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Dedicated to Professor Tatsuo Suwa for his 60th birthday.

1. Introduction. A degenerate singularity of a plane caustic bifurcates into several
cusps. Then we may ask:

How many cusps do there appear after a stable perturbation?

In this article, we review the algebraic formula for the number of complex cusps, thus
the upper estimate of the number of real cusps, and, gradually, we show their several
possible, known and unknown, generalizations.

We start with the ordinary singularity theory. Let f : (C?,0) — (C?,0) be an unstable
holomorphic map-germ. We consider the problem of counting the number of cusps after
a stable perturbation. We note that the cusps apear, for the perturbed f, at a point on
the singular locus J = 0, defined by the Jacobian J = J(f1, f2), where the extended
mapping (J, f1.f2) : C? — C3 is not immersive. So we count the intersection number at
0 of the jet section j2f : C? — J?(C?, C?) with the variety in J2(C?, C?) defined by J
and 2-minors of the Jacobi matrix of (J, f1.f2). Since j2f is an immersion, setting the
ideal

J = Tia = (J(f1, f2), J(f1, J(fr, f2))s T (f2. T(fr, f2))) 02

we have:

THEOREM 1.1. ([3], see also [8]) The number k of cusps for a stable perturbation f
from f: (C2,0) — (C2,0) is equal to the dimension over C of the quotient algebra(doubly
iterated Jacobian algebra) @ = 02/ T :

K= diIHC 02/<J(f1 f2)7 J(fl '](fls fZ)) J(fQ J(fl f2))>(92:
1991 Mathematics Subject Classification: Primary 58K60; Secondary 13C14, 53D12.
Financial support from Grant-in-Aid for Scientific Research, No. 14340020.
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2 G. ISHIKAWA

provided dimg @ < oo.

Second, we consider the problem on caustics. Let f : (C2,0) — T*C? = C* be a
Lagrangian immersion. Recall the cotangent bundle T*C? with the canonical coordinates
(p1,P2;41,q2) has the symplectic 2-form w = dp1 A dg1 + dpz2 A dgz and the canonical
Lagrangian projection 7 : T*C2 — C2, 7(p, q) = q. We suppose the immersion f satisfies
f*w =0. Then 7o f is called the Lagrangian mapping and its critical value set is called
caustics of f. Now assume f is not necessarily Lagrange stable with respect to m, and
ask:

How many cusps do there appear after a Lagrange stable perturbation ?

We denote by k = H(WOf ) the number of cusps near the origin, under the projection «,
of a Lagrange stable perturbation f of f. Since 7o f is also a stable perturbation of 7o f,
we can calculate the number of cusps by the above theorem from mo f : (C2,0) — (C2,0).

In Lagrangian singularity theory, Lagrangian immersions and their caustics are ana-
lyzed via their generating families [1]. Thus we are led to also the following question:

What is the algebraic formula for k in term of the generating family of f ¢

Let F: (C" x C2,0) — C be a Morse family. (It is not assumed to be R*-stable) [1].
That F' is a Morse family means that the catastoroph set
or 0 oF }

il =0

— o i 2
C’(F)._{(.L,)\)GC XCP | g =0 5

is regularly defined in C” x C2, namely, (%, cee g{l) : (C™xCZ2,0) — C7 is submersive
: Ty
along C(F). Then the mapping f = L(F) : C(F) — T*C? defined by

OF OF
L(F)(SU,)\) = (?93\—;’ 5"/\-2‘7>\17)\2> 5

is a Lagrangian immersion. Conversely any Lagrangian immersion can be constructed
by this method, up to parametrization. Thus we call F' the generating family of the
Lagrangian immersion f. The singularities of caustics of f coincides with the singularities
of the projection Il : C(F) — C?, where I : C” x C?* — C? is the projection
(7, A) = A. The critical value set of Il|¢(py is called the bifurcation set of F', which agrees
with the caustic of the Lagrangian immersion L(F).

Now we set the Hessian of F by

o(F . OF
OF 8F>_ ox,"" O,

F) = — ...
JVE) J(é)xl’ O, 01, ar)

denoting by J(a1,...,a,) the Jacobian det (g%) of ay,...,a, by x1,...,2,, and the
Ty

“secondary Hessian” of F' by
OF () OF
JD(VF) = J (g—,...,J(VF),... i-) ,

24 " Oz,
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replacing gTF by J(VF) for i =1,...,r. Then we set
Ly

ox,’ " Oz,

Tri = < OF oF J(VF), J2(VF),..., J,52>(VF)>
O,«A‘ 2

Then we have:

THEOREM 1.2. The number k of cusps of a Lagrange stable perturbation of L(F) is
equal to the dimension dimg Q@ of the doubly iterated Jacobian algebra

Q:=0r12/Tr11,
provided dimg @ < oo.

Note that, if dimc @ < 0o, then dime O, /(0¢/0x1, ..., 0¢/0x,) < o for ¢ = F(x,0).
Thus ¢ has an R*-versal deformation and F is induced from it.

EXAMPLE 1.3. Set F(x1,A1,A2) = 2} + \x? + Aoz, with 7 = 1. Then we have
glil = Bat 4+ 2031 + Ao, J(VF) = %;; = 2023 + 2)1, and JP(VF) = %f]? = 6022
Thus Q = O3/(z3, A1, A2). Therefore we have x = dimc Q = 2.

