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DOMAIN DEPENDENT MONOTONICITY FORMULA
FOR A SINGULAR PERTURBATION PROBLEM

YOSHIHIRO TONEGAWA

ABSTRACT. We consider a singular perturbation problem arising
in the scalar phase field model with Neumann boundary conditions
on convex domains, and establish a monotonicity formula for gen-
eral critical points. This gives the Hausdorff distance convergence
of the phase boundaries as the parameters tend to zero. We apply
the result to stable critical points defined on strictly convex do-
mains, showing that the limit interfaces for stable critical points
are necessarily connected.

1. INTRODUCTION

In this paper, we consider the variational problem associated with
the energy
W(u)

—~

B(w)= [ SIVuf +

02 €
where 2 C R" is a bounded domain, v : Q - R, W : R — R* U {0} is
a non-convex potential function and € > 0 is a small parameter. This
is a typical energy modeling the phase separation phenomena within
the van der Waals - Cahn - Hilliard theory ([1]). In this context, u
represents the density of a multi-phase fluid, where the zero points of
W correspond to stable fluid phases, and the free-energy E.(-) depends
both on the density potential and the density gradient. The constraint
to be imposed in this paper is the integral constraint, which is equiva-
lent to fixing the total mass of the fluid in §2. Let

A, = {u € H'(Q) ]/ u = m} :
Q0
where m € R is given and H'(Q) = {u € L*(Q)) | Vu € L*(Q)}. Con-
sider the minimization problem, for ¢ > 0 small,

inf E.(v).

vEA,

Partly supported by Grant-in-Aid for Young Scientists (A) grant no. 14702001.
1



The standard direct method of minimization shows the existence of a
minimizer u,, satisfying

—cAu, + ME@ = A onfl,

dT“L = on 0f2,
ov

where A\, € R is the Lagrange multiplier. The energy F.(u.) can be
bounded uniformly in 0 < £ < 1, since one can construct a family
of suitable comparison functions with finite energy. One expects that
u. has a transition region of O(e)-thickness, and as £ — 0, it should
approach to some hypersurface with least possible area with the given
constraint. The rigorous study of the asymptotic behavior of u, was
first done by Modica [7], Sternberg [10] and others via the technique of
['-convergence. These authors show in general that there exists a limit
ug which takes discrete values a.e. L™ on (2, and the interface mini-
mizes the hypersurface area with the integral constraint thus it is in
fact a constant mean curvature hypersurface. With a suitable growth
condition on W, the convergence of u. to the limit uy as £ — 0 is in
LP(Q) for any 1 < p < oc. On the other hand, the convergence of the
interface region to the limit constant mean curvature hypersurface is
not clear through this approach. With the assumption that € is convex,
we improve on these results by showing a suitable energy monotonicity
formula well-known in an analogous context for minimal surface the-
ory, and show that the interface region for u. converge to the limit
interface in the Hausdorff distance topology, up to the boundary. As
an application, we strengthen the result of Sternberg & Zumbrun [11]
on the structure of stable equilibriums, showing that the limit interface
of stable critical points of E.(-) is necessarily connected if Q is strictly
convex. This shows that any interface with more than one compo-
nent cannot be the limit interface of those of stable critical points. We
show the monotonicity formula itself holds for any critical points for
E.(+), including unstable critical points, and the shape of W is rather
unimportant as well.

2. ASSUMPTION AND STATEMENTS OF RESULTS

We assume that
(A.1) 09 is C**manifold for some 0 < o < 1 and € is convex.
(A.2) Let {5&?21 C R™ be positive numbers such that lim; ,,, g, = 0
and v € C?*(Q) satisfies

: W' (usi
—SZ’AUE’ + # = )\i on Q,

dd“—y =0 on 0f).

(2.1)



(A.3) There exist constants Ey, ¢; and ¢y such that
E. (u*) < Ey, ||u™

i

Lo <y [N < e

for all 1.

(A4) W e C3(R), W > 0 and there are a; < -+- < ay and x > 0,
such that W(a;) =0 and W"(a;) > k for j =1,--- ;N and W > 0 on
R\ {ay,--- ,an}.

Note that we do not assume energy minimality of u* here.

