kobayashi(See [12]).

We postulate that there are n screw dislocations on the crystal surface. Let a; denote
the position of the center of j-th screw dislocation. Let p; denotes the radius of j-th screw
dislocation. We denote by W the complement of all screw dislocations in the surface of
the crystal, i.c.,

W=\ (UBPJ'(“J))’

where I3,(a) denotes an open disk of radius p centered at a. We recall the sheet structure

function # defined by
T

O(x) = Z m; arg(r — a;),
J=1
where my; # 0 is an integer such that |m;| denotes the height of steps and the sign of m;
denotes the direction of steps. We remark that cach arguments of # — a; is multi-valued.
We consider an auxiliary function u = u(t, z) defined on [0, +oc) x W. We interpret I,
as a level set of u — 6 instead of u itself] i.e.,

Ty={zcW; ut,z) —0(x) =0 mod 2rm},

where m is the greatest common divisor of { mj|};:1.
By the definition of I'y we formally observe that
1 Ju
T V(u—0)| ot
V(u—0)
Vo)

V
k= —div

We remark that V@ is single-valued, so this formula is well-defined. We now obtain the
level set model which is consistent with the geometric model (1.1):

% —|V(u—6)| (div Viu = 9>| +c> =0 in(0,7)x W (1.2)

|V (u—0)



In fact, a level set of uw — @ moves by (1.1) if u solves (1.2) at least formally. To complete
the problem we need some boundary condition on 0W. Here we postulate the Neumann
boundary condition at the edge of I'; touching W of the form

(U(x),V(iu—16)) =0 on (0,T) x OW. (1.3)

where 77 denotes a unit normal vector field of W, and {-,-) is the inner product of R?.
Since the equation (1.2) is degenerate parabolic, we need to consider the solution of these
equation in weak sense. We consider the solution in viscosity sense.

Our goal is to prove the comparison principle, existence and uniqueness of a viscosity
solution for (1.2) (1.3). The equation (1.2) has a moving singularity at Vu(t, 2) = VO(x)
so it seems to be hard to prove the comparison principle directly. To overcome this
difficulty we introduce a covering spaces of W and W x W so that v — # and v — 0
respectively be a sub- and supersolution of

ou Vu

— — |Vu| < div Cr=0 1.4

o Vul < div Vu + (1.4)
(V,Vu)y =0 (1.5)

if u and v respectively be a sub- and supersolution of (1.2) (1.3). We test u(t, z) —6(x) —
(v(t,y) —0(y)) by standard test function by [8] but on the covering space. Then we apply
the results for (1.4)—(1.5) in [8]. Once we obtain the comparison principle for (1.2)—(1.3),
then it is casy to sce a uniqueness of a viscosity solution for (1.2)—(1.3). It remains to
prove the existence of a viscosity solution with a desired initial data. We construct a
viscosity sub- and supersolution according to a Perron’s method due to H. Ishii(see [10]).
Perron’s method for a sccond order equation with Necumann boundary condition is found
by [15]. So we basically apply a result of [15]. In our problem, however, some difficultics
lic in the term of 8 since € is not single valued. To overcome these difficulties, we first
construct sub- and supersolutions on some small neighborhood of each points of W. Next
we extend their domain of definition to W by using Invariance Lemma(see [9]). We apply
the Perron’s method.

We take this opportunity to mention somewhat related results. In [7] the uniqueness
and existence of a spiral solution for a geometric model which includes a anisotropy is
proved. In [13] a Allen Cahn model for spiral crystal growth is introduced. They also
showed numerical computations. In [12] a Allen Cahn model including more generalized
situations than that in [13] is introduced He also showed numerical computations. He
introduced a sheet structure function in this model. We utilize his idea for expressing a
edge of steps by level set method. In [14] an existence of spiral traveling wave solution
for Kobayashi’s model on a annulus is proved. A level set model different from ours
are introduced by [16]. He expresses a location of edges of steps by using 2 auxiliary
function, one denotes a existence of steps, and the other denotes a location of edges of
steps. He also showed numerical computation. His model cannot treat a situation that, for
examples, there are 2 screw dislocations and steps generated from cach screw dislocations
and heights of steps are different from cach other. Our model includes such a situation.

Analytic foundation based on the theory of viscosity solution [4] has established by
3], [0]. It is extended to the Neumann boundary problem by [8] and [15]. From technical



point of view we usc the method developed by [8] and [15] although it does not apply to
our settings directly.

The author would like to express my gratitude to Professors Yoshikazu Giga, Shun’ichi
Goto, Hitoshi Ishii and Moto-Hiko Sato for giving me a valuable advice and helpful
comments.