We give here the proof of Theorem 1.2 shortly, since the proof provides the prototype
for the proofs of possible generalizations.
Proof of Theorem 1.2: C(F) is defined by VF = (g—f]‘, cee gf:) = 0 and the singular
locus of II| ¢y coincides with the singular locus of (VF, A1, A2) : C™+2 — C"2 on C(F),
and it is defined by J(VF) = 0 on C(F'). Moreover the cusp locus coincides with the
singular locus of (VF, J(VF),A1,\2) : C™*% — C™3. The (r + 2)-minors of its Jacobi

matirix are

J(VF),JP(VF),...,JO(VF).
Now consider the jet space J*(C™2, C). Then jets of Morse families form an open sub-
space M C J3(C™2 C). We set C = {j3F(z) € M | VF(x9) = 0}. Then C is
a submanifold of M of codimension r. Now the (r + 2)-minors of Jacobi matirix of
(VF,J(VF), M, Ae), which is considered as an (r + 2) x (r + 3) matrix with entiries in
O¢, defines a determinantal variery ¥ C C' of codimension 2. Then 3 is Cohen-Macaulay.
Moreover the defining ideal of ¥ is reduced over the regular locus of 3. Then the inter-
section index of j2F : C"*2 — M with ¥ gives the number of cusps after an RT-stable
perturbation of F, and it is given by dimc Q via (j3F)* : O, 9 « O O

Here we have two points for the idea of the proof: First we note that, for instance,
JZ-(z)(VF ) is expressed by a unique (universal) polynomial on partial derivatives of order
< 3of F, for any F. In fact, we use throughout this paper the following well-known fact:

LEMMA 1.4. Let h be a polynomial function on J"(C™, CP). Then, for eachi (1 <i<

m), there exists a unique polynomial d—‘;fh over Jr1(C™, CP) such that (—d%—h) ojmH f =
%(ho.jrf), for any [ : (C™,x0) — (CP,y0), z0 € C™,yp € CP. The operator h +
T

E%h is characterised by the properties E%(hk) = (a%h)k + h(a%;k), and Ezd:aajj = 05,
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= olaly,. )
E%(ya’j) = Yotes,jr Where Yo ; (47 f(20)) = #ﬁ(mo), and e; = (0,...,1,...0) (i-th

component).

Second, recall that a local ring A is called Cohen-Macaulay if there exists a regular
sequernce ai, . . ., an, (n = dim(A)) belonging to the maximal ideal; a1 is a non-zero-divisor
in A, az is a non-zero-divisor in A/{(a1) 4, and so on ([21], Ch. 6). In general the length of a
regular sequence does not exceed the dimension of the ring. Therefore a Cohen-Macaulay
ring possesses the possibly longest regular sequence, and it is known by this property the
intersection theory, or the theory of multiplicity, works very well ([7] Prop. 7.1). A regular
local ring, for example O,,, is Cohen-Macaulay. In fact, in O,, the coordinate functions
Z1,...,%, form a regular sequence. If O0,,/J is Cohen-Macaulay for an ideal [J C O,,
then we call the zero locus Z(J) of J with the defining ideal 7 Cohen-Macaulay variety
in C™. Non-singular submanifolds are surely Cohen-Macaulay varieties. Another class of
important examples for Cohen-Macaulay varieties is given by “determinantal varieties”.
In fact we have used the following fundamental algebraic fact:

PRrROPOSITION 1.5. ([13]. See also [4]) Let A be a Cohen-Macaulay local ring. Then,
for the ideal J generated by {-minors of an n X m-matriz with entries in A, the quotient
ring A/J is Cohen-Macaulay, provided dim(A) — dim(A/J) = (n+1—-80)(m+1—¥),
the “ideal” codimension.

We have applied Proposition 1.5 in the above proof of Theorem 1.2 to A = O¢,n =
r+2,m=r+3and £ =r-+ 2. Also we can apply Proposition 1.5 to show Theorem 1.1.

The usage of the Cohen-Macaulay property for the problem of counting perturbed
isolated singularities is first considered in [3], along the general framework of intersec-
tion theory. Later the original idea is re-explained in [8] for obtaining the new result on
the number of double folds. Note that the idea itself of counting perturbed singulari-
ties is considered through the deep investigations of germs C? — C? due to Mond (cf.
[22][23][24]). See also [30]|28][29][19][20] for the related studies. After [3][8], there appears
a sequence of investigations on the problem of counting general isolated Thom-Boardman
singularities [26][4][5][6]. Then we observe that there are two main points for obtaining
right formulae: one is seeking the appropriate defining ideals of treating singularitities on
jet spaces and second is seeing their Cohen-Macaulay property. For complicated singular-
ities, both points cause nontrivial problerns. In the following sections we collect, around
the problems of caustics and wavefronts, several situations where we can overcome these
points.

The singularities of generating families of functions can be studied from the viewpoint
of singularities of mappings: Let us consider again a Morse family F : (C" x C2,0) — C
for plane caustic. Then we consider G := (F,II) : (C" x C%,0) — C x C?, G(z,)\) =
(F(x,A),A). Then the critical locus of G coincides with the catastroph set C(F) of F.
Moreover the cusp (namely, 1) singular points of G are exactly the fold (namely, >19)
singular points of I1|¢ (), while the swallowtail (namely, »r110) singular points of G are

1,0)

exactly the cusp (namely, 3! singular points of I|¢(py. The Rt-stable deformation
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of F' induces a stable deformation of GG. Therefore Theorem 1.2 follows, for instance, from
the following(Corollary 4.4 (3) of {4]):

TuEOREM 1.6. (Fukui, Nufio Ballesteros, Saia) The number of %"~ 2110 points for
a stable perturbation of a K-finite map-germ G : (C™,0) — (C3,0) with corank 1 is equal
to dimg O/ Tn-2,11(G), where Jn-21.1(G) is generated by 3-minors M, ..., of Jacobi
matriz Jac(G) of G, (n —2)-minors Ny, ..., of Jac(G, M) and (n — 2)-minors L, ..., of
Jac(G, M, N).

Note that, if G = (F,II), the ideal J,_21,1(G) defined in the above theorem coincides
with the ideal treated in Theorem 1.2. Thus we have the second proof of Theorem 1.2.

The problem of counting the number of cusps of caustics is closely related to the
problem of counting the number of swallowtails of wave fronts. In fact, G|¢(r) : C(F) —
C x C? is the wave front of the Legendrian lifting L(F) : C(F) — C x T*C? of the
Lagrangian immersion L(F) : C(F) — T*C?. In fact F|¢(p) : C(F) — C is a generating
function of L(F') since dF = %d)\l + g—f;d)\g on C(F) = {3—5 =0,..., % = 0}.
Thus actually the formula of Theorem 1.2 can be interpreted, from the singularity theory
of mappings, as the formula for the number of swallowtails of perturbed wave front. Of
course, since swallowtails project to cusps, we have the same formula.

