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Abstract. Let o and 3 be measurable functions on the unit circle 7', and let W be a
positive function on 7T such that the Riesz projection P, is bounded on the weighted space
L*(W) on T. The singular integral operator S, g is defined by S, sf = aP,f + SP_f,
(f € L*(W)) where P_ = I —P,. Let h be an outer function such that W = |h|?, and let ¢
be an unimodular function such that ¢ = h/h. In this paper, the norm of S, 5 on L*(W) is
calculated in general, using o, 3 and ¢. Moreover, if o and 3 are constant functions, then
we give the another proof of the Feldman-Krupnik-Marcus theorem. If o3 belongs to the
Hardy space H*°, we give the theorem which is similar to the Feldman-Krupnik-Marcus
theorem.

Keywords: Singular integral operator, Norm, Hardy space, Helson-Szegt weight,
(As)condition.

AMS Subject Classification: Primary 45E10, 47B35; Secondary 46J15.



1. INTRODUCTION

Let m denote the normalized Lebesgue measure on the unit circle T = {¢; |¢| = 1}.
That is, dm(¢) = df/2m for ¢ = €. For functions f and g satisfying fg € L', we define
the quantity (f, g) according to

(1.9) = [ F(©gdm(Q).

T

If f,g € L?, then this becomes the inner product. Let H? (resp. H*) be the Hardy space
of functions f € L* (resp. f € L™) whose negative Fourier coefficients are zero. Let S be
the singular integral operator defined by

Lt

miJr 1 —C

(SHIQ) = dn (a.e.C €T),

where the integral is understood in the sense of Cauchy’s principal value (cf. [6, p.11]). If
fisin L', then Sf(C) exists for almost everywhere ¢ on T, and S f becomes a measurable
function on T. For a positive function W € L', the norm in L*(W) is defined by the
formula

; . ; 1/2
Iz, = W20 = { [ 1HQPWQdm(©)}

Let A (resp. Ap) be the subspace of continuous functions f on T whose negative (resp.
positive) Fourier coefficients are zero. Let A + Ag = {f1 + fo; f1 € A, fo € Ag}. Then
A+ Ag is dense in L*(W) in norm. Two projections P, and P_ are defined by

P.=(I+S5)/2, and P =(I-1S5)/2.

where I denotes the identity operator. P, is the Riesz projection. For o, 8 € L™, let S, 4
be the singular integral operator on L?(WW) defined by

Sa,ﬁf - O‘P+f + s8P7f7 (f S LQ(LI/))

Then, Sy; =1, S1-1 =S, Sip = Py and Sy,; = P_. Let ||S, g|[r2(w) denote the operator
norm of S, g on L2(W). That is,

Hsa,ﬁ

r2awy = sup {|Saaf 2wy £ € LW, If 2wy = 1}

Let W be a positive function in L' on T such that S becomes a bounded operator on
L?(W). The relation between the norms of the operators S, Py, P_ on the space L?(W),

1SN 2wy + HSHZ‘ZI(W)
2

NPl 2wy = [|1P-[[ 2wy =

|, and

i

was remarked by Spitkovskii ([16]). Let h be an outer function such that W = |h
let ¢ be an unimodular function such that ¢ = h/h. Let

c= 1inf || —k|lco.

ke H>



Then

1+¢
1112y = 15 Lz = o T,
P =S = .
| +|]L2(W) = || 1,0||L2(W) - ﬁ

(cf. [4]). For ¢y € T, and —1 < 6 < 1, let W(¢) = |¢ — |°. Then the equality [|S|| 2w =
cot ﬂl—gw—]) was obtained by Krupnik and Verbitskii [12]. Hence |]{’+|]Lz(w) = W For
continuous functions « and g, the essential norm of S, 4 on L*(W) was calculated by
Krupnik and Avendanio (cf. [10, p.57, Corollary 6.1], [1]). For constant functions «, 3
and a positive function W € L' such that ||P|| 2wy < 00, the equality

31\° 181\ 2
HSa,ﬂHm(W) = \l”y + <M> + \j%u (M) ?
2 2
a— 3

2 9 .
, oa— 0 c?
1 — 2

5 PNy — 1) = 5

was obtained by Feldman, Krupnik and Markus (cf. [3], [11], [6, Section 13.5], [5], [18]).
In this paper, for functions a, 3 € L™, and a positive function W € L! on the unit circle
T, we will give three formulae of the norm ||.S, g 2(wy. It follows from the Koosis theorem
9] that there exist different functions o and 3 such that ||S, s//,2(w) < oo if and only
if W=t e L' (ef. [13]). If logW & L', then W' & L'. In this case ||Sasl[r20n) < o0
implies that o = . Hence, ||Sa5/22(w) = ||ed || 2wy = ||@||oc. Therefore we assume that
log W € L*. In Section 2, for functions «, 3 € L*, and a positive function W € L! on the
unit circle 7', we will give the first formula (Theorem 1) of the norm ||.S, g2y using
«, 3 and ¢. We will also give the another proof of the Feldman-Krupnik-Marcus theorem
in Corollary 4. In Section 3, we will give the second formula (Theorem 2) of the norm
|Sa,8ll L2y 1f af belongs to the Hardy space H>, we give the theorem which is similar
to the Feldman-Krupnik-Marcus theorem. In Section 4, we will give the third formula
(Theorem 3) of the norm |[S, 52wy

where

AR —

)‘ -




2. THE FIRST FORMULA OF NORM OF S, 5 ON L?(W)

The following Theorem 1 is the first formula of ||S || 12(w). We will use Theorem
1 to prove Theorems 2 and 3 in the following sections. We give some lemmas to prove
Theorem 1.

