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Convexified Gauss curvature flow of bounded
open sets in an anisotropic external field:
a stochastic approximation and PDE

Hitoshi Ishii* Toshio Mikami'
Waseda University Hokkaido University

November 6, 2002

Abstract

We construct a random crystalline (or polyhedral) approximation
of a convexified Gauss curvature flow of bounded open sets in an
anisotropic external field. We also show that a weak solution to the
PDE which describes the motion of a bounded open set is unique and
is a viscosity solution of it.

1 Introduction

Gauss curvature flow is known as a mathematical model of the wearing pro-
cess of a convex stone rolling on a beach and has been studied by many
authors (see e.g. [2, 3, 6, 7, 11, 14, 24]).

In the last few years we have been generalizing the theory of Gauss cur-
vature flow to a class of nonconvex sets.
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In [17] we studied the existence and the uniqueness of a viscosity solution
to the PDE that describes the time evolution of a nonconvex graph by a
convexified Gauss curvature (see (1.10) for PDE).

In [19] we proposed and studied the discrete stochastic approximations
of evolving functions which are generalizations of those considered in [17],
and proved the existence and the uniqueness of a weak solution to the PDE
which appears in the continuum limit of discrete stochastic processes, and
discussed under what conditions a weak solution to the PDE is a viscosity
solution of it.

In [20] we studied the existence and the uniqueness of the motion (or time
evolution) of a nonconvex compact set which evolves by a convexified Gauss
curvature in RY (IV > 2), by the level set approach in the theory of viscosity
solutions (see e.g. [5, 10, 23] for the level set approach).

We introduce the notion of the motion of a smooth oriented closed hy-
persurface by a convexified Gauss curvature.

Let M be a smooth oriented closed hypersurface in R" and e be a smooth
vector field over M of unit normal vectors. For x € M, let T,,M denote the
tangent space of M at z, and let A, : T, M +— T, M denote the Weingarten
map at = defined by the following:

Ay(v) =—Dye forve T, M, (1.1)

where D e denotes the derivative of e with respect to v. Recall that the
principal curvatures kq,---,k, (n:= N — 1) of M at x are the eigenvalues
of the symmetric map A, and the Gauss curvature K (x) of M at z is given
by det A,.

Let C be the convex hull co M of M. We define o : M — {0,1} by

1 ifx e MNoC,
{ (1.2)

0 otherwise,

and call o(z)K (z) the convezified Gauss curvature of M at z.
The motion of a smooth oriented closed hypersurface by a convexified
Gauss curvature is the curvature flow:

v=—0Kv, (1.3)

where v denotes the unit outward normal vector on the surface and v denotes
the velocity of the surface.



Let (A;), denote the positive part of the symmetric map A,. K, (z) :=
det{(A;)+} is called the positive part of the Gauss curvature of M at z, and
the following holds:

o(z)K(z) = o(x)K, (x). (1.4)
Remark 1 For x € M,
det A, if A, is nonnegative definite,
det{(A,);} = | (1.5)
0 otherwise.

The crystalline (or polyhedral) approximation of a smooth simple closed
convex curve which evolves as the curvature flow was considered by Girao
and is useful in the numerical analysis (see [13] and the references therein).
We refer to [12] and the references therein for the recent development of this
topics.

When N = 2, the discrete stochastic approximation of the curvature flow
of smooth simple closed convex curves was given in [18] where the model and
the approach are completely different from those in this paper.

In this paper we propose and study the discrete stochastic approximation
of a convexified Gauss curvature flow of bounded open sets in an anisotropic
external field. Our result in this paper is the first one in case N > 3, among
random and nonrandom results, which gives a crystalline approximation of
the motion of a bounded open set in RN by Gauss curvature.

We briefly describe what we proved in [19], and then discuss the results
in this paper more precisely to compare a convexified Gauss curvature flow
of graphs with that of closed hypersurfaces.

For z € R™ and u : R® — R, the following set is called the subdifferential
of u at x:

ou(z) ={peR":uly) —u(z) >p-(y — z) for all y € R"}, (1.6)

where - denotes the inner product in R™.
Alexandrov-Bakelman’s generalized curvature introduced in the following
played a crucial role in [19].

Definition 1 (see e.g. [4, section 9.6 |). Let R € L'(R™ : [0,00),dz) and
u € C(R"). For A € B(R™)(:=Borel o-field of R™), put



w(R,u, A) ::/ R(y)dy (A € B(R")). (1.7)
UwEAau(w)
Let T € [0,00] and R € L'(R" : [0,00),dz). We showed the existence
and the uniqueness of a solution u € C([0,7) x R") to the following equation
(see [19, Theorem 1]): for any ¢ € C,(R") and any ¢ € [0,7),

/ (@) (u(t,z) — u(0,2))dz = /O " ds / p(eyw(R,uls,),dz).  (18)

The existence of a continuous solution to (1.8) was given by the continuum
limit of the infinite particle systems {(Zm (%, 2)),ezn/m }e>0 that satisfies the
following: for any ¢ > 0 and any z € Z"/m,

P(Zy(t+At, 2) — Z(t, 2) > 0) = m"E[w(R, Zn(t, ), {z})]At+o(At) (1.9)

as At — 0 (m > 1), where Z,,(t,-) denotes a convex envelope of the function
z — Zm(t, 2), i.e., the graph of the boundary of the convex hull, in R, of
the set {(z,y)|z € Z"/m,y > Z(t, 2)}.

In [19, Theorem 2], we proved that a continuous solution u to (1.8) sweeps
in time ¢ > 0 a region with volume given by ¢-w(R, u(0,-), R"), and that, for
continuous solutions u and v to (1.8) with v(0,-) = @(0,-), @(¢,-) is different
from v(t,-) at time ¢ > 0 in general if u(0,-) # (0, -).

We also showed that a continuous solution to (1.8) is a viscosity solution
of the following PDE (see [19, Theorem 3)):

Owu(t, ) = x(u, Du(t, z),t, ) R(Du(t, z))Det, (D*u(t, z)) (1.10)

((t,z) € (0,00) x R"), where Du(t,z) := (Qu(t,z)/0x;),, D*u(t,z) :=
(0*u(t,z)/0x;0z;)"

ij=17

1 ifpedulta),
x(u,p, t,x) := { 0 otherwise

(Ou(t, z) denotes the subdifferential of the function z — u(t,x)). Conversely,
we discussed under what conditions a viscosity solution to (1.10) is a solution
to (1.8).



Remark 2 When R(p) = (1 + [p|?)~(»+D/2]

(1 + | Du(t, z)[*) " 2x(u, Du(t, ), t, ) R(Du(t, z))Det. (D*u(t, x))

can be considered as the convexified Gauss curvature of {(y,u(t,y))|y €
RN} at z if we consider {(y,2)|ly € R",2 > u(t,y)} as the inside of the
hypersurface {(y,u(t,y))|y € RN}.

Next we briefly discuss what we study in this paper.
Let F' be a closed convex set in RY. For € 8F, put

Np(z) = {pe SV HF C{y|<y—z,p >< 0}},

where < -, > denotes the inner product in R".
To consider a convexified Gauss curvature flow of bounded open sets by
the level set approach, we introduce new types of measures.

Definition 2 Let u be a bounded function from a subset of RY to R, and
R e LY(SN1:]0,00),dHN 1), where dH" ! denotes a (N — 1)-dimensional
Hausdorff outer measure.

(i). Let r € R. For B € B(R"), put

Wy R;U,B 2:/ R dHN—l : 111
( ) Ny w1 (fr.coy)- (0(c0 u=1(fr,00)))NB) (p) (p) (1.11)

co u

where A~ denotes the closure of the set A.
(ii). For B € B(R"), put

w(R,u, B) ::/Rdrwr(R,u,B), (1.12)

provided the right hand side is well defined.

When it is not confusing, we write w, (R, u, dx) = w,(u, dz) and w(R, u,dz) =
w(u, dz) for the sake of simplicity.

The existence and the uniqueness of a solution to the following equation
is given in section 2.