In Legendrian singularity theory, the singularities of wave fronts are analysed via
generating families of hypersurfaces [1]. So we give the counting formula for swallowtails
of wave fronts in the language of generating families of hypersurfaces.

Let H : (C" x C%,0) — (C,0) be a function family. Assume the equation H = 0
defines a Morse family of hypersurfaces in C”. This means that the big singular set

~ OH OH
cny={ ) | H=0.50 <0 5% ~0},

is non-singular. The image II(C(H)) of C(H) under the projection IT : C" x C3 — C3 is
called the discriminant of H. This c~oincide§ with the front of the Legendrian immersion
defined by H. In fact the mapping L(H) : C(H) — PT*C? defined by

~ O0H 0OH 0OH
L(H ZC,)\ = Ay P Ay ? ay uAa)‘7)\
) = (|G e o] Aok )
is a Legendre immersion in the projective cotangent bundle PT*C? over C>. For the
Legendre fibration 7 : PT*C3 — C3, the front of L(H), that is the image of w o L(H),
coincides with the discriminant II(C(H)). Any Legendre immersion to PT*C? is obtained
by this process, up to parametrization.

_ THEOREM 1.7. The number of swallowtails in the fronts of a stable perturbation of
L(H) is equal to the dimension dimc Q) of the algebra

~ o OH
Q = Orys/ <H, 5

Ger (VH),J](Z)(VH),...,JT(2>(VH)> ,

Orys

provided dimg @ < 0.
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Proof: Up to K-equivalence, we may assume H = F — A3 for a Morse family F(x, A1, A2).
Then we apply Theorem 1.6 to G : (C” x C%,0) — C x C?, where G(x,A1,\2) =
(F(z,A), A1, Az). =

Note that it is known ([27][18][11][12]) the more geometric formula on the number of
cusps appering in a generic plane section of the dicsriminant by means of Milnor number.
However it seems to be open yet to relate them to the formula in term of the iterated
Jacobians.

In the following sections we consider several generalizations of the above results includ-
ing singular cases and try to understand them clearly: In §2, we introduce the counting
formulae for the numbers of A4 and Dy singularities of caustics due to Fukui and Weyman.
In §3, we count the numbers of simplest singuarities of singular Lagrangian immersions:
open Whiney umbrellas. In §4, we count isolated singularites of singular Lagrangian im-
meresions composed with Lagrangian projections. Actually, as the result obtained firstly
in this paper, we give the formulae for the numbers of singularities Sg3, 54,55 and T3
introduced in [2].

In the last section, we give open questions. We do not treat, in this paper, the inter-
esting problem on the algebraic equations for the number of real cusps and other isolated
singularities over the real. Also we do not treat the topological invariance of the com-
plex or real numbers of isolated singularities and Euler characteristics of non-isolated
singularities of stable perturbations.

The present paper is based partly on my talk under the same title at Yokohama,
Japan, on November 2000, in the occasion of the celebration for the 60th birthdays of
Professor Fukuda and of Professor Izumi. I would like to thank Professor Toshizumi
Fukui and Professor Jerzy Weyman for their encouragement to my writing of this note
by their asking the question on perturbations of caustics. I would like to thank Professor
D. Siersma for his reminding me the other geometric formulae on the numbers of cusps.
I would like to thank organizers of the conference Caustics’02, for their encouragement
to my completing of the present paper.

2. Space caustics. So far we have investigated the number of As singularities of
caustics on the plane. Then it is natural to ask about the number of A4 and Dy singu-
larities of caustics in the three space [1].

REMARK 2.1. For the number of As-singularities of a generating family F : (C" x
C,0) - C, F = F(x,\) is given by dimg Ops1/Tr 1, T = (VEF), J(VE)).

Let F': (C" x C3,0) — C be a generating Morse family of a Lagrangian immersion
f:(C?,0) — T*C3. The fold (Az) locus of II|(py is defined by VF = 0 and J(VF) = 0.
The cusp (Asz) locus of |y is defined by VF, J(VF) and J](2)(\7F), ce JT(Q)(VF).
Then, for the description of swallowtail (A4) locus of I1|¢(py, we intend to consider the
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mapping
(VE, J(VF), JP(VF),...,JO(VF), A1, A2, Ag) : (CT13,0) — (C2+4,0),

as in the proof of Theorem 1.2. However actually there is no reason to expect that its
singular locus coincides with the swallowtail locus of IT| ¢ (ry, because

VF,J(VF),JP(VF),... JO(VF)
are far from independent. In fact, in [4][5], it is observed that the singular locus includes
the locus of D4 as well as the locus of Ay.
Anyway we define the ideal J; 11,1 in Op43 generated by
VF,J(VF),JP(VF),...,J?(VF)

and Jacobians of r elements from VF, J(VF), Jl(Z)(VF), ey JT(Q)(VF) with respect to
Z1,-..,Zy. Moreover we define the ideal 7.2 in O,.3 generated by VF and (r — 1)-
minors of the Jacobi matrix Jac(VF) of VF. Then the following result is a rewrite of the
remarkable Theorem 3.2 of [5] in the language of generating family.

THEOREM 2.2. (Fukui-Weyman [5]) Let F' : (C” x C3,0) — C be a Morse family.
Then we have the formulae for the number # Dy of Dy-singular points and the number
# Ay of Ay-singular points, respectively, after a Lagrange stable perturbation:

#Dy = dimg Ory3/Tr 2,
and
#A/l = dlmC Or+3/jr,]’1,] —4 dlmC 07‘+3/\77',27
provided dimg O3/ Tr2 < 00 and dimg Opy3/Tr1.1,1 < 00.