Definition 1. Let o, 8 € L*. For each v € L™, we define the function
G(v) € L™ according to

2 (Q) 2 = [B(O)?
2

(GO(C) =

QP +BOF J

5 )2 (CeT).

HOPR+ (

Definition 2.  Let a, 3 € L™, let h be an outer function in H?, and let ¢ = h/h.
We define the function F' according to

F(z) = inf |G(x—af - qzk)]\w, (x > 0).

ke Ho
That is,
f ‘ 5
N e e8P . = Tro la|? — |32
F(x) —kél}[foo 5 + |l — af — ok]? + 5
X

Lemma 1.  For each nonnegative number x, the infimum in the definition of
F(z) is attained.

Proof.  Let {k,} be a sequence in H* such that

F(T) = lim HG(T — (15) - qgkn)

n—0o0

oG

For any £ > 0, take a positive integer ny with

HG(L —aff — ok,)

< Fz)+¢,  (n>ng).

If n > ng, then ||ky|le < F(2) + 2 + ||z — af|lss < oo. Since the closed ball of H*
is weak-star compact over L> (cf. [8, p.197]), there exists a subsequence {k,;} and a
ko € H® such that

lim (kn,, 9) = (ko,g), (g€ L")

j—oo
Then there exists a sequence {h,} in H* such that cach h, is a finite convex lincar
combination of the £, and

Jim |he — kol|le =0

ot



(cf. [17, p.160, Problem 6]). Tt follows that there exists a subsequence {hy, } such that

lim [ko(C) — by (O] =0, (a.e. €T)

J—ro0

(cf. [15, p.68, Theorem 3.12]). Hence there exist nonnegative numbers A; 1, ..., Ajm, such
that A;; + ...+ Ajp; =1 and

h,n]. - )‘j,lknl + ..+ )\j,mjk

‘len,j .

Since y = a? + /12 + b% is a convex function of ¢, it follows that
B B B B TILJ'
Gz —af —oh,,) = G (L —af—¢> /\j,ik’n,)
i=1

=1

< G (Z Ajilz = al = okn, |>
i=1
< $0—ai— ok,
i=1
< Z )\]Z<F<.L) + 5)
1=1
= F(z)+¢

There exists a g € L' such that ||g|[;» = 1 and
HG(J; —af — quO)HOO < ‘(G(UL — af — oky), g)‘ +e.

By the Lebesgue theorem,

\(G(-'L' — aff — oko), g)\ = lim ] (Gl —ap - éh/,z‘,,-),g)\
< lijrgiogf HG(’I —af — qgfznj)Hoo

< F(x)+e.

Hence,
HG(J —aff — (3/€0)HOO < F(x) + 2e.

Let £ — 0. Then the equality holds, and hence the infimum in the definition of F'(z) is
attained by k = ky. This completes the proof.

Lemma 2. F(z) is a convex function of z. (Hence it is continuous.)



Proof.  Let A and p be nonnegative numbers such that A + ¢ = 1. Since y =
a’ 4+ /12 + b2 is a nonnegative, convex, increasing function of ¢,¢ > 0, it follows that
AF(@) +pF(y) = A inf Gz —aB— k)| -+ nf |Gty —aB —ky)| _

k‘1€Hoc

> inf inf H/\G(;L' —af} — ¢ky) + uGy — af — QEkQ)HOO

k1€l kock

> infinf G (Ao — aB = k| + ply — aB = k)|
> infJaf |G Oty =0 = 60k + k)]
> ké%fao HG(/\’I + oy — aff — ng)Ho@

F(Az + py).
This completes the proof.

Lemma 3. If z > max{|a|?,|3|*} , then
e (W oz - |3|2> — o

> (Jal? + |8

(o 1 BEY (1Y ooy

- BEEEE+JW—VWX%ﬂmQ+<WPJMﬁ

e (\/r oz - W) .

This completes the proof.

Proof.  Since z > max{|a|?,|3]? 2)/2 and

it follows that

Lemma 4. F(z) <z if and only if z > |]Sa75|]2Lg(W)
Proof.  We prove the "if” part. Suppose & > ||Sq5l|72yy - Then,

HSa.ﬂinZ(W) < J3'|lf|]2L2(W)a (f € A+ Ag).
Hence, o
lafy + BLllieqm < zllfi + fallfery,  (Ji € A, fa € Ag).

Let W) = (2 — o)W, W, = (2 — |8[H)W, W3 = (z —aB)W, then for any f; € A and
f2 € Ay,

(Wifi, fr) + (Wafy, fo) + 2Re(Ws f1, fo) > 0.

7



By the Cotlar-Sadosky lifting theorem [2], W, > 0,y > 0, and there exists a g € H 1
such that
W3 — g|* < W, Wh.

