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Abstract

We consider a contingent claim in a jump-diffusion model of complete
market. Given initial wealth less than the replicating cost, we explic-
itly solve the problem of minimizing the expected value of hedging loss
weighted by power functions. We show that the optimal portfolio is the
difference between the perfect hedging portfolio of the contingent claim
and the optimal portfolio of a utility minimization problem. We also give
an explicit formula for the value function. These results hold for every
European-type contingent claim.

Key words: shortfall risk, jump-diffusion model.

1 Introduction

In this paper, we consider a frictionless, complete financial market consisting
of one riskless bond and two risky assets S;, ¢ = 1,2, that are traded up to a
finite time horizon T. We suppose that the dynamics of S; are described by
jump-diffusion processes. Given a contingent claim H and an initial wealth z,
we study the following optimization problem:

V(z) = inf Bl (H - X*"(T))+ )], (1)

where £,(z) is the power function z?/p with p > 1, X*™ is the wealth process,
and A is a set of admissible portfolios.

To explain the problem (1), we consider an investor with initial wealth z.
If z is greater than the replication cost of H, say zg, then the investor can
hedge the contingent claim H without risk, by the completeness of the market.
However, if z is strictly less than zg, he/she faces the possibility of shortfall,
i.e., for any portfolio =, the shortfall (H — X*™(T)); may be positive. In this



situation, one method of hedging H is to follow a portfolio that minimizes the
shortfall risk E [£, (H — X*™(T))+)].

For work related to the problem (1), see, e.g., Follmer and Leukert [FL] and
Pham [P]. See also Nakano [N1] and [N2]. In [FL], general semimartingale mod-
els and general loss functions are considered. They impose the nonnegativity
constraint on the wealth processes, and use the arguments involving Neyman-
Pearson-type lemmas. This setting is crucial in solving their problem. In this
paper, however, instead of the nonnegativity constraint, we impose only an inte-
grability condition on the wealth processes (see Definition 2 below). Thus, our
setting is similar to that of [P], except that we work in a jump-diffusion model
of continuous-time markets. By requiring only the integrability condition on
the wealth processes, we can obtain not only the optimal terminal wealth but
also the optimal portfolio explicitly.

In Section 2, we explain the model and state the precise formulation of our
problem. We then show that we can separate the problem into two problems,
that is, the perfect hedging problem of H and the utility minimization problem

—_ — H TH—E,T

Jen—2)= A(}l&fH_gc) Elfp(X @)1, (2)
where Ag(zy — z) is the set of portfolios. We prove that the optimal port-
folio of (1) is represented as the difference between the perfect hedging port-
folio of H and the optimal portfolio of the problem (2). As in the standard
utility maximization problems (cf. Karatzas and Shreve [KS, Chapter 3] and
Jeanblanc-Picqué and Pontier [JP]), we can solve the problem (2) by using the
martingale method. In our main theorem, we give closed form expressions for
the optimal portfolio and the value function V(z). These results hold for every
European-type contingent claim, such as, claims that can take negative values

and path-dependent options. All the proofs of the results are given in Appendix
A.

2 The model and main results

We consider a frictionless financial market consisting of one riskless bond B and