2 Main results

Let © be a bounded domain in R? with C? boundary 9€). We take a,...,a, € £ and
Py - -5 P > 0 satistying

B, (a;) CQ for j=1,2,...,n, (2.1)

B, (a;) N B, (a;) =0 for 4,j=1,2,....n, i#}j, (2.2)

where B, (a;) = {& € R% | — a;] < p;} and D C R* denotes the closure of D in RF. We
set

W=\ Bulaj).
7j=1

We introduce a multi valued function on R*\ {ay, ..., a,} defined by
n
O(x) = Z mjarg(r — a;),
=1

where my; is an integer and arg(z — a;) is an argument of = — a;, which is regarded as a
multi-valued function.
We consider the equation of the form

ou . V(u—10) o -
i V(u—0)| {dn U] + C} =0 in (0,00) x W, (2.3)
(V,V(u—10))y =0 on (0,00) x OW, (2.4)

where (' is a positive constant, and vector field 7 is a outer normal unit vector field of
OW and (-,-) is the standard inner product in R?. We remark that (2.3) is well-defined
on W since D@ is single-valued.

We consider equations (2.3)—(2.4) in the viscosity sense. For f: D(C RF) — R we
denote respectively by f., f* lower and upper semicontinuous envelope of f defined by

Ja D—>RU {ioc}_/
2= fo(z) = hﬁ)l inf{f(w);|z —w

<r},

[ D —RU{+oc},
2= [M(2) = liﬁ)l sup{f(w); |z —w| < r}.

We are now in position to state our main results.



Theorem 2.1 (Comparison Principle)
Let u,v: (0, T) x W — R respectively be a viscosity sub- and supersolutions of (2.3) (2.4)

in (0,T)x W forT >0. If
uw(0,2) < 0. (0,2) for x€W,

then £ 9d
u (it ) <wlt.x) for (L,x) € (0,T) x W.

Theorem 2.2 (Existence and Uniqueness)
For a given ug € C(W), there exist a unique global viscosity solution v € C([0,0¢) x W)
with wnitial data

Ulpmg =uy on W.

Remark 2.3 (Generalization of the equation)
The equation (2.3) is written by

Ju ‘
a_: FF(V(u—0),V(u—0)) =0 (2.5)
with F: (R?\ {0}) x S; — R defined by
Flp, X) = tr{ <12 I, ®|2p> X} —Clpl. (2.6)
P

where Sy 18 the space of symmetric 2 X 2 matrices, 1, is an identity k X k matriz and ®
denotes a tensor product of vectors in R%. This function F satisfies the following property.

(F1) F: (R?\ {0}) xS, — R is continuous.
(F2) (Degenerate elliptic) For all A > 0 and n € R,
FAp, X X +up ® p) = A\F(p, X)

holds for all p € R*\ {0} and X € S,.
(F3) —o0 < F,.(0,0) = F*(0,0) < 4oxc.
(F/) There exists positive constants Ky, Ko, K3 and Ky such that the following holds;

Suppose that X,Y € Sy and non-negative constants vy, i, ¢ satisfy

(pX,p) + (Y, q) < wolp — a” + p([p]* + lal*) + Clp = gl ([p] + lal)
for all p,q € R?. Then the following holds;

F(p, X) = F(q,Y) > =Kwlp — q|* = Kop — Ks(|p — q| — Kalp — ¢
for all p,q € R*\ {0},

»

where p = Bk



Our results extend to general equation (2.5) provided that F satisfies properties (F1)-(F4).
In paticular it applies that anisotropic curvature flow motion of spilrals of the form

2

0 0H

b(n)V = — _—
p= Oz Op;

(n)+C only,

where b € C(R*\ {0}) is positive on S' and H € C*(R*\ {0}) is positively homogeneous
of degree 1. In fact, our results can extend to the equation (2.5) for

F(p. X) = —tr {A(p) X} + B(p) (2.7)
I S o ekl p
A(p) = b(_p>v H(-p), DB(p) =) P

It is easy to show that (2.7) satisfies (F1) (F}).

3 Comparison principle

We shall prove Theorem 2.1.
As usual, we suppose that

o =max {u*(t,x) — v.(t,2); (t,2) € [0,T] x W} >0, (3.1)
and we lead a contradiction. To lead a contradiction, we recall a maximum principle for
scmicontinuous functions.

Lemma 3.1

Let u and v respectively be a viscosity sub- and supersolution of (2.3) (2.4) on (0,T) < W.
Let W(t,2,y) be a function defined on a neighborhood U of (f,4,9) € [0,T) x W x W,
suppose that W is once continuously differentiable in t and twice continuously differentiable
in x and y. Suppose that

O(t,x,y) = u(t, ) — v (t, ) = U(t,a,y) < B, 2,9) forall (t,x,y) e U. (3.2)
Suppose that
(F(2), VU (6, 2,9) >0 if 2coW , geW,
7 L)) <0 if 2eW , g€ ow.
Then , for all A > 0, there exists X, Y € Sy such that

ov . PP . AP

and

1 X O ) 42
— (X + |A|> I < ( 0 v ) <A+ NA (3.6)

where A = V2 (i, 2, §) and [|-| denotes the operator norm.



