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A 30-POINCARE LEMMA FOR FORMS NEAR AN
ISOLATED COMPLEX SINGULARITY

ADAM HARRIS AND YOSHIHIRO TONEGAWA

Abstract: Let X be an analytic subvariety of complex Euclidean
space with isolated singularity at the origin, and let n be a smooth
form of type (1.1) defined on X \ {0}. The main result of this note is a
criterion for solubility of the equation ddu = n. This implies a criterion
for triviality of a Hermitian— holomorphic line bundle (L, h) — X\ {0}
in a neighbourhood of the origin.
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1. INTRODUCTION

Let X C CV be a reduced and irreducible n-dimensional complex
analytic variety with isolated singularity at the origin, and write Xg :=
X \ {0} for the set of smooth points. It will be assumed without
loss of generality that 0 is the unique singular point of X. Let p :
X —[0,00) , p(0) =0, be a strongly plurisubharmonic function, and
) C X a neighbourhood of the origin with smooth compact boundary
Y={r e X |plx) = < o0} Let Qy := Q\ {0} be a complex
manifold with Kihler form w = i00p and associated metric g satisfying
the following conditions:

() [ IR, < o0
Qo

where Ry denotes the canonical curvature form associated with g. It
will further be assumed that the Sobolev inequality holds with respect
to this metric, i.c.,

n—1

i) ([ 19750) T <o) [ (917

for smooth compactly supported functions f. In addition, (iii) let
d(0,z) denote the Riemannian metric distance function on 2, and
let Bs(0,7) be the associated ball of radius 7. For sufficiently small
0 < ¢ < ¢ it will be assumed that there exists a positive constant A
such that

W' < Kr* forall 0<r<e.
J Bs(0,r)

In fact, when X C C¥ is an affine analytic variety, with p corresponding
to the restriction of the Euclidean norm- squared function, conditions
(71) and (7i7) hold in general from the geometric measure theory of an-
alytic varieties (cf. [4]). In particular, property (ii2) is fundamental to
the definition of the Lelong number for plurisubharmonic functions, of
which the multiplicity of analytic singularities is a special case (cf. e.g.,
[5]). Morcover, the curvature form R, in this situation corresponds to
BN %, where 3 denotes the second fundamental form of the embedded
variety, and it is an easy computation to show that

[omlr < [ 18 < o
J Qo ’ J Qo

when, for example, X : 2% 11 = f(21,..., z») is an analytic hypersurface

in C""! with isolated singularity at the origin, such that 2 < k <

ords(0). On the other hand surfaces in C* defined by an equation of the

form z¥ = 2y, which constitute a special class of orbifold singularities

(cf., e.g., [3]), do not satisfy condition (i) with respect to the restricted
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ambient metric. For any singular space X of this type, corresponding
to the quotient of C™ by a finite subgroup of SU(n), the most natural
choice of p is that induced by |z|? on the Euclidean covering space,
since the associated orbifold metric is flat.

Let £ — Xy be a holomorphic vector bundle, with Hermitian met-
ric H, and Kihler metric g on X, derived from i00p as above. As-
sume that the curvatures Fyy and R, both belong to L™(€). If ¥ €
C*®(Xo, A" (E)) is a 0 closed (0.1) form also belonging to L™($),
then it is shown in [6], theorem 1, that the equation dp = ¥ admits
a smooth solution on g such that ||g|| < ||¥||. The concern of the
present note is to apply this result, in the special case £ = Xy x C,
to the problem of finding u € C*(€)) such that ddu = 7 for a closed
form 7 of type (1.1) on X,. The main theorem is stated as follows.

Theorem: Suppose the curvature of the Kdahler form w on Xy belongs
to L™"(Qq). If n is a closed form of type (1.1) on Xy, such that n |rs is
exact and the function |n| belongs to L™ (), then there exists a smooth
function u on Qg such that du = 1.

The proof also makes explicit use of the conical structure theorem of
Milnor [8], together with a relative Poincaré lemma, derived in the con-
text of hypersurfaces of contact type, by Weinstein [10]. For simplicity
it is assumed that w is associated with restriction of the ambient Eu-
clidean metric. In conclusion, the following corollary provides a crite-
rion for triviality of a Hermitian-holomorphic line bundle (L, h) — X
when restricted to g, generalising an analogous theorem of Bando [2]
for line bundles over the punctured ball in C2.