Remark 1. Assume that there exist constants 2 < k < Tf_”Q and ¢ > 0

such that c|z|F < W(z) < ¢zl and c|z|*~! < [W'(x)| < e z|F!
for all large |x| and that Ey and m are given. For any sequence of
critical points {u®}°, C HY(Q) with E. (v*) < Ey and [qu® = m,
one can show that there exist ¢, and ¢y satisfying (A.2) and (A.3) (see
[5, Section 6.1]).

;| Vusi|?

S+ W(:,’E”) < FEy, there exists a
subsequence (denoted again by {u®}3°,) and a Radon measure p such
that, for any ¢ € C.(R"),

e VeE 2 W (u '
Jim (5 |Vu N (u )) = /_d)d/l,.
i—00 J() 2 £; JO

Let spt p be the support of p as a measure on R" and not only on 2.
We denote B,(z) = {y € Q| |y — | < r}. For this p, we show

Next, since limsup,_ [Q<

Theorem 1. There exist 0 < Dy < Dy < oo depending only on W, €,
FEy, ¢1 and ¢y such that

1

T-n—l H

D, < (By(z)) < Dy

Wn—1
for all x € sptu and 0 < r < diameter(). Here, w, 1 is the (n — 1)
dimensional measure of the unit ball in R™ 1.

By the standard result in measure theory ([9]), there exists an H" !
measurable function #(z) such that p = 8(x)H"!, with D; < 0(z) <
Dy, H" ! ae. on sptp and §(x) = 0 on 2\ spt p. It also follows that
H" Y spt p) < oo,

As for the convergence of the interfaces, we have the following;

Theorem 2. For any §y > 6 > 0, {x € Q| W (u%) > &} converge lo
spt i in the Hausdorff distance topology. Here, we fix 6y > 0 to be such
that W(s) < &y implies W"(s) > k/2.

3



Recall that sets {K;}°, converge to K in the Hausdorff distance
topology if for any v > 0, the y—neighborhood of K includes K; and
~v-neighborhood of K; includes K for all sufficiently large 7. Among
other things, this gives a uniform convergence of u* away from the
support of u:

Theorem 3. For any v > 0, let (spt p), C R™ be the y—neighborhood
of sptu in R™. For each connected component of Q\ (spt ), u® =
lim; o u® is constant and equal to one of ay, -+ ,ay. {u}2, converge
to u® uniformly on Q\ (spt p1)-.

Assume further that W is double-well shaped, i.e., N = 2 and W’
has only three zeros, and that {u®}°, are stable critical points, i.e.,

d2

—| B, (u"+tv) >0
dt?|,_,

for all v € H'(Q) with f,v = 0. Assume that Q is strictly convex.
Also assume that m is fixed and % € (ay, az). In this case, we may
improve the results due to Sternberg & Zumbrun in the following form:

Theorem 4. spt y is connected in €.

This shows that any interface consisting of more than one compo-
nent cannot be a limit interface of stable critical points with a volume
constraint.

3. PROOF OF GLOBAL MONOTONICITY FORMULA AND THE
COROLLARIES

Here, we establish an energy monotonicity formula for a properly
scaled energy E.(-). In doing so, one important step is to show that
the term §|Vul* — ”gﬂ is bounded from above in L*-norm indepen-
dent of . In case €2 is convex, one can apply the maximum principle
argument to show that it is in fact bounded from above. To obtain
the monotonicity formula up to the boundary, one needs to adopt a
suitable reflection argument analogous to the method due to Griiter
and Jost [3]. In the following, we drop the subscript ¢ from ¢;, €; from
u®* and etc.

We recall a result which has appeared, for example, in [2, 11].

Lemma 1. Let B(-,+) be the second fundamental form of 9Q. If 5% =0
on 082, then d—‘?} Vul? = 2B(Vu,Vu). In particular, if 2 is convez, then,

Z|Vul> <0 on 0.