Definition 3 Let T € [0,00] and R € L'(SV~1: [0, 00),dHN"1). A family of
bounded open sets { D(t) }+ejo,r) in RY is called a convexified Gauss curvature
flow in an (R-)anisotropic external field on [0,T) if
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D(t) = (co D(t)) N D(0) fort e [0,T), (1.13)
and if the following holds: for any ¢ € C,(R”) and any ¢ € [0,7T),

/RN () (I () — Ipe(x))dr = / ds / z)wi (R, Ip)(-),dz). (1.14)

We also show the existence and the uniqueness of a solution u € Cy([0, T") x
RY) to the following: for any ¢ € C,(R") and any t € [0,T),

/RN(p(:E)( (0, 2) — u(t,z)) do:—/ ds/ s,),dz).  (1.15)

The existence of {I D(t) }t>0 in Definition 3 is given by the continuum limit
of a class of particle systems {(Yy,(%,2)),cz¥ /m }e>0 that satisfies the follows:
for any ¢ > 0 and any 2 € Z¥ /m,

P(Y(t+At, 2) — Yiu(t, 2) < 0) = mY EJw, (Yin(t, -), {z})]At + o(At) (1.16)

as At — 0 (m > 1) (see Theorem 1 in section 2).

The existence and the uniqueness of a solution to (1.15) will be given by
the continuum limit of the linear combinations of solutions to (1.14) with
D(0) = u(0,-)7*((r,00)) for r € R (see Corollary 2 in section 2).

We also discuss the properties of {D(t)}¢>¢ in Definition 3 (see Theorem
2 in section 2).

For p € RN and a N x N-symmetric real matrix X, put

G(p, X) ::{|p|det+<_(I—ﬁ®ﬁ)%(1—ﬁ®ﬁ)+p®p) if p £ o,

(see (1.4) for notation), where p := p/|p|.

Suppose that a smooth oriented hypersurface M in RY is given by M =
{y € RN | o(y) = a, Dp(y) # o} for some ¢ € C?*(RY) and a € R, and
that the vector field e is given by e, = Dy(z)/|Dy(z)|. Regard the tangent
space, T, M, as the orthogonal complement of e,, and let F, := span e, and
idg, denote the identity map on F,. Then the map

6



A, @idg, RN =T,M0E, -~ T,M®E,
has a matrix representation
- —ﬁ®ﬁ)m(1 —p@P)+P®P,
with p = Dy(z) and X = D?¢(z). Therefore,

K(z) = det (—(I—;ﬁ@ﬁ)ﬁ(l—ﬁ®ﬁ)+z5®ﬁ)a (1.18)

Pl
G(p, X
K (z) = (p. X) (1.19)
Pl
For {D(t)}>0 in Definition 3, we show that Ip«)(r) and Ipy-(x) are
respectively a viscosity supersolution and a viscosity subsolution of the fol-
lowing PDE (see Theorem 3 in section 2):

Du(t, x)

oot ) + R

)a—(u, Dult, 2),t,2)G(Du(t, z), D?u(t, z)) = 0

(1.20)
((t,z) € (0,00) x RY). Here

. _ 1 ifu(t,) <wu(t,z) on H(p,z) and p € RV \ {o},
o (u,p,t,x) = {0 otherwise,
(1.21)
where

H(p,z) == {y e R"\{z}| <y —z,p>< 0}. (1.22)

Moreover, we show that a continuous solution to (1.15) is a viscosity
solution of (1.20) (see Corollary 3 in section 2).

In [21], we will study the uniqueness of a viscosity solution to (1.20),
from which we conclude that a viscosity solution to (1.20) with a bounded
continuous initial data is a unique solution to (1.15).

Since G(p, X) is singular at p = o, the standard definition of a viscosity
solution (see [8]) is not appropriate for (1.20). We take the definition of a
viscosity solution to (1.20) from [22].



We first introduce the set of admissible test functions. We denote by F
the set of all functions f € C*([0, 00)) for which f” > 0 on (0, c0) and

lim % =0. (1.23)

Let  be an open subset of (0,00) x RY. A function ¢ € C?(Q) is called
admissible in Q if for any (£,2) € Q for which D¢y vanishes, there exists
f € F such that as (t,2) — (£, %),

ot z) — ¢(t, 2) — Bip(f,2) (¢ — D) < f(lz —2[) +o(jt —2).  (1.24)
We denote by A(Q2) the set of all admissible functions in €.

Remark 3 f(r) =¥ € Fand ¢(t,z) = f(|z — %|) € A((0,00) x RY) for
any z € RV.

Definition 4 (Viscosity solution) Let 0 < T < oo and set €2 := (0,7T) x
RY, and put R(o/|o|) := 0.

(i). A function v € LSC(Q) is called a viscosity supersolution of (1.20) in
Q2 if whenever ¢ € A(Q), (s,y) € Q, and u — ¢ attains a local minimum at
(s,y), then

~~

o >a+(u, Dip(s,y), 5,9)G(De(s,y), D*¢(s,y)) = 0,

Ovp(s,y) + R(W
(1.25)

where

" _ 1 ifu(s,-) <u(s,y) on H(p,y) and p € RV \ {0},
o (u,p, 5,y) = {0 otherwise.
(1.26)
(ii). A function u € USC(Q) is called a viscosity subsolution of (1.20) in Q if
whenever ¢ € A(Q), (s,y) € Q, and u — ¢ attains a local maximum at (s, y),
then

Dy(s,y)

DU G(Di(5,5), Dol ) <0

(1.27)

Oep(s,y) + o (u, Dp(s,y), s, y)R<



(iii). A function u € C() is called a viscosity solution of (1.20) in Q if it is
a viscosity supersolution and a viscosity subsolution of (1.20) in 2.

Remark 4 ot (u,p,s,y) > o (u,p,s,y) for all u: Q@ — R and all (p,s,y) €
RY x Q.

Let Ay(2) denote the set of all ¢;(t) + do(z) € A(Q) such that z —
G(D¢y(x), D*¢py(z)) is continuous in 2. Then one can repalce, in Definition
5, A(Q) by Ae(Q2) (see [20]).

Remark 5 For any f € F and £ € RN, o(t,z) = f(|z — 2|) € Ap((0, 00) x
RY).

In section 2 we state our main results which will be proved in section 4.
In section 3 we give technical lemmas.

2 Main Result

In this section we give our main result.
We give two assumptions to state the stochastic process which approxi-
mates the solution to (1.13)-(1.14).

(A.0). D is a bounded open set in R" such that Vol(8D) :=the Lebesgue
measure of the boundary 9D of D is zero.
(Al) R e LI(SN—1 : [O,OO),drHN*I) and ||R||L1(SN—1) = 1.

Take K > 0 so that co D C [-K +1,K — 1]¥. For m > 1, put

Sy = {I4:[-K KN (ZY/m) — {0,1}|A C [-K, K]Y N ZY /m},(2.1)
D,, = DnN(Z"/m). (2.2)

For z, z € Z" /m and v € S,,,, put

U, (T) 1=

{v(m) if z # 2,
0 iftex ==z
; and for f: S, — R, put

Amf(v) = m" > wi(By v, {z){f (vm,2) = f0)}. (23)

26[-K,KINN(ZVN [m)



Let {Y,,(¢,) }t>0 be a Markov process on Sy, (m > 1), with the generator
Am, such that Y,,(0,2) = Ip,(2) (2 € [-K,K]YN N (ZY/m)). For (t,z) €
[0,00) x [-K, K]V, put also

Xn(t,z) = Iieo Ym(t7.)—1(1))omD($), (2.4)

where A° denotes the interior of the set A ¢ RY.
Then {X,,(¢, ) }i>0 is a stochastic process on

S={f e L*([-K,KI") : [[fllc2q-k.xv) < 2K)"} (2.5)
which is a complete separable metric space by the metric
el < > 1
Z | f 9,€k ~r2([-K,K]N) |7 ) (26)

2k

Here {e;}r>1 denotes a complete orthonomal basis of L?([—K, K|V).
The following is our main result.

