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Abstract. It is known that an L”-valued continuous solution in time inter-
val (0,T) of the Navier—Stokes equations in R" is regular for positive time.
In this paper regularizing rate estimates similar to a solution of the heat
equation are established. The estimates also provide analyticity in space
variables as well as decay estimates on derivatives for large time. The solu-
tions need not be small. Our results are obtained by estimating the integral
equation with a new version of the Gronwall type inequality originally ob-
tained in [2].

AMS Subject Classification. 35Q30, 35Q58, 76D03
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1. Introduction.

We consider the Navier-Stokes initial value problem in R" (n > 2):

(NS) u = Aut (u,V)u+Vp=f, V-u=0 in R"x(0,T),
u|,‘:0 = Uug ln RTL7 (\Vith V sUQ = 0)

Here u = u(z,t) = (u'(z,t), u?(z,t),...,u"(x,t)) and p = p(x, t) represents,
respectively, unknown velocity and pressure at a point x = (21,29,...,2,) €
R™ and a time £ > 0; ug is a given initial velocity and f is a given vector
valued function which represents the external force. We have used a standard
notation about derivatives; u; = Ou/0t, (u,V) = >.jo u'0;, 0; = 9/0z,
A=Y",02,V-u=3",0u" and Vp = (01p,...,0hp).

It is well known that this problem admits a unique locally-in—-time solu-
tion at least when ug € (L™(R"™))", see [7], [11]. It is also well known that
the solution becomes smooth for ¢ > 0 since the problem is parabolic; see
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e.g. [7], [4], [19]. For the solution v of the heat equation vy — Av = 0 with
initial data vg such a regularizing effect is quantified in the form

| nl
(R) lldff/(f)||q < CFT*ﬂ“*_ llvollr, t>0 and 1<r<g<cc

with some constant C depending only on multi-index 8 = (81,...,8,) € N{
and n. Here, by ||0%v(t)||, we mean the spatial LP-norm of dJv(-,t). We

have used the standard convention 97 = dm ----- O and 8] = 81+ + By
for 5 € Nf}, where Ny = N U {0} and N'i is the set of all positive 1n‘r(‘gors
This type of estimates is well known for the heat equation since the solution
v is of the form v = e!®vy = Gy * vy, where Gy(x) = (4mt) ™2 exp(—|z|?/4t)
is the Gauss kernel; see e.g. Lemma 2.1 for the proof. However, for a solution
of (NS) as far as the authors know, the estimate like (R) has not been well
studied in the literature except for first derivatives; see e.g. [11]. For vorticity
equation [12] derived several derivative estimates when the initial vorticity
is a finite Radon measure and n = 2. His estimates exclude the case of
g = 1 and ¢ = oo and his method appeals to a complicated interpolation
theory. In [2] estimates are extended so that they include these extreme
cases; moreover, their proof is elementary; see also [5].

Our goal in this paper is to derive several regularizing rate estimates like
(R) for the solution u of (NS). To state our results precisely we rather discuss
the solution of the integral equation

t t
(INT)  u(t) = e®ug — / V- e8P (u & u)(s)ds + / AP (s)ds
0 0

which is formally equivalent to (NS). Here P denotes the orthogonal projec-
tion onto the solenoidal subspace of (L2(R™))™ and it is written as an n x n
matrix operator P = (P;;) = (6;; + R;R;), where 0;; denotes the Kronecker’s
delta (times the identity operator), and R; is the Riesz operator formally
defined by R; = Oi(—A)*l/ 2. Here, u ® u is a tensor whose ij component
is u’u?. In the formal level once one finds the solution of u of (INT), (u,p)
with p =370, | RiRju ‘ud solves (NS). A solution of (INT) is often called a,
mild solution so we use this terminology here.

We are now in position to state a typical form of our results.

Theorem 1.1. Assume that n > 2. Assume that f is conservative i.e.,
Pf =0. Assume that ug € (L™(R™))" satisfying V -ug = 0. Let u be a mild
solution on [0,T] such that v € C([0,T); (L™(R™))") N C((0,T); (LP(R™))")
for some T > 0 and some p € (n,o00]. Then there exist constants K, and K
depending only on n, p, M, and M,

(1.1) My = sup [u(t)]n,
o<i<T
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(1.2) My = sup 3G7H u@®)l,
O<t<T"

such that
(13) [fu(d)lly < K (Kol a)) 250

for all g € [n,00], t € (0,T) and 3 € Ni, provided that My is finite.