Proof. After a suitable translation and rotation, we may assume that
r = 0 and 99 is locally a graph over R*~!,

agszr(O) - {(/L]/ 7*277L717f('7;17"' 7'/1:71,71)}7
with 0 = f(0,---,0), Vf(0,---,0) =0 ﬁL((). -+« ,0) = 0;;k;. Here,

? Oilalj /
k;’s are the principal curvatures of 9€2 at x = 0. The unit normal to

oQ is W(—f:ﬂ17 -+, —fe._,, 1), so the boundary condition means

n—1

ZL'Y}TL - Z U‘flfz,f'lfz — 07
=1

where the variables are (zy,---, 2, 1, f(z1, -+ ,2,1)). By differenti-
ating with respect to x;, j = 1,--- ,n—1, and evaluating at the origin,
we obtain

Ugya; = Ug; K-
On the other hand,

n—1

a n
2
3_|V“| =2) UgUsz, =2 Up, Uz,
v j=1

=1

at the origin, so using the above, we obtain & |Vu[? = 2 ?:_11 (Ua,)? 8
In terms of the second fundamental form, this proves the stated results.
]
Next we prove
Proposition 1. Let W(u) = W(u) — edu + ecieq. Then,
2 7
elVu Wiu
2 €

on S2.

In case the domain is R”, Modica proved such inequality in [6]. Here
we prove it in case €) is convex.

Proof. We rescale the domain by 1/ so the equation becomes
{ Au=W'(u) oniQ

g—jj =0 on 9¢).

[T

Let £ = %]2 — W (u). Compute
AE =D ()2 + 3w Ay, — W Vul> = W AU = [V2ul> — (W')?
i i

by the equation. On the other hand, by the Cauchy-Schwarz inequality,

S e taay) < IV Y (i),
%

J Y]
5



and by substituting &, = 3=, Uy tg,z; — W'y,

> (gl.j + W'ul.j>2 <Vul > (ug,)?.
J .7

Hence, on {|Vu| > 0},
L |VEPR 2V

P 2 o~
AE > _9 » W/r/ " o ‘/VI 2 __ . -
£ > |Vul E}: (5 ; T W 'J) (W) |Vu|? |Vul? Ve
and N
2W'Vu
AfE -2~ 2 .JE> 0.
T waE V67

Assume for a contradiction that {w > W1} NQ is not empty. Let
29 € Q be the maximum point of %]2 — W. Since W is chosen to
be non-negative, we must have |Vu|*(z) > 0 in the neighborhood of
zo. 1f 29 € 99, L(z9) = L2|Vuf? - ()%W(u) < 0 by Lemma 1 and
the boundary condition g—jj = 0. By the Hopf maximum principle [4,
Lemma 3.4], this leads to a contradiction. Interior maximum is also
excluded by the same reason. By rescaling back, we obtain the desired

inequality. O
Once we obtain the estimate (3.1), we may prove (cf. [7, 5])

Theorem 5. (Interior monotonicity formula) For all x €  and 0 <
r < dist(z,0), we have

d 1 ~
— gl >0.
dr (T”‘ /B,,(x) ) -

& glvu)? @
Here, &€ = =5+ —.
For the convenience of the reader, we supply the proof.

Proof. Multiply both sides of the equation (2.1) by Vu - g, where g =
(¢',---,¢") € CH;R™). Then, after two integrations by parts, we
obtain
/ (Edivg — & > uguy gl ) =0.
Q i s

Let z = 0 by a suitable translation and let ¢/ (y) = y;p(|y|), where p(|y|)
is a smooth approximation to the characteristic function for B, (0) C €.
Writing r = |y/, the above becomes

. /

/ (E(rp" +np) — 5ﬁ(y - Vu)? — g|Vul?p) = 0.
) r
6



By letting p — X, (0) and rearranging terms, we obtain

S ‘ ~ W oe|Vul?\ e ‘
—(n—l)/ 5+7'/ & :/ <— - M) —i——/ (y-Vu)?.
B, (0) JOB..(0) B.(0) \ € 2 T JoB,.(0)

By Proposition 1, the right-hand side is nonnegative. By dividing the
above by r", we obtain the desired inequality. (]
To obtain a monotonicity formula for the rescaled energy up to the
boundary, we adopt a method in [3], where the balls to measure the
energy are reflected across the boundary 0f2.
For x € 0€), let 7, v be subspaces in R” defined by
7(z) = Tan,(092), v(x) = (Tan,(00))*,
where | means the orthogonal complement. We identify 7 and v as
the corresponding orthogonal projections from R", 7 = (7;5), v = ().
Let Kmax be the maximum absolute value of the principal curvatures
of 9Q. For 2 € QN {dist(x, 0) < Kmax}, there exists a unique point
y € ) such that |z —y| = dist(x, 092). Denote such point by ((x) and
s(x) = |z — {(x)]. One easily checks (see [4], for example)
Lemma 2. 1. ( is C? on QN {dist(z,00) < k). },
2. For ((z) = (Gi(@), -+, Gal2)),
(Gi(2))z; = 75(¢())
and
(G (@) 22| < Famaxs () /(1 = Kmaxs(2)).

