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Classifying singular Legendre curves by
contactomorphisms

Go-o ISHIKAWA*

1 Introduction.

It is well known that all Legendre curves in contact three spaces are locally
equivalent via contactomorphisms; the relative Darboux theorem [2]. We
can try to generalize this fact into two directions; global and singular ways.
To the global direction, we see the classification of Legendre knots as one of
main subjects in the contact topology [4][7]. Then it is well known globally
the diffeomorphism classification and the contactomorphism classification are
different. In fact even trivial knots have non-equivalent contactomorphism
types. Now, going to the singular direction, we first encounter the classi-
fication of singular Legendre curves by contactomorphisms as one of main
subjects in the contact singularity theory [1]. Then in the present paper we
give several basic results on the subject in the local and complex situation.
In particular, we show the following:

Theorem 1.1 Two integral curves (C,0) — (C3,0) are contactomorphic if
and only if they are diffeomorphic.

In [1] integral curves f : (C,0) — (C***! 0) with ordf = 2 are classified
by contactomorphisms in general dimensional cases into series Ay o and Agy .
If n > 2, Ay and Ag,,,m > 0 are not contactomorphic while they are
diffeomorphic. Thus we see the classification of singular Legendre curves

Key words: integral curves, relative Darboux theorem, finitedeterminacy.
2000 Mathematics Subject Classification: Primary 58K40; Secondly 57R45, 53D10.
*Partially supported by Grants-in-Aid for Scientific Research, No. 14340020.



(n = 1) has the special feature, compared with the higher codimensional
cases (n > 2).

Now we explane notions, with some motivations, appearing in the above
theorem.

Let PT*C? denote the projectivization of the cotangent bundle 7*C?
over C2. It is a trivial CP'-bundle over C? with the canonical projection
7 PT*C? — C?, and it is identified with the space of contact elements on
C? An element ¢ = [a] € PT*C? with o € T7,,C?\ {0} defines uniquely
the tangential line Ker(a) C Ty, C?.

The space of contact elements PT*C? has the complex analytic contact
structure (distribution) D C T(PT*C?) defined by D, := 7, '(c) for each
c € PT*C?, where ¢ is regarded also as a contact element ¢ C TW(C)C2,
and 7, : T(PT*C?) — T'C? denotes the differential of 7 : PT*C? — C?. A
diffeomorphism ® : V. — W, V and W being open subsets of PT*C?, is called
a contact diffeomorphism or briefly a contactomorphism if ® preserves the
contact structure D; ®,(D|y) = D|w. By Darboux’s theorem, the pseudo-
group of local contactomorphisms on PT*C? acts transitively.

A complex analytic mapping f : U — PT*C? from an open subseteq U C
C is called an integral curve if f,(9/0z) € Dy(,). Moreover if f is an integral
immersion, then it is called a Legendre curve. Thus by a singular Legendre
curve we mean a integral curve which is not necessarily an immersion.

Let us fix a coordinate system x,y on C? and thus the decomposition
C? = C x C. Then consider the affine subspace C* C PT*C? consisting
of non-vertical contact elemelents on C? for the projection (z,y) — x along
the y-axis, which has the system of coordinates x,y and p with the contact
1-form a = dy — pdx defining D|gs. A curve f: U — C? is integral if and
only if f*a = 0. A complex analytic plane curve on C? lifts to an integral
curve, by taking tangent lines to points on the curve, in PT*C?. At a point
with the z-axis as the tangent line, the integral lifting defines an integral
curve-germ (C,0) — (C?,0).

Two curves f, f': (C,0) — (C3?,0) are called diffeomorphic (resp. contac-
tomorphic) if f’is transformed to f by a holomorphic diffeomorphism (resp.
a contactomorphism) (C?,0) — (C?,0) up to a parametrization.



In this paper we only consider germs of complex analytic integral curves
having locally injective representatives. (A-finite germs in the sense of [13]).

If two curves are contactomorphic, then of course they are diffeomorphic.
Theorem 1.1 states the converse is true when they are integral. Remark
that Theorem 1.1 is not valid without the integrality condition. For example
a transverse immersed curve to the contact distribution and a non-singular
Legendre curve are locally diffeomorphic but not contactomorphic.