Remark 1.1. (i) Note that K| and K, do not depend on T explicitly,
so this estimate (1.3) yields the decay of higher derivatives of solution as
t — oo once we have a bound for M; and M, independent of T. (If |Jug||n is
small, this situation actually occurs; see [11].) The estimate (1.3) also shows
that the solution u is spatial analytic. We also note that (1.3) is still valid
even if f is not conservative under suitable assumptions on f, for example,

1OZP £ (t)[|, < Ms| 3|1 Pe= 1172

forall 0 < ¢ < T and § € Nj. The constants Ky and Ky in (1.3) now depend
also on Mj. If f is analytic in x, then f satisfies above inequality obviously,
so we also get the spatial analyticity of u.

(ii) We may remove the condition (1.1) if p € (n,2n]. Indeed, if n < p < 2n
and assume that (1.2), then one can get (1.1) for some M, depending only
on n, p and M. We are also able to obtain (1.3) if we replace (1.2) by

My= sup t7](=A)7u(t)] < oo
0<t<T

for some a > 0. Of course, the constants K; and Ko now depend also on
My and «. The proof parallels that of Theorem 1.1.

(iii) Even if L™ is replaced by L" with r € (n,p) we still have (1.3) type
estimates with n replaced by r but Ky and Ky also depend on T

The decay rate estimate (1.3) for |5] <1 is known by T. Kato [11] under
smallness assumption on ||ug||,. His result is extended by C. He and C. Hsiao
[9] for all 3 but smallness of ||ugl|, depends on 3. Moreover, S-dependence
of (1.3) is not clarified in [9].

Using L? theory, M. E. Schonbek [16] obtained the decay rates of m-
th order derivatives of the globally—in-time strong solutions to (NS) with
ug € (LY N H™)(R?))2. (There are large literature on the decay of u itself.
The reader is referred to articles cited in [16], [17].) Her proof is often called
the Fourier splitting method, that is, she splits the integration in phase
space into two time—dependent domains. Her results are extended by many
authors including [17] and [15]. Especially, M. Oliver and E. S. Titi [15]
obtained the decay rates of higher derivatives of Leray-Hopf solutions by
using the Gevrey norm (see (1.5));

181

PYe 2 18 —n_ 181
(14) jo2uttlls < (221 4 0y-5-"
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for ug € ((L' N L2)(R™))™ if liminf,_, |Ju(t)|| g~ < oo (for some 7 > n/2).
This estimate yields the spatial analyticity for L' N L? data.

The analyticity of solutions of the Navier-Stokes equations has been
investigated by a number of authors previously. In particular, K. Masuda
[13] (see also [14]) showed that if €2 is a bounded domain and f is analytic
in ¢ and z, then L?(Q) solution u is analytic in . The first author of
this paper [3] improved Masuda’s result. He treated LP(2) solutions for
any n/2 < p < oo and showed that it is analytic up to the boundary. C.
Kahane [10] proved the interior analyticity that if f is analytic in z, then the
solutions are analytic in z. C. Foias and R. Temam [1] considered (NS) with
space periodicity boundary condition, and introduced the Gevrey norm:

(1.5)

They showed L? solutions are spatially analytic if f is analytic in 2. Z. Gruji¢
and I. Kukavica [8] also constructed the spatially-locally analytic solution
for L? data for n < p < co. Our result has different features since it also
quantifies regularizing rate and does not involve to construct the solutions.

“ullo for r >0, where 4 =+v—-A.

We do not discuss the time analyticity in this paper but it seems to be
not difficult. It is not clear whether or not ||/l in (1.3) can be replaced by
|3]181/2 as for the heat equation (Lemma 2.1).

To prove (1.3) we actually prove an equivalent estimate

: 3|—¢ A
(16) [B2ut)lly < K (Kol =04 F 56D

for some & € (3,1]. We differentiate the both hand sides of (INT) and
take L7 norm. ]é(‘( -ause of derivative V. in u & u term, the right hand side
also contains the highest order derivatives. However, it is expected to be
non—integrable near s = 0 so the conventional Gronwall inequality does not

apply. We divide the integral fg into two parts as f(f (1=¢) + ftt(lf o) and apply
a new but elementary Gronwall type inequality (Lemma 2.4) in [2], [5] with
induction on |3] to get (1.6). Here ¢ is taken small such that ¢ =~ 1/|3] for
large |3

Throughout this paper we denote positive constants by C the value of
which may differ from one occasion to another. The variables of constant
C(,-,...,-) indicate the dependence of the parameters.

