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Bifurcations of ordinary differential equations
of Clairaut type

Masatomo Takahashi
Department of Mathematics, Hokkaido University,
Sapporo 060-0810, JAPAN
e-mail: takahashi@math.sci.hokudai.ac.jp

1 Introduction

In the classical theory of first order differential equations the notion of classical
complete solutions plays an important role. The Clairaut equation is one of the
typical examples of first order differential equations with complete solutions. In
[8], a characterization and a classification of holonomic systems of differential
equations of Clairaut type have been given. The next purpose is to study
bifurcations of differential equations of Clairaut type as usual in singularity
theory. In this paper we study bifurcations of ordinary differential equations of
Clairaut type. If we consider the bifurcations of partial differential equations
of Clairaut type, the calculation is technically difficalt. Therefore, we stick to
ordinary differential equations in this paper.

Let 7 : PT*R?* — R? be the projective cotangent bundle over R?. We have a
local coordinate (x,y, p) of PT*R? so that (z, y) gives the canonical coordinate
of R? and (z,y, p) is the line in T, ,yR* given by dy — pdz = 0 this coordinate
is called the canonical coordinate of PT*R2. The canonical contact form on
PT*R? is given by 0 = dy — pdx on the canonical coordinate.

In the classical theory, a first order differential equations (or, briefly, an equa-
tion) is written in the form,

F(x,y,p) =0, p=dy/dz.

It is naturally interpreted as being a subset of PT*R? (more precisely, F~1(0) C
PT*R?). In this paper, we only consider the case when F~1(0) is a smooth
submanifold like as usual (cf.[9]) Since we only consider local propaties, an
equation is parametrized by a germ of an immersion f : (R? 0) — PT*R?
(cf.[5]). We say that f is completely integrable if there exists a germ of a sub-
mersion p : (R?,0) — (R,0) such that du A f*0 = 0. We call u a complete



integral of f and the pair (u, f) : (R%,0) — R x PT*R? is called an equation
with complete integral. If wo f|,-1.,) are non-singular maps for cach s € (R, 0),
then f is called a Clairaut type equation.

One-parameter family of first order ordinary differential equation germ (or,
briefly, one-parameter family of equations) is defined to be a germ of a map
[ (R?* x R,0) — PT*R? such that f; is an immersion for each t € (R,0)
where fi(uq,us) = f(uq, us,t). We also say that f is one-parameter completely
integrable if there exist a germ of a map g : (R? x R,0) — R such that g
is submersion, where g (uy, us) = p(uy, ug,t) and duy A ff0 = 0. The pair
(u, f): (RZxR,0) — R x PT*R? is called a one-parameter family of ordinary
differential equation with complete integral (or, briefly, one-parameter family
of equations with complete integral). If wo f by (s) ATe non-singular maps for
each t,s € (R,0) then f is called a one-parameter family of Clairaut type
equations. Let (u, g) be a pair of germs of maps ¢ : (R? x R,0) — (R? 0) and
g (R?* x R,0) — (R,0) such that y; is submersion for each ¢ € (R, 0). Then
the diagram

(R,0) & (R? x R, 0) 2 (R?,0)

or briefly (i, g), is called a one-parameter family of integral diagrams if there
exists a one-parameter family of equations f : (R? x R,0) — PT*R such
that (i, f) is a one-parameter family of equations with complete integral and
Tof=g.

Define F: (R*xXR,0) — PT*R xR by F'(uy,us, t) = (f(uy,us,1),t) for a one-
parameter family of equations f which is called a one-parameter unfolding
of equation associated to f. We also define i : (R? x R,0) — (R x R,0)
by f(uy, ue,t) = (p(uy,us, t),t). The pair (4, F) or (p, F) is called a one-
parameter unfolding of equation with complete integral and let (i, G) be the
pair of a germ of a map G : (R? x R,0) — (R? 0) and a germ of a map
i (R?2 x R,0) — (R x R,0) such that p; is a submersion for each ¢ € (IR, 0).
Then the diagram

(R x R,0) & (R? x R,0) & (R? x R, 0)

or briefly (4, @), is called a one-parameter unfolding of integral diagram if
there exists a one-parameter family of equations f such that (i, F') is a one-
parameter unfolding of equation with complete integral and (7 x id)o F = G
where F' is one-parameter unfolding of equations associated to f. If (u, f) is
a one-parameter family of Clairaut type equations, then (i, F) or (u, F) is
called a one-parameter unfolding of Clairaut type equation. Furthermore we
introduce an equivalence relation among one-parameter unfoldings of integral
diagrams. Let (f1, G) and (1, G') be one-parameter unfoldings of integral dia-
grams. Then (1, G) and (;2’ ,G") are equivalent as one-parameter unfolding of



integral diagram ( respectively, strictly equivalent) if the diagram

(R x R,0) «"“— (RZxR,0) —— (R?x R,0)

I

(R x R,0) «—— (RZx R,0) —— (R?x R,0)

7

II’, x

commutes for some germs of diffeomorphism &, and ¢ of the form

"’C(Sv t) - (’%1<S> t) 99(75» (/"651)60“116[?/; ’%1<S> t) - S):

U(U] y U2, t) = ((Lf‘l ('U/] y U2, t)/ /ﬁp(t)) and (ﬁ(.’}j] 3 L2, t) = (¢1 (xl y L, t)/ /ﬁp(t))

If (1, G) and (j/, G') are strictly equivalent, we say that (u, G) and (i, G) are
strictly equivalent.