Theorem 1 Suppose that (A.0)-(A.1) hold. Then there exists a unique
solution {D(t)}1>0 to (1.13)-(1.14) with D(0) = D on [0,00) such that
Ipy(-) € C([0,00) : L*([—K, K]")) and that the following holds: for any
v >0,

lim P(sup [ Xm(t, ) = Iy ()2 -r,x7) = v) = 0. (2.7)

We recall Hausdorff metric of compact sets A and B C R":
di (A, B) := max(max dist(p, B), max dist(g, A)). (2.8)
peEA qeEB
As a corollary, we obtain
Corollary 1 Suppose that (A.0)-(A.1) hold and that D is convex. Then for

a unique solution {D(¢)};>0 to ( 13)-(1.14) with D(0) = D on [0, 00), the
following holds: for any T € [0, Vol(D)) and any ~ > 0,

lim P( sup dg(co Y,(t,-) (1), D(t)) > ) =0. (2.9)

m=00 g t<T

10



We introduce the assumption on the initial function in the equation (1.15).
(A.2). h € C,(RY). For any r € RY, the set h~!((r,00)) is bounded or RY.
Then one can easily obtain the following from Theorem 1.

Corollary 2 Suppose that (A.1)-(A.2) hold. Then there exists a unique con-
tinuous solution {u(t,-)}i>o0 to (1.15) with w(0,) = A(-) on [0,00). In addi-
tion, for any r € R, {u(t,-)~*((r, 00)) }+>0 is a unique solution to (1.13)-(1.14)
with D(0) = h=!((r, 00)) on [0, 00). In particular, {u(t,-)~*((r, 00))}+>0 only
depends on the set u(0, ')_1((7", 00)).

The following theorem collects some of elementary properties of solutions

0 (1.13)-(1.14).

Theorem 2 Suppose that (A.0)-(A.1) hold. Let {D(t)}:>o be a unique so-
lution to (1.13)-(1.14) with D(0) = D on [0,00). Then the following holds.
(a) t — D(t) is nonincreasing on [0, co).

(b) For any t < T* := Vol(D(0)),

Vol(D(0)\D(t)) = t. (2.10)
(c) D(t) =0 for t > T*.
(d) Let {D1(¢) };>0 be a solution to (1.13)-(1.14) on [0,c0) such that D;(0)
is a bounded, convex, open set which contains . Then
D(t) C Dy(t) forallt >0, (2.11)
where the equality holds if and only if D(0) = D, (0).

Under
(A.3). Re C(SN1:]0,00)),

we give the relation between the solution to (1.13)-(1.14) and the viscosity
solution of (1.20).

Theorem 3 Suppose that (A.0)-(A.1) and (A.3) hold. Then for a unique
solution {D(t)}s>0 to (1.13)-(1.14) with D(0) = D on [0,00), Ipy(z) and
Ipwy-(z) is a viscosity supersolution and a viscosity subsolution to (1.20) in
(0,00) x R¥, respectively.

11



As a corollary, we obtain

Corollary 3 Suppose that (A.1)-(A.3) hold. Then a solution {u(t,-)}i>0
to (1.15) with «(0,-) = h(:) on [0,00) is a viscosity solution to (1.20) in
(0,00) x RV,

3 Lemma

In this section we give lemmas which will be used in the next section.
We extend Y,,(t,-) as a function on RY so that

- _ 0 (z € D°N(ZN /m)),
V) = ot sl (o ool € RD), OV
where [mz] := ([mz;])Y, and [mz;] denotes an integer part of mz;.

Remark 6 For z € Z¥ /m,

Yin(t, z) = Yo (t, z)dz.

W {zeRYN|[mz]=mz}

Lemma 1 Suppose that (A.0)-(A.1) hold. Then {Yp(,-)}mx1 is tight in
D(]0,00) : §), and any weak limit point of {Y ,(:,+)}m>1 belongs to the set
C([0,00) : S).

(Proof). Since S is compact and since ¢ + Y,,(,z) is nonincreasing for any
z € RY, we only have to show the following (see [9, p. 129, Corollary 7.4
and p. 148, Theorem 10.2]): for any > 0 and 7' > 0, there exists § > 0
such that for any ¢ for which 1 < < [T/4] + 1,

T PV n(i6,) = (i = 18, Ml sempey = 1) = 0. (32)
Indeed, for any s and ¢ for which (i —1)§ < s <t <6,

Yiuls,z) = Y(t,z) =0 or 1,

and

ds(Vin(t, ), Yn(s,))? < |[Vialt,) = Viuls, Wi r x)
= |Vu(id,") = Vi (i = 1), )| 1k, k)

12



For § < n/2 and m > 1, by Chebychev’s inequality and It6’s formula (see

[15]),

PV m(i6, ) = Vom(i = 1), )2y > 1) (3.3)
< (2m > (Vilid, ) = Yol (i = )8, 2)
0
+ (i—l)éwl(Ym(S, ) Din)ds|7]
2\ 2 N 0
- (E) m " B (i—l)éwl(Ym(37 ) D )ds]
< (%)Zm—N5—>O as m —> 0o

(see (2.2) for notation). Indeed,

Y (6, ) = Yol (i — 1)8, )| o2 -k, K1)
1 i6
= = Y (Vu(i6,2) — Yin((i — 1)6, 2 ))W_/( w1 (Yn(5,-), Dy)ds

2€Dm i—1)é
i6
+ w1 (Yom(s,-), Dm)ds.
(i-1)6

Q. E. D.
Remark 7 In (3.3), if Y,,(s,-) = 0, then w1 (Y}, (s, ), D) = 0.

Lemma 2 Suppose that (A.0)-(A.1) hold. Then there exist a subsequence
{my }x>1 C N and stochastic processes {Y 1, (-, -) }x>1 on a probability space
(©1,By, P1) such that the probability law of {Y1;, (-,)}k>1 is the same
as that of {V,,,(+,")}k>1, and such that {Yi,, (-, )}k>1 is convergent in
D([0,00) : S), Pi-almost surely, and such that the following holds P;-almost
surely: for any 7' > 0 and ¢ € C([—K, K]V)

1
sup l Z (P }qu t Z) le,mk(Oaz)) N (34)
0<t<T L <p, My
+/ Z o(2)0r (Y, (5,-), {21)ds| = 0 as k — oo,
ZeDmk

13



Here Y}, is defined by Yy, in the same way as in Remark 6.

(Proof). By Lemma 1 and Skorohod’s Theorem (see [9, p. 102, Theorem
1.8]), there exist a subsequence {mg}r>1 C N and stochastic processes
{Y 1mo4 (> *) }i>1 0on a probability space (€1, By, Pp) such that the probability
law of {Y1 1, (-, ) }r>1 is the same as that of {Y o, (-, ) }e>1, and such that
{Y 1mex () }r>1 is convergent in D([0, 00) : ), Pi-almost surely.

As in (3.3), by Doob-Kolmogorov’s inequality (see [15]), for any T > 0
and ¢ € C([—K, KV)

1

Bln | 2 60 Fimnlt ) Vim0 iy (39)
+/0t > (2w (Yigmg (s, ), {z})ds[’] =0 ask — oo.

ZEDm(),k

Since a L?-convergent sequence of random variables has an almost surely-
convergent subsequence, and since C'([—K, K]V) is separable, one can com-
plete the proof by the diagonal method.

Q. E. D.

When it is not confusing, we write Y, = Y, and Y, = Y, on
(Q1, By, Pp) for the sake of simplicity.

Take zo € D and ro > 0 so that Uy, (zo) := {y € RN : |zo — y| < 4re} C
D, and put Uy := Uy, (). Then

Vo := é%fU Vol(Usy, (70) N H(xg — ,2)) > 0. (3.6)
z 0
Put, on (Q4, By, Py),

T := inf{t > 0|1 (¢, 2) = 0 for some z € (Z" /m) N Uy}. (3.7)

Then the following holds.