ExaMPLE 2.3. Consider the generating family of type Dj:

F(z1,22, M1, A2, As) = 37@2 + 25 + 23 + Aez1 + Asao,
(r =2). Then

‘ 2 2 2
dimg Os/Ja 2 = dimg Os/ <g£—, —g—j;—, dax};, (9;)] 8F$2’ (;;g>05 = 1.
Moreover we have
Toa,1 = (23, 3122, 23, A1, Mx2, AL, Ao, Asdos -

Thus we see O5/J2,1.1,1 has a basis {1, 22,23, M} and

dimg Os/J2,1,11 = 4,
for Dy. On the other hand, for the generating family of type Aj:

F(x1, 72, M1, A0, A3) = 25 + 235 + Mah 4+ doa? + Az,

(r = 2), we have dime Os/J2,20 =0 and Os/J21.11 = 1. ]

Let f : (C3,0) — T*C? be a Lagrangian immersion and 7 : T*C® — C? the canonical
projection. We can re-formulate Theorem 2.2, without using the term of generating family,
as follows: Considering the composition 7o f = (g1 0 f,g20 f,q3 0 f), we define J» as the
ideal generated by the 2-minors of the Jacobi matrix Jac(gy o f, g2 o f,q3 o f) and define
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J1,1,1 as the ideal generated by the Jacobian J = J(q1 o f,q2 0 f,q3 © f), the secondary
Jacobians

I = (Laze fazo ), 757 = J(aro f,J.as0 ), 57 = J(ar o f,a20 f,.7)
and the trinary Jacobians, namely, 3-minors of
Jac(qr o f,q20 fras 0 f, 0, I, I D).
Then we have:

COROLLARY 2.4. Let f : (C?,0) — T*C? be a Lagrangian immersion. Then the
number # Dy of Dy-singularities and # A4 of Ag-singularities respectively appearing in a
Lagrange stable perturbation of [ is given by

#Dy =dimeg O3/ T2, #A4=dimc O3/ J1,1,1 —4dime O3/,
provided dimg Os/Ja < 00 and dime Os/J1,1,1 < 00.

Proof: Let F : (C" x C3,0) — C be a generating family of f. We may suppose
¢ = Tl @ (C(F),0) — (C",0), C(F) beeing the catastroph set-germ, is a com-
plex analytic isomorphism. Also consider the inclusion i : (C(F),0) — (C” x C3,0) Then
the composition of i* : Op43 — O¢(p) with the inverse of ¢* : O, — Og(p) induces an
isomorphisms

Oris/Tr2 203/ T, and Opis/Tr111 = Os/T11,1-

3Lty

O

Here we also give the result on the numbers of A, and D, for generating families
H(z1,...,Tr, Mo, A1, ---,A3) = 0 on (C” x C*0) of Legendre immersions (C*,0) —
PT*C*. We define, for H, similarly as above, ideals i)z and jhl,l,l in Or14, but adding
H to the generators of 7, and J;. 11,1 Tespectively. Then we have

COROLLARY 2.5. Let H : (C" x C*0) — (C,0) be a Morse denerating family of
hypersurfaces for a Legendrian immersion Z(H) : 6(H) — PT*C*. Then the numbers
#D, and #A, of Dy and Ay singularities respectively of a Legendrian perturbation of
L(H) are given by:

#Dy = dimg 0r+4/j",2a

and

#A, = dimg Or+4/j«,1,1,1 —4dimg Or+4/u77‘,27
provided dimg (’)TM/jng < o0 and dimg (’),.M/j,',],],l < 0.

REMARK 2.6. The counting of isolated singularities of caustics in the four space has
several difficulties: The ideals asociated to Thom-Boardman singularites are actually
defined in general (|25]{26][4][5]): They are called Morin ideals of Thom-Boardman singu-
larites. However, for As-singularities or 71"Vl singularities, the Morin ideal does not
define a Cahen-Macaulay variety (Theorem 3.1 of [5]). Moreover we do not know the
coefficients of necessary correcting terms for the counting of the number of R71.1.11
singularities. Furthermore, we note that Ds-singularity of caustics is no longer a Thom-
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Boardman singularity. So we need, in general, the method to find the defining ideals for
closures of -orbits in jet spaces.

3. Open Whitney umbrellas. Let f : (C",0) — T*C" be an isotropic mapping;
f*w = 0. In this section and the next section, we do not assume f is an immersion (i.e.
of corank 0). Instead we do assume f is of corank < 1.

In this section we do not treat singularities of caustics nor singularities of Lagrangian
projections. Instead we do treat the singularities of f up to the symplectic equivalence [16].
Actually we consider Thom-Boardman singularities of type X1+ for isotropic mappings.

In this paper, by the isotropic jet space, we mean the space of isotorpic jets of corank
<1:

JHCMT*CY) = {7 f(@) |z € C" [ (CMx) —+ T"C™, [*w =0,

corank(f) < 1}.
Moreover we set
Ji(n,2n) = {4"f(0) | f: (C™,0) — (T*C™,0), f*w = 0, corank(f) < 1}.

Recall that the Thom-Boardman singularity X'* = %L1 (k-times) is defined in
the ordinary jet space J"(C",T*C") (k < r); Z(C",T*C") C J"(C",T*C") is a
submanifold of codimension (n + 1)k. Then simply we set

NH(CH, TC") = B (C™, T*C™) N J7(C™, T*C™).
Similarly, for £ (n,2n) C J"(n,2n), we set
N (n, 2n) = %% (n,2n) N J7 (n, 2n).

Then, via the trivialization

JT(CHT*C™") =2 C* x T*C" x J"(n, 2n),
we have

JI(CHTC") = C* x T*C™ x J{(n,2n)
and

NF(CM,T*C") =2 C" x T*C™ x i*(n, 2n).

We abbreviate J"(C™, T*C"™) by J”, and similarly we abbreviate J7(C",T*C") (resp.
E}’“ (C™, T*C™)) by JJ (resp. E}“)

It is known that the isotropic map-germs of corank < 1 is esssentially described by
J"(1,2) up to symplectic equivalence ([14][15][16][17]). In particular we have:

LEMMA 3.1. ([14]) £} (n,2n) is a submanifold of Jy(n,2n) of codimension 2k.
Y = N (C", T*C") is a submanifold of Jj = J;(C",T*C") of codimension 2k.