Let FLF" be one-parameter unfoldings of equation associated to f,f’ respec-
tively. Then F' and F’ are equivalent if the diagram

(R2 x R,0) —— (PT*R? x R, (2,0))

J| |

(R? x R,0) —— (PT*R? x R, (%,0))
F/

commutes for some germs of diffeomorphism ¢ and @ of the form ¢ (uy, us, t) =
(01 (uq, ug, t), ¢(t)) and ®(zq,x9, 23,t) = (G;SL(:L'l,xg,:L'g),ap(t)) where ¢, is the
unique contact lift of ¢, where ¢y = @lgzy sy« (R? x {t},0) — (R? x {p(1)},0)
and ¢ : (R?xR,0) — (R?* xR, 0) is a germ of a diffeomorphism. We shall show
that two one-parameter unfoldings equation £’ and F’ are equivalent if and
only if induced one-parameter unfoldings of integral diagram (fi, (7 X id) o F)
and (p/, (m xid)o F') are equivalent for generic (1, F) and (¢, F') (c.f, Theorem
3.3). The main result in this paper is the following theorem which gives a
generic classification of one-parameter families of Clairaut type equations:

Theorem 1.1 For a generic one-parameter family of Clairaut type equations
(. f): (R* X R,0) — R x PT*R?,

let F' be the one-parameter unfolding of equation associated to f. Then the one-
parameter unfolding of integral diagram (u, (7 X id) o F) 1s strictly equivalent
to one of germs in the following list:



(1) o= Uy,

G= (u‘la Ug, t)

1

(2) M= Uy — 57«51;

G= (U] s 7122, t)
(3) p=us+aoG foraecMyyy,

G = (uy, ui + uyuy + tus, ).
(4) p=us+aoG for oMy,

, op
G = (uq, u% + uyus + Gluy, f)ug t) for B e My a_/t(o) 7 0.

We call the germ of function a which appears in the normal form (3) and (4),
a one-parameter functional moduli and the germ of function @ which appears
in the normal form (4), a second functional moduli. In the final remark (cf. §5),
we will describe why the second functional moduli appears in the normal form
(4). The meaning of the genericity in the above theorem will be described in
§2 (cf. Theorem 2.2). We now give typical examples of one-parameter families
of Clairaut type equations as follows :

Example 1.2 (One-parameter families of Clairaut equations) We consider a
one-parameter family of equations:

dy dy
Yy=—T+ g(5),
y =2+ g,

where g(¢,p) is a C*®°-function. In this case, we consider that germs of map
f:(R*xR,0)— JY(R,R) given by

fluy, uz, t) = (uy, urus + gi(ua), ug)

and g : (R? x R,0) — R given by p(u1, uz,t) = uy. Then we can casily show
that (i, f) is a one-parameter family of Clairaut type equations. In this case,
the complete solusion is a family of straight lines.

In the case when g(f,p) = p® + {p?, the one-parameter family of integral
diagram corresponds to the normal form (3) for the case @ = 0 in Theo-
rem 1.1. We can draw the picture of the bifurcation of the phase portrait

{mo filu1(c))}eer see Figure 1 :
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We can observe that bifurcations of Web structures appear in our situation.

As a next problem we should characterize one-parameter function moduli and
second moduli relative to the equivalence. Also we would like to classify the
bifurcation of first order partial differential equations with complete integral
in general. However it seems that the calculations for these ploblems are so
difficult that these are future problems for us.

In §3 and §4 we prepare some basic tools and describe the meaning of the
genericity of properties for one-parameter unfolding of Clairaut type equa-
tions. In §6 Appendex, we introduce the unfolding theory of function germs
which will be useful for the proof of Theorem 1.1. We give a proof of Theorem
1.1 in §5.

All germs of maps considered here are of class C°°, unless stated otherwise.

2 Genericity

Our aim is to construct a family of Legendrian immersions depending on (g, f).
We therefore consider the projective cotangent bundle PT*(R x R?). We have
a local coordinate (o, z,y, p,£) of PT*(R x R?), such that (o, z,y) gives the
canonical coordinate of R* and (o, z,y, p, &) is the plane in Ti,,,)R* given
by dy — &é&dx — pdo = 0. This coordinate is called the canonical coordinate of
PT*(R x R?) Then the canonical contact form is given by © = dy —&dx — pdo.
Let (u, f) be a one-parameter family of equations with complete integral. Then
there exists a unique element h, € &, such that h,du, = f,"0, where &, is the
ring of function germs of u-variables. Define a map germ

Cop) + (R X R, 0) — PT*(R x R?).



Cupy (s 1) = (p(u, t), z o fu,t),y o f(u,t), h(u,t), po fu,1)),
where h(u,t) = hy(u). Then we have £, r)|r2x( © = 0.

We say that the pair (u, f) : (R* x R,0) — R x PT*(R x R?) is a Legendrian
family if €, = ¢|,-1¢5) is a Legendrian immersion germ for each s € (R,0)
(cf.[6]). Then we have the following simple but important lemma:

Lemma 2.1 [6] Let (p,¢) be a Legendrian family. Then there exists a unique
element k € &) such that (0O = kdp.