Sce [4, Theorem 8.3] for the proof of Lemma 3.1.

If we would use Lemma 3.1 directly to our problems, we would have to handle the
problem with moving singularity in Vu. In fact, the equation is singular at Vu(t,z) =
Vo(x) depending on z. We are tempting to consider u — € instead of w, ie., we are
tempting to handle the function

Ot . y) = u'(t,x) — 0(x) — (v.(ty) — O(y)) — V(¢ 2,y) (3.7)

instead of (3.2). However, this function is multi-valued. So we have to localize a domain
of ® so that ® has a maximum valuc. To determine a domain of @ in a suitable way, we
introduce some covering space so that 6 is single-valued.

To overcome the difficulty caused by the Neumann boundary condition we choose a
good test function as in [8].

3.1 Test function

We shall define a good test function as in [8] to lead a contradiction.
Since OW is C?, there is a positive constant Cj such that

(D(x),z —y) > —Cyle —y[> forzecdW, ycW. (3.8)

Morcover, for all 3 > 0, there exists ¢ € C2(W) satisfying

—‘5 <p<0 inW, p=0 ondW, (3.9)
. Vp

V= on oW, 3.10

Vil ‘ (3:10)

We fix 8 > 0 and take ¢ € C*(W) satisfying (3.9)-(3.10) and
V| > max {8Cy3,1}  on OW. (3.11)

For e >0, 0 > 0 and v > 0, we define

=(r,y) 0
W(t, x, = — G, —,
o) = 220Gy
E(a,y) = |v—yl'Glz,y),
G(r,y) = plr)+ely) +28.

The next propositions are useful to prove Theorem 2.1. The proofs are the same as in
[8} so we do not present them.

Proposition 3.2

(), VU (t,x,9)) >6 forx cOW , ycW,
(F(y), =V, ¥ (t,z,y)) < =8 forzeW, yedW.



Proposition 3.2 says that U satisfics (3.3) and (3.4), in other words, ¥ does not satisfy
the boundary condition (2.4). So, we suffices to consider the equation (2.3) when we test
a sub- and supersolution by W.

Proposition 3.3
(i) There exists a positive constant L such that

HV%JD(L:L’./ y)H <L forall (t,z,y) €[0,T) x W x W.

(i1) Suppose that, for all X € R, there exists X, Y € Sy such that

X 0 ‘
(5 V) = VW) + NT2 ()

Then
(pX.p)+ (qY.q) <wolp—al* + p(p” = lal*) + Clp — | (0] + |a)

for all p, g € R?, where
243

2
vy = B

fal
<

b 4
§o= <M+6) hy + AL2,
o

¢ = 8hjr—yl,
hy = sup|Ve|, hy =sup HV%QH )

3.2 Covering space

We introduce a covering space so that w — 8 is viewed as a single valued function. We sct

— e T n. 5:(51752:'--75n):
X = {(Jl?f) €W xRY r—a;=|r—a;(cos&.sing) (j=1,2,...,n)

We define uy, vg: [0, 7] x W x R* — R by

n

up(t,x, &) = 71/*(75./.7:)—2777,]-57,
j=1
n

ve(t, x,&) = w.(t,x) — Z m;é&;.

i=1



If we restrict the definition of ug on [0, 7] x X, we can consider 6(x) formally

O(x) =ul(t,r) — up(t, z,§).

We still denote by uy and v, their restriction in [0, 7] x X.
We define @: [0,7) x X x X — R by

(F(t'/ T, 57 Y, 7}) - U/O(t'/ Ty 5) - 7}0(t: Ys 7}) - \Ij(t/ T, !J)/

where € = (&1,&,...,&), 1= (m,1m9,....10,) and ¥ is defined in the previous section.
Since @ is not bounded because of the term of arguments, we introduce a new covering
space 2) instead of X x X:

= { Eym) XXX T <&+ (;':1,2,...7'”)}.

We consider & on [0,7) x 9 rather than on [0,T) x X x X. On this set arg(z — a;) and
arg(y — a;) take same branch of arguments.

We shall prove a existence of maximum value of ® on [0,7) x 2. We need to consider
a subsct 3 C Q) defined by

3=A{(r.&ym e 0<& <2 (j=1,2,...,n)}.

Proposition 3.4
For each (x,&,y,n) €, there exists a (x,€,y,7) € 3 such that

Ot . &y, m) = O(t,2,&,y, 7).