Recently, Zhitomirskii [14] generalizes the relative Darboux theorem to
singular varieties in a contact space. We shortly explain Zhitomirskii’s result
in the complex case.

Let X C (C*1.0) be a subset and a a 1-form on (C***1 0). The
residual class [a|x of o modulo the exterior differential ideal generated by
functions vanishing over X, is called the algebraic restriction of o to X. Let
X, X' C (C?**10). Then the algebraic restrictions of the contact struc-
ture to X and X' respectively are called diffeomorphic if there exists a dif-
feomorphism @ : (C***1 X) — (C*"' X’} and a non-vanishing function
A (C*HL0) — C\ {0} such that [®*a|x = [Aa]x. If (C*"F! X) and
(C?+1 X’} are contactmorphic, then the algebraic restrictions of the con-
tact structure to X and X’ are diffeomorphic in the above sense. Then
Zhitomorskii shows the following:

Theorem 1.2 (Zhitomorskii [14]) (C*"*, X) and (C*" ™', X') are contact-
morphic if and only if the algebraic restrictions of the contact structure to X
and X' are diffeomorphic.

Then, related to his result, we interpret our result Theorem 1.1 in term
of the algebraic restriction:

Corollary 1.3 (of Theorem 1.1.) Let f, f' (C,0) — (C?,0) be injective inte-
gral map-germs. If f and ' are diffeomorphic, then the algebraic restrictions
of the contact structure on (C?,0) to f and f' respectively are diffeomorphic.

The author does not know the direct proof of Corollary 1.3 without using
Theorem 1.1. Also it is interesting to consider the real case.



In §2 and §3, we give preliminaries on contactmorphisms and singular
Legendre curves (integal curves). In §4, we introduce the notion of contact
codimension and orbital contact codimension for an integral curve, and show
that both are not only cotact invariants but also diffeomorphism invariants
of integral curves. Moreover, in fact, there are no infinitesimal difference
between the contactomorphism classification and the diffeomorphism classi-
fication of integral curves, in §5. In §6, we show that any injective integral
curve is finitely determined among integral curves. In §7, we complete the
proof of Theorem 1.1. Lastly, in §8, we give several examples of contact sim-
ple integral curves among integral curves, related to symplectically simple
plane curves [10].

Throughout this paper, for a holomorphic function & : (C,0) — C, we
denote by ordh the order of h at 0, the degree of the leading term.

The author would like to thank S. Janeczko and W. Domitrz for the
information about the reference [14].

2 Contactomorphisms.

A holomorphic diffeomorphism ¢ : V. — W, V and W being open subsets
in C? endowed with the contact form o = dy — pdz, is a contactomorphism
if and only if there exists a non-vanishing holomorphic function A on V
satisfying ®*a = Aa on V.
Example 2.1 Let ¢ : (C?,0) — (C?,0) be a diffeomorphism of form ¢(z, y) =
0X
(X(x,y),Y(x,y)) with a—(0,0) # 0. Then ¢ defines a contactomorphism
"
¢+ (C?,0) — (C°,6(0)) by ¢(z,y.p) = (X, Y, P),
Y Y Y
Er + Pa; - —(0, O)
P(w,y.p) = g%, 0(0) = &
&%, 9X(0,0)

For example,
xT
X=z,P=p—qax),Y =y— / a(¢)d¢,
0
defines a contactomorphism satisfying dY — PdX = dy — pdz.
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Example 2.2 Consider the diffeomorphism on C* defined by (z,y,p) —
(X, Y, P),

X=—pP=xY=y—pzx.
Then we have dY — PdX = dy — pdx. So this is a contactomorphism, which
is called the Legendre transformation.

The infinitesimal contact transformations on (C? «a),a = dy — pdz are
given by the contact Hamiltonian vector fields over C?.

Let H € O5. Then the contact Hamiltonian vector filed over C? with the
Hamiltonian function H is defined by

o (O OHY D 0O (. oY 0
T\ or p@y dp Op Ox p(?p oy’

(cf. [2]). The vector filed Xy is characterized by the conditions
(o, Xyr) = H, Lx, o = Aa,

for some A € O3, where («, Xp;) means the natural paring of a 1-form and a
vector field.