We apply Lemma 2.1 to (7, £, ), where 7 : (R* x R) — (R,0);7(u,t) = t,
then there exists a unique element k € &, 4 such that £, »"© = kdt. We also
consider the projective cotangent bundle PT*(RxR?xR). Let (o, z,t,9,p, &, 7)
be the canonical coordinate on PT*(R x R? x R). Here the canonical 1-form
is given © = dy — £dx — pdo — 7dt = © — 7dt. We define a map germ

Cpry t (R2X R, 0) — PT*(R x R? x R)
by
Conry(u, t) = (plu, t), x o Flu,t), t,yo F(u, t), h(u,t),po F(u,t), k(u,t)).

Then we can easily show that ¢;,, r is Legendrian immersion germ. (i.e., £,

d {1, F) S 5 s B F)
is an immersion germ with {(,, )"0 = 0). We call ¢, F) G ONe-parameter com-
plete Legendrian unfolding associated to (u, F'). If F is one-parameter un-
folding of equation associated to f then we also call £, py a one-parameter
complete Legendrian unfolding associated to (u, f).

We now establish the notion of the genericity. Let U x V C R%2 x R be an open
set. We denote by Int(U xV, Rx PT*R? XR) the set of one-parameter unfolding
of equations with complete integral (u, F) : U X V — R x PT*R? x R. We
also define L(U x V, PT*(R x R? X R) to be the set of one-parameter complete
Legendrian unfolding ¢, sy : U x V — PT*(R x R?* x R).

These sets are topological spaces equipped with the Whitney C'*-topology. A
subset of either spaces is said to be generic if it is an open dense subset in the
space.

The genericity of a property of germs are defined as follows. Let P be a prop-
erty of one-parameter unfolding of equation with complete integral (u, F) :
UxV — R x PT*R? x R (respectively, one-parameter complete Legendrian
unfolding £, ») : UxV — PT*(RxR?xR)). For an open set UxV C R? x R,
we define P(U x V) to be the set of (u, F) € Int(U x V,R x PT*R? x R) (re-
spectively, €, py € L(U x V, PT*(R x R? x R))) such that the germ at (u,t)



whose representative is given by (y, ) (respectively, ¢, py) has property P
for any (u,t) € U x V.

The property P is said to be generic if for some neighbourhood U x V' of 0 in
R? x R, the set P(U x V) is a generic subset in Int(U x V,R x PT*R? x R)
(respectively, L(U x V, PT*(R x R* x R))).

By the construction, we have a well-defined continuous mapping
(I1y), : L(U x V, PT*(R x R? x R)) — Int(U x V,R x PT*R* x R)

defined by (I11).(¢(um) = Iy 0 €y, py = (p, F), where I, : PT*(R x R* xR) —
R x PT*R?xR is canonical projection. Then we have the following fundamental
theorem.

Theorem 2.2 The continuous map
(I1y), : L(U x V, PT*(R x R? x R)) — Int(U x V,R x PT*R* x R)

18 a homeomorphism.

The proof follows from a direct analogy of the proof for Theorem 4.4 in [7], so
that we omit it.

This theorem asserts that the genericity of a property of one-parameter unfold-
ing of equation with complete integral can be interpreted by the genericity of
the corresponding property of one-parameter complete Legendrian unfolding.

3 One-parameter unfoldings of equations

In this section we prepare some results on one-parameter unfoldings of equa-
tion with complete integral which will be used in the later sections. We also use
the notion of Legendrian immersions here. For the definition and basic prop-
erties of Legendrian immersions, see [1,11]. We can casily show the following
lemma:

Lemma 3.1 Let F: (R*xR,0) — (PT*R*XR, (z,0)) and F' : (R*xR,0) —
(PT*R? x R, (/,0)) be germs of one-parameter unfoldings of equations. Then
F and F' are equivalent if and only if the diagram

(R%,0) L (PT"R*z) —— (R%7(2))

N .|

(R27()) T (PT*R‘ZZ;Q([)) T (RQ,W(ZL/F@)))
@ (t)



commutes for some germs of diffeomorphisms @, ;. ¢; and the unique contact
lift &y of ¢ at each t € (R,0).

3

We also prove the following lemma which is a one-parameter version of |7,
Lemma 2.1].

Lemma 3.2 Let F: (R*XR,0) — (PT*R*X R, (z,0)) and F': (R*xR,0) —
(PT*R* x R, (2/,0)) be germs of one-parameter unfoldings of equations such
that the sets of singular points of mo fi and wo f] are closed sets without
interior points except for isolated t. Then F and F' are equivalent if and only
if there exist a germ of a diffeomorphism ¢ : (R? x R,0) — (R* x R,0) of
the form ¥(uy,us,t) = (q(ur,ug, t),(t)) and a germ of a diffeomorphism
¢ : (R* X R,0) — (R?* x R,0) of the form ¢(x1,29,t) = (UV1(x1, x9, 1), p(t))
such that lﬂfw;(t) Aw; =0 for each t and the following diagram commutes:

(wxid)oF
by

(R? x R, 0) (R? x R, 0)

(R? X R,0) — (R? x R, 0)
(mxid)oF"

where w, = "0 and w, = f]"0.

Proof. Since ¢, is a contact diffeomorphism, the necessity of this condition is
clear.