This implies that z > max{|a|?, |3|*}, and
(— aB)W — g < (& — o) — |5

Hence,
s 9 . 2y (. 2
z—af -7 < (@ = laf) @~ [8F).
Then,
9 _ 9 _hg -9

W h2 T Rhhz Ch?
Let k = g/h?. Then k € H*®, and
@ — aB — ok* < (v — |a*) (@ — |8%).

It follows from Lemma 3 that
G(r —alB —¢k) <G (\/T - |a|2\/T - |3|Q> =z

This implies that F(z) < xz. We prove the "only if” part. Suppose F(x) < z. By Lemma
1, the infimum in the definition of F(z) is attained. Hence, there exists a k € H* such
that

Gz — a3 —¢k) <z

It follows from Lemma 3 that

G —af —ok) <G (\/1 — ](X]Q\/ZL' — ]/3]2> :

& — B — ok < \Ja — |af2/z — |82
Since ¢ = h/h and W = |h|?, it follows that
](UL —af)W — h2k" < \/ZL’ — ]()4]2\/“ — |B]*W.
Since h2k € H', it follows that
el fr + follFoqwy = llefr + Bfol[F20w)
= s (W(fi + fo) i + f2) = (W(afi + Bf2), aft + 5f2)
= ((x =YW, 1)+ (@@ = 1BPYW fo, f2) + 2Re ((x — aB)W 1, f)

Hence,

> 2\ lalo = 18EWIALLAL) —2|((@ — aB)W i 1)

_ (\/T a2z — [BEWIA, |f2> —2|(((w — aB)W — Wk) f1, 1)
> 2 (o~ lal'\o — 1BEWIAL L) = 2 (@@ — aB)W — W[ 111 112])
> 0, (fieA foe A



Hence, x> |[Sq,6l[72y - This completes the proof.

Lemma 5. If 2 > 0, then

Fa) <o inf [~ Ko +2max{al, |52}

Proof.  Since y/|a|? + [b]? < |a| + |b], it follows that

2 2 3 B 2 _|g|2 2
F(z) = inf M+\J|$—@t3—¢k]2+<w>

keH™> 2
x>
2 2
< inf M + |z —af — Ok]—i—i]
ke e 2 ~
< Inf |z = Ohlloe + |max{lof?, [P }+|am\]x

IA

2
Lkgllf 16 = Klloo + 2[| max{fe, [ 5]}

This completes the proof.

Theorem 1. Let a,3 € L™. Let ¢ and W be functions such that there exists
an outer function h € H? satisfying ¢ = h/h and W = |h|?. Then
(©) F (ISaslizq)) = 1Saslliar-
p . o 2 - . . . U
c — Rloc ACH L — ./ 2017y 1o LIE S y 1€ € )
(2)  MHinfrepe [|¢— k[l <1 then z = [[Sq 5|72y is the unique solution of the equation

Proof.  We prove (1). Let s = |[Sq,5/|72¢y- We prove that z = s is the solution
of the equation F(z) = x. It follows from Lemma 4 that s > F(s). It follows from Lemma
2 that F'(z) is a continuous function of z. It follows from Lemma 4 that

Fz)>z, (zx<s).
Hence,

SZF(Q):%)I}SF(L): lim F(z) > lim z=s.

rz—s—0 z—s—0
Therefore, F'(s) = s. We prove (2). Suppose there exists a ¢ such that ¢t # s and F(t) =
It follows from Lemma 4 that £ > s. Let x be any number satisfyving « > ¢. Since
s < t < x, it follows that there exist positive numbers A,z such that A + ¢ = 1 and
t = As + px. 1t follows from Lemma 2 that

F(t) = F(As+ px) < AF(s) + pF(x).
Since F(s) = s and F(t) = t, it follows that

t < As+ pF(x).

9



Hence,

pr =1t —As < uF(z).
Since g > 0, this implies that © < F(z). Since z > s, it follows from Lemma 4 that
F(z) < x. Therefore,

F(z)=u2z, (z>1).

By Lemma 5, this implies that
v <w inf |6 = kllw + 2max{llall5, 1815} (#> 1),

Hence,
inf o — kllc > 1.

ke H>
This is a contradiction. Therefore, there does not exist a ¢ such that ¢ # s and F(t) = t.
This completes the proof.

If W is a constant function, then F'(x) becomes a constant function. In this case,
the formula of ||S,4]/3. follows easily from Theorem 1(1) as Corollary 1. In the preceding
paper [14], we gave Corollary 1.

Corollary 1. Let a,3 € L*. Then

/|? 3|2 _ 12 — 132 2
72 = inf lol” + |5 + \l laf — k|2 + (M)

kel 2 2

HSa,ﬁ

o0

The infimum is attained.

Proof.  In the statement of Theorem 1, if W =1, then h and ¢ are constants. If
k € H*®, then k — ¢x € H*®. Hence,

F(z) = kér}[foc HG(J —af - (3k)HOC

= inf Ha(o —af— ok — qS:z:))HOO
= inf HG(() —af — qu)HOO = F(0).

kcHe

Hence F(x) is a constant function of z. It follows from Theorem 1 that

|Sa,p

1o = F (ISaslliz) = F(0) = inf_|Glad k)

o

By Lemma 1, the infimum is attained. This completes the proof.
Corollary 2. Let a,3 € L*™. Then

max {[[a%. 1515} < 1Sasllt> < max {llall. 1815} + inf_[ad — k.