We set,

Then V Hs is an O3 module: For K € O3 and for Xy € V H;, we sct
K*XU = XKH-

Now we consider the invariant filtration
O3 = 'mg Dmg D m% D mg BEEE

under diffeomorphisms therefore under contactomorphisms. Here mg := {h €
Os | h(0) = 0} denotes the unique maximal ideal of Oz. Also we counsider
another invariant filtration under contactomorphisms

03:]03113]23133”',
where we set

I; .= {h € Oz | weight(h) >i},5 =0,1,2,...,



setting weight(x) = 1,weight(p) = 1, weight(y) = 2. Remark that, for
an h € Os and for a contactomorphism ® : (C*0) — (C?0), we have
weight (®*h) = weight(h). Two filtrations {m}} and {I;} are related by
Ly Cmy CL,(j=1,2,...).

Then easily we have:

Lemma 2.3 We have I,; %V Hz =V H; ﬂmng, (j=1,2,...). In particular
mg x VHs CLyx VHy = VHsNmsVs CmgxVHs.

3 Singular Legendre curves.

Let f : (C,0) — (C30) be an integral map-germ. Set f = (x,y,p) =

df- df
(f1, fo, ). Then we have df; — @df; = 0, namely, % _ j;l Then ordy =
/ dt
ord fy — ordf;. Moreover we have
t di
) = [ o % e
Jo dt
2
E le 3.1 Let f; = 2. = %+ Then f, = 2k+3.
xample et fi L en fo 3

We study the infinitesimal deformations of f among integral mappings.
Let @ be the natural lifting to TC? of the 1-form o = dy — pdr on C3.

Let (z,y,p;7,%,p) be the induced coordinates of T'C? from the coordinates
(z,y,p) of C3. Then

G 1= dj — jdz — pdT = d(j — pT) — iz + Tdp.
Now set
V]f = {U) : (C/ O) - T(}‘3 ] TOoOW = f7 wia = 0}

Let w = (f1, fo, p:€,m,90) : (C,0) — T'C? belong to VI;. Then we have
dn = ¥dfy + @d§ and d(n — ¢&) = —&dy + Ydf.

Proposition 3.2 VI, coincides with the space of infinitesimal integral de-
formations of f: For a holomorphic vector field w : (C,0) — TC? along
[, w satisfies w*a = 0 if and only if there exists a holomorphic integral

. ‘ _ or
deformation F : (C x C,0) — C? of f with w = s

s5=0



Proof: That F is an integral deformation means, setting F' = F(t,s) = f5(¢),
that we have fy = f and fJa = 0. By differentiating the both sides of
the equality fia = 0 by s, we have w*a = 0. Conversely, for cach w =
(fl,f‘z-/ @?57777@)7 if we set F(tv S) = (fl (f) + Sf(t), f2(t) + E(t? S)? © + qu),
where

it

E(t,s) = s / POEQC +5 |

0

f

SORQIC +5 [ w0,
0

then F'is an integral deformation satistying w = En

)s

s=0

For a w = (f1, f2,¢:&,m,¢) € VI, we call i,o0 := n — @& € Oj the
generating function of w. Set k = n — @& Then we see ord(k — k(0)) >
min{ord f;,ordp}. Set s = min{ordf;, ordy}(= ordf), and set

Ry =R +mj,
where my := {h € O3z | h(0) = 0}. Let k € Ry. Then there exist £ and v
with dk = —&dyp + ¥df;. Moreover setting n = k + &, we have k = n — ¢€.

Therefore we see the linear mapping e : VI; — Iy defined by taking the
generating function, e(w) := iy, is surjective. We denote the kernel of the
linear mapping e by

VI = {we VI |i,a =0}

We see VI } is an O;-submodule of the O;-module V; of all holomorphic
vector fields (C,0) — T'C? along f.

Define wf : VHs — VI by wf(Xp) := Xy o f. In fact, if we regard
X as the section Xp : (C?,0) — TC?, we see Xj;a = Aa for some X € Oj.
Therefore (X o f)*a = (f*\)(f*a) = 0.