We now prove the sufficiency of this condition. By the assumption, we have
(fs/c@) oy )*ONfF0 = 0. Since ¢, is a contact diffeomorphisim, we have (¢, o f,)*0A
[0 = 0. It follows from the above conditions that (¢¢ o f;)"0A ([} 0 ¥1)*0 =
0. The assumption ¢, omo f; =mo fg’g([/) o 1, guarantees that coordinate rep-

resentations are given by

bco filu) = (Xi(u), Yi(u), Pi(u))

and
Fri 0 vul) = (Xu(uw), Yi(u), P(u),

so that we can translate the last condition into
(Py(u) — P/(u))dX(u) AdY;(u) = 0.

Since the sets of singular points of 7o f, and 7o f/ are closed sets without
interior points except for isolated ¢, dX;(u) A dY;(u) is linearly independent
on open dense subset of neighbourhood of the origin in R?, then we have
Py(u) = P/(u) on such a subset. Thus we assert that ¢; o fi(u) = [ o ¢e(u)

9



for almost all ¢. By the continuity, this equality holds for all . By Lemma 3.1,
this completes the proof of Lemma 3.2. O

We can assert the following theorem which reduces the equivalence problem
for one-parameter unfoldings of equations with complete integral to that for
the corresponding induced one-parameter unfolding of integral diagrams.

Theorem 3.3 Let (p, F) : (R? x R,0) — (R x PT*R? x R, (0,2,0)) and
(W, F"): (RxR,0) — (Rx PT*R? xR, (0, 2",0)) be one-parameter unfoldings
of equations with complete integral such that the sets of singular points of wo f;
and 7o f{ are closed sets without interior points except for isolate t. Then the
following are equivalent:

(1) F and F' are equivalent

(2) (f1, (m x id) o F) and (i, (x x id) o F') are equivalent as one-parameter
unfoldings of integral diagram.

Proof. We prove that (2) implies (1). If (i, (x x id) o F) and (p/, (7 x id) o F")
are equivalent as one-parameter unfoldings of integral diagram, then there
exist germs of diffeomorphism # : (R x R,0) — (R x R,0), ¢ : (R* x R, 0) —
(R? x R,0) and ¢ : (R? x R,0) — (R? x R,0) such that ;/ 09 = ko /i and
¢o(mxid)oF = (n xid)o F'o. Therefore we have u;w o1y = Ky oy and
piomo f=mwo ;(t) o1y for each t € (R,0).

Since dy and dy; are non-zero at 0, the existence of such a diffeomorphism s
is equivalent to the condition eﬁt*du;m Adpe = 0.

On the other hand, (i, F) and (i, F”) are one-parameter unfoldings of equa-
tions with complete integral, so we have du; A wy = dp, A w; = 0, where
wy = f,"0 and w;, = 70 for each t € (R, 0). Moreover w, and w; do not vanish
outside the set of critical points of 7o f; and 7 o f], respectively. These facts
assert that Yjw),,y Awy = 0 and ¢o (7 x id)o F' = (7 x id)o F'o1). By Lemma
3.2, F and F’ arc equivalent as one-parameter unfolding of equation.

We also prove that (1) implies (2). By Lemma 3.2, if F' and F” are equivalent,
then there exist diffeomorphism germs ¢ : (R? x R,0) — (R? x R,0) and
¢ (R* xR, 0) — (R* xR, 0) such that ¢,"w/ ;) Aw, = 0 and $po (7 x id)o F' =
(r x id) o F' o).

By the same reason as in the above argument, it is enough to prove that
@t*dﬂ;(t) A dp, = 0. However, such a formula is easy to prove. O

We remark that in assumption of Lemma 3.2 and Theorem 3.3, the condition
singular points of 7o f, and wo f/ are closed sets without interior points except

10



for isolated ¢ is satisfied for generic equations.

4 Equivalence of unfoldings and generating functions

The main idea of the proof for Theorem 1.1 is to define an equivalence relation
which can ignore one-parameter functional modulus and to do everything in
terms of generating families for Legendrian unfoldings analogous to those of
in [§]

Proposition 4.1 Let (u, F) : (R* x R,0) — R x PT*R* x R be a one-
parameter unfolding of equation with complete integral. Then (p, F') is a one-
parameter unfolding of Clairaut type equation of and only if £, ry is Legendrian
non-singular.

Proof. By definition, (i, F') is a one-parameter unfolding of Clairaut type
equation then (u, f) is a one-parameter family of Clairaut type equation (see.
Sect.1). We now have a decomposition of the tangent space as follows:

T(uo,t)(/j’;l(s) X {f}) GV, = T(uo,t) (Rz X {f})

Then

d(ILo Ly pylrexn) = Taugn (1 ' (8) X {t}) = Tioay({s} X R?)
is an injective and
d(H o) g(u7f)]R2X{t}) . V; — TSR
is an isomorphism. Thus IT o ¢y, 5)|r2xqy 18 an immersion at uy € (R*,0) for
each ¢ € (R,0). We conclude that £, j)|r2x is Legendrian non-singular for
each ¢ € (R,0). Then it is easy to show that ¢, ) is Legendrian non-singular.

By definition £, ry is Legendrian non-singular then £, s)|r2x s is Legendrian
non-singular for each ¢t € (R,0). This concludes that Il o £y, )[zoxy is an
immersion, we have

Lo £y, plrexiy(u) = (pe(u), o fi(u),y o filu)).