Lemma 3 Suppose that (A.0)-(A.1) hold. Then

P (V< lilgn inf 7,,,, <limsup 7,,,, < Vol(D)) = 1. (3.8)
—00

k—o0

14



(Proof). By (3.4), for any ¢t > Vol(D),

lim sup{min(7,,,t)} (3.9)
k—o0
i min(7m, ,t)
= limsup w1 (Y, (8, )y D, )ds
k—o0 0
1
< limsup Y, (Y, (0,2) — Yi, (min(7m,, 1), 2)) —5 < Vol(D)

P,- almost surely. We also have

1

Vo < hmlnf > (Y, (0,2) = Yoo (Tiny 2)) — (3.10)
2€Dm, my,
_ T _
< ll}gg}f 5 w1 (Y, (8, ), D, )ds = h;?_l,g}mek

P,- almost surely.
Q. E. D.

The following lemma can be proved in the same way as in [4, section 5.2]
and the proof is omitted.

Lemma 4 Suppose that (A.1) holds. Let F'and F,,,(m > 1) be closed convex
sets in RY such that F and 0F,,(m > 1) are closed hypersurfaces and such
that dg(Fp, F) — 0 as m — oo. Then wy(IF, (-),dz) weakly converges to
wi(F,dz) as m — oo, that is, for any ¢ € C,(RY),

lim [ o(x)w (g, (), dz) = /R (@) Ip (), de). (3.11)

m—oo JRiN

We denote by X(-,-) € C(]0,00) : 8) the Pi-a.s. limit of Y, (-,-) as
k — oo. Then we have

Lemma 5 Suppose that (A.0)-(A.1) hold. Then there exists a solution
{D(t) }seo,ve) to (1.13)-(1.14) on [0,V) such that the following holds P;-
almost surely:

X(t,z) = Ipw(z), dz—ae foralltel0,Vp). (3.12)

15



(Proof). For p € SV¥~1 let C(xg,ro; p) denote a semi-infinite cylinder

{zg+rp+z:r>0,]2| <71y, <2,p >=0,2 € RV}

which can be obtained by moving a (N — 1)-dimensional ball

{zog+z:|z|<rp,<z,p>=0,z € RV}

in the positive direction of p.
Take py, -« -, pr, € SV ! for some kg € N so that

co D C Ufilc(ﬂ«"o, T0; Di)-

For i =1,---, ko, take {gi1, -+, qiw—-1)} so that {g;1, -, qsv—1),p;} is an
orthonormal basis in RY, and put

Con, (t) 1= co Yy, (,-) H(1). (3.13)

For z = (z)Y- ! € RN for which |z| < 2, put also
k=1

N-1
X, i(t,x) := —sup{r > O|zg + rp; + Z ¢i;%j € Cp, (1) }. (3.14)

i=1

Then X,,, ;(t,-) is a bounded convex function on {z € RN"1: |z| < 7ry/4}
for t € [0, 7y, ) if My > 8NY2 /1.

It is known that the set of bounded convex functions with the same
domain is compact as the set of continuous functions defined on K for every
compact subset K of the interior of their domain (see [4, section 3.3]).

Therefore, by Lemma 3 and the diagonal method, there exists a subse-
quence {ka,i(t, )}t of {ka,i(t, ‘) }k>1 and a convex function X;(t,-) such
that for any t € QN [0,Vp) and s =1,- -, kq,

lim sup | X i(t,2) — Xi(t, )| =0 (3.15)
k— o0 z€RN~1,|z|<3rg /2

(Notice that {7 }r>1 can be random.).
It is clear that there exists a nonincreasing family of compact convex sets
{C(t)}teqnpo,vp) such that for any t € QN [0, V5),

16



lim dg(Ca, (t),C(t)) = 0, (3.16)

k—o00
X;(t,z) = —sup{r>0lzo+rpi+ > gjz; € C(t)}
i=1
for all i = 1,---, ko, and z = (z3)n' € RN for which |z| < 3rg/2.
In particular,

D ¢ C(0) (by (22)), (3.17)

kh_{goHXl,ﬁlk(t")_]C’(t)oﬂD(')HLz([—K,K]N) = 0

for all t € QN [0,Vs), where X7 5, is defined by Y7, in the same way as in
(2.4). When it is not confusing, we write X 5, = X, on (€1, By, Py) for
the sake of simplicity.

The following also holds: for all ¢ € [0,V5) N Q,

Jim Y s (5 ) — X (8 )| 22wy = 0 (3.18)
Indeed, if X, (t,2) # Y,(t, ), then

N1/2
m
. and by (3.16), the volume of the N'/2/my-neighborhood of the set D U

0Cy, (t) converges to zero as k — oo for t € [0,15) N Q.
For t € [0,V5)\Q, put

dist(z,(Cin(t)° N D)) <

C(t) = NseqrionC(s). (3.19)
Then, by (3.17)-(3.19), the following holds P;-a.s.:

X(t,z) = lgonp(x), dz—ae, foralltel0, V), (3.20)

since {Ym, }e>1 is a subsequence of a convergent sequence {Y,, }p>1 and
since X € C([0,00) : §) is the Pr-a.s. limit, in D([0,00) : S), of YV, as

k — oo, and since {C(t) }se[0,v5)nq is nonincreasing in .
Put

17



D(t) :==C(t)° N D. (3.21)
Then (1.13) holds for all ¢ € [0, Vp), since D = D(0) by (3.17) and since

D(t) > {co (C()° N D)} N D = (co D()) N D > D(t) N D = D(¢).
OIl [07%)7

wi(lap (), dr) = wi(Ipw(-),dz) dt —ae., (3.22)
since

C(t)\(co D(t))” c C(H\D(t)~ c D*

by (3.21), where D° denotes a complement of D, and since

/OVO dswi Tz (), DY) = /D (In)(®) — Inay(x))dz = 0

by (3.4), (3.20) and Lemma 4. Here we used the fact that (3.16) holds except
for at most countably many ¢ € [0, Vp).

Indeed, ¢ — Cp, (t) is nonincreasing and (3.16) holds for all £ € QNI0, V4).
Therefore, if Cj, () does not converge to C(t) as k — oo, then (C(t)\C(t4))°
is not empty and has a positive Lebesgue measure by (3.19), where C(t+) :=
Us>¢C(s). Besides, (C(t)\C(t+))° are disjoint for different ¢.

By (3.4), Lemma 4, (3.20)-(3.22), (1.14) holds for all ¢ € [0,V}) since
(3.16) holds except for at most countably many t € [0,Vj) as we mentioned
above.

Q. E. D.

The following lemma implies the uniqueness of the solution to (1.13)-
(1.14).

Lemma 6 Suppose that (A.1) hold. For T > 0, if {D;(t)}o<t<cr (¢ =1, 2)
are solutions to (1.13)-(1.14) on [0, 7") for which D;(0) C D5(0), then Dy(¢t) C
Dy(t) for all ¢t € [0,T). In particular, for all ¢ € [0, min(Vol(D1(0)),T)),

du(D1(t), Do(t)) > du(D1(0), Do(0)). (3.23)

18



(Proof). For each ¢ > 0, put

D(t) == Di(t)” 0 D2(t)% wilt, ) = Ipp () wi (-) = Ipyy- (),

Ni(t) = Upeapnoninip € S™ o™ (ui, —p,t,2) = 1}

Take a nondecreasing sequence {7,},>1 of nondecreasing C*-functions
such that

(3.24)

S -

ma(r) =0 forallr <0, n,(r)=1 forallr>
and for r € R, put

Co(r) = /O " a(s)ds. (3.25)

Then since ¢ — u;(t,z) and ¢t — wu,; (t,x) are respectively right and left
continuous for any z € RY, for ¢t < min(Vol(D,(0)),T) and z € RY,

Cnlur (t2) = ug(t, ) = 1) = Guluy (0,2) — up(0,2))  (3.26)

/Ot Co(uy (s, 2) — ug(s,z) — s/t)(uy (ds, ) — uz(ds, x))
1 tnn(ul (s,2) — ua(s,z) — s/t)ds
Since ¢, > 0 and D;(0) C D5(0), we have

0 < /ds/ Coluy (8,2) — usg(s,x) — s/t) (3.27)
X (wi(ug(s, ), dz) — wi(ua(s, -), dx))
—;/ ds/Nnn uy (s,x) — us(s,x) — s/t)dx

. /Ot(l—s/t)(wl(m( Y, D(s)) — wiui(s, ), D(s)))ds
__/ ds/b(s)dx (as n — 00)

1
ds dx,
t D(s)

IA
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which implies the first assertion of this lemma.