For z € QN {dist(z,9Q < k.. }, we define the reflection of x across
082 to be
T =2((r) — z.
For w € R", define J, : R* — R" by
Tolw) = 7(C(@)) - w — v(C(x) - w,
which reflects the normal component of the vector w across Tan(,) (052).
We also use the notation

B,(a)={z € Q||7—a| <7}
We prove

Theorem 6. (Boundary monotonicity formula) There exists c¢3 which
depends only on n and € such that

car N . »
da(e / £+ /N £} >0
dr \r"=1 \UB,(2) B.(z)

for all x € QN {dist(x,0) < (Bkmax) '} and 0 < 7 < (3kmax) '
7




Proof. We multiply both sides of the equation (2.1) by g € C'(R™; R"),
with g-v = 0 on 9€). Using the boundary condition % =0andg-v =0

on Jf2 in the integration by parts, we again obtain
./Q(gdivg - Z “yﬂf/ngj;) = 0.
-]
Now we use g defined by
g'(x) = p(r) (@ — a)i + p(F)(T:(F — a))i,

where r(z) = |z — a|, F(x) = |T — a|, p(r) is a function to be chosen.
Since r =7 and —(x —a) - v = Tp(x —a) - v on IR, we have g-v =0

on 0f2. Since

e e  EA U A

9y, =
+p(FD_(Tik — Vi), (T — @) + 035},
%
we obtain
YT , ) R o~ /),(T
/Q[S(rp (r) 4+ np(r) + 7' (F) + np(F)) — ¢

p'(T)

/’r‘.’

)

(@ —a) Vu)?

—&

(J2(T = a) - Vu)? — e[ Vul*(p(r) + p(7))

p)QE — Q) =0

where Q) = (Tix — Vig)2, (T — )y and QY = (1 — Vik)a, (T — a)g, and

by rearranging the terms,

~(n=1) [ &) + o) + | £l (1) + 70 (7))

= (S Y o+ o

T T

/ ¥ s
= [ o)QuE ~ =QF )
Let ¢ € C'(R) be such that ¢ = 1 forz < 5, ¢ =0forz > 1, ¢' <0

on R, and set p(r) = ¢(r/t). Using rp'(r) = Qt((?/(?t)d)(r/t) we then

obtain

3

(n = DI() — tI'(t) = —Ji(t) — tI3(t) — Jat),
8



where

0=l (— - 'V;‘“) (90r/0) + 912,

o(0) :‘fgg{ (r/8) (u-vu) + (/1) (ZE2 . va) }
T3(t) = Jo 0(F/)(Q1E — QY eug,uy,).
Multiplying by 7",

d 1
E ( n—1 ]<t)> - (']1 + t‘]é + in)t_n-

Approximate ¢ to X(_sc1], the characteristic function of (—oc,1], to

obtain
d 1 . C
e £ &
dt{tn—l <./Bt<a> N Bi(a) )}
I W e|Vul? W e|Vul?
A (55 g (2
t" \JB(a) \ € 2 Bila) \ € 2
1 d ' r—a 2 ' jaf( ) ’
14 i)'+
+t"—1 dt {./B,,(a) ( r u> + JBi(a) ( T +Vu

1
+_/~ (@€ —CQg’umiqu).

tn BL (L
The first and second terms in the right-hand side are non-negative by
Proposition 1, hence we obtain

d ] 1 R | o
— E+ (. €& >—/~ € — QY uy ).
dt {tnl (/Bf(a) Bt(a) )} - qn Bt(u) (Q] QZ U I'UJ ])

Since |Q1], |Q2] < ¢t on ét(a) C {dist(a,9Q) < 2(3Kmax) '} for a
constant ¢ depending only on €2, one obtains, for a suitably chosen c3,

that [
d 6(33/ ~ g ~
— : £ £ > 0.
dt {tn—l (ftﬁ(a) "o )} -

We next give a proof of Theorem 1.