Generic isotropic mappings of corank < 1 are classified into open Whitney umbrellas
of type k (0 < k < [n/2]) ([14]). They are characterised by the symplectic stability
[16]. Among them, the classification coincides with the classification by Thom-Boardman
singularities: An open Whitney umbrella f : (C*,x) — (T*C"™, f(x)) is of type k if and
only if j"f(z) € E}’“’O(: DI E}’““ ). We abbreviate an open Whitney umbrella of type
k by OWUyg.
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For an isotropic mapping f : (C?*,0) — T*C?", open Whitney umbrellas of type
n appear isolatedly by Lemma 3.1 after a symplectically stable perturbation. Then we
naturally have the question:

How many open Whitney umbrellas of isolated type do there appear after a symplec-
tically stable perturbation?

We define, in general, for a map-germ f : (C™,0) — (CP,0) with m < p, the ideal 71,
of Oy, generated by m-minors M 1(]) , MQ(I) ,..., of the Jacobi matrix (an m x p-matrix)
Jac(f) of f, m-minors ZW](Z), MQ(Z), ..., of the Jacobi matrix (an m x p + pCip-matrix)
Jac(f, M™M), m-minors JV[l(a),]V12(3), ooy of Jac(f, M M®@), ... and lastly m-minors
of Jac(f, MM M@ ME=1),

Then we have:

PROPOSITION 3.2. Let f : (C?*,0) — T*C?" be an isotropic map-germ of corank < 1.
Then the number #OWU,, of open Whitney umbrellas of type n after a symplectically
stable perturbation of [ is given by

#OWU,, = dim¢ Oy, / T

n?

provided dimg Osy /J1, < 00.

Proof: The corresponding ideal to J;, in O« is a regular defining ideal of X'». Moreover
it gives a regular defining ideal in O » of Z}", which is non-singular of codimension 2n.
This means that, at each point of X}, there are 2n elements from the ideal which give
a submersion at the point. The number of open Whitney umbrellas of type n after a
symplectically stable perturbation is equal to the intersection number of J" f(C?") and
Y in Jp = Jp(C?*, T*C?"). This implies the result. 0

In particular, setting n = 1 in Proposition 3.2, we have the following result.

COROLLARY 3.3. Let f : (C2,0) — T*C? be an isotropic map-germ of corank < 1.
Denote by u the number of open Whitney umbrellas of symplectically stable perturbations
of f. Then

u = dimg O/ J1,
where Jy is the ideal generated by 2-minors of Jacobi matriz Jac(f) of f.

We apply the above result to the problem of counting the number of folded umbrellas
of fronts.

A map-germ g : (C*,0) — (C™*1 0) with dense immersion locus is called a frontal
map-germ if, for any ¢ € (C™,0), there exists unique limit of tangent spaces through
immersive points litng ¢ g. (TsC™) =: T; depending smoothly on t.

For example, the swallowtail (z1,72) — (21,23 + 2172, %33 + %3155) and the folded
umbrella (z1,72) — (z1,72,7123) are frontal, while the Whitney umbrella (z1,72)
(71,72, 7172) are not frontal, when they are regarded as map-germs (C2,0) — (C2,0).

Let g : (C™,0) — (C™"1,0) be frontal. Then the map-germ to the Grassmannian

G : (C™,0) — Gr(n, TC™) = pT*C™*!
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defined by G(t) = T, is an inlegral map-germ: If we consider the contact form a =
dr — Y7 | pidg; on C*1 = JI(C",C) C PT*C™"!, then G*a = 0 provided G(0) €
J}(C™, C). For integral mappings see [1]. Then we have the following:

PROPOSITION 3.4. Let g : (C?",0) — (C?"*+1,0) be a frontal mapping with the inte-
gral lifting G : (C?**,0) — J1(C?*,C) = C**+1 of corank < 1. Set

G:(gl,...,927“6;0417...70‘,2")

with de = a1dfy + ... -+ aondfo,. Then the number #FU,, of folded umbrellas of type n
after a frontal stable perturbation of g is equal to #OWU,, for the isotropic map-germ
f=(q1, - 92m,01,...,a2,) : (C**,0) — T*C?". Therefore

#FUn = dlmc 0277,/-.71,,(.](.)

In particular consider the case n = 2. It is known that any integral map G : (C?,0) —
Gr(2, TC?) of cornak < 1 is approximated by an integral map G such that g=mo G has
only swallowtails and folded umbrellas as singularities (cf. [9]). Denote by s (resp. u) the
number of swallowtails (resp. folded umbrellas) for perturbations g = 7o G from g. Then
we have:

COROLLARY 3.5. Let g : (C2,0) — (C?,0) be a frontal map-germ with the integral
lifting G : (C2,0) — JY(C2,C) = C° of corank < 1. Set G = (g1,92,¢;a1,az2) with
de = a1dgy + aadge. Then we have s = dimg @ with

Q = 02/<J(91,92), J(gla J(gla 92))7 J(J(glvg?)vg2>>02'

Moreover we have u = dimg Q' with

;o J(g1,92), J(g1,a1), J(g1,a2) >
@:= 02/< J(g2,a1), J(g2,02), J(ar,a2) /. ~

REMARK 3.6. Lowering more the dimension, consider a plane curve g : (C,0) —
(C2,0) as front. Then the number & of cusps of frontal perturbations of g is equal to the
order of the plane curve-germ g: k = ord(g).

4. Supersingularities of caustics. In this section we count isolated singularities
of isotropic mappings relatively to the Lagrangian projections, namely singularities of
composed isotropic mapping f : (C™,0) — T*C™ with the Lagrangian fibration = :
T*C™ — C™ If f is an immersion, then f is a Lagrangian immersion, and the composed
mapping 7 o f is exactly the Lagrangian mapping of f. In general, the singularity of
composed mapping is not necessarily reflected to the singularity of the caustic; the set
of critical values of the composed mapping 7 o f. This is the reason to use the term
“supersingularity”.