Suppose that (3.23) dose not hold. Then there exists a € (0, dg(D1(0), D5(0)¢))

such that

inf{dy (D1 (), Da(t)°)[t € [0, min(Vol(D1(0)),T))} < a.
Take p, € SV and ¢, € [0, min(Vol(D1(0)),T)) so that

ape + D1(ts) € Do(ta).

Since ap, + D1(0) C D5(0) and {ap, + D1(t) }o<t<r is a solution to (1.13)-
(1.14) on [0,T), this contradicts the first assertion of this lemma.
Q. E. D.

Take ¢ € C*(RY) for which Dy(z,) # 0 for some z, € R".
Let Iy denote a N x N-identity matrix and put

(g1-+-9n) =In — fn® fn.

Take {f1,- -, fy_1} so that {fi,---, fy} is an orthonormal basis of RY.
Then the following holds.

Lemma 7 (i) < g;, fx >=0(1 <i < N).
(ii) For i for which 9;¢(x,) := d¢(z,)/0x; # 0,

g = — Z akgp(xo)

k-
ki ai(p(xo)

(111) Span(gla e 7gN) - Span(fl) o '7fN—1)-

(iv) D(Dp(x0)/|Dip(0)[)(RY) C span(gy,- -, gn). Asamapping on span(g, - -

eigenvalues and eigenvectors of D(Dy(x,)/|Dp(z,)|) are the same as those
of (g1+--gn)(D?*p(z,)/|Dp(z0)])(g1 -+ gn). In particular, all eigenvalues of
D(Dy(z,)/|Dy(x,)]) are real.

(v) If eigenvalues A\; < --- < Ay_y of —D(Dy(z,)/|Dy(x,)|) as a mapping

on span(gy,- -, gn) are nonnegative, then
- G(Dp(w,), D*p(x,))
MY PN = 20 2. 3.28
N Dotz (3:28)

20
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(Proof). It is easy to see that (i) and (ii) hold. Take ¢ for which 9;¢(x,) # 0.
Then, by (i) and (ii), we only have to show, to prove (iii), that {g;}, is
independent. Suppose that for j =1,---, N,

kZ#Ak (5kj - a’“fl(f;)(ii ()pl(f")) —0. (3.29)

Putting j = 7 in (3.29), we obtain

Z/\k ak‘ﬂ wo a (p(xo)

2N D)

from which

> MOrp(zo) = 0. (3.30)
k#i

Putting j # ¢ in (3.29), we obtain

ak(p(xo)
Aj— 0i0(x0) ¥ M = 0,
from which A; = 0 for j # ¢, by (3.30).
We prove (iv). It is easy to see that

D(lDw(on)_(gl gN)ID(p(xOH' (3.31)

Hence

Do(x
D( ) 230) = S 2,0
Do(z, Z g Z g

if and only if

DQQD(OJO) N B N
(g1~ 'QN)m(m = 'QN)(i:ZI Tig;) = A Z:ZI Tigs,

since

(g1-- 'gN)2 = (g1 gn)- (3.32)

Put P:=(f1--- fn) and @ := (f1--- fv_1)- The proof of (v) is devided
into the following.
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(STEP I) The eigenvalues of

DQ‘P(xO)

m(fjv —INn® fn)+[n® [N

—UIn— In® fn)
are those of

o* 1

( ~Q*D(BEEQ o )

(STEP II) The eigenvalues of Q*D(Dy(z,)/|Dy(z,)|)@ are those of D(Dy(x,)/|Dp(x,)])

on Span(gla e 7gN)
(Proof of Step I). For A € R, denoting by P* the transposed matrix of P,

2
det(—(]N —IN® fN)%(IN —IN® )+ N ® fn— /\]N)

B Ivoi 0 5. D*0(x0) o Ino1 0 O o

= det(-( o* )Pmp o* o + ot 1 _)‘]N>
D?¢(zo)

- det(( ~Q"Dp @ ‘;)—AIN)

o*

since

&3 O *
P'P = Iy, P<0* ‘f)P = fn ® fw.

(3.31) completes the proof since < f;, fy >=0if i # N.
(Proof of Step II). Let z = (z;)¥ 7' € RV and A € R. Suppose that

Dy(z,)

@B

)Qx = \z. (3.33)
Then

QQD<D¢( )|>( Z zifi) = A Z T fi

|Dip(z,) 1<i<N—1 1<i<N—1
and henceforth by (3.31),

D(M) Z Tifi=A Z xi fi (3.34)

Dep(z,)] 1<i<N—1 1<i<N—1
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since, by (iii),

QR (In— fn® fn)=In— fn® fn.

It is easy to see that (3.34) implies (3.33).
Q. E. D.
For:=1,..--,N, put

N

wta) = (6~ D PEE + (o)

Jj=1

Then

Lemma 8 Suppose that all eigenvalues of D(Dy(x,)/|Dy(x,)|) are nonpos-
itive. Then, fori=1,---, N,

0250 6Dy (n,), DPi(z,)) = det(Dyi(xo))- (3.35)

(Proof). For the sake of simplicity, we assume that i = N.
We first consider the case when Oyp(z,) # 0. By (ii) in Lemma 7, it is
easy to see that the following holds:

In 4 o (Do) ) ( ) )
(-t * ) pontea = (15200 ( pgta ) 030
By (i) and (iv) in Lemma 7, the eigenvalues and eigenvectors of D(—Dy(z,)/|Dyg(z,)])
on span(gs,---,gn) are real and are also those of the left hand side (Lh.s.
for short) of (3.36).
We show that all eigenvalues of the Lh.s. of (3.36) are those of D(—Do(z,)/|Dy(z,)|)
on Span(gla o 7gN) and —8N<,0(330).
By (i) and (iv) in Lemma 7, there exists an invariant subspace, which

contains fy, with an eigenvalue A of the Lh.s. of (3.36).
Take ¢ > 1 such that

(( e ) Dyn () — A)ZfN =0 (3:57)

T ane(zo)

Then (—0n¢(x,) — A fn € span(gy,- -+, gy) since
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[De(z,)|
v = m(@jﬂ?le — gn)-
Hence A = —On¢(z,) by (i) in Lemma 7.
Suppose that Ovp(z,) = 0. Then, by (3.31) and (i) in Lemma 7, for

z € RY,

Dw(xo)) >
D 0 = D[ ———— =0, 3.38
<fN7 Z/N(33 )'1"> <fN <|D(P($o)| z ( )
which implies that Dyy(z,)(RY) is at most (N-1)-dimensional and hence-
forth (3.35) holds.

Q. E. D.

4 Proof

In this section we prove the results in section 2.