Proof.
For §; € R, there exists k; € Z and & € [0, 27) satisfying

We set
n; = ny — 2mk;

and let & = (&.&,.....&) and ' = (i}, 75, .. ..0,). If (v, & y,m) € P then we obtain
(x,&,y,1") € 3 and ) )
Ot 2, & y,m) = O, x, f'./ y, 1)

for 0 <t <T and z,y € W since & — =& —n;

By Proposition 3.4 it suffices to consider @ on [0, T) x 3 if we are concerned with the
maximum of ® over [0,T) x 9.



Proposition 3.5
The function © has a mazimum value on [0,T) x Y and

max <T> = max <i>.
[0,17%D (0,493

Proof.
By Proposition 3.4 it suffices to consider ® on [0,T) x 3. Since ¥ > 0 we observe that

&)(t-/ﬂf:f-/?]ﬂ]) < U/O(t::r:é_) - /UO(t:'IE'/T])

T
< max u"— min (v.)+7 Z |m;| < oc.
0,0 x W 0,0 x W pr
Thus @ is bounded from above. Then there exists a sequence {(t;, 2;, &, y;, 7/)} € [0,T) x
3 satisfying
lim Q(t;, 2,8 y;,n') = sup .
J—roe [0,47%3

Since (tj, 2, &, y;,77) € [0,T) x 3 C[0,T] x 3, we may assume that

i

by taking a subscquence of (. z;, 57 Yj, n). If f, = 2m for some j we can consider f, =0
by Proposition 3.4. Therefore it suffices to prove £ < T,
Suppose that ¢ =T. Then we get

n
Ot 25,8 y;m7) < max wt — min v, 7 Z im;| — ﬁ
'

[0,T]xW [0,T]xW p
Since ;' — —o0 as j — oc, we obtain
g
lim ®(t, 25, &, y;, 1) = —oc.
]*)OO

This contradicts supy, 71,3 > —oco. O
We denote by (tA, Z, é y,m) €10,T7) x Y the maximum point of d over 0,7) x9, i.c.,

(i, &,6,9,7) = [0117{'515@ O. (3.12)

The next proposition is standard once we know that @ is taken its maximum on [0,77) X 9).
We give a proof for the idea’s convenicnce and completeness.

Proposition 3.6
Assume that
o= max (u" —uwv,) > 0.
0,T]xW

Let (1, &, €,7, n) €10, T) x Y be taken as (3.12).



(1) There exists constants &g > 0 and vy > 0 such thatthe estimate of the form

~ o
max ¢ > —
[0,T)xD 2

holds for 0 <e <1,0<90 <y and 0 < v < 7y

(11) | — g — 0 uniformly as ¢ — 0 on 0 < <y and 0 < v < .

(111) Z(2,9)/e — 0 uniformly asc — 0 on 0 < 3§ <& and 0 < v < .

(iv) Suppose that u*(0,2) < v,(0,2) for x € W. Then there exists a constant o > 0

such that
t>0 for0<e<egy.

Proof.

(i) We first note that

~

max & > O(t,x, & a0, &) > u(tx) — v (t,2) — 0G(x, ) —

[0,7)xD

T —t

(3.13)

for each t € [0,7), (x,§) € X. By the definition of u* and v, there exists a

(5,2) € (0,T) x W satisfying

u'(s,2) — v.(s,2) > —o0.

3
4
By (3.13) we get

max & > wu(s,2) — v.(s,2) — 0G(z,2) —

0,7)xD

~
Y
/

3 .
> —0—0G(z,2) — :
4 =5

Since B
0< < Gla,y) <28 forxzyeW,

then there exists dg, v9 > 0 such that

~

I (S
0G(z,2) + = <3 for 0 < § < dp,0 <~

T —s
Combining (3.14) and (3.16) we obtain

~ o
max & > —
[0,1)%xD) 2

for0<e<1,0<6d<dp,0<y <.

~
¥
/

T —s

< Y.

(3.14)

(3.15)

(3.16)



(ii) By (i) and the definition of ¥ and ) we observe that
o - . ~
5 < (I)(IL'/:%?‘E l) f/)

< e T—1
We thus obtain that
=(T, 9 . y o
(#.9) < max u*— nun Uy — E m;(& —1;) —0G(2,9) — - — —
€ 0,2]xW IxW Tt 2
n
< max u*— min v, + 7 E imy| .
[0,T]x W [0,T]x W =
7 T @ L — c —_a* 1 I s n ¥y - mece —(a 1 —
We now set €y = maxy g, 57 u" — ming p g7 v + 735 [myl. Since Z(x,y) =

w—y|  Gla,y) > |v —y|" 3, the estimate of Z/e yields

ISCl

Q\>

|z —

o

Therefore we observe that | — | — 0 as ¢ — 0.