We denote by 7 : T*C™ — C™ the canonical projection. We define Thom-Boardman
singularity Zi’“’iz’._., ; for isotropic mappings of corank <1 by

S na (SR C U = J(CT, THCM).
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Here we use the letter “I” for “isotropic”, and denote by
T JI(CH,T*C™) — J7(C™, C™)

the projection induced by 7 : T*C™ — C". Note that the closure E;k,iz,...,l in J; =
JT(C", T*C™) is equal to
NN (S,

In {2], we classify simple Lagrangian projections of open Whitney umbrellas of type
1. Moreover we know the “nice range” for isotropic mappings C" — T*C" of corank < 1
under the Lagrangian equivalence is {n € N | n < 4}. This means that any isotropic
map-germ f : (C",0) — T*C" of corank < 1 is perturbed into an isotropic mapping
with only Lagrange stable germs at any point in a sufficiently small neighbourhood of 0,
provided n < 4. Note that a generic isotropic map-germ (C%,0) — T*C* of type ©!'! has
unique Lagrange equivalence class (Theorem 3 of [14]). Also note that the nice range for
Lagrangian immersions is {n € N | n <5} ([1]17]).

Now we consider the supersingularities of caustics with n < 4. From the classification
in [2], we have:

THEOREM 4.1. Let f : (C™,0) — T*C" be an isotropic map-germs of corank < 1
with n = 1,23 or 4. Then f has a Lagrange stable perturbation with singularities only
in the following list:

(1) n=1. Ay = %9, the fold.

(2) n = 2. In addition, Az = %7 | o, the cusp, and S3 = 2%381, the (original) open
Whitney umbrella.

(3) n = 3. In addition, Ay =3 | | ¢ ; the swallowtail, Dy = %3, | the umbilic, and
Sy = Et(l],(),l'

(4) n = 4. In addition, As = %9, 1. Ds. S5 = X1, o, Ts = Syg; and Ws =
2110,

REMARK 4.2. Note that, in the case n = 4, as a generic isotropic mapping, the
open Whitney umbrellas of type 2 appear as well as that of type 1. Thus we must
put, in addition to the list from Theorem 1 of [2], the Lagrangian equivalence classes of
generic open Whitney umbrellas of type 2. However generic projections of open Whitney
umbrellas of type 2 has unique Lagrangian equivalence class by Theorem 3 of [14]. In this
paper we denote the unique class by Ws. It was denoted in [14] by f4,2. The singularity
75, found by Ilya Bogaevski([2]) is given by a stable projection of corank two at the
singular point of the open Whitney umbrella of type 1 in the smallest dimension.

Now naturally we ask:

What is the algebraic formula for the number of isolated supersingularities after a
Lagrange stable perturbation of an isotropic map-germ of corank one?

We give the formulae for the numbers of As, As, S3, 54, S5, W5 and Ts for isotropic
map-germs of corank one. For S5, yet we have an inequality (Proposition 4.9). We observe
naturally a possible similarity between the pair (D4, A4) and the pair (T5,.55). Thus we
conjecture that the equality for Sy in Proposition 4.9 holds.
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Now we start with As. The following fact is very easy to see:

PROPOSITION 4.3. Let f : (C,0) — T*C be a map-germ. Then the number of As-
singular points appearing in a Lagrange stable perturbation of f is given by # Ay =
dim O, /J1 provided dim Oy /Ty < o0, where Jp = (J(w o f)).

Next we turn to As. The formula of A3 for a Lagrangian immersion is given in §1.
Also for isotropic map-germ of corank one, we have the following:

PROPOSITION 4.4. Let f : (C?,0) — T*C? be an isotropic map-germ. Then the num-
ber of As-singular points appearing in o Lagrange stable perturbation of f is given by
#Az = dimOa/J11

provided dim O/ J1 1 < 00, where we set as before

jl,l = <‘](flaf2)a‘](flaJ(flan))vJ(J(flan)an»a
setting wo f = (f1, f2) : (C2,0) — (C2,0).

Proof: Since a Lagrange stable perturbation of f induces a stable perturbation of 7o f,
in this case, Proposition 4.4 follows from Theorem 1.1. |

Next we proceed to count supersingularities. First we note that #5535 = #OWU;
(resp. #Ws = #0OWU,) for a Lagrange stable perturbation of f : (C2,0) — T*C? (tesp.
f:(C*%0) — T*C*). Thus already we have given the formulae for S5 and Ws in §3.

Now we study on Sy, namely, Et(l],(), ; singularity.

Let f: (C™,0) — T*C™ be an isotropic map-germ. Counsider the ideal jl{] in O,
generated by n-minors of the Jacobi matrix Jac(f) and n-minors of Jac(J(w o f), 7o f).

LEMMA 4.5. The ideal jl]’l in Oz induced naturally from Jiy defines the Cohen-
Macaulay varieties Zil, ; of codimension 3 in J3?. J is regular on the submanifold D
of codimension 3 in J}. Moreover A Y11, has codimension > 3 in Jj.

Proof: Since \71]71 defines Z},l, 7, which a hypersurface in the submanifold X}, we see
%117 with the ideal J7'; is a Cohen-Macaulay variety. Note that codim(%1 ; ;) = 3. For
the typical singularity Ss, f : (C3,0) — T*C3, we have dim¢ O3/Jf, = 1 by a simple
calculation. This shows that J}'; is regular on E},L ;7. Since
T 1§
Pl \ X1 =2

is of codimension 4, we have the result. |

In particular we have the following formula, by Lemma 4.5, and by counting the
intersection number of j2f(C?) and Ei,l,I(C:;’ T*C3?) in J? = J?(C3, T*C?):

THEOREM 4.6. Let f : (C3,0) — T*C3 be an isotropic map-germ of corank 1. Then
the number of Sy-singularities of a Lagrangian stable perturbation of f is given by

#54 = dimc O3/ 77 4,
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provided dimg O3/}, < oc. O

Lastly we turn to T5 and Ss. Actually we study E}:?’LOJ and Z;:g’l singularities.

Let f: (C™ 0) — T*C™ be an isotropic map-germ of corank < 1. Consider the ideal
Ji1.1 in Op generated by n-minors of the Jacobi matrix Jac(f), n-minors .J 1(2), ey I
(and J(mwo f)) of Jac(J(wo f),mo f), and n-minors of Ja(:(Jl(z), TP J(mof),mof).

Moreover consider the ideal 74 in O, generated by n-minors of the Jacobi matrix
Jac(f) and (n — 1)-minors of Jac(w o f).

Then we have:

LEMMA 4.7.