Let P, : Rx(RXR) — R be the canonical projection onto the first component.
By definition Py o Il o £(, 5 |R2><{L} = y; 18 a submersion.

Hence, if £, 5)|R? x {t} is Legendrian non-singular, then

Py| Imagell o £, p

R2x {1}
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is a submersion. It follows that
Py '(s) N Imagell o £, p)lrex gy = {s} x R x RN Imagell o £y, ) |rzx 1)
is a 1-dimensional submanifold of {s} x R x R.

We also define a mapping P : Rx(RxR) — RxR as the canonical projection.
Then
Py({s} x R x RN Imagell o £, r|r2xqe})

is a 1-dimensional submanifold of R x R. It is easy to show that

Py({s} x R x RN Imagell o £, prexy) = 1o fi(p ' (s)).
This shows that f;| b (s) is Legendrian non-singular for each ¢, s € (R, 0). Then

(1, f) is a one-parameter family of Clairaut type equation. O

Since £, ) is a germ of a Legendrian immersion, there exists a generating
family of £, ) by the theory of Legendrian singularities ([1,11]). Let G :
(RxRxR)x Rk 0) — (R,0) be a germ of a function such that dyG|oxrxmxrs
is non-singular,where

doG(s,x,t,q) = ( \G(<S z,t,q), .. g—G(% z,t, q)>

Then C(G) = dyG~1(0) is a germ of a smooth 3-manifold and 7 : (C(G),0) —

R is a germ of a submersion, where w5 (s, x,t,q) = s. Define germs of maps

Le: (C(G),0) = JYR,R)

by
Lols,zita) = (2.Gls. 1,00, 5 (s, 10)),
"
and
L (C(G),0) — JHR xR x R,R)
by
oG oG oG
Lo(s,z,t,q) = (s z,t,G(s,x,t,q), e —(s,x,t,q), ()I(S x,t,q), o —(s,x,t q))

Since 0G/0q; = 0 on C(G), we can easily show that

(L

W(;‘I(S))*e =0.
By definition, L is a one-parameter complete Legendrian unfolding associated

to (r¢, L¢). By the same method of the theory of [1,11], we can also show the
following proposition.
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Proposition 4.2 All one-parameter Legendrian unfolding germs are constructed
by the above method.

We say that G is a generalised phase family of the complete Legendrian un-
folding L.

Let (u, F) be a one-parameter unfolding of Clairaut type equation. By Propo-
sition 4.1, £, py is Legendrian non-singular. Then we can choose a family of
germs of functions

G:(RxRxR,0)— (R,0)

such that Image j'G; = €1, p)|r2xqey - Image j'Gsy = fi( ' (s)) for any st
€ (R,0) and

J1G (R x R,0) — J'(R,R)
is a germ of an immersion, where Gy(s,x) = G(s,z,t) , Gip(x) = G(s,2,1)

and jiGy(s,z) = j'Gp(x). The fact that j{G, is an immersion leads us to
the following equality:

oG 9*G
(& k —_— =1
o (@s d@()ﬁ")
In this case we have (C(G),0) = (R x R x R,0) and
Lo=7'G:(RxRxR,0)— J'(RxRxR,R),

so that it is a one-parameter complete Legendrian unfolding associated to
(g, jiG). Thus the generalised phase family of a one-parameter complete
Legendrian unfolding of Clairaut type equation is given by the above germ.
We define G : (R x R x R xR, 0) — (R, 0) by G(s,z,t,y) = G(s,2,t) —y. We
call G a generating family of a one-parameter complete Legengrian unfolding
of Clairaut type.

We now consider an equivalence relation among one-parameter unfoldings of
integral diagrams which ignore one-parameter functional moduli. Let (i, G)
and (¢, G) be one-parameter unfolding of integral diagrams. Then (fi, G) and
(ﬂ’ ,G') are one-parameter R -equivalent if there exist a germ of a diffeomor-
phism ¥ : (R x R? x R,0) — (R x R* X R, 0) of the form ¥(s,x,t) = (s +
a(x,t), v(x,t),o(t)) and a germ of a diffeomorphism @ : (R* x R,0) — (R* x
R, 0) of the form ®(u,t) = (¢(u,t),(t)) such that Vo (u, G) = (', G') o .
We remark that if (i, G) and (i, G’) arc one-parameter RT- cquivalent by
the above diffeomorphisms, then we have p(u,t) + a o G(u,t) = i/ o ®(u,t)
and (¢, p) o G(u,t) = G' o ®(u, t) for any (u,t) € (R? x R,0). Thus the one-
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parameter unfolding of integral diagram (4 « o G, () is strictly equivalent

o (i, G").