(Proof of Theorem 1). By Lemmas 1-6, there exists a unique (nonrandom)
solution {D(t)}o<i<v, (see (3.6) for notation) of (1.13)-(1.14) on [0, Vp) such
that Ip.y € C([0,Vs) : S) and that the following holds: for any T € [0, V5)
and v > 0,

Jim P( sup ds(Ym(t,-), Ipw(-)) > ) =0. (4.1)
0<t<T
Therefore
Jim, PCsup [[Vonlt, ) = Too )l semy 2 1) =0, (42)
0<t<T

since, for m > 1 and ¢ € [0, 7],

||7m(t, -) — ID(t)(‘)||%2([_K’K]N)
/[—K,K]N( (t,2) (¢, 2)Ipw (z) + I () dz

We prove that the following holds:

lim P( sup HXm(t, ) - ID(t)(‘)||L2([—K,K]N) > ’)/) =0. (43)

m—oo 0<t<T
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For any s and ¢ for which 0 < s <t < T,

1Xm (L, ) = Ioew ()] L2 -, B (4.4)

< [ Xm(t, ) = m( Wez-ramyy + [ Xm(s, ) = Yels, |2 -x07)
HIY (s, ) = I ()l e2g-xxm) + [1pes) () —

Let U w12/ (D) := {z € Dl|dist(z, D) > N"/?/m}. Then

ID(t ( )||L2([—K,K]N)~

1 Xim(t, ) = X, Mo r,pvy = Xt ) = Xin (s, )23 1 ) (4.5)
1
< oN Z (Ym(s, Z) — Ym(t, Z))m + VOI(D\U_Nl/z/m(D))

2€Dm
(see (2.2) for notation). Indeed, if z = (z:);L; € U_y1/2/m(D)\(co Yn(t,-) (1)),
then Y, (¢, 2) = 0 for some z = (2;,), € Z" /m for which |z; — z;| < 1/m for
alli=1,---, N.
In the same way as in (3.5), by (4.5), for any v > 0, there exists § > 0
such that the following holds: for any s € [0,T — ¢],

n%i_r}noo P( sup ||Xm(81, ) - Xm(S, ‘)||L2([_K7K]N) > ")/) =0. (46)

s<s51<s+4

Since, for any ¢ € [0, V;), any subsequence of {Cp, (%) }:m>1 has a convergent
subsequence (see the the proof of Lemma 5),

lim |[Y(t, ) = X (£, )l |2k, mpv) = 0 (4.7)

m—00

for all ¢t € [0,V}), Pi-almost surely (see the discussion after (3.18)). Hence,
for any v > 0,

lim P(|[Ym(s,) = Xim(s, )| r2(-r,mp%) = 7) = 0. (4.8)

m—0o0

Ipiy € C([0,Vy) : L*([—K, K|Y)), since

2 —
H]D(S)(') - ]D(t)(')||L2([—K,K]N) - /[—K,K]N ]D(s) (IE)dSE - /[—K,K]N ]D(t) (:E)d:l?,

and since ¢ > [ g Ipy(7)dz is continuous on [0, Vo).
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(4.2) and the discussion after (4.3) show that (4.3) is true.
Recall Lemmas 2-3 and the notations therein. For T < Vg, take zo € D(T')
and 7 so that Uy, (z¢) C D(T). For sufficiently large & > 1,

Usry(20) C (co Yy (T,) H(1))°N D, P, —a.s.,

since

klg{olo Hka (T, ) — ID(T)(')HLz([—K,K]N) = 0, P1 — a.s.

by Lemma 2 and (4.7) (see the discussion below (4.2)). Hence in the same
way as in Lemma 3,

1
Vo < liminf Y (Y (T,2) = Yo (Tmy» 2)) —5 (4.9)
< Ii}gg}fﬁmk -T) P —a.s.,

which implies that (4.3) holds for 7" < 2V;. Repeating the same procedure
as above and then letting ro | 0, (4.3) holds for all 7' < T* := Vol(D).
Put

Dit)y=0 fort>T". (4.10)

Then Ipy € C([0,00) : L*([—K, K]V)) and {D(t)}+>0 is a unique solution
o (1.13)-(1.14) on [0, 00) by Lemma 6, since ¢ — Ip) is nonincreasing and
since

Vol(D(t)) = Vol(D(0)) —¢ 0, asttT", (4.11)
by (1.14).
We prove (2.7). Take a sufficiently small positive £ so that
7\2
Vol(D(1)) < <Z) fort >t =T" —e. (4.12)
Then
P(sup || Xm(t, ) = Inw (Nlr2-x,x17) = 7) (4.13)

£>0
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< P(sup |[Xwm(t,-) — Ipg ()l 2ok, k) > 7Y)
0<t<t.

+P(sup [ X (t, ) = T (lea-rmm) 2 7)

< 2P( sup HXm(t, ) — ]D(t)(')HL?([—K,K]N) > ) — 0 (as m — OO)

0<t<t,

N |2

since for ¢ > ¢,

[ Xt ) — Ipey (| L2k vy
[ X (s M 2,9y + ey ()l 2= 1,507
|| X (te, -) — Ipe) ()||L2( k1) + 2/ ey (L2, x1v)-

Q. E. D.

IN A

(Proof of Corollary 1). Since D is convex,

(co Y (t, ) H(1))° N D = (co Yiu(t,-) 1 (1))° =: Dp(t).
For T < T*, take 2o € D(T') and 7y so that Uy, (ze) C D(T) (see (3.6)
for notation). Then, for sufficiently large m, Us,, (o) C D (0).
Consider cones
cone(z) :=co ({z}UU;) (z € D7),
and for r > 0, put

V(r) = xie%fp Vol(cone(z) N H(zo — x,x + r(zo — 2))), (4.14)
Vin(r) = xeggi(o) Vol(cone(z) N H(xg — z,x + r(xg — x))). (4.15)

Then for v > 0 and sufficiently large m > 1, by Theorem 1,

P( sup dy(Dm(t), D(t)) = 7) (4.16)

0<t<T
< P(pnmy () = Inery()Ze x5 = Vo)
),

+P (U, C Dm(T)’oilfdeH( m(t), D(t)) > 7)

— 0 (asm— 00).
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Indeed,

P(UO C Dm(T)) sup dH(Dm(t))D(t)) 2 7)

< P(sup [1n. () ~ o) xay = min(V (), Vi),

and V,,(v) > V() for all m > 1.
Q. E. D.

(Proof of Corollary 2). For r € R, let {D,(t)}+>0 denote a unique solution
of (1.13)-(1.14) with D,(0) = h™'((r,00)) on [0, 00). Notice that

| RY ifr <inf{h(z)|z € R},
Dr():= { ¢ if r > sup{h(z)|z € R"}. (4.17)
Put
u(t,z) :=sup{r € R|z € D, (¢)}. (4.18)
Then, for all t > 0 and 7 € R for which D,(¢) # 0, RY,
u(t, ) ((r,00)) = Dy (t), (4.19)

since D, (t) = Dy4(t) := Uz, Di(t) by (1.13).
Indeed, D, ( ) = D, (0); and if 7 — r is positive and is sufficiently small,
then Dj(t ) by (b) in Theorem 2, and

| Uoeo(@) = In,o(@da = [ (b @) = Lo, (@)de.

By Lemma 6 and (4.19), u is continuous.
For m > 1, put

kma = [msup{h(y)ly € RV},
kmo = [minf{h(y)ly € RN} - 1.

Then
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k

> b, —Ip,,w(@) (4.20)
m
kmaOSkSkm,l m m
1 k 1t 1 k 0
- Z —IDL(t)(x) - Ika1+1(t)($)+—m kamo(t)(a:).
km,0<k<km,1 m ™m e — m -3

Since Ip, _— t)(z) = 0 and since Ip, o(t) (x) = 1, the following holds:
for any ¢ € C, (RN) and any t > 0,

/RN e > —Up, o) - ID&",;_I(O)(JT)) (4.21)

km,OSkSkm,l

- > —(IDN)(QT)—ID%U)(QC))]CZ@"

bmo<k<kmq 0 ™

= /Ot ds[ > L p(z)wi(Ip, (

k
N _
km,0<kgkm,1 mJR ™

9(), d)].

Letting m — oo in (4.21), one can show that u is a solution to (1.15) by
Lemma 4, since o Dimnia () — co D,(s) as m — oo for r € [inf{u(s, y)|y €
RN}, sup{u(s,y)|ly € RY}), provided D,(s) # 0, RV.