10



If aff € H®, then the equality holds.

Proof. Tt follows from Corollary 1 that
|max{la, 18P < (1wl

= nf lIGlad — k)l

IA

s 2 2 2
ot [max{jaf®, 151} + Jof — k||

IA

, 12 132 s f A _ I
Hmax{|a] 5] }HOO + kg[l]f% laf — klloo-
This completes the proof.

Corollary 3. Let a, 5 € L™. Let ¢ and W be functions such that there exists
an outer function h € H? satisfying ¢ = h/h and W = |h]*.
(1) If |«|, | 5] are constants, then

inf_ |[1Sasllz2qry — 08 = 0k|| = \/ISaslly — 1P /150813200, — 182

kecH

(2) If |a|,|B| are constants and a3 € H*, then

inf_||(IISasl72r) = B) (6 = B)|_ = /1SaslZaq) — la\/[1SaslZaan, — 1812

keH®®

Proof.  We prove (1). Since |af, || are constants, it follows from Theorem 1 that

lof* + |6 o g2 (lal? =182\
[Saslliowy = ——5— +,| inf HHSaiHV W) aﬁ_@k’Hoo_}_ 2

9 ke i
= G( inf HHSaﬂHIZ W) —af - &kHoo> '

Since |]Sa’ﬂ|]iz(wz) > max{|al?, |8]?}, it follows from Lemma 3 that

HSa.ﬂH%?(W) - (\/Hsa ﬂ”rz w) — |af? \/Hsa ﬂ”rz w) |3|Z) :

Therefore,

G (inf. [Saslizeor, = a5 = 3] ) = G (TSl — 1P Saslaqr — 19F)

kel

This proves (1). We prove (2). Since o3 € H* and Re (]|Saﬁ]|%2(w) — a?) > 0, it follows

that [|Sasll72¢wy — @8 is an outer function or a zero function. Hence,

inf HSOL,ﬁH%Q(VV) - (.XB - ngHO@

keH

{ _ k
N . 2
- kg]ltlf"o (|]S(x,ﬂ|]L2(W’) - Qﬂ) (¢ - 2 — OL’;‘B)

HSa.ﬂ | L2(W)

= inf (Hsa,ﬂﬂi?(w) - aé) (¢~ k)Hoo

keH>

o0

11



By (1), this implies (2). This completes the proof.

The statement (3) in the following corollary was given by Feldman, Krupnik and
Marcus (cf. [3]). By the Helson-Szegd theorem [7], || Py|[r2ny < oo if and only if
illfkenoc ]|¢ — k”oo <1.

Corollary 4.  Let a and § be complex numbers satisfying o # 5. Let ¢ and
W be functions such that there exists an outer function h € H? satisfying ¢ = h/h and
W = |h%. Let ¢ = infrepe || — kl|oo- If ¢ < 1, then the following equalities hold.
(1) c|ISasllomy — B = /1S sl 220y — [0\ SaslZory — 181
v = B[Sl 2wy

‘HSa,ﬂHi‘Z(W) - 0/«6‘ = la— %3|]|Sa,ﬂ]|L2(W)HP+]|L2(W) - Vi-&

O(+3 2 ol — |/ 2
3) WSapllizn, = v+ (ST g (el o
2 2
2 2 2
<1—02> -

(1PN Ly = 1).
Proof.  Since [|Sq 5|7 12() — af is a constant, it follows from Corollary 3(2) that
(1) holds. We prove (2). Smce P+ = S, it follows from (1) that

(|]P+|]Lz wy = [Pl 2w \/||P+|lrz wy — L

Hence, (1 — ¢?)|| Py |72 = 1. It follows from (1) that

where
a— 3
2

a— 0
2

/\’/ [

—12
A |ISasllzon —aB]” = (ISaslamy — o) (ISaslZan) — 15P)
2 2|2 2 2
= |ISasl o) — aB| =l = B1Sasl3200)-
Hence,
. . 2 . .
(1-¢?) “]Su,ﬂ ]i?(W) - 0«5] = |a— %3|2]|Sa,/3]|f,2(m-

Since (1 — ¢ )|]P+|],z wy = 1, this implies (2). We prove (3). Let s = [[Sasllz2ow). It
follows from (1) that

Als —af)? = (s — o) (s — |8]%).

Then
(1—cHs* — {|a

Since ¢ < 1, it follows that

(1—-¢ )Re(aﬁ)} s+(1=c)apl>=0

1—c2

J— 2 g ©
2 {M + 2]{@(@3)} s+ |a‘6 2

12



Since s > max{|a|?, |3]*} > |ag], it follows that
s=t+ 7 Japl

la =5
T 2(1-2)

where

+ Re(af).
Hence,

HSa,ﬂHL?(W) —

= \/z‘+ —]()/3|2
B \/ e +\/t—|aﬁ]
B 2 2

 [Ja—pP  RetaB)+lofl . [Ja—pP  Re(ad)— lad]
o\ 41— ?) * 2 * J 4(1 = ¢?) * 2

(18N L (el =18
} }+(+>+¢/+( 2 )

where 9
|a=28 c?
R 1—¢2)°
Then,
c? 1 1
Pl = I1S1oll o = 24— 4 — = :
1P 120wy = 1Svollzwy Jm_(ﬂ) it e
Hence,
2
a—73 :
v = 2' (|]P+Hi2(w)—1)'

This completes the proof.