We now define the corresponding equivalence relation among one-parameter
Legendrian unfoldings. Let £y, 1 : (R? X R,0) — (PT*(R x R? x R), z) and
Corrny + (R X R,0) — (PT*(R x R? x R),2') be one-parameter complete
Legendrian unfoldings. We say that {(, ;) and €,y gy are one-parameter SP*-
Legendrian equivalent (respectively, one-parameter S P-Legendrian equivalent)
if there exist a germ of a contact diffeomorphism K : (PT*(R x R? X R), 2) —
(PT*(R x R? x R), 2'), a germ of a diffeomorphism & : (R* x R,0) — (R? x
R,0) of the form ®(u,t) = (¢(u,t), ¢(t)) and a germ of a diffeomorphism
U (R xR x RII(2)) — (R xR*x R,II(2)) of the form ¥(s, x,t) =
(s+a(x,t),¥(x,t), o)) (respectively, (s, z,t) = (s, ¢¥(x, 1), ¢(t))), such that
MoK =Woll and K ofy, ) = €y o ®. where IT: (PT*(R x R* x R), z) —
(R x R? x R,TI(z)) is projection. It is clear that if £, py and €, gy are
one-parameter SPT-Legendrian equivalent (respectively, one-parameter SP-
Legendrian equivalent), then (p, (7 x id) o F) and (i, (7 X id) o F') are
one-parameter Rt-equivalent (respectively, strictly equivalent). By [11, The-
oreml.1], the converse is also true for generic (i, (7 X id) o F') and (4, (7w X
id) o F").

We also say that £, py and £, pry are one-parameter P-Legendrian equiva-
lent if there exist a germ of a contact diffeomorphism K : (PT*(R x R? x
R), 2) — (PT*(R x R? x R), 2’), a germ of a diffeomorphism @ : (R* x R, 0) —
(R? x R,0) of the form ®(u,t) = (¢(u,t),¢(t)) and a germ of a diffeomor-
phism ¥ : (R x R? x R, I1(z)) — (R x R? x R, II(z")) of the form ¥(s,z,t) =
(q(s,z,t),¥(x,t), ¢(t)), such that ITo K = W oIl and K o {, ) = Ly pry 0 D.

The notion of stability of one-parameter complete Legendrian unfoldings with
respect to one-parameter S Pt-Legendrian equivalence (respectively, S P-Legendrian
equivalence and P-Legendrian equivalence) is analogous to the usual notion of

the stability of germs of Legendrian immersions with respect to the Legendrian
equivalence. (cf,[1, Part I17]).

On the other hand, we can interpret the above equivalence relation in terms
of generating families. Let G, G : (R x R x R x R,0) — (R,0) be generat-
ing families of one-parameter Legendrian unfolding of Clairaut type, where
G(s,x.t,y) = G(s,x,t) —y , G'(s,2,t,y) = G'(s,2,t) — y. We say that G
and G’ are one-parameter I? C*—equwalcnt (lespectlvely, one-parameter P-C-
equivalent) if there exists a germ of a diffeomorphism @ : (RxR xR xR, 0) —
(R xR x R x R,0) of the form

O(s,z,t,y) = (s + ale.t,y), 6121, ), 2(8), 6ala 1, 1))
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(respectively,

(I)(S: z,t, y) = (S, @1(*777 £, y)7 p(t)a OZ(T 2 y)))

such that (G o ®), = (G"), , where (G") is the ideal generated
5 {s,z,l,y) &s,m,t,y) (s,2,6,y)

by G'in 1. We say that G(s,z,t,y) is P-CT (respectively, P-C)-versal

deformation of g = G|— if

dg dg oG

€ 8,% + {5 1 Ty 1t=
( U) <()S S(T " + <g>5(s7m7y) <()’If >5(x;y) + < ()t ]t O>R
(respectively,
dg oG
Elsay) = <g>g<sﬁw’y) + <$ 1>g( : + {5 ot = O> )-
; o

Let G,G": (RxRxRxR,0) — (R,0) be generating families of one-parameter
Legendrian unfolding of Clairaut type. We also say that G and G’ are {-P-K-

equivalent if there exists a germ of a diffeomorphism @ : (R xR X R X R,0) —
(R x R xR xR,0) of the form

O(s,x,t,y) = (q(s,2,t,y), ¢r(x, t,y), o(t), d2(x, 1, y))

such that (G o @),
. (s,x,t,y)
tion of g = G|— if

= (é’>g< ) and G(s, z,t,y) is P-K-versal deforma-
8,&,0,Yy

0 0 oG
! + (52 +{%r

Elomay = {22 -7 1 .
(S,nyy) <ab g>g<svay) d.'l/’/ >€(m’y) at |’ O>

By the similar arguments like as those of [1, Theorems 20.8 and 21.4], we can
show the following:

Theorem 4.3 Let G, G’ 1 (R x R x R x R,0) — (R,0) be generating fami-
lies of one-parameter Legendrian unfoldings of Clairaut type ®g, Por respec-
tively. Then

(1) ®g and O are one-parameter SP* (respectively, one-parameter SP )-
Legendrian equivalent if and only if G and G' are one-parameter P-C* (re-
spectively, one-parameter P-C )-equivalent.

(2) @¢ is a one-parameter SPT (respectively, one-parameter SP )-Legendrian
stable if and only if G is a P-C* (respectively, P-C)-versal deformation of
9 = Gli=o.



(3) ¢ s a P-Legendrian stable if and only if G is a P-K-versal deformation
of g = Gli=o-

For cach function germ g : (R3,0) — (R, 0), we set
dg dg
+(9) 5D

P-Ct-cod(g) = dilrlﬁg<‘9’$’y)/<8s>g Eiom)
(z,y) o

5(%1}).
By the definition, P-C*-cod(g) < 1 then CT-cod(gy) £ 3, where gy = g|rxo-

And we set

: dg Jg
P-K-cod(g) = dimg&s )/ (==, 9) +(=,1) .
enl g Eamyy 0T Eay

S[iince go = g|rxo is a function germ of one-variable, we have (%>R + (90)¢, =
(%;go)gs, so P-K-cod(g) <1 then CT-cod(gy) < 3.