Then the generating function of wf(Xy) is equal to H o f. In fact, if we
set w = (f1, fo, »; €, m, ¥), then

oH OH oH OH

f:—a—po,ﬂ n=Ho, _¢8p of, ’AD:%O,fﬁ-sﬁa—yOL

and we sec

. O0H OH
77_99€:<Hof_4/9f, Of>—<ﬂ<—a—of>:HOf.
P




We define an Oz module structure on VI as follows: For H € Oz and
w € VI, we define the multiplication

Hxw:=f*H -w+ (i,a)(Xg — H-X;)o f.

If we set w = (f1, f2, 9;&,1,1), then the right hand side of the definition
becomes

e N oo (LOH o oH oH . OH
(Hof)<§:n=¢>+(fl—a@€)(—%OJL: —sﬂapmf, axo‘H”pay >

Then we have as in [9]:

Proposition 3.3 The space VI of infinitesimal integral deformations of an
integral mapping f is an Oz-module by the multiplication defined above. The
sequence

0— VI, —VI; = R; — 0

15 Oz-exact. Moreover, setting
VH), ={X; €VH; | Ho f =0}
3,f H 3 J 3

we have an Oz-exact sequence,

00— VJ}/wf(VHgf) — VI jwf(VHz) — R;/f O3 — 0.

The following is clear.
Lemma 3.4 IhxVIf Cmzx VI CVI NmV;.

Let f: (C,0) — (C3,0) be an integral curve. We have defined an Os-
module homomorphism wf : VHy — VI by wf(Xy) := Xy o f.

We denote by Vi the set of germs of holomorphic vector fields over (C, 0)
and define an Os-module homomorphism ¢f : Vi — VI by tf(v) := f.(v).
Remark that, since f is integral, we have ¢f(v) € VI; and moreover the
generating function of ¢ f(v) is equal to 0; e(tf(v)) = 0.

Let w = (f1, f2, ¢; &, 1, %) belong to V[}. Then n — & = 0. Moreover we
have —&dyp + wdf; = 0, namely, we have &g’ = ¥ f], so v = &(¢'/ f1).

8



Assume, using the Legendre transformation (Example 2.2) if necessary,
ordfi < ordg(= ordfy — ordf;). Then 2ordf; < ordfs and s = ordf;. Then
we have = ¢§ = £(f3/f1) and ¢ = {(¢'/ f1). So we have

13 1 ¢ /i
n | =& B =5 5
0 ¢/ LA ¢

if ordé > ordf; — 1.

Thus we have
Lemma 3.5 Let f : (C,0) — (C3,0) be an integral map-germ. If w =
(f1, fasps&my) € VI satisfies ord > ordfy — 1, then w € tf(Vi). If
ord¢ > ordfy, then w € tf(m V7).

In particular we have

Lemma 3.6 wf(VH;)NVI; Ctf(m V1) Ctf(V).

Proof: Suppose Xy o f € V[?. This means that H o f = 0. In particular

H(0) = 0. Set H(z,y,p) = ax +by +cp +ax?> +---. Then Ho f =

afi+bfotcot+afi+---. We may assume ord f; < ordg as well as that ordyp is

not a multiple of ord f;, by using a contactomorphism preserving the contact

form « as in Example 2.1 if necessary. Then we have ¢ = 0,a = 0,... and
OoH

¢ = 0. Therefore we have 0—(0) = 0, and ord¢ > ordf; = ordf. Therefore,
P

by Lemma 3.5, we have w € ¢ f(m V). O

4 Contact codimension.

Now we define the contact codimension of f by

VI,
L (Vi) + wf(VHs)

ct-codim(f) := dim¢

Similarly we define the orbital contact codimension of f by
V[f N my Vf
tf(miVy) +wf(VHs NmsVs)

codim(Ct f) := dimg

9



Then we will show:

Proposition 4.1 The contact codimension of an integral curve f : (C,0) —
(C3,0) is equal to dimg O,/ f*Oy. The orbital contact codimension of f is
equal to dimg my / f*mj3. In particular the contact codimension and the orbital
contact codimension are both diffeomorphism invariants.
Proof: By Proposition 3.3, we have the exact sequence:
VI VI,
3 H 3
tf(vi)  tf(Va)

Then, by Lemma 3.6, we have the exact sequence:

00—

— Ry — 0.