3. THE SECOND FORMULA OF S, 5 ON L*(W)

The following Theorem 2 is the second formula of ||Ss /[12(w). It is the general-
ization of the Feldman-Krupnik-Markus theorem. Since the formula is symmetric with
respect to o and 3, it follows that if a3 is a constant then

[Sasllzqwy = 195,02 om)-

By Theorem 2, if W(¢) = 1 and a8 € H*®, then
[15a,8ll22 = max{]elo; [|5]los }-

13



If a(¢) =¢,08(¢) =1, W(() =1, then ||S¢1]|z2 = 1. It follows from Corollary 1 that

g - 1/2 -
18icllz = it 14+ 10— K| = /14 g IC— Kl = V2 # [1Scalle=

Theorem 2. Let o, € L*™. Let ¢ and W be functions such that there exists
an outer function h € H? satisfying ¢ = h/h and W = |h|®. If a3 belongs to H* and
| — ] > 0, then

2 2
. o] + |5] o] — [8]
O f " L B U VRN (ol B i
HSa,ﬂHLz(m keHoolf]1¢_k‘<1 J Ve T ( 5 Al Ve 5

e — kP
1—|op—k2)

Proof.  Let s = [[Sa,sll72yy It is we
k € H> satisfying |¢ — k| < 1, we define the quantity Ny according to

la|+|ﬂ|> +¢%+<lal—lﬂl>2
2

x>

We prove that ||Sa,sllz2wy > inf{Ny; k € H®, |¢ — k| < 1}. It follows from Theorem 1
that F(s) = s. Hence there exists a function g € H> such that

G (s —af3 - q@g) < s.

where
oa— 3

2

Yk =

< s. For any

It follows from Lemma 3 that G (\/9 - |a|2\/8 - |ﬂ|2) = 5. Hence,

G (s —aB—dg) <G (s~ laly/s 37

Hence,

ls — a8 — dg* < (s —|a*)(s — |8]?).

Suppose g = 0. Then, )
s —af* < (s — |af*)(s — lﬂ)

/

Hence | — 3[%s < 0. Since max{|a|? |3|*} < s and |a —
Hence o« = 8. This contradiction unphes g # 0. Since

9] — |s — af] < |s — af — dg| < \Js — [a2\/s — 8] < |5 — o,

it follows that B
0 < |g| <2[s—ap|.

14



Since i
Re(s — afB) > s — max{|a|, |8]*} >0,

and since a5 € H®, it follows that s — o is an outer function. We define the function &
according to

g
k= -
s—af
Since | — 3| > 0, it follows that
2 /-
PO PO O e 1 [ 0 B L T
s—af| — ls — af|? ls — af)? '
Hence, k € H®, |¢ —k| <1, and
} 712 ja— B[ )
Therefore
52 — o8P +2Re(af3) | s + |aB|* > 0
' 1—[¢— k[ ' T
Hence,
0<s<t—/t2—|af?
or
s >t +4/t2 — |af]?,
where | e
o — 1 _
t = , Re .
( 5 1= o i’ + f(aﬁ))
Hence,
, = [t +|af] \/t — |af|
<<\/t— t? — laB]? = — ,
Vi < im oo = ] oA
or
{ = i+ |afg] \/t— |
s> \/t t? — lafl? = .
Vs 2\t + /12— |af] \/ 5 T 5
Suppose

t+ |of] \/t—|aﬁ]
\/ES\/ 2 2

on some measurable subset £ of 7". Then

2 2
,ﬁ§¢%+0m;w>_¢%+owgwg




on E. Since max{|al, 7]} < /s, it follows that

o] + 18]

2

<

2
< +(l@l+lﬂ|>
- 2
< vy +<]O¢]— - >2

on E. Hence |a| = |f] on E. Hence
Hence v, = 0 on E. Therefore,

al + % =

la] — |3 |(Y| |5|
+ 2 T 2

« 3

\/§+\J“/k+<| |2|[|>

e + || on E. Hence oy, =0 on E.

\/52\J7k+<

on T'. Hence,

ol + 151

2

HSa,.BHL?(W) >

)

inf

kTGH“’M’—

s (0 lﬂ|>

Ng.

k<1

Next we prove the reverse inequality. This is the easy direction of the theorem. Since

Ny > \j%“i“ (|

squaring both sides, it follows that

al + |f]

2

2
ol

o] = 17]
2

>2
)

{ 2 4182 W2 + 62\ °
N2 2y LI J (2 +w> g
Hence,
N} — (4 + |a* + |BH)NE + |ab)?
Hence,
Ay N < (N = o) (N = |BP).