Let v € C([0,00) x RY) be a solution to (1.15) with v(0,-) = A(-). Then
for n > 1, r € [inf{h(y)|ly € R"},sup{h(y)|ly € R"}), and ¢ € C,(RN) and
t >0,

/ ( ){77”( ( ) ) - nn(v(ta x) - T)}d:ﬂ (422)
/ / d77n ——dr p(x)ws(v(s, ), dz)

RN

(see (3.24) for notation). Let n — oo in (4.22). Then we see that D,(t) :=
v(t,-)" ((r,00)) is a solution to (1.14) on [0,00) by Lemma 4 and the conti-
nuity of v.

We prove that v(t, )~ ((r, 00)) satisfies (1.13). For z € (co D,(t))ND,(0),
take 6 > 0 so that Us(z) C (co D,(t)) N D,(0). Then Us(z) C co D,(s) for
all s <t. Hence, by (1.14), for any ¢ € C,(RY) such that ¢ = 0 in U;(x)*.
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/RN e(@){Ip,0) — 1p,@tdz = /Ot ds /RN p(@)wi(Ip, (), dz) =0, (4.23)

which implies that x € (Us(x) C)D.(t). Hence (1.13) holds.
The uniqueness of u follows from that of D,.(-) for all r.
Q. E. D.

Theorem 2 is an easy consequence of Theorem 1 and Lemma 6 and we
omit the proof.

(Proof of Theorem 3).
(Step I). We first show that u(t,z) := Ip)(z) is a viscosity supersolution of
(1.20) in (0,00) x RY.

Let ¢ € A((0,00) x RY) and assume that u — ) attains a local minimum
at (to, o) € (0,00) x RY. Without loss of generality, we may assume that
u(ty, o) = ¥ (te, o) and that u(t,z) > (¢, z) for all (¢,z) € (0,00) x RV \
{(to, o)} (see [8]).

If T ¢ 8(00 D(to)) N 8D(t0), then éW}(to,xo) 2 0.

Indeed, t +— wu(t,zo) is constant if g — ¢ is a sufficiently small positive
number, from which ¥ (¢, zo) > (¢, zo) for such ¢.

Suppose that zo € (co D(ty))NID(te). Then u(ty, zg) = 0, and Dy (tg, zo) =
o or o (u, Dip(tg, x0), to, xg) = 1.

Indeed, if D(to, ) # o, then for y for which y+zq & H(D(te, z0), xo)
and for 7 > 0, by the mean value theorem, there exists § € (0, 1) such that

u(to, To + 1Y) > VY(to, To + 1Y) = Y(te, o) + 17 < D(to, xo + Ory),y >> 0,
provided r is sufficiently small, by the continuity of D).

(Case 1). We first consider the case when Dt(tg, zg) = 0. We may assume
that there exist f € F and ¢; € C?((0,00)) such that

b(t,x) = = f(lz = zol) — 2 (1) (4.24)

(see [21]).
For A > 0 and m > 2, put

Ymoat,z) =9, 1) — A{|t — to|* + |7 — 20|} (4.25)
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Then

Oithm,a(to, To) = Opb(to, To),  Dtom, a(to, T0) = Dep(to, z0), (4.26)

and

U;;,A,g = {(t,z) € (0,00) x RN|wm,A(t, xz)+e>ult,z)} (4.27)
C Ugepaym((to, 20))

(¢ € (0, A)), and the following holds: for ¢ > 0,

Jim G(Dya(t, ), D*Yy 4(t, 7)) = NA. (4.28)

We argue by contradiction. We consider ¢y 4 instead of 1. When it is
not confusing, we omit y 4 for the sake of simplicity.
Assume that the following holds:

at¢(t0,l'0) < 0. (429)

By reselecting A > 0 sufficiently small and € > 0 sufficiently small com-
pared to A if necessary, we may assume that

(1, z) + R(%)G(Bzﬁ(t, 2), D*(t,2)) +& <0 onUF, (4.30)
and that
U = Upo{t} x (¢(t,-) " ((=e,00)) N D(t)°). (4.31)

We may also assume that = +— (¢, ) is strictly concave on U} and hence-
forth z — (¥ (s, x), DY (s, x)/|Dy(s, z)|) is one-to-one on some neighborhood
of d(s, ) ((—e,00)) N D(s)¢, provided ¥(s, ) ((—e,00)) N D(s)¢ # 0.
Indeed, if ¥(s, ) ((—&,00)) N D(s)¢ # @, then —¢ is not the maximum
of 1(s,+) on ¥(s,) 1((—e,00)) N D(s)¢ and hence Di(s,-) # o on some
neighborhood of d(s, ) ! ((—e, 00)) N D(s).
For t > 0,
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[ Gl (t,2) +2) — u(t, 2)) (4:32)
(10, ) ) - u(0,2)))dz
(

/ da:/ —Ct (M x) +¢e) — u(s,z))u(ds, x)
RN
+1k (M (Y (s, ) + €) — u(s, x))dnm(d}(dr z) + )as?,b(s, x)ds)
(see (3.24)-(3.25) for notation).
Letting £ — oo in (4.32), by (4.31),
/ ds{ /¢ ey (5, 7) + o (uls, ), do) (433)
dnm(¥(s,x) + ¢)
+ /w(s,.)—l((—e,—e+1/m))mp(s)c dr Ostp(s, z)dz}

For s for which ¥(s,-) ™ ((—&,— + 1/m)) N D(s)¢ # ( and sufficiently
large m > 1, by Lemma 8,

/ dnm(¥(s, ) + €)
¥(8,)"1((—e,—e41/m))ND(s)e dr
—e+1/m
< o[l re), R()
dr {Torrsst wcou(s,) =1 ((r,e0))ND(s)}
+esup{G(Dy(s,z), D*p(s,x)) : (s,2) € UF}7HdH " (p)

- R(p) + esup{G(Dy(s,x
/Uf>—s{%if£§?we%(m*<(r,oo>)mD(s>c}( (p) + esup{G(DY(s, 7)

,D*p(s,z)) : (5,2) € US Y NdHY Hp)  (as m — o).

Ost(s, z)dx (4.34)

(4.33)-(4.34) contradicts to

{pe SN 10" (u,—p,s,z) =1 for some x € Y(s,-) " ((—¢,00)) N D(s)°}

—D¢(8’$)'m s,) H((r, 00 s)°
C e gy £ € 0%, ) ((r.00) N DL

since
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Im(W(s,z) +€) = 1 if z € (s, ) ((—e,00)), as m — oco.

(Case 2). Next we consider the case when o (u, Di(tg, o), to, o) = 1. By
(ii)-(iv) in Lemma 7, all eigenvalues of —D(D1(ty, zo)/| D (to, xo)|) are non-
negative since the function x — 9(ty, z) takes a maximum 1 (tg, zo) on the
set {zo +y € RN| <y, D(tg, z0) >= 0}.

For A > 0, all eigenvalues of —D(Ds 4(to, o)/ |Dt)a,a(to, zo)|) as a map-
ping on the set {y € RY| < y, Dig 4(to, zo) >= 0} are greater than or equal
to 2A/| Dy (to, zo)| (see (3.31)-(3.32)) since, in Lemma 7, 1 and fi, -, fv_1
are a eigenvalue and eigenvectors of (g; - - - gn), respectively.

We argue by contradiction. Assume that the following holds:

D¢(t0, 'II;O)
| Di(to, zo)|

We consider v, 4 instead of 1. When it is not confusing, we omit 5 4 for
the sake of simplicity. By reselecting A, € > 0 if necessary, we may assume
that (4.30)-(4.31) hold.

One can also assume, in Uy, ay1/2((t0, 7o), that 0;¢(s,x) # 0 and all
eigenvalues of —D (D (s, x)/|D(s,x)|) as a mapping on the set {y € RY| <
y, DY(s, ) >= 0} are greater than or equal to A/|Di(ty, xo)|, and z —
yi(s, =) is one-to-one for some ¢ € {1,---, N} by the inverse function theorem
and (v) in Lemma 7, and Lemma 8.

In the same way as in (4.32)-(4.34), we obtain a contradiction.

(Step II). We show that u™(t,x) = Ipq)-(z) is a viscosity subsolution of
(1.20).