2. Preliminary.

In this section we prepare regularizing rate estimates for heat semigroup,
an estimate of multiplication of multi-sequences and a new Gronwall type
inequality.

We first give the LP — L9 estimate for derivatives of a solution to the heat
equation.
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Lemma 2.1. Assume thatn > 1, 1 <p<g<oc and 1l <l < oc. Then
1 18
2

21 oty < {an(1- DYV E sy,

™

forallt >0, 3 € Ny and f € LP(R").
Proof. The proof is standard but we give it for completeness. Since
10;G¢ll1 < m~/2¢t=1/2 the Young inequality yields
. il
(2.2) 10;¢"> fllp < 77272 £l

forallv = 1,2,...,n, 1 < p < oo, t > 0 and f € LP. Since |G|, <

(47rt)7%t7§(17%) for 1 < r < oo, the Young inequality yields
< A —nel 1
(2.3) [ llg < ()25 ),
forall 1 <p<g<oo,t>0and f € LP. For 1 < 6 < oo let # denote the
conjugate of 6 (i.e., % -+ % = 1). Using the semigroup property of !> we get

t

: I .
DIt f = oA T (9,072 .

—.

=1

We now apply (2.2) and (2.3) to get

8

n
a8 tA LA o a8
10262 Flly < e ur o { T N0, 1o HIF 1

=1

NEGD 17
< (47r@> o2 (m) 1 1lp-

1» 14 stands for the operator—norm from LP to LY. O

Here || -

We next recall the boundedness of t%(cmP(‘)y;) in every (LP(R™))" for
1 <p < oo Of course, if 1 < p < oo, then P is a bounded operator in LP,
so (2.2) yields this assertion. However, since P is not a bounded operator
in L' or L™ we need some extra argument. Fortunately, this difficulty is
overcome by [6] and we have:

Lemma 2.2. Let n > 1. Then there exists a positive constant C = C(n)
such that

(2.4) e 2Paif|l, < Ct 2| fI,

Joralll <p<oo,1<i<n,t>0and f € (LP(R"))".
The proof in [6] appeals to the Hardy space estimate of 9;Gy. It yields

|1 P0Gl < Ct_%7 which yields (2.4) with C' independent of p. We note
that there is an elementally proof by Y. Shibata and S. Shimizu [18].
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We shall recall the estimate for multiplication of multi-sequences, which
has been proved by C. Kahane [10, Lemma 2.1].

Lemma 2.3. Let § > % Then there exists a positive constant A depending
only on § such that

S (DY 015 = 450 < AP or all e NG,
v<p !
Here, for multi-indices § and v, v < 8 means v; < 5; for all ¢, and (j) =
8.1

ITie TG AT The proof of this lemma is based on Stirling’s formula. We
do not present the proof here.

We shall recall a variant of the Gronwall type inequality [5, Lemma 6.1],
which has been proved in [2]. Although the proof is essentially the same as
in [2] and [3], we give a proof for completeness.

Lemma 2.4. Let ¢py be a measurable and locally bounded function in (0,T).
Let {4;}32) be a sequence of measurable functions in (0,T). Assume that
a € R and that p, v > 0 satisfying p +v = 1. Let by > 0 be a number
depending on ¢ € (0,1), and assume that b. is nonincreasing with respect to
e. Assume that there is a positive constant o such that

t
(2.5) 0 < dolt) <bt ®+o / (t — s) s e (s)ds
t(1—e)
and
t
(2.6) 0< doa(t) < bt ® 40 / )
Jt(1—e

forall 3 >0,t € (0,T) and € € (0,1). Let g9 be a unique positive number
such that 1(go) = min{s5-, I(1)} with I(e) = fllfg(l —7)"HrTYdr. Then

(2.7) Pi(t) < 2bt ¢
forallj >0 and t € (0,T).

Proof. We first show the case of j = 0. By (2.5) we have

t
%o (t) < b + ata/ (t —s) Hs T Vs%Po(s)ds.
H{1—¢)
For small n > 0 (say, n < t) we set ¢o(t) = sup,<,<, s*¢o(s) for t > 0. This
quantity is always finite. For ¢t > /= we have

t

Golt) < b+ t%00(t) [ (1) M s
t(1—e)

1
<b+ag®) [ (1) e
1—

£



Y. Giga and O. Sawada 7

We set I(g) = fllfg(l — 1) H7r%"¥dr and observe that I(e) is continu-
ous in [0,1) and I(0) = 0. Moreover, I(g) is strictly monotone decreas-
ing in £. Thus, for ¢ > 0 there exists a unique g9 > 0 such that I(eg) =
min{1/20, I(1)}. The value I(1) may be infinity. For such an ey we have

¢0(t)§bgo+%</)o(t), te( ] .T).