(iii) By (3.13) we observe that

Sli—g' @9 o
< T T n Yyl < o
j=!

Then there exists A > 0 such that

[I]

Fm =)

e—0 £

We may assume that there exists £ € [0, 7] and 2 € W such that
t—1t &,0—1T ase—0

by taking a subsequence of . If t = T we get

lim <I)(t T, f

]*}OC

T
|
g

by the same argument of Proposition 3.5. This contradicts (i) so we see that ¢ €
0,7).

We next set

It tA( k/é) -/f/'k: = fi'(gk:-/(;)a gk: = &(5 ) fk - ‘f(pk O) = 7(514:75)'



Since |£f — 7F| <7 and (i), we get

&l -0

lim

k—o0
where ff and f]jf respectively are j-th clement of €8 and #*. By the definition of @
we get

O(F,7.6,5.6) = (7)) vlh7) - 6G(F.T) — TA’ -

S (i)(fknj;kafk?gk?f/k)

n
= u (b, ) — v (b, ) — Z m.,-(gf — f]f)
j=1

o~

S@ k) g s v
— 2 3G (3, ) — —
(k. Jx) T

m
x>

where € satisfies (z,&) € X. Since ® is upper semicontinuous, we obtain

W, 7) — v, ) — 6G (7, %) — T”’ ;
< k@ {u (th, B) — vs (B, i) — Zlmj(éf r/f)
=
E(.Ak IAk) N 7 }
- —0G (T, U) — -
- (k. ) —
. P o v
<u(t,z) — vt y) — A =G — -
< () - u (i) (#2) — 7
We thus observe that A = 0.
(iv) By (i) we see that
(7.8, 9.0) > 5.
By (iii) and the upper semicontinuity of ® we get
- _ _ 7y o
u (1, T) — v (t.y) — 0G(T,T) — T ’ - > 5

if we take 8,y > 0 small enough. Since u* < v, at t = 0, we get £ > 0. Since £ — 7
as £ — 0 there exists g9 > 0 such that ¢ > 0 for 0 < £ < gy. O
By Proposition 3.6 (ii) and the compactness of W we may assume that
2(£,9),9(e,0) > T(6) ase—0
by taking a subsequence of £. Moreover, we may assume that

7(6) g €W asd—0



by taking subscquence §. We set

po =min{p1, pa, ..., pn}

and

va“ ('TU) - BP() (1"0) a W»

where B, (79) = {x € R?; |x — 2| < po}. We are now in position to define 6(x). We now
fix
a; € {§+2kmk e, 0<&<2m, 29— a; = |9 — a;| (cos&;,sing;)},
and we define v;: [o; — 5,05 + 5] — S! by
1 (a) = (cos o, sin ).

We define 6;: U, (29) = [o; — 5,05 + 5] by

0;(x) = v LT
| [ =

We note that 6; is single-valued and 0; € C?(U,,(xy)). We define 0: U, () — R by

We define @: [0,7) x U,y (x9) X Uy (x9) — R by
O(t,x,y) =u(t,x) — 0(x) — (v (t,2) — 0(x)) — V(t,2,y)

n

for0<e<e,0<d<d and 0 < v < 7, where £), 9, > 0 satisfy the following:
2(e,0),9(e,0) € Uyy (o)

for0<e<e and 0 <d < dy.

Proposition 3.7
The function © attains its mazimum on [0,T) x U, (xg) x Uy (x0) at (t,2,9).

Proof.
This follows from .

(i, 2,6, 9,7) = (I, #,9).0

Proof of Theorem 2.1.

The proof is similar to that given in [8]. But their proof has a small flaw(p. 1224, line
6). So we take this opportunity to indicate the way to correct it.

In [8], they argued that A < B for A, B > () implies A? < B? but it is not true for
matrices. One should replace the righthand side of matrix inequality by

X O 2
(5 9)<asm

where A = V,‘f‘,.y\ll(t./ 2, 7). Fortunately, the remaining arguments is similar.



4 Construction of a solution

In this section, we prove the existence of a viscosity solution for the initial-boundary
value problem applying Perron’s method. For that purpose, we construct a subsolution
(denoted by f(t, 7)) and a supersolution (denoted by g(¢, x)) satisfying

flt,z) < g(t,z) for (t,z) € (0,T) x W, (4.1)

with some positive T independent of ug € C(W) and satisfying the initial condition, i.c.,
f(0,2) = g(0,7) = up(x) €c CW) forz c W, (4.2)

with the continuity at time zero:
f and g are continuous at t = 0. (4.3)

The solution constructed by Perron’s method satisfies the initial condition.
We recall the Perron’s method for our problem and some properties in §4.1. We
construct f and g satisfying (4.1), (4.2) and (4.3) in §4.2.