Hence,

AT 2 212 l¢ — k|2 72 Js

Nila - o7 (T2 ) < (9 - Pt - o)
Since

Nila = 817 = [N = apl* = (Vg = o) (N = |6]%),

16



it follows that

|6 — kP

(IN2 = aB2 — (N2 — |a)(NE — [5]%)) (m

)QW—MWW—M%

Hence, B
INE — aB?|o — k[* < (Ng — [a*) (N} -

It follows from Lemma 3 that

G (IN? = afllo — k) < G (/N2 = lal2y/NE = [9]2) = N2

2)‘

3

Since

‘N,f, —af

¢ — k| = [(NZ = aB)(1 - ¢k)| = |NZ — a3 = $(N? — aB)]

and (N2 — af)k € H>, it follows that F(N?) < N2 Tt follows from Lemma 4 that
Ni > |[Sasll720wy- This completes the proof.

Corollary 5.  If infyepe [|[¢ — klloo = ¢ < 1, @ € H*® and |o — (| > 0, then

o — 3P0 — kP
T—lo— kP

(1) NSapllrzow) = iI}};

k¢

\} max{|al?, |5?} +

+181\? | — 18\ ?
(@) [1Sallczw) < J”*(EL;LQ *J”*(E%r—>

(3)  max{l[aflo, [|8lloc} < |[SasllLzor) < [lmax{fal, [B]} +2v/7]o,

2 (,‘2 B
1—¢2)

a;ﬂ ]2 (%) Then

- - 2
e + ol + 13| 2+ et o] — 8]\”
k 9 k 9
o> + 8] . EENEAS o] — 18]\
= Mt 2wt [ w5

ol + |3 af? = |3
> 9n JLANAR S L Ll N Cal B
2 2+ 5 5

where
2

il (1P, 22y — 1)

2

a— (3
2

Proof. ~ We prove (1). Let v, =

+ 29 +1

2} + 4:’\//C

= max{|al?

17



By Theorem 2, this implies (1). We prove (2). Since

a— 3 o — k|? a— g 16 — k5
; < <
2 | \I—|o—k?) = -

2 L=l — Kl[%
(2) follows from Theorem 2. Since

Tk =

a—ﬁz c? B
2 1—2) "

~ + M ) ._I._ ~ ._I._ M :
/ 2 / 2

o + o — |0
BB o el

— max{la], |3} + 27,

(3) follows from (2). This completes the proof.

~ Example 1. Let ( =¢”, o(¢) =(+1, B(¢) =1 and W(¢) = [¢ +1|'/2. Then
af € H®, ¢(e?) = e/ ( = e, —7 < 0 < 7. Hence, |¢ — ﬁ| < % < 1. By Theorem

2,
2 2
| + 3] o — 3]
2 <|[SasllL2ovy < \J”/l/\/i‘i‘ ( 9 Tl Yyve T 5

xX

1 1 X
WET G\ HPE )

Hence,

4(2v/2 cos(0/4) — 1) 2

—r<Lf<T

2
3 —2v/2cos(0/4 2(1 +cosf) +1
2 < |[Sasllreowy < sup \J (6/4) n (

3 —2v/2cos(6/4) 2(1 +cosf) — 1 :
4(2v/2 cos(6/4) — 1) + 2

29 4 24/2 1+ 2v2
B, T,
14 14

Since || P4 | zgn) = ary = V2 (cf [12)),

’ 1
(|IP+HZL?(W) - 1) - K

a— 0
2

’}/:

18



and hence

(el 18N (el = 18]
P () e (25
o3 11y VIO V2
—\/1“'“(5) +\/Z+(§> =Ty B

This example shows that it is not able to change the function ~; by the function v in
Theorem 2, and that

2< HSa,ﬂHLQ(W) < 2.04.

Corollary 6. If |a(¢)| > 0, then

(07

Ji=lo—ke|

laPellzwy = loP-|l 2wy = inf

Corollary 7. Let a € H*®. Then

(1) ItW~!e L' then there exists &, € L™, &, > 0, ||lg4]lc — 0, (n — oc) such that

la] +&p

ST To ke

P2y = I [[([af 4+ n) Pyl 2wy = nlggokg[l;fm

(2) Tinfrepe ||¢ — kl|oo < 1, then we can take g, = <

Proof. ~ We prove (1). Since

al + e, > 0, it follows from Corollary 6 that

o] + &,
[(la] + &0) Pil 2wy = | s
" 1—lo— kP

By the Koosis theorem [9], if W' € L', then there exists U € L', U > 0 such that

1P 2y < 2wy, (F € L2(W)).

Let ¢, = L1/L. Since U < W, it follows that ¢, § - and
ny W

1 y 7
|]erP+f||L?(W) < ;HfHL?(W)-/ (f = LZ(W))-

Hence,

. . 1
nlgfolo ’|](|O‘| +en) Prll 2wy — |]@P+|]L?(W)‘ < nlgfolo lenPrllLzgry < lim — = 0.

n—o00 n,

19



We prove (2). By the Helson-Szegt theorem [7], if infre e ||¢p—Fk||oc < 1, then || Py L20n) <

oc. Hence,
1
(i+2)
n

This completes the proof.

lim
n—00

O LW
[P ]

1
< sy (1P ) 0
L2 )| = nH 'l pzow)

Example 2. Suppose W(() = [( + 1]1/2 h(¢) = (C+ 1)1/2,C = ¥ ¢(¢) =
h(¢)/h(¢) = e ®* and E C T. By Corollarics 8 and 9,

XE +%
x5 Py 2wy

N
_H Xr+01

/ 1
2 cos 3

1
lim |](Xr+ )P+]|[z = lim inf

n—oC ke Hoe

H xg + 0.1
\/1 _ ]efzom _ ﬁp

If - <6 <, then L < cos(4) < 1. Hence,

Jaa i S

Xe +0.1
ﬂcos(%) —

1 / 2
= ——=1.04... < 1.05.
ﬁcos(%) —: 2v2 -1

1
2
Hence, for sufficiently small £ > 0, F

\/§cos g —

NS { bt

Hence, on E°,

< 0.15.