1—50/

Hence, t%¢o(t) < 2b,, for ¢t € (0,T).
The estimates for ¢; is similar. Indeed, for small n > 0 we set ¢,(t) =
SUP, <5< $MP5(s) for j > 1 and ¢ > 0. Similarly as above, by (2.6) we have
1
61 b+ 00y(t) [ (L) var

J1—¢

for t > 1—7’_—5 We set g9 the same as above to get

1
¢j+1(t) < beo + §¢](t)/ 720 and t¢€ <1 1 7T> .

eo: the last successive estimates yield

We have already obtained ¢o(t) < 2b
0,7T). We have thus obtained (2.7). O

¢;(t) <2b. forall j > 1 and ¢ € (
3. Proof of Theorem.

We first prove a variant of Theorem 1.1 under extra regularity assumptions.

Proposition 3.1. Assume that same hypotheses of Theorem 1.1. Assume
furthermore that

(3.1) dyu € C((0,7); (LY(R™)")

for all g € [n,o0] and 3 € N§. For 6 € (% 1] there exist positive constants
K, and K5 depending only on n, p, My, My and § such that

6] 7t ¢ 1
(3.2) 10%u(t)l, < K1(Ka|8)P1-0 7 —36—%)

for allt € (0,T], q € [n,ox] and 3 € Nj.

Since the solution » in Theorem 1.1 always satisfies the regularity prop-
erty (3.1) as shown in Proposition 3.2 and its Remark 3.1, Theorem 1.1
evidently follows from Proposition 3.1.

Proof. We argue by an induction on m = |j|.
(Step 1). We shall prove (3.2) for m = 0. It suffices to prove

(3.3) u(t) oo < C1t2



8 regularizing—decay rate estimates

with some constant C; = Cy(n, p, M1, M>). Indeed, once (3.3) is proved, the
estimate (3.2) for m = 0 and n < ¢ < oo is obtained by interpolating (3.3)
and L"—estimate ||u(t)]|, < M.

We may assume that n < p < oo in the assumption (1.2) since (3.3)
directly follows from (1.2) when p = oco. We take L>—norm of the both
sides of (INT) and for 0 < € < 1 we divide the integral into two parts:

t{1—¢) t
mmmmsn&%ﬂm+(/ “f ))mﬁsmpv«u®w@mw@
0 JH1l—¢
= A + A9 + Aj.

We shall estimate each term. Here and hereafter C; (7 = 1,2,...) denotes a
positive constant depending only on n, p, M, and M» while C' depends ounly
on n and p.

We first estimate A;. By (2.3) we have
_nioL 1 1
Ay < (4rt) 2 ]]uo||77 < (4m) 2 Mt 2.
We next estimate As. By Lemma 2.1 with 8 = 7 (this choice of 6 is kept

throughout this Section) and the boundedness of P in L? for g € (1,00), we
observe that

me
Ay < /

<c/ = )3 u(s )|2ds

DAY gllu @ u(s)||gds

Pl 5

[zal'“” Izal'

t{1—e) n 1 11 . -
< C/ (t— 5)757557“575)]%22(% < 026,%{%.
0
Similarly, A5 is estimated as
! (t—s)A
A5 < /zu e 2V o roe [Pl o e |1 & u(s)||pds
—E

1
<O s ) le)llds
t(1—¢)

t 1 [ 1 T
< 03/ (t = 8) 2 B 55 ju(s) | ds.
H{1—¢)

. . . 1 3
Combining these three estimates and setting b, = (4w)” 2 My + Cae™ 2,
we obtain

t k23
uloo < b7F 4 Co [ (¢ =) 75 BT u(s) foods.
t(1—¢)
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We now apply Lemma 2.4 to the above inequality to get (3.3) with C = 2b,,,
where g9 = go(n, p, Ms) € (0,1).

(Step 2). Our next task is to prove (3.2) for m = 1. However, the proof is
essentially contained in Step 3 (without checking the dependence of m and
0) so we safely omit the proof.

(Step 3). Assume that m > 2. Assume that we have already proved (3.2)
for all ¢ € [n, 00| and 8 with |3] < m — 1. We shall prove (3.2) for |3| = m.
For g € [n,00] and € € (0,1) we have

» t(1—¢) £
age B ugllg + </ +/ ) |
JO Jt{1—¢)

EB] +BQ+B3.