4.1 Perron’s method and some properties

First we recall Perron’s method due to H. Ishii ([10]). We present its version for the
Neumann boundary problem (2.3)—(2.4) which is standard [15].

Proposition 4.1
Let T be a positive constant.

(i) Let F be a non-empty family of subsolutions of (2.3)-(2.4) on (0,T) x W. Then
[:00,7)x W = RU{+oo} defined by

7

ft,2) =supfult,z);u e F}

is a subsolution of (2.3) (2.4) on (0,T) x W provided that f* < +oc on [0,T] x W.

7

(ii) Let G be a non-empty family of supersolutions of (2.3)-(2.4) on (0,T) x W. Then
g:(0,T)x W — RU{£oc} defined by

g(t,x) = inf{v(t,x);v € G}

is a supersolution of (2.3)—(2.4) on (0, T) x W provided that g. > —oc on [0, T] < W.

Proposition 4.2 (Perron’s method)
Let [ and g respectively be a sub- and o supersolution of (2.3) (2.4) on (0,T) x W.
Suppose that [ and g satisfy the relation (4.1) and satisfy —ocf., ¢ < +oc.



(i) Let F be a family of subsolutions of (2.3)-(2.4) on (0,T) x W satisfying v > f on
(0,7) x W forveF. Thenu: (0,T) x W — RU {xoc} defined by

u(t,z) = sup{v(t,z);v € F, v<g on (0,T) x W} (4.4)
is a solution of (2.3) (2.4) on (0,T) x W.

(ii) Let G be a family of supersolutions of (2.3) (2.4) on (0,T) x W satisfying v < ¢ on
(0, 7)x W forveG. Thenu: (0,T) x W — RU {+oc} defined by

7

u(t,r) = inf{o(t,z);0 € G, f <v on (0,T) x W} (4.5)
is a solution of (2.3)-(2.4) on (0,T) x W. O

Proof. o
We define G : W x R? x Sy — R by

G(z,p,X)=F(p— Voi(z), X — V*0(z))

and applies [Sa, Proposition 3.4] and [Sa, Proposition 3.5]. O
In §4.2 we shall construct f and g on (0, T) x W for some T > 0 satisfying a initial con-
dition (4.2) and a continuity condition at ¢ = 0 (4.3). By comparison principle(Theorem
2.1) the relation (4.1) clearly holds. By Proposition 4.2 we get the solution of (2.3) (2.4)
defined by (4.4) or (4.5). The uniqueness of solutions follows easily from Theorem 2.1, so
we may choose cither (4.4) or (4.5). By the incqualitics
F(0,2) = f.(0,2) < u 0, x),
u*(0,2) < ¢g*(0,2) = ¢g(0,2)
and (4.2) we get -
u*(0,2) < u.(0,2) forxzeW.

By comparison principle(Theorem 2.1) we have
w (t,x) < wu(t,z) for (t,x) € (0,T) x W.
Then, by defining «(0, z) = u*(0, z), we conclude that
ue C(0,T) x W).

If T"> 0 can be taken independent of initial data, it is clear that one can extend to the
global solution u in [0, 00) x W.
The next proposition studies the relation between a solution of (2.3) (2.4) and that of

% + F(Vu,V*u) =0 in (0,00) x W, (4.6)
(V,Vu)y =0 on (0,00) x OW (4.7)

with F' defined as in (2.6). It easily follows from the definition of viscosity sub- and
supersolution.



Proposition 4.3

Let D be a simply connected open subset of W (so that 0 is single-valued on D). The
function u is a subsolution (resp. supersolution, solution) of (2.8)-(2.4) on (0,T)x DNW
for any simply connected subdomain D of W if and only if u — 0 is a subsolution (resp.
supersolution, solution) of (4.6) (4.7) on (0,T) x DNW.

Proof.

Since the proof is symmetric, we prove the case of supersolution only. Let w be a
supersolution of (2.3) (2.4) on (0,T) x W. Let ¢ be a test function of u — 6 for (4.6)
(4.7). Then —(0 + ¢) is a test function of u for (2.3) (2.4). So u — @ is a supersolution of
(4.6)—(4.7).

Let u—6 be a supersolution of (4.6)—-(4.7). For a test function ¢ for (2.3)-(2.4), =0+
is a test function of u — @ for (4.6)—(4.7). Then we obtain that u is a supcrsolution of
(4.6) (4.7). O

We next remark that F'is geometric in the sense of [3]. See [13].

Proposition 4.4
For A >0, n € R we have

F(Ap, AX 4+ up @ p) = AF (p, X).

Proposition 4.4 will be important when we apply Invariance Lemma (Lemma 4.8).

Remark 4.5
Arqument hear also applies to general equation in Remark 2.3.