(1) The ideal j; in OJ} induced naturally from Jg defines the Cohen-Macaulay vari-
eties "Eg_, of codimension 4 in J3. j; is reduced on the submanifold 2;,1 of codimension
4 in J}. Moreoverif]; \ Z;J has codimension > 4 in J}.

(2) The ideal jll,l,l in O ys induced naturally from T defines the variety
1 1
I RRN AR N:

: : . = . . 1.0 . . .
of codimension 4 in J3. T, | is reduced on the submanifold %17 | ; of codimension 4 in

J}. but of multiplicity 4 on the submanifold Z%:g ; - Morcover

TR 1,0 1,0
RN VAN RO F)
has codimension > 5 in J3.

Proof: (1) Set X := %} ; C J}, and Y := Xj C J}. Then X has codimension 4 in
J} ([15]). Moreover X C Y C J} and Y is a regular submanifold of codimension 2 in
J} (83). Now let z € Y. Then the 2n-column vectors of the n x 2n-matrix z generates
a (n — 1)-dimensional vector space V = V(z) C C™ since z € %!, Take a local frame
ei,...,ep_1 near z of V. Let qy,...,q, be the column vectors of Jac(w o z). Set
(Qi;---,an) = (e1,...,€n-1)A(2).

Then A(z) is a matrix of size (n —1) x n with entries in Oy. Then z € 7~ 1Xy if and only
if rankA(z) < n—2. We see in Oy, J4 agrees with the ideal generated by (n — 1)-minors
of A(z). Moreover X is of codimension 2 in Y. Thus X is a determinantal variety in
Y. Therefore X is Cohen-Macaulay. For T’5 singularity, by a simple calculation, we have
dimg 04/ J5 = 1.

(2) First note that the zero locus Z = Z(J7; ;) is included in ¥j. Since J7'; defines
a hypersurface in E}, we see there exists an element J® € © g such that \711,1 =7 +
<J(2)>Oz3 . Let z € $1. Then n-column vectors of Jac(f) generates an (n — 1)-dimensional

I
space V = V(). We take a local frame ey, ..., e,—1 of V(2) over £} C J?. We add e, to
get a local frame e,...,e,.1,€, of C™. We set
Jac(mo f,J(wo f),JP) = (e1,...,en_1,€,)C(2),
for an n x (n -+ 2)-times matrix C(z). Then jll 1,1 is generated by n-minors of C(2) over
3. Thus we see
~ N
Z(~71,1,1) - E},1,1,1 U Z;,I'
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and it is of codimension 2 in 1.

By a simple calculation, when n = 4, we have dim¢ C’),l/jf’l,l =1, for a Sy singularity,
and dimg O4/ 7, 117 1,1 = 4, for aT5 singularity. Here we present the calculation for T5. For an
isotropic map-germ f : (C™,0) — T*C"™ (n > 4) of type T5, up to Lagrange equivalence,
we have

1 1.
TR — 2 .o 3 2 e e e .
WO'f(t,.Lg,x;;,...,ﬁL’z_l) = (§t —lg.ﬁg,w—gt — 375 -.EQ.Lgt—2.7,23,4,.L3,...,.%n_1),

and moreover, up to a symplectomorphism of (I'*C™, f(0)), we have
1 1
f(t7m27$37 o 71.2:41) - (IQta §t3703 e 707 §t27$27$33 e ’:LGA])'

Note that a diffeomorphism of (T*C™, f(0)) preserves the ideal J! generated by n-minor
of Jac(f). Then we have

jﬁ]y] = <t, T2,T3X4, .’I,'/21, .’Iig>()",
which defines 4-fold T5-locus {t = 0,22 = 0,23 = 0,24 = 0}. Thus we have the required
results. 0

By Lemma 4.7, counting the intersection number of j3f(C*) with the zero locus
Z(J4) and Z(J}!, ;) in J}(C*, T*C"), we have:

THEOREM 4.8. Let f : (C*,0) — T*C* be an isotropic map-germ of corank < 1. Then
the number #15 of Ts-singularities of a Lagrangian stable perturbation of f is given by
the following formula:

#Ts = dimc 04/ 75,
provided dimg O4/J3 < 00.

PROPOSITION 4.9. Let f : (C*,0) — T*C* be an isotropic map-germ of corank < 1.
Then the number #Ss of Ss-singularities is estimated by

#55 < diHlC 04/‘71171’1 - 4dimc 04/j2],
provided dimg O4/J3 < 0o and dime O4/ T}, 1 < 0.

5. Open questions. We collect here several practical questions related to the results
in this paper.

{Q1) Recall that the formulae for the numbers of A4 and of D, for Lagrangian im-
mersions are given in §2. Thus we ask: Do the same formulae hold on the numbers of
Ay and Dy, not only for a Lagrange immersion, but also for an isotropic map-germ of
corank one (C3,0) — T*C3?

{QQ2) We have observed a similarity between the pair (Dy4, A4) and the pair (T3, S5)
in §4. Does the similarity have any reason?

(Q3) What are the formulae for the number of As and Ds of a Lagrangion immersion
and of an isotropic map-germ of corank one? See Remark 2.6.

(Q4) We can formulate the following conjecture:

Let f: (C™,0) — TC™ be an isotropic map-germ of corank at most one. Then the

number #31*

iriy...1 Of isolated singularities, with an isotropic Thom-Boardman symbol
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;1]6,2'2,..., ;> appearing in a Lagrange stable perturbation of f is equal to the dimension of
the quotient O,/ ‘7111"’12 by the Morin ideal *7#22 for the corresponding (non-isotropic)

1y
21,825.nn
Is it true the conjecture in general! We have shown, in this paper, it is true for

the cases Ao, A3, 53,854,155 and for Wi, in the nice range n < 4, except for the cases
Ay, D4, As and Ss. Remark that Ds-singularity is not described as a Thom-Boardman
singularity(Remark 2.6). See §§2, 3 and §4 for the details.

Thom-Boardman singularity ¥ of composed mappings.

References

[1] V.1 Arnol'd, S.M. Gusein-Zade, A.N. Varchenko, Singularities of Differentiable Maps I,
Birkh&auser, 1985.