VI Vi Ry
tf(\) tf(Vi) + wf(VHs) 0,

Now we have, setting s = ordf, dimc V/;/tf(V1) = s — 1. On the other
hand we see dime O1/R; = s — 1. Thus we have

0—

— 0.

ct-codim(f) = dime O1/ Ry + dime R/ O3 = dime O1/ f*Os.
Similarly we have the exact sequence,
VI, nmVy . VIinmVy . mi
tf(miV7) tf(m Vi) +wf(VHsNmsVs) frm3

VI myVy _
———— =5 — 1 = dimg my/mj, we have
tf(miVh)

— {).

Since dimg

ns
1 1. k2
—— = dimgmy/ f m3.

Jrm3

codim(Ct f) = dimg my /m{ + dimc

5 Contact diffect.

Now we consider the infinitesimal difference, which may be called the contact
diffect, between the diffeomorphism classification and the contactomorphism
classification for integral curves (C,0) — (C?,0).

10



Lemma 5.1 For an integral curve f : (C,0) — (C?,0), we have wf(mzV3)N
VI} Ctf(m\y).

Proof: We set f = (f1, fo, ). We may suppose ordf = ordf;. Let v =

Ai + Bi + C’2 € msVs; A(0) = 0,B(0) = 0,C(0) = 0. Suppose
ox Jy dp

wf(v) € VI;. Then, by A(0) = 0, we see ord(A o f) > ordf. Thus, by

Lemma 3.5, we see wf(v) € tf(m V). O

Now set
TD(f) :=tf(m W) +wf(msVs) NV,

and set

T(f) :=tf(m V1) +wf(VHsNmsV3).

Then T'D(f) represents the tangent space to the orbit of f for diffeomor-
phisms in the space of integral map-germs, and T'(f) represents the tangent
space to the orbit of f by contactomorphisms. It is clear that T'(f) C T D(f).
Actually we see there exists no contact diffect:

Lemma 5.2 TD(f)=T(f).

Proof: Recall the Os-homomorphism e : VI — Oy defined by e(w) = n— ¢

for w = (fi, fo. p:&,m.0) € VI;. We set
e(ITD(f))={Bof—pAof|vemsVswf(v)e VI},

J 0 d . .
representing v = v = AE + B()—y + C’@. We claim e(TD(f)) C m?*,
where s = ordf. We may assume ordf; < ordg. By d(Bo f —¢Ao f) =

0B : :
—(A o flde + (C o f)df1, we have 8—(0) = 0. If (1) ordg < 2ordf;, then
x
0B
Oreover we see 0—(0) = 0. Then e(w) € mi. If (2) 20rdf; < ordy, then,

oB
from just (97(0) = 0, we have e(w) € m?*. Therefore anyway e(w) € m3®.
So we have e(TD(f)) C m?.
Besides we have e(T(f)) ={H o f | H € O3, X(0) = 0}. The condition

H
(0,0) = 0. Therefore we see

OH
Xp(0) =0 is equivalent to that —(0) = 0, oW

o
e(T(f)) = frm3 =mi.

11



Thus we have e(T'D(f)) C e(T'(f)). Since the converse inclusion holds
trivially, we have e(T'D(f)) = e(T(f)).

Now let w € TD(f) = tf(mi V1) + wf(msVs) N VI Take w € T(f) =
tf(miVi) + wf(VHsz N m3Vs) with e(w) = e(w). This is possible since
e(TD(f)) = e(T(f)). Then w' == w —w € tf(mV1) + wf(msVz) N VI
Then, by 5.1, we see w' € tf(myV1). Therefore we have w itself belongs to

T(f). 0

6 Finite determinacy.
We observe is the following:

Theorem 6.1 An integral curve (C,0) — (C3,0) is finitely determined
among integral curves for contactomorphisms.