4.2 Construction of sub- and supersolution

We construct the supersolution and subsolution such that they satisfies the assumption
of Perron’s method. The construction of supersolution and subsolution is symmetric, so
we only construct the supersolution.

Suppose that 982 is C%. We recall the exterior ball condition (3.8), i.c., there exists a
positive constant Cy such that

(), v —y) > —Colz —y* forzc oW, yecW. (4.8)

We also recall that there exists ¢ € C%(W) satisfying (3.9) (3.10) with 8 = 2C, and
V| =2C, on OW instead of (3.11), i.c.,

—Co<e<0 inW, =0 on OW, (4.9)
Ve =2Cw on 0OW. (4.10)

Since the initial value wug is uniformly continuous on W, for fixed ¢ > 0 there exists a
positive constant A, such that

() — uo(y)] < Ace™©lo —y|* +2 for a,y e W, (4.11)



Because the function 6 is Lipschitz continuous if we choose a branch the value of 6, there
exists § = 0(g) > 0 such that the following holds;

O(z) —0(y)| <e if [z —y| <. (4.12)

We now fix y € W and set Us(y) = Bs(y) N W, and we consider the function 8 on Us(y).
We fix a branch of the value of 6 on U;(y). We define the function v, ,,: [0, 00) x Us(y) = R

by
Vey(t, ) = B, + AP D — g2 425 4 0(2) — O(y). (4.13)

Proposition 4.6
(i) ve, satisfies the boundary condition, i.e.

(V/,V(v.y —0)) >0 on (0,00)x (Us(y) NOW).

(1i) There exists a constant B, such that the following holds: if B > B., then

v,
ot

for (t,z) € (0,00) x (Us(y) N W).

(t,2) + F*(V(v.y(t, 2) — 0(x)), V(v (t, ) — 0(x))) <0

Proof.
We calculate derivatives of v, ,:
Ove
=(t,x) = D, 4.14
Sy = B, (4.14)
Vv, (tx) —0(x) = Ae? (2 —y|*V(x) +2(x — y), (4.15)

V(v ,(tx) —0(x)) = Ae? (o —y’Vo(r) ® V()
+2(Ve(r) @ (r —y) + (v — y) ® Ve(z))
+Ha — yPV2p(x) + 21I). (4.16)

(i) By (4.8), (4.10) and (4.15) we get

i

V() Vv, (t — ) — 0(x)) = Ace?O(|lx — y|* W, V() + 20,z — )
> A.e? W (20 |2 — y|? — 2C, |z — y|?) = 0.

(i) We set

p=ply) = (e —yPVolr) +2(x —y)),
X =X(ry) = ?w— y V() @ V()
+2(Vp(r) ® (2 —y) + (2 —y) ® Vp(x))
+Ha — yPVp(x) + 21);



in other words,

Vv, (t,z) —0(x)) = Acp,
V2(vey(t, x) — 0(x)) = A X.

m

By the definition of p and X {(p(:l;, y), X(2,9); (z,y) €[0,W x W} is bounded in
R? x S5. So there exists a compact set K such that K is independent of uq satisfying

KO {(plx,y), X(x,9); (x,y) € W x W}.

Since F, is lower semicontinuous on a compact set K, F, has a minimum value on
K. We set
R=—min{F.(p, X); (p.X) € K}.

By Proposition 4.4, we get

U

W(t’ z) + F*(V(ve,(t,2) — 0(x)), V(v (t,2) — 0(x))

> Bt F.(A, AX)

=B+ A.F.(p, X)

> B — AR
So it is enough to see 2) that we set B, = A.R. O

To construct a subsolution of (2.3) (2.4), we define u,,: [0,00) x Us(y) = R by
ey (t ) = =Bt — A e?® | — g2 — 2= +0(x) — 0(y), (4.17)

where 3" is a positive constant. We may assume that 3’ = A, R by take

R=max {F*(p,X); (p,X) € K}.

Proposition 4.7
(i) u., satisfies that boundary condition, i.e.,

(U, V(e —0)) <0 on (0,00) x (Us(y) NOW).

(11) There exists a constant BL such that the following holds; if B' > BL, the inequality

Oue

.1

(t,2) + Fu(V(uey(t,x) — 0(z)), V{(ue,(t,2) — 0(x)) <0
holds for (t,x) € (0,00) x (Us(y) N W).

The proof is symmetric to Proposition 4.6. We need to extend the function v, , (resp.
te,) on (0,7) x W. For this purpose we prepare:



Lemma 4.8 (Invariance Lemma)
Let u be a supersolution (resp. subsolution) of (2.3) (2.4). Let o be a function such that
the following holds;

(i) 0: R —= RU{+o0} is lower (resp. upper) semicontinuous,
(i) o £ +oc (resp. Z —oc),
(1ii) o is non-decreasing

Then the function o(u) is a supersolution (resp. subsolution) of (2.3) (2.4).
See [9] for the proof of this lemma.