5 Proof of Theorem 1.1

By Theorem A in [8], the set of P-Legendrian stable one-parameter complete
unfoldings is an open and dense subset in L(U xV, PT*(RxR?xR)). Therefore
by theorem 2.2, it gives a classification of P-Legendrian stable one-parameter
complete Legendrian unfoldings under the one-parameter SP7-Legendrian
equivalence (or SP-Legendrian equivalence). Let (g, f) be a one-parameter
family of Clairaut type equation such that the corresponding one-parameter
complete Legendrian unfolding £, 7y is one-parameter P-Legendrian stable.
By the assur{lption; the %enerating family G of i,y 18 P-K-versal deforma-
tion of ¢ = G|—p, then G is K-versal deformation of gy = g|rxo.- We remark
that G is K-versal deformation of gy if and only if G is C*-versal deformation
of go. By Lemma 3.1 and Theorem 3.2, G is P-CT-equivalent to one of the
germs in the following list:

(1) s 4+ uy + ug + ug,
(2) 8% + uy + ug + uss,
(3) 8% + uy + ugs + uzs?,

(4) 54 + Uy + U2s + U3<S’27

16



where (s,up,uy,uz) € (R x R 0). We would like to classify these germs by
the one-parameter P-CT-equivalence. By the above normal forms, there exist
a germ of a diffeomorphism ¢ : (R x R x R,0) — (R3,0) such that G is
one-parameter P-C"-equivalent to one of the germs in the following list:

(1) s+ uy(z, t,y) + us(z, t, y) + us(z, ¢, y),
(28 +uy (2, t,y) + us(z, t,y) + us(e, t,y)s,
(3") 8% 4 ui(x, t,y) + us(w, t,9)s + us(x, t,y)s?,

(4) 8"+ (2,1, y) +ug(, t,y)s + gz, t, y)s™.

Since G is the form G —y, we assume that %L;(()) # (). Furthermore, we perform
local coordinate change, so that u.l(:L',t,y') = —y,us(x,t,y) = ug(x,t) and
ug(z,t,y) = ug(x,t). Therefore we classify these germs by the one-parameter
P-C*-equivalent under the condition P-K-cod(g) < 1 where g = Glieo. We
remark that jGy is a germ of an immersion.

Next we consider the ¢t-P-K-equivalence. Since the P-CT-equivalence is a stronger
equivalence relation than the P-KC-equivalence, G is P-K-equivalent to one of
the germs in the above list.

We now classify these germs by the t-P-K-equivalence under the condition
that P-K-cod < 1. We use the result of [10, Theorem 3.1] such that jiG, is

bs Bsox
equivalent to one of the following germs:

. . . 9C H2C .
a germ of an immersion (i.e. rank(d(’ oG ) = 1), then such a germ is t-P-K-

(a)s —y—+x+t,
(b) * —y +t+ s,
(¢) 8° —y + a5+ ts?,

(d) s* —y + xs + 157,

We remark that the above assertion has been also proven by [2, Theorem 1.2]
or [11].
Now G is t-P-K-equivalent to one of the germs in the above list, then ¢ is

P-K-equivalent to one of the following germs:
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((Ll> sS—Y +z,
(V) 8* —y + ws,
(Cl) 83 -y + xs,

(d) s* — y + xs.

For (a'), (V') and (¢), g is a K-versal deformation of gy, so g is a C*-versal
deformation of go. We remark that gy and s' (i = 1,2,3) are K-equivalent,
then gy and s' (i = 1,2,3) are C-equivalent. We use Theorem 3.2 that g is
P-C*-equivalent to one of the following germs:

()s—y+ax, (V)s—y+uaxs, ()s®—y+us.

These germs satisfy the condition that P-C*-cod = 0, so that we have P-C*-
cod(g) = 0. By definition, G is a P-C*-versal deformation of g. By the unique-
ness result of P-C*-versal deformation, G is one-parameter P-CT-equivalent
to one of the following germs:

(@) s—y+a+t, (b)s®—y+t+uus (c)s®—y+axs+ts

On the other hand, we assume that g is P-K-equivalent to the germ (d'):
s —y + xs. By the previous arguments, we consider the germ of the form
G(s,x,t,y) = s*—y4us(z, t)s+us(z, t)s>. We remark that the P-K-codimension
of s* —y +xsis 1, so that P-K-cod(g) = 1. If Qua/9z(0,0) = 0, then we can
show that P-K-cod(g) > 2. Therefore we have a germ of a diffeomorphism
defined by X = uy(xz,t),T = t. Tt follows that the germ: s* — y + uy(x,t)s +

us(z,t)s? is one-parameter P-CT-equivalent to the germ:
11 4 , , 2
(d") s —y+as+ [z, t)s".

Since these transformations are local coordinate changes, we have 93/9t(0,0) #

0.