Corollary: Suppose that the curvature of w belongs to L™(€)). Let
(L,h) — Xy be a Hermitian—holomorphic line bundle with curvature
Fy, = ddlog(h) such that the first Chern class vanishes in H?($q,Z)
and |Fy| also belongs to L™(Sy). Then L restricted to Qg is trivial.

In particular, the corollary provides a criterion for triviality of the
canonical bundle, K'x, |q,, complementing the well-known cases of orb-
ifolds and isolated singularities of complete intersections. We note fur-
ther that “Bogomolov-type smoothness” theorems for the deformation
spaces of complex structure on the intersection of Xy with the ball of
radius £, and for C R-structure on the boundary, S?¥ !N X;, have been
established in the context of Ky, trivial by Miyajima [9], and Akahori
and Miyajima [1]. From the algebraic point of view, the above criterion
may be compared with the well known fact that H'(X \ {0}, Ox) =0
if and only if the depth of the structure sheaf is at least three at the
singular point. In this case it follows at once that all topologically
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trivial line bundles are holomorphically trivial in a neighbourhood of
the origin.

The authors would like to thank Professor K. Miyajima, Professor
M. Eastwood and Dr N. Buchdahl for their helpful comments at dif-
ferent stages. The author (Harris) gratefully acknowledges the support
of a research fellowship from the Japan Society for the Promotion of
Science during his stay at Keio University in Tokyo, and the hospitality
of Masaryk University in Brno, where the writing of this article was
completed.

2. THE 00-POINCARE LEMMA

Let X™ C C¥ be a reduced and irreducible complex analytic variety
with isolated singularity 0 € X and with Kahler form w on Xj corre-
sponding to the restriction of the standard Kahler form on Euclidean
space. Consider a domain €2 of finite volume, corresponding to B. N X
with ¢ : ¥ — Xy an embedded, smooth, compact real hypersurface cor-
responding to S?¥ 1N X,. If p(z) = |z|* with respect to the Euclidean
inner product for all x € X, take £ sufficiently small so that Vp, the
gradient vector field of p on the smooth tangent bundle T' Xy, has no
vanishing points (i.e., critical points of p) other than the origin (cf. [8],
corollary 2.8). Consequently, if v represents the angle between Vp(z)
and z, viewed as vectors in R*Y, it may be assumed that |cos(v)| is
bounded away from zero on €2y (in particular lim, <= belongs to the

lz
tangent cone to X at the origin, hence lim,_ |cos(v)| = 1).

Lemma 1. Lel n be a smooth, closed 2—form on Xy, such that n |rs
is exact, then there exists a smooth form ¥ € C*(Qy, T Xy) satisfying
diy = .

Proof. Given n |rn= dX, let X denote any smooth extension of \, com-
pactly supported in a neighbourhood of ¥, and write ¥ = n — dA.
Following Milnor ([8], theorem 2.10) define a smooth vector field

N —Vo(z)
) = 90, >

with respect to the standard inner product on R?". From the system

of ordinary differential equations % = v (1), it follows that
dp(x
% =2<z,v(z)>=-2p.
dt
Hence % = —1, /p = ¢ — t implies that there exists, for each

p € X, a unique solution of (f) on [0,¢) such that z(0) = p € X.

Let ¢ : Qo UX —[0,¢) x ¥ be the natural diffeomorphism such that
4



¢ '(t,p) = £,(t). The remaining argument is simply a modified version
of the Ielatue Poincaré lemma established in [10]. Specifically, let
75 0 [0,6) x X —[0,2) x X be the dilation (¢,p) — (st,p), 0<s <1,
and define

ps(r) = ¢ om0 p(x) = z,y(st) .