N —

If # = 0, then

= (—¢, ) satisfies

IxEP | 2qr) < 1.05- 1.1 = 1,155,
Since || Py |2y = W;M) = /2 (cf. [12]), it follows that
IXePrllL2wy < |IXellool PillL2qw)-

Hence, ([P, |2y = lloleol P: 122

(wy does not hold in general.

Next, we compare ||,
283 it follows that

\r2owy and ||S||r2w). Let a, 8 € L. Since S, 53 = “T*gle

|Sasllr2ow) <

a+ 0 a—0
2 2

H SN 2wy
oC

20



By Theorem 2, we have

Corollary 8. If a3 € H® and |a — 8| > 0

, then

max{|afloc, [|B]loc} < [[Sasll2w) < max{llalloo, |8lloc IS 22 1)

Proof.  Without loss of generality, we assume that max{||¢||c, ||f]lcc} = 1 and
IS|r2wy < oc. Let ¢ = infycpee ||¢ — E||oo. By the Helson-Szegd theorem [7], ¢ < 1. It
follows h om Theorem 2 that

2 2
2wy = inf Vi + M |+ M
L2(W) keI o k|<1 k 9 & 5

Hsa,ﬁ
where
a—j ¢ — k[?
Tk 5
2 1—[¢—k|
181} <1, it follows that
— 2
< ¢ — kI < 6{'
T—Jo—kP S T1—¢
Hence,
¢ flal BN\ | (lel =181
Sow ) < : : T :
1Sesllezowny < \Jl—cz+< 2 ite” 2

It follows from Theorem 2 that

1SNy =

¢ — k|2 ¢ — k|?
JW“*JW

[
= 1
1—¢ ;T 1+ 1 ¢

. to show that

2 2
Jx+<ﬁbiﬂ>+dx+<gtiﬂ>§x617+¢5

keH> |p—k|<1

Let © = ;

2 2

Since (1 — |af*)(1

2y > 0, it follows that

lo? = 18P\ _ (, _ lol #1817\
2 - 2

21



Hence,

2 182\° 1241812\
<—|a| 5 151 > +2(|a* + 18]z < <1——|a| ;] | > + 4z
Hence,
/ 81\? =181\
4@+ngu>>@+ow2u>>
12 32 2
< <1_—|a| ;_l | > +4x(z + 1)
2 312\ 2 2 3|2
< (1 — w> +4 (1 = M) z(x + 1) +4x(z +1).
Hence,
gy 0P H10P o (el 18N (el =181
2 2 2
< 2414+ 2y/z(z+1).
Hence,

oo () e o (25 ) < iy

This completes the proof.

4. THE THIRD FORMULA OF S, 5 ON L(V)

The following Theorem 3 is the third formula of ||Sa s|/z2w). Suppose a(¢) =
1,8(¢) = ¢. Then a3 ¢ H®. By Corollary 1, ||Sa. 4|12 = v/2. Since ||S]|,2 = 1, it follows
that ||Sasllz2 > [|S]|12. Hence Corollary 8 does not hold in general. Hence Theorem 2
does not hold in general. But the following Theorem 3 holds even when a3 ¢ H®. We
give Lemma 6 to prove Theorem 3.

Lemma 6. If |g| <1, then

1) o + |37 — 2Re(@Bg) _\ o |B—agP o o= Sl
1—gf? T—|gl* 7 1—|gf?
(2) max{|al?, |8]*} < |af” + |8]* — 2Re(aBy)

1 —|gf?
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(lo] = 18)* _ max{|5 — agP [« 59} _ |af* + 18> — 2Re(asy)

WW+WW‘
L—1g|2 — 1—g/? - 1 — g

¥ T

<

Proof.  Since
ol + |2 — 2Re(aBg) — al*(1 - |g*) = | — agl?
and
jo? + 18] — 2Re(aBg) — [8](1 — |gI*) = | — B[,
we have (1). (1) implies (2). We prove (3). Since
la* + |37 — 2Re(aBg) < (o] + 18])°.
1f o] < 8], then |3 — ag’ > (18] — lag))® > (18] — o]

If || > |5]. then [ — Agl? > (|| - |3g])? = (|| - |8])%
This completes the proof.

gl < 1, it follows that

> (
> (

Theorem 3.  Let o, 3 € L™. Let ¢ and W be functions such that there exists
an outer function h € H? satisfying ¢ = h/h and W = |h/|?.
(1) If||a| — |8 > 0, then

5 B o2 + |82 = 2Re(@B(1 — ¢k))
H a.ﬂHL?(w) -

inf -
kEH™> [p—k|<1 1—|p—k?