Recall that we assume any integral curves are A-finite. Let f : (C,0) —
(C3,0) be an A-finite map-germ. Then f is £-finite. Then there exists r € N
such that any map-germ g : (C,0) — (C3,0) with the r-jet j7g(0) = j7 f(0)
satisfies g*mg 2 m] ([13]). If we take r sufficiently large if necessary, we have
g m3 2> mj

Assume now moreover f = (f1, f2,¢) and g = (g1, g2, ¥) are integral and
779(0) = 5" f(0). Set Fy = (f1 + s(g1 = f1), 4, + s(¢ — ¢)), where

v= [ o0+ st - el =0

Then we see each Fy is integral, j7F,(0) = j7f(0) and Fy = f,F; = g. In
particular F¥mZ C m7. Moreover we set, for each sy € C, F': (C x C,0) —
(C? x C,0) by F(t,s) = (Fi(t),s — sp). Then we have TTL102 C F* m§(94

Now consider the infinitesimal deformation d— = (g1 — j1 — ). Since
S
dy _ [ d(fi +s(g1 — f
2~ [0 - stenthrse ”@M
s 0 dt

# [0+ s - o M2 o

12



dF,
belongs to m’ Oy, we see — belongs to VI Nm’VE., considering also s as
le) 1 3 dq O El 1 ERi e
a variable.

Now remark that VIg, N miVe, C tF,(mV)) + wFs(VH; NmVs). In
fact, let w € VIg, NmjVp,. Then the generating function e(w) belongs to
m;Os C FF(m3,,Orpys). There exists an H € m2  Oppys € 1040y,
w—Xyol e VI, NwF(msVy). Thus w — Xy € t£,(m, V). Therefore we
see,

VIgNmiVe CtE(mVa) +wF(VHz NmsVy).

This implies f is finitely determined among integral curves for contactomor-
phisms.

7 Proof of Theorem 1.1.

The key step we have to overcome is the followings:

Proposition 7.1 Let f, f' : (C,0) — (C3,0) be integral map-germs. If f
and [’ are diffeomorphic, then there exists an integral map-germ " such that
" is contactomorphic to [’ and that " is connected to [ through an integral
and isotropic family, namely, there exist holomorphic diffeomorphisms @ :
(C3,0) — (C?,0) and o4 : (C,0) — (C,0), depending holomorphically on
points s in a connected domain in C which contains 0 and 1, such that
fs = D, 0 f ooy are integral and fo = [, f1 = f.

Proof: Denote by C,C’ the images of f, f’ respectively. Suppose there exists
a holomorphic diffeomorphism @ : (C?,0) — (C?,0) such that ®(C) = ",
Compare o = dy — pdz and 3 := ®*«. Then we have alc = 0,0|c = 0.
Remark that also 3 is a contact form on (C* 0). This means that (3 A
di3)(0) £ 0.

Now put oy 1= (1 — s)a+ s, for s € C. The condition (a4 A dag)(0) =0
is an algebraic equation, in fact of second order, on s. Therefore, outside
of a finite set B C C, a4 is a contact form on (C?,0) satisfying a,|c = 0.
Take a path connecting 0 and 1 on C\ B. Then there exists a family of
diffeomorphisms &, depending holomorphically on a sufficiently thin open
neighborhood of the path in C\ B. This is proved by the infinitesimal
method applied to showing Darboux theorem [2]. Consider the curve C 1=
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O, (C). We have ®ta = a1 = § = P*a. So we have (@) o @ 1)*a =
a. Therefore ®; o &' is a contactomorphism. Moreover we have aloc, =
D alc = asle = 0. (@0 D7 1)) = &(C) = C;. We denote by [’ a
s . « « 1 Y7 3 .y 1
parametrization (normalization) of Cj. Then f” is an integral curve and
contactomorphic to f’. Furthermore f and f” are connected through an
integral and diffeomorphic family. O

Counsider the integral jet space Jj(1,3) C J"(1,3) defined by
Jr(1,3) = {57 f(0) € J(1,3) | f: (C,0) — (C?0) is integral }.

Then Jj(1,3) C J"(1,3) is a complex analytic submanifold. In fact there is
an embedding J"(1,2) — J"(1,3) defined by 57(f1,©)(0) — 5"(f1, f2, ¢)(0),
where

i

£t = [ A0GHOC

If If;
Remark that j7! (%) (0) =41 <v9%> (0).