Let ¢ € A((0,00) x R? : R%) and assume that u~ — attains a maximum
at (o, z9) € (0,00) x R%. We may assume as well that u=(tg, 7o) = (¢, T0),
so that u=(t,x) < (¢, z) for all (t,z) € (0,00) x RE\ {(to,z0)} (see [8]).

Since ¢t — u~ (¢, ) is nonincreasing, 01 (Lo, o) < 0.

Hence we only have to consider the case when the following holds: D(¢g, xo) #
o, and

Op)(to, xo) + R( )G(D@D(to, o), D*(to, 30)) < 0. (4.35)

D¢(t07 .T())

o (u, Dib(te, 70), to, 7o) = 1, R<lDw(tm%”)G(Dw(tg,xo),D%(to,xg)) > 0.
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In particular, v~ (tg,zo) = 1. By adding to ¢ the function (¢,z) — A{[t —
s> + |z — y|*}, with a sufficiently small A > 0, if necessary, we may assume
that

Ue

= {(t,2) € (0,00) x RYy(t,z) — e <u~(t,z)} (¢>0)  (4.36)

is contained in the set U, 4y1/2((fo, T0))-
We argue by contradiction. Assume that the following holds:

Dip(to, 7o)
|D¢(t07 "I;O)|

By reselecting € > 0 if necessary, we may assume that

O (to, o) + R( )G(DW%, o), D*(to, z0)) > 0. (4.37)

B(t, o) + R<M>G(Dw(t,x), D¥)(t,z)) —e > 0, (4.38)

|Dy(t, )|
and v~ (t,z) = 1 on U_ by the continuity of 2.

Put 7, (r) = nm(r +1/m) for r € R and m > 1. In the same way as in
(Step I), considering u™(t,2) — Am (¢ (t,z) — 1 — €) instead of n, (¥ (¢, z) +
) — u(t, z), we obtain a contradiction.

Q. E. D.

(Proof of Corollary 3).
We first show that u is a viscosity supersolution of (1.20) in (0, 00) x RY. Let
¢ € A((0,00) x RY) and assume that u — ¢ attains a minimum at (¢, zo) €
(0,00) x RN, We may assume that u(ty,zq) = @(lg, zo), so that u(t,z) >
o(t,z) for all (t,z) € (0,00) x RV \ {(tg,z¢)} (see [8]). By subtracting a
constant, we may assume that ¢ < u < 0.

Put r¢ := ¢(to, o) and

ur(t, ) = Iu—l(t,-)((r,o))(x) (r <0). (4.39)
Then
(p(ta x) N
Uy (t, ) > o +1 forall (t,z) € (0,00) x RY, (4.40)

where the equality holds if and only if (¢, z) = (¢, zo).
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Since u, is a viscosity supersolution of (1.20) in (0, 00) x RY by Corollary
2 and Theorem 3, and since

0+(uma D(@(toaﬂﬂo)/lrol + 1)7t07370) = 0+(Ua D@(toaﬂﬂo),to,ﬂ?o),

(1.25) holds.

Next we show that u is a viscosity subsolution of (1.20) in (0,00) x R".
Let ¢ € A((0,00) x R?) and assume that u — ¢ attains a maximum at
(t1,21) € (0,00) x RY. We may assume as well that u(t;,z;) = ¢(t;,21), so
that u(t,z) < @(t,z) for all (t,z) € (0,00) x RE\ {(t1,71)} (see [8]).

By adding a constant, we may assume that ¢ > u > 0.

Put 71 := ¢(t1,z1) and

Uy (t,2) = Ty1(t,)(jrs00)) (Z)-
Then

o(t, )
1

u, (t,x) < for all (¢,z) € (0,00) x RV,

where the equality holds if and only if (£,z) = ({1, z1).
Since u, is a viscosity subsolution of (1.20) in (0,00) x RY by Corollary
2 and Theorem 3, and since

o (uy, D(p(ti,z1) /1), t1, 21) = 0 (u, Dp(t1, 1), t1, 1),

(1.27) holds.
Q. E. D.

35



References

1

[4]

[5]

(6]

[7]

8]

9]
[10]

[11]
[12]

D. Adalsteinsson, L. C. Evans, and H. Ishii, The level set method for
etching and deposition. Math. Models Methods Appl. Sci., 7 (1997), no.
8, 1153-1186.

B. Andrews, Gauss curvature flow: the fate of the rolling stones, Invent.
Math. 138, (1999) 151-161.

B. Andrews, Motion of hypersurfaces by Gauss curvature. Pacific J.
Math. 195 (2000), no. 1, 1-34.

I. J. Bakelman, Convex Analysis and Nonlinear Geometric Elliptic Equa-
tions (Springer-Verlag, 1994).

Y.-G. Chen, Y. Giga, and S. Goto, Uniqueness and existence of vis-
cosity solutions of generalized mean curvature flow equations, J. Diff.
Geometry, 33 (1991), 749 — 786.

D. Chopp, L. C. Evans, and H. Ishii, Waiting time effects for Gauss
curvature flows, Indiana Univ. Math. J. 48, (1999) 311-334.

B. Chow, Deforming convex hypersurfaces by the nth root of the Gaus-
sian curvature, J. Differential Geom. 22, (1985) 117-138.

M. G. Crandall, H. Ishii, and P.-L.. Lions, User’s guide to viscosity so-
lutions of second order partial differential equations, Bull. Amer. Math.
Soc. (N.S.) 27, (1992) 1-67.

S. N. Ethier and T. G. Kurtz, Markov processes: characterization and
convergence (Jone Wiley & Sons Inc., 1986).

L. C. Evans and J. Spruck, Motion of level sets by mean curvature I, J.
Diff. Geometry, 33 (1991), 635 — 681.

W. J. Firey, Shapes of worn stones, Mathematika 21, (1974) 1-11.

M. -H. Giga and Y. Giga, Crystalline and level set flow-convergence of
a crystalline algorithm for a general anisotropic curvature flow in the
plain, preprint.

36



[13] P. M. Girdo, Convergence of a crystalline algorithm for the motion of
a simple closed convex curve by weighted curvature, SIAM J. Numer.
Anal. 32, (1995) 886-899.

[14] R. Hamilton, Worn stones with flat sides. A tribute to Ilya Bakelman
(College Station, TX, 1993), 69-78, Discourses Math. Appl., 3, Texas A
& M Univ., College Station, TX, 1994.

[15] N.Ikeda and S. Watanabe, Stochastic differential equations and diffusion
processes (North-Holland /Kodansha, 1981).

[16] H. Ishii, Gauss curvature flow and its approximation. Free bound-
ary problems: theory and applications, IT (Chiba, 1999), 198-206,
GAKUTO Internat. Ser. Math. Sci. Appl., 14, Gakkotosho, Tokyo, 2000.

[17] H. Ishii and T. Mikami, A mathematical model of the wearing process
of a non-convex stone, STAM J. Math. Anal., 33 (2001), no. 4, 860-876.

[18] H. Ishii and T. Mikami, A two dimensional random crystalline algorithm
for Gauss curvature flow, Adv. Appl. Prob., 34, 491-504, 2002.

[19] H. Ishii and T. Mikami, Motion of a graph by R-curvature, preprint.

[20] H. Ishii and T. Mikami, A level set approach to the wearing process of
a nonconvex stone, preprint.

[21] H. Ishii and T. Mikami, Convexified Gauss curvature flow and its gen-
eralizations: a level set approach, in preparation.

[22] H. Ishii and P. E. Souganidis, Generalized motion of noncompact hyper-
surfaces with velocity having arbitrary growth on the curvature tensor,
To6hoku Math. J., 47 (1995), 227 — 250.

[23] S. Osher and J. Sethian, Fronts propagating with curvature-dependent
speed: algorithms based on Hamilton-Jacobi formulations, J. Comput.
Phys., 79 (1988) 12-49.

[24] K. Tso, Deforming a hypersurface by its Gauss-Kronecker curvature,
Comm. Pure Appl. Math. 38, (1985) 867-882.

37