We now detect the corresponding normal forms of one-parameter integral di-
agrams as follows:

For the case (a), we can choose

G(s,x,t) =s+x+t,
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as a generating family, so that
Lo=(s,z,t,s+z+1t1,1,1).
Then we can easily calculate that the corresponding one-parameter unfolding

of integral diagram is strictly equivalent to

H=1Ug,

G= (Ul, Ug, t)
For the case (b), we can choose

G(s,x,t) = s + x5+ t,
as a generating family, so that
Lo=(s,2,t,8%+ x5 +1t,25+ 1,5, 1).

We have

H=Usg,

G = (u, us + urus, t).

We now define a coordinate transformation by
Ur=wui, Uy=uy+ %Uh
then (i, G) is strictly equivalent to

1
H=Uy — Uy,
2

, 22 ;
G = (uy, (u3 — —uj),t).
4
We also apply a coordinate transformation which is defined by
X=ux Y=y+ 2%
then we have the normal form.
For the case (¢), we can also choose
G(s,z,t) = s° 4+ w5 + 15
as a generating family, so that
Lo = (s,2,t,8 + x5 +1s%, 357 + 1 + 2ts, 5, 57).
Then we can easily calculate that the corresponding one-parameter unfolding

of integral diagram is one-parameter R -equivalent to
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H=Ug,
G = (uy, uy + uyug + tus, t).

For the case (d”), we can also choose
G(s,z,t) = s* + x5+ pBa,1)s”

as a generating family, so that

o8 o3

o oy 2
(f)x(‘Lvt)a ot ("L7t)‘5 )

Lo = (s,2,t, 8"+ x5+ B(x,t)s%, 45> + 2+ 26(x,t)s, s +

Then we can easily calculate that the corresponding one-parameter unfolding
of integral diagram is one-parameter RT-equivalent to

H=Usg,
G = (uy, uj + uyug + Buy, t)us, t).

Since each generating family for (¢) and (d”) is one-parameter P-CT-equivalent
to the normal form but these are not one-parameter P-C-equivalent, the corre-
sponding one-parameter integral diagram is strictly equivalent to the normal
form (3) and (4) in Theorem 1.1.

This completes the proof of Theorem 1.1.

Remark. In the above proof, we can show that the P-C*-codimension of the
germ: s*—y+xs is infinite. This means that there appears the second functional
moduli in the normal form (4) in Theorem 1.1.

6 Appendix

In this section we now give a quick review of the theory of unfoldings of
function germs [1,3,4,7,8].

Let f, f": (R,0) — (R,0) be germs of functions, F, F’ : (R x R",0) — (R, 0)
be unfoldings of f, f’ respectively and F, F' : (R x (R™ x R),0) — (R,0) be
germs of functions, where F(s,z,y) = F(s,2) —y , F'(s,x,y) = F'(s,x) — y.
We say that F and F’ are P-C*t-equivalent (respectively, P-C-equivalent) if
there exists a germ of a diffeomorphism @ : (R x (R x R),0) — (R x (R™ x
R),0) of the form ®(s,z,y) = (s + a(z,y), ¢1(x,y), d2(7,y)) (respectively,

(I)(S'/ €T, y) = (37 ¢1 (.’IJ, y)a (/52(377 y))) such that <F © (I)>5(S z,9) = <F/>5(S ©,) VVhCI’C,
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<P~”)5< , Is the ideal generated by I in & 4.y)- We also say that F(s,z,y) is
8,T,Y -

C™ (respectively, C)-versal deformation of f = Flpyg if

df OF OF
g =Y O ixor s 2 Jixo, 1
<dS>R + (e, + <8;U1 |k x0, B, X0 )R
(respectively,
E, = ——|&x0s ooy — |Rx0, 1) ).
E <f>gs + <(()T1 ].RXO y ()ﬂjn]RXO >1{§)

Let f,f" : (R,0) — (R,0) be germs of functions. We say that f and f’ are
C-equivalent if and only if (f); = (f)s . Then the classification theory of
germs of functions by the C-equivalence is quite useful for our purpose. For
each germ of a function f: (R,0) — (R, 0), we set

C-cod(f) =dimg&/(f)¢,,

C*-cod(f) = dimms. ), + ()
K-cod(f) =dimg&/{f)¢, + (g—i}g :

Then we have the following well-known classification (cf.[4]).

Lemma 6.1 Let f: (R,0) — (R,0) be a germ of a function with KC-cod(f) <
oo. Then f is C-equivalent to the germ st for some £ € N.

By a direct calculation, we have

C-cod(s"™)=¢ 41,
C“L—cod(sHl) ={.

Thus we can easily determine C (respectively, C*)-versal deformations of the
above germs by using the usual method (cf. [8]):

-The C-versal deformation: s + 3¢ ugy 8%

-The C*-versal deformation: s 4+ S2670 8%

The following theorem is useful and important for our purpose.
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Theorem 6.2 Let F,F' : (R x (R” x R),0) — (R,0) be germs of functions
such that F,F' are C* (respectively. C)-versal deformations of f = Flgxo,
' = F'lgxo respectively. Then F and F' are P-C*-equivalent (respectively,
P-C-equivalent) if and only if f and f' are C-equivalent.

Let F(é x,y) be a CT-versal deformation of f = Flgyo. By Lemma 3.1 and
Theorem 3.2, F(s,x,y) is P-CT-equivalent to one of the germs in the following
list:

-1 n
DA4(1§€§’rL—}—l);Sé_}_Zl.iSi_}_ij_%
i=1 =4

n
. ) .
DA, 58" + Z st — .

=1
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