I IAPY - (u @ u)(s)|,ds

Jave)
[0z u(®)]lq < |

We shall estimate each term.

The term B is easily estimated. By Lemma 2.1 we have

B < Cm™% G075 oy = oMy,

since m/2 < m —§ for m > 2 and § < 1. To estimate By we apply Lemma
2.1 and Lemma 2.2 to get

t(1—¢) s s
Bo< [ IPET ATl 0e T A g s (o) s
t(1—¢) t—g\—2(2 Ly m
<omm [T (52 P s s
Jo 2

Ly 1 &

n m

_m_nel
SCTTLW’/2]\£[12(%) R s t—z(,,ll—i) )

< C5(271L)%8—%_%t—%(%_é)_%.
We apply Lemma 2.2 to get
t
Byz [ el APV a0 (u  w)(s)] s
t(1—¢)

it
<C / (t = 8) 2102 (u @ u)(s) | gds.
Jt(1—£)

We now calculate 82 (uu) by the Leibniz rule. We divide the sum into two
parts:

.t .
By <20 / N 5)= 3108 (8) 1y 1(5) ool
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O f -9 8 () 102ull02 u(s) s

0<y< s
= By + Bs.
Here, for multi-indices § and ~, v < 8 means v < § and |y| < |3]. We shall
estimate By. Applying L>-estimate (3.3) to By yields
t
Bi< 06/ (t — s) 35 3 0Pu(s)ll,ds,  Co=2CCh.
t(1—e)

By our induction assumption we get

Bs <C/ (t—s)"7 3 (g)Kl(KzM)v PR IR

0<y<f

T 18]
x K1(K2|3 — ”/l)w*w*ésf?(%*i)’ 2 ds

=913

< CK%K;n—%( 3 (f) =613 _ |l ”/]5)
0<y< s

")/
't nel_1y_m_ 1
X / (t—19)_%(9_5(7_5)_7—5(13.
Jt(1—e)
We now apply Lemma 2.3 to get

By < CAKZKP2mm 043G -7 % [(¢)

with I(e) = [ (1 - 1) 57'_%(;_;>—7_5d7'.
Combining estimates for By~ Bs and setting b, by

be = Cym™ 0 + 05(2777,)%5_%—% + CN(e) K2 K= 20mm=0,

we obtain

4 s _n(l 1y m t _1 1.3
|0 u(t)]lg < bt 2 a/ 2 +06/t(1 )(t—s) 25 2|07 ul(s)]qds.

We apply Lemma 2.4 to get

w3

(3.4) 105u(®)]lg < 2begt™ 33" € (0,7)

for £ < g9 = gg(m) for sufficiently large m, say m > mo = mo(n,p, My, My).
By (3.4) we may assume that (d 2) holds for 3, |3] < mg by taking K, Ko
large, so we may assume that m > mg.

We shall prove that it is possible to choose K7 and K3 such that
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(3.5) 2?)1/7,,/ < K (Kom)™™° for m > my.

Since I(1/m) < y/e/m < 2 and m2+8 < 8.92m=9 we observe that
20y < (CrA™ 0+ C' KK ym™ ™, C'=4C\, C7 =2(Cy+8C5).

We take K; = 8C7 and Ky > 4 large enough such that C”KlK;a < 1/2
and obtain (3.5). Since Kj and Ky are independent of m the proof is now
complete. O

We next verify that the locally-in-time solution satisfies (3.1).

Proposition 3.2. Let ug € (L"(R™))" satisfying V - ug = 0. Then there
exist Tp > 0 and a unique mild solution u satisfying (3.1) and

nel 14y, 18
(3.6) 36D 80u(t)), < K1 (KL

for all0 <t < Ty, n < qg< oo and 3 € Nj. Here, K| and K/ are constants
depending only on. ||uglln, n and Tp.

Remark 3.1. By Proposition 3.2 and the uniqueness of the mild solution
(see [11]), we conclude that the mild solution in Theorem 1.1 fulfills (3.1).
Proof. We recall that the solution v is constructed as a limit of u; by a
successive iteration: u)(t) = e*®ugy and

t
wjiy (t) = ePug — / IAPY - () © uy)(s)ds.
0
In fact, as shown in [11] there exists Ty > 0 satisfying

(3.7) sup [u;(t)]lg < Clllullat ™ 377, te(0,Th).
J

Here, C] is a positive constant depending only on n and 7. Moreover, u;
converges to u in (0,Tp]. We set (1) = [|0%u;41(t)||, and argue in the

similar way in the proof of Proposition 3.1 to get (3.6) by applying Lemma
24. O
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