Proposition 4.9 ot o
Let B= B. = AR, T, = =0 206" — X000 g ML = +(Ae 8% 4 22) — 0(y). Let
o+ R—RU{Loc} be d(ﬁﬁnm’ by

=
+

VBV

vV AV IA
AMEDRD

N
=
Il
——
&

VARV

=

Let f. oy, ey [0,T2) x W — R be defined by
‘ o (ue,(t,x) —0(x)) + 0(x x € Usly),
T e

—o0 z € W\ Us(y),
0.y (L, 1) = 0 (Vey(t,x) —0(x)) +0(x) = € Us(y),
A +oo re W\ Us(y).

Then the function f., (resp. g.,) is a subsolution (resp. supersolution) of (2.3) (2.4).
In particular,
Jeu(t,y) > —00, g.,(t, ) < +oo  fort e (0,1;).

Proof.
Since the proof is symmetric, we shall give a proof for g. .
To calculate liminf|,y5(vey (¢, 2) — 0(2)), we get
‘hm ‘1nf(z/E S(ta) —0(x)) > B+ Ace 8% + 22 — 0(y)
o

— Bct + E\J+ > J/f+

So, if £ > 0,
Uey(t, ) — O(x) > My

for = belongs to a neighborhood of 0Us(y). So, o4 (u.,(f, x) —0(x)) has a minimum value
in (0,0c) x Us(y). Because of Lemma 4.8 we obscerve that g, is a supersolution of (2.3)-
(2.4) by noting that v., — # a supersolution of (4.6) (4.7) on (0,7 x Usy(Proposition
4.3).



To estimate v, (¢, y) for t € [0,,.), we have

vey(t,y) —O0(y) = Bt + 22 —0(y)
< B.T.+ M, — A.e “¢?
— J/f+

So we get g.,(ty) < +oo. O

We have extended the domain of f,, and g., to [0,7;) x W. To complete the proof
of Theorem 2.2, we construct a sub— and supersolution of (2.3)-(2.4). We shall prepare
SOME Notes.

We set Ty = T.|.—1, i.e.,

e “06(1)?

7

We now define f,¢: [0,7)) x W — R as a rcal-valued functions defined by

Tl:

[t x) =sup{f.,(t,2) +up(y); 0<e <1, ye W}, (4.18)
g(t,x) =inf{g. ,(t,2) +ue(y); 0 <e <1, y e W} (4.19)

Proposition 4.10
(1) [ (resp. g) is a subsolution (resp. supersolution) of (2.3) (2.4).

(11) The initial value condition
f(0,2) = g(0,2) = up(x) for v €W
holds.

(11i) f and g are continuous at t = 0.

Proof.
Since the proof is symmetric, we only give it for g.

(i) This has been proved in Proposition 4.1.
(ii) By the definition of g we get
9(0,2) < g...(0, 2) + uo(z) = 2 + up(x).
Since € > 0 in arbitrary, we sce that
g(0,2) < wg(x) forz € W. (4.20)
For a fixed y € W, let 2 in Us(y). As in (4.11) we have

i) — ) < A g4 <
< AP g —y2 4 e



By (4.12) we obtain
ug(w) — uply) < Acle — y|> + 25 +0(x) — 0(y) = g ,(0,7)

or
up(7) < gey(0, ) +ugy) for w € W.

Thus we obtain
up(z) < inf{g. ,(0,2) + ug(y);e > 0,y € W} = g(0,2) forz e W. (4.21)

By (4.20) and (4.21) we get
g(0, 2) = up(x).

(iii) We first verify that g(t,2) — g¢(0,2) uniformly on W as t — 0. Since g(t, ) is
non-decreasing at ¢, we get

< Gey (t 1") o g(O 1")
= B.t+g.,(0,2)—¢(0, 1)

for a fixed number g > 0 and all y € W and ¢ > 0. So, let ¢ < 57 and take y € W
satisfics

9.4 (0,2) — g(0,2)] < g

then we get

lg(t,x) — g(0,2)| < p, i.c., }H% g(t,x) = g(0,2).
[

We shall complete the proof. Let £ < 22 and take r > 0 so that

lug () — uo(y)| < g if o —y| <o
Combining these inequalitics, we obtain

lg(t,2) —g(0,y)] < |g(t.x) — g(0,2)] + [9(0,7) — (0, )|
< 5+ (@) = uo(y)
< w0

By Proposition 4.10 we obtain a time local solution. Fortunately, T depends only W
and F, so we can extend the solution of (2.3)-(2.4) to a time global solution.
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