We consider the natural action on J"(1,3) (resp. Jj(1,3)) of the group
A" (resp. CT7) consisting of r-jets (j7¢(0), 77®(0)) of parameter transfor-
mations o : (C,0) — (C,0) and diffeomorphisms (resp. contactomorphisms)
U (C3,0) — (C3,0). Then for any z € J/(1,3), the orbit C7"z under
contactomorphisms is contained in the orbit A"z under diffeomorphisms as
well as in J7(1,3). Them we show that

Proposition 7.2 For any integral map-germ f : (C,0) — (C?,0), A"5" f(0)N
Ji(1,3) CCT"5"f(0)

Proof: Let z € A"j" f(0) N J7(1,3). Then z = 5" f'(0) for some integral map-
germ f’. Moreover, since f is A-r-determined, f’ is diffeomorphic to f. Then
by Proposition 7.1 there exists an integral germ f” such that f/ and f” are

contactomorphic and f” are connected by a diffeomorphic integral family f;

df s .
to f. Sinc dim T'(5"f5(0)) is independent on s and di € TD(f,) € T(f)

s
(Lemma 5.2). Thus, by Mather’s lemma ([12] pp. 534-535), we see 57 f"(0) €
CT7j" f(0). Therefore also z = j7 f'(0) belongs to CT"j" f(0). O

Proof of Theorem 1.1: Let an integral germ f’ be diffeomorphic to f. Then
Jrf0) € A7 £(0) N J7(1,3). Hence, by Proposition 7.2, we see j" f'(0) €
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CT"j" f(0). Then, there exist an integral germ f”” such that 5" f"(0) = j" f(0)
and f” is contactomorphic to f’. Since f is r-determined by contactomor-
phisms, we see [ and f are contactomorphic. Thus we see [ and f are
contactomorphic as required. O

Example 7.3 Let f : (C,0) — (C?0) be an integral curve. Set f(t) =
(z,p,y) = (12, 0(t), fo(t)) and assume ordyp = 2k+1, k=0,1,2,.... Then f

i

2 g2kl 2 £2k+3
7 2k +3
both are diffoemorphic to say (#2,t%*1,0), so by Theorem 1.1 we see they

are contactomorphic.

is contactomorphic to > . In fact, both are integral and

8 Contact simple curves.

An integral curve f : (C,0) — (C?,0) is called contact simple among integral
curves if only a finitely many contactomorphism classes appear in any integral
deformation F : (C x C¥,0) — (C3?,0) of f. Note that the above notion of
simplicity is different from the contact simplicity discussed in [1][14].

We consider the projection IT : C* — C? defined by (x,p,y) — (x,p),
regarding C? as a part of the contactification of the symplectic plane C2. If
a plane curve g : (C,0) — (C?,0) is given, then we have an integral curve

g:(C,0)— (C?,0) by

30 = (5.0.0) = (000 [ (622 0)c).

Plane curve germs g,¢ : (C,0) — (C? 0) are called symplectically equiv-
alent or symplectomorphic if there exist a holomorphic diffeomorphism o :
(C,0) — (C,0) and a symplectomorphism ¢ : (C?,0) — (C?,0) with respect

to the complex symplectic (area) form w := dp A dz.

Lemma 8.1 If two plane curves g,g" : (C,0) — (C%0) are symplectomor-
phic, then g and g' are contactomorphic.

For the proof, see [1]. Then we have
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Corollary 8.2 If g : (C,0) — (C?,0) is symplectically simple, then § s
contact simple.

In [10] Corollary 9.8, we have classified symplectically simple plane curves.
By its complex counterpart, which is proved in the same way, we have

Corollary 8.3

) 2 s
Age it (e (z,py) = [ 2,85, =)
2t (t — (z,p,y) < T3

3
E6 ‘= (t = (lp7y) - (t37t47 ?t7> 3

and 5
Ey:t— (t— (z,p,y) = (fdf gt8>

are contact simple.

Remark 8.4 Consider the family of plane curves g\(t) = (£3, "+ %) of type
FE15 having the parameter A as the symplectic moduli. The integral liftings

~ . 3 3 :

g (t) = <t57 £+ A8, l_()tm + ﬁ)\t11> are, however, cotactomorphic to each

other, privided A # 0. For also the family of plane curves gy(t) = (¢4, 5+ A7)

of type Wiy having the parameter A as the symplectic moduli, the same

phenomena occurs: The list of contactomomorphic classes from g, consists

. 4 4 4

of (t4, 87 +¢",=t% + —t') and (4, 1%, —17).

(#5417, 519 + =2#1) and (4,9, 519
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