. 2 [B—a(l—ok)P
— f (2 ]
ket g—k|<1 o+ [0 —k[* |,
L, — B(1 — k)|
— f _}2 ]Oé [ 4
REH 6kl <1 31+ L—|o—k[* |

The infimum is attained.
(2) Um{CeT;la)] =18)|} > 0and W= € L', then there exists g, € L™, g, >
0, lenloc = 0, (n — o0) such that ||a,| — |3]] > 0 and

[Sesllz2wy = lim keHo}}&_k}d 1Sa,.,sll 20wy

where

Qp = O+ (aXE1 + XE())gn
Ey :={¢ e T;0(¢) = B(¢) =0},
Ey:={C e T;|a(¢)| = [B(¢)] > 0}

Proof.  Weprove (1). Let s = [|Sq,sll72(y) It is well known that max{|a[?, |3]*} <
s. Since ||a| — |F]| > 0, it follows that s > 0. For any k € H™ satisfying |¢ — k| < 1, we
define the quantity M, according to

mv+wv—ﬂ%mm1—ﬂwu.

My =
g 1—|¢— k2
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We prove that s > inf{M;k € H®, |¢p — k| < 1}. Tt follows from Theorem 1 that
F(s) = s. Hence there exists a function & € H* such that

G (s —aff — (/_Sk) < s.

It follows from Lemma 3 that

G <\/<5 — ]04]2\/5 — ]3]2> = s.

N |2
al —s (1 — é%)

— |5 — B — Bk[2 < (s — [al?)(s — G2),
it follows that there exists a ky € H* such that

Since

B — s(L— 3ko)|” < (s — [al?)(s — 18P).

Hence, B
la> + [8]* — 2Re(aB(1 — dko)) < s5(1 — |p — kol?).

Since

s|o — kol < s — Jal?y/s — 8] + af] < s,

it follows that |¢ — ko| < 1. Since ||a] — |5]] > 0, it follows that |¢ — k¢| < 1. Hence,

inf M < My, <s.
keH™> |p—k|<1

We prove that s < inf{My:k € H>® |¢ — k| < 1}. This is the easy direction of the
theorem. Since

la? + |3> — 2Re(aB(1 — ¢k)) < Myp(1 —|¢ — k|?),
it follows that

My, — a3 — ¢Mpk|*? = |Mp(1 — ¢k) — af)?

= My (1 — ¢k)|* — 2M,Re(aB(1 — ¢k)) + |ap)?
< M?— (o] + |8)) Mg + a8
(M. — o) (M — |5).

3

It follows from Lemma 6 that max{|a|?, |3]?} < M. It follows from Lemma 3 that

G (/M =l = [8]2) = M.

Hence, o
G (Mk —aj - qu/[kk) < M,.
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Hence F'(My) < My. It follows from Lemma 4 that s < Mj. Therefore,

ke H> |¢p—k|<1 kel |¢p—k|<1

Hence the equalities hold, and the infimum is attained by k& = kg. We prove (2). By
Corollary 7, there exists £, € L, &, > 0, ||en]|oc = 0, (n — 00) such that ||a,| — |5]] > 0,
and

]|57LP+HL?(W’) — 07 (n -7 OO)

Since
(e, — @) Pl 2wy = [(axe, + Xmo)enPrllzowy < [[(axe, + xeo)llsollen Pl L2gnys

it follows that
(e, — @) Py 2wy = 0, (0 — 00).

Since
I1Sasllizony = ISasllizan| < ISans = Sasllizmw) = ll@n = )Pl 2w,

it follows that

150,520y = [[Sasllzqun| = 0, (n = o0).

This completes the proof.

If W is a constant function, then ¢ becomes a constant function. In this case, the
formula of ||S, /|12 was given by Corollary 1. The another formula of ||S, /|2 is given
by Corollary 9.

Corollary 9. Let o, 3 € L. If ||a| — |5]| > 0, then

. : 2 3 2 2Rela
1Sasll: = inf a* + |5 e(aBqg))
' geH> [g|<1 1—g]? N
, ‘ 3 — agl?
= inf o] + w
geH™> |g|<1 1—|g[? N
‘ . — Bg|?
= inf 13° + M
st [T T=Tg .,

Corollary 10.  Let o, € L*™. Let ¢ and W be functions such that there exists
an outer function h € H? satisfying ¢ = h/h and W = |h|?. If ||a| — |5]| > 0, then

) e |8 e | maxdld - a0 - k)l o — 51— ok)}
keH™> m . T keH> m )



ol + 161

Y1 -1l — kP

o] — 18]

y1—lo—kP?

+ min{||e||oo, | 8]0 }-

xX

x>

max ¢ ||cf|oos || ]lcos  inf

x>

a— 0
Y= 1o~ kP

Proof. (1) follows from Theorem 3(1) and Lemma 6. (2) follows from Corollary

< |[Sasllzw) < kéril;fw

6 and

[SasllLzovy < o = B)PyllLzowy + 1180
HSa,ﬂHL?(W) < H(ﬂ - O‘)PfHL?(W) =+ ””Hoo
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