Proof. Suppose x € sptu. Let dy > 0 be such that W(u) < do implies

W"(u) > k/2. We claim that, on passing a subsequence, there exist

z; € € such that W(us(z;)) > & and lim;_,o x; = x. If this were

not true, then there would exist some r > 0 such that B, (z ) N{x e

QW (u(z)) > do} = 0 for all large 4, i.e., W'(ui(y)) > & for y €

B,(z). Let ¢ € CH{R™R) be such that ¢ =1 on B, js(x), (b = 0 on
9



R"™\ B,(z). Differentiate (2.1) with respect to z; and multiply ugi ¢°.
After summing over k, we have

/ vyug‘ Aug! =

Use W" > k/2 on B,(x) and integrate by parts to obtain

Vusi|?
- /(2@OTZ J‘ld‘k Tk +]v2 = 2 2 +/ (]

v 2
> _ £4 2 42
~ o / |Vusi|*o°.

We use Lemma 1 to conclude that - (|VU‘EZ
Schwarz inequality, we have

i | IV P+ o [IV0fg? < eaclo) [ V0PIV

Since the right-hand side is bounded, we have

/ | Vusi|?
B, /s(x)

as ¢ — oo. Repeating the argument, we may conclude that, for any
k>0and s <r/2,

/ |V2ufi|?

Bs(x)

Thus [ ]Wﬁi)‘ < ce¥ by the equation (2.1). Since u is continuous,
there is some a; such that a; — ¢ < u* < a;+0 on B,(z). Let @; be the
zero of W' close to a; ;. It is easy to check that |a; —a;| < e(W)e;. Since
W () < (W) (' —aj)* < c(W)((u" —6,7)2+2(u5i —a;)a;+(@;—a;)*)
and |u® —@;| < ¢(W)|W'(u)],

' Wiu®
/B,(T) ﬁ < (W) /(|u5 — 6j| + |&j — ajIQ)/Si < (:(I/V)(gf te) =0

W ()

=i

T s pe

)

2) < 0. By the Cauchy-

<ele(n,r)Ey — 0

< c(s, k,r)ek.

&g

as ¢ — oc. Hence we proved that there exists r > 0 such that

. . ;12 A/ (9,50
lim <5Z|Vu N W(u )> _a
B {x)

i—00 2 £;

This contradicts & € sptu.
We now established that there exists z; — = with W (u® (z;)) > (50
0. By rescaling « —x; by 1/g;, we have Aus = W' (uf") on By (z;)NLQ.
By the standard elliptic estimate, we have ||u®|[c1(p,) bounded, and
there exists some ¢ (T/V) > 0 such thdt Iy 2y W (U ) > ¢(W). Rescaling
back, this implies —tr [ Be, (21) W(“ D> c(I/V ). Either using the interior
10




or boundary monotonicity formula, we obtain, for = € spty and 0 <
r < ro(€), ¢, ca),

1/ X €i]2 A7 (/6
c(W) < 1 / £i|Vu N W (u®)
2 T B 2 &5

for all sufficiently large i, and since x; — x, the same inequality holds
for p(B,(x)) as well. This show the lower bound estimate. The upper
estimate follows immediately from the monotonicity formula. O

We now prove Theorem 2 and 3.

Proof. We need to prove two statements. For « > 0, let (sptu), be the
a-neighborhood of spty in R™. Suppose that there is some subsequence
(denoted by {2;}5°, C Q) such that 2; € Q\ (sptp)q and W (u (z;)) >
0 for all j. By the monotonicity formula and the argument in Theorem
1, this implies p(Bs (x)) > 0, where x = lim; ;o x;. This contradicts
z € Q\ (sptir)e. This shows that {z € Q| W (u%(x)) > 6} C (sptp)a
for all large 7.