Now J J
E |s:50 995(7") = E |s:50 Qp(sﬂ - fv( (907L))
and hence (cf. eg. Hermann [7])

% ]s:so 90:(1}> = d(@:o (tV(Lp(%t))JL}))

0 (v (25 (s0t)) |d0) = d(teoy, (v(es, (2))] D))
since d = 0 (here the symbol “|” denotes contraction of a form by a
vector). But ¢§(¥) = 9 |7e= 0, and ¢f(¥) = 9 implies

A=~ o) [ @iyl )ds) = 0.

and hence

O

We remark that for the case of X an orbifold singularity, there is no
essential change in the argument if p corresponding to the restriction
of |z|? in the ambient CV is replaced by p corresponding to the push
forward of the Euclidean norm-squared on the covering C".

Since ) is compactly supported, for any v > 1 we may write

/;z() v < +/ e — /ol /1 o (Vs ()| 9)ds|"
§C+./(]/ ellei(v(es(2))]0)

via Jensen’s inequality. Now
~ </ 2)[7]8

Jo, I

Recall, moreover, that v(z) = ﬁé% implies

Yds

]

1

< a
cos(v) ‘

—_ 7

V()] =

due to the initial assumption concerning critical points of p. Thus

J, v <e | o

5
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if [9] € L7(S), ie., if |n| € L7(Q). Note that |¢f(v(gs(x))])| is
bounded on Qg for all s < 1, hence |n| € L7(€)y) implies

./(;1 /g2 e — VoI @i (v(s(2)) |9)[Vds < oo .

It now follows at once from Fubini’s theorem that [, [1]” < oc. We
have now proved

Lemma 2. For any v > 1, if |n| € L7(C), then |¢| € LY(€).

Now let 7 be a form of type (1.1), with !0 | %! denoting the
projections of ¢ onto the holomorphic cotangent space, (79 X;)*, and
anti-holomorphic cotangent space (T°!'Xy)* respectively. Note that
[0, 9% < || implies [¢10] , |0%t] € L7(Q) whenever |n| €
L7(£) by the argument above. It remains to conclude

Theorem 1. Suppose the curvature of the Kahler form w on Xy be-
longs to L™(Q). If n is a closed form of type (1.1) on Xy, such that
N |ry is exact and |n| € L™(Qy), then there exists a smooth function u
on g such that 0u = 7.

Remark: Apart from the L"assumption for I, recall that some care
was taken in the introduction to specify that w should satisfy a cer-
tain volume growth estimate, together with the Sobolev inequality in
a neighbourhood of the origin. Although these conditions are satisfied
automatically by w as defined in this article, it is worth pointing out
that they are explicitly used in the solution of the Cauchy—Riemann
problem (cf. [6], theorem 1), which we apply below.

Proof. If 1 is specifically of type (1.1) with respect to the complex
structure on Xy, then 9y'? = 9¢%! = 0. It now follows from [6],
theorem 1, that there exist f, g € C*°(€Q) such that

But
df —b=0] —v*' =0(] ~9),

hence u = f — g. O

3. APPLICATION TO LINE BUNDLES OVER X,

Let (L,h) — (Xo,w) be a Hermitian—-holomorphic line bundle with
curvature Fj, = 0d0log(h). As above the Kéhler form w on X, will be
assumed to be the one induced from the standard Kéhler structure on
CV.



Corollary 1. Suppose that the curvature of w belongs to L™ (). Let
(L,h) — Xy be such that the first Chern class vanishes in H?(y, Z)
and | Fy| belongs to L™(). Then L restricted to Qg is trivial.

Proof. The vanishing of ¢;(L) implies that a smooth unitary frame may
be chosen for L |q,, with respect to which the connection form 7 of the
Hermitian metric connection V, is globally defined such that dr = F},.
As in Lemma 1, let ¢ be a solution of the equation diy = F}, such that
|¥| € L™(€y), with ¢ |x= 7 |x. From the main theorem, there exists a
function u, smooth up to the boundary ¥, such that that £}, —99u = 0.
Note that for any such u the conjugate u is another solution, hence a
real-valued solution exists. Moreover 7 — Ju, corresponding to the
connection form of V,-«;, is flat and represents a cohomology class of
H'(,C). If u= f — g as in Theorem 1, it follows that

T —0u ]TE: 1/) — Ju ]TE: d(f - ’U/) = dg ]TE .
Since any loop in 2y is homotopy equivalent to a loop in X, we con-
clude that the holonomy of sections covariantly constant with respect
to Vv, is trivial, and hence there exists a global holomorphic frame
for L |q,.
]
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