[2] 1. Bogaevskii, G. Ishikawa, Lagrange mappings of the first open Whitney umbrella, Pacific
Journal of Math., 203—1 (2002), 115-138.

[8] T.Fukuda, G. Ishikawa, On the number of cusps of stable perturbations of a plane-to-plane
singularity, Tokyo Journal of Math., 10—2 (1987), 375-384.

[4] T. Fukui, J.J. Nuilo Ballesteros, M.J. Saia, On the number of singularities in generic
deformations of map germs, J. London Math. Soc., 58 (1998), 141-152.

[5] T.Fukuiand J. Weyman, Cohen-Macaulay properties of Thom-Boardman strata I: Morin’s

ideal, Proc of London Math. Soc., 80—-2 (2000), 257-303.

T. Fukui and J. Weyman, Cohen-Macaulay properties of Thom-Boardman strata II: The

defining ideals of "7, Preprint.

[7]  W. Fulton, Intersection Theory, Erbebnisse der Mathematik, 3-2, Springer-Verlag, 1984.

8] T. Gaffney, D.M.Q. Mond, Cusps and double folds of germs of analytic maps C* — C?,
J. London Math. Soc., 43 (1991), 185-192.

[9] A.B. Givental’, Lagrangian imbeddings of surfaces and open Whitney umbrella, Funkt.
Anal. Prilozhen, 20-3 (1986), 35—41. English transl., Funct. Anal. Appl., 20 (1986), 197-
203.

[10] A.B.Givental’, Singular Lagrangian manifolds and their Lagrangian mappings, Itogi
Nauki Tekh., Ser. Sovrem. Prob. Mat., (Contemporary Problems of Mathematics) 33,
VINITI, 1988, pp. 55-112. English transl., J. Soviet Math. 52 (1990), no. 4, 3246-3278.

[11] G.M. Greuel, Die Zahl der Spitzen und die Jacobi-Algebra einer isolierten Hy-
perflihensingularitdt, Manuscripta Math., 21-3 (1977), 227-241.

[12]  G.M. Greuel, Ergdzung und Berichtigung zu: ”Die Zahl der Spitzen und die Jacobi-Algebra
einer isolierten Hyperflihensingularitdt” , Manuscripta Math., 25—2 (1978), 205-208.

[13] M. Hochster, J.A. Eagon, Cohen-Macaulay rings, invariant theory, and the generic per-
fection of determinantal loci, Amer. J. Math., 93 (1971), 1020-1058.

[14]  G. Ishikawa, The local model of an isotropic map-germ arising from one-dimensional sym-
plectic reduction, Math. Proc. Camb. Phil. Soc., 111 (1992), 103-112.

[15]  G. Ishikawa, Transversalilies for Lagrange singularities of isolropic mappings of corank
one, in Singularities and Differential Equations, Banach Center Publications, 33 (1996),
93-104.

[16] G. Ishikawa, Symplectic and Lagrange stabilities of open Whitney umbrellas, Invent.
math., 126-2 (1996), 215-234.

[17]  G. Ishikawa, Determinacy, transversality and Lagrange stability, in Geometry and Topol-
ogy of Caustics - Caustics’ 98, Banach Center Publications, 50 (1999), 123-135.

=



(18]

(19]

(20]

(21]
(22]

(23]

(24]

(25]
(26]

(27]

(28]
29]

(30]

(31]

PERTURBATIONS OF CAUSTICS 17

B. Iversen, Lé Dung Trang, Calcul du nombre de cusps dans la déformation semi-
universelle d’une singularité isolée d’hypersurface complexe, Bull. Soc. Math. France,
102 (1974), 99-107.

W.L. Marar, D. Mond, Multiple point schemes for corank 1 maps, J. London Math. Soc.,
39-3 (1989), 553-567.

W.L. Marar, J. A. Montaldi, M. A. S.Ruas, Multiplicilies of zero-schemes in gquasihomo-
geneous corank-1 singularities C* — C", Singularity theory (Liverpool, 1996), 353-367,
London Math. Soc. Lecture Note Ser., 263, Cambridge Univ. Press, Cambridge, 1999.
H. Matsumura, Commutative Algebra, Mathematical Lecture Note Series, 56, Benjamin,
1980.

D. Mond, Some remarks on the geometry and classification of germs of maps from surfaces
to 3-space, Topology 26—3 (1987), 361-383.

D. Mond, Vanishing cycles for analytic maps, in Singularity Theory and its Applications,
I: Geometric Aspects of Singularities, Lecture Notes in Math., 1462, Springer-Verlag,
(1991).

D. Mond, The number of vanishing cycles for a quasihomogeneous mapping from C? to
C?, Quart. J. Math. Oxford Ser. 42-167 (1991), 335-345.

B. Morin, Calcul jacobien, Ann. Sci. Ecole Norm. Sup., 8 (1975), 1-98.

J.J. Nuno Ballesteros, M.J. Saia, Multiplicity of Boardman strata and deformations of
map germs, Glasgow Math. J., 40 (1998), 21-32.

F. Pham, Courbes discriminantes des singularités planes d’ordre 3, Singularités & Cargese,
Rencontre Singularités Géom. Anal., Inst. Etudes Sci., Cargese, 1972, pp. 363-391, As-
terisque, 7/8, Soc. Math. France, Paris, 1973.

J.H. Rieger, Families of maps from the plane to the plane, J. London Math. Soc., 36—2
(1987), 351-369.

J.H. Rieger, Versal topological stratification and the bifurcation geometry of map-germs of
the plane, Math. Proc. Cambridge Philos. Soc., 107-1 (1990), 127-147.

V. M. Zakalyukin, Reconstructions of fronts and caustics depending on a parameter, and
versality of mappings, Current problems in mathematics, Vol. 22, pp. 56-93, Itogi Nauki
i Tekhniki, Akad. Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn. Inform., Moscow, 1983.
English transl., Journal of Soviet Math., 27—-3 (1984), 2713-2735.

V. M. Zakalyukin, Generating ideals of Lagrangian varieites, Theory of Singularities and
its Applications, ed. by V.I. Arnold, Advances in Soviet Math., vol.1, Amer. Math. Soc.,
(1990), pp. 201-210.