Let {W(u®) > §}, be the a—neighborhood of {z € Q| W (v (x)) >
d}. Assume that there exists some z € spty such that x ¢ {W(u®) >
d}a for some subsequence (denoted by {u}:°,). This implies that
W(u(z)) < on Be(x), but the previous argument for Theorem 1
shows that u(Ba (z)) = 0if this is the case. Thus this again contradicts
x € sptp. Thus we proved that {W(u®) > d} converges sptu in the
Hausdorff distance. Theorem 3 follows immediately from Theorem 2
and the present proof. 1

Before giving proof for Theorem 4, let us recall Sternberg & Zum-
brun’s result:

Theorem 7. ([11]) Suppose {u®}32, are critical stable points and as-
sume the conditions in Section 2. Then, there exists kg such that, if we
define for k > kg

Ay ={r cQlaf +£F <ui(x) < af — ¥},
A; must be connected. Here, a5 and a5 are zeros of W'(= W' — \g;).

Due to the lack of strong convergence, it was not clear if the limit
interface is connected in [11].

Proof. Assume that spty can be written as two disjoint closed sets A

and Ay, sptpy = A; U Ay and A, N Ay = (. Then, there exists some

« > 0 such that (A1)aN(A2)e = 0 as well. On C = Q\ ((A1)aU(A2)a),

for all sufficiently large 7, we can prove that [. %“—M < cg¥ just as

in the proof of Theorem 1. This combined with the standard elliptic
11



estimates applied to the e-scale shows that |u® — af| or |[u® —a5| on C
is bounded by ce¥ for any k with a suitable choice of ¢. Thus, for all
large i, A; must be contained both in (A4;), and (A,), and is disjoint
with C', which means that A; must be disconnected. This contradicts
Theorem 7, thus spty must be connected. 1

4. REMARKS ON sptu

With the assumptions (A1-4), and for double-well potential case (i.e.
N = 2), precise properties of u are discussed in [5]. We point out a
perhaps confusing difference to the reader about [5] and the present
article. In [5], we assumed W' has only three zeros but no assumption
on the shape of domain, and obtained various interior results for the
limit interface. In the present article, we assumed €2 is convex but do
not assume W’ has three zeros, and we obtain a monotonicity formula
up to the boundary. In fact, except at the part we obtain the mono-
tonicity formula in [5], the assumption that W' has only three zeros
is not used in the latter part of [5]. Thus, all the interior results in
[5] applies equally under the assumptions of the present article with
N = 2. We summarize the results from [5]. We refer to [9] for the
definitions of rectifiable sets and varifolds:

Theorem 8. Suppose (A1-4) are satisfied with N = 2. Then,

1. sptu is (n — 1)-rectifiable set.

2. Let 0(x) = lim, 4 ﬁ/i(B,(T)) for x € sptu. Here, w,_, is
the volume of the unit (n — 1)-dimensional ball in R"™*. Such
limit exists at all points x € sptp N €Y, and the value 0(x) is inte-
ger multiple of 0 = [;?\/W(s)/2ds for "' a.e. on QN sptp.
Moreover, 0(x) is upper semicontinuous in .

3. Let u® = lim;_, o u®. Then,

1) = odd  H" ' ae reQNIHu’ =a},
T even HU ace. x e Qnsptp\ 9{ud = a}.

4. If we define the varifold V' with the underlining (n — 1)—rectifiable
set being sptu and the weight being 0(x), the generalized mean
curvature H of V' in € is given by

Aoe 7,00 e n—1 o 0 _
Hix) = v () H B a.e. v € QNo{u’ = a1}07
0 H* ' ae. x € QNsptu\ Hu’ =ar}.

Here, Moo = lim;_ o A; and v™®(x) is the unit normal to QN {u’ =

(Ll}.
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It is of interest to point out that the boundary measures
g|Vus|?  W(u _
( 7/] - + ( )>dHn 1L8§2
2 Eq

is uniformly bonded under the assumption (Al-4). This is seen as
follows: multiply (2.1) by Vu® - . After integration by parts, we have

N . €12 T (0E1 o £:
/ (%]Vu N W (u )> (- 2)/ > |Vu / Mo Vi
Jon 2 £ Q 2

The right-hand side is uniformly bounded under the assumption (Al-
4). Thus, on passing a subsequence, we have a Radon measure ppg on
0f) as a limit. Via an argument similar to that of Theorem 1, one may
prove

sptug C sptp N oQ.

On the other hand, the precise density properties of g could not be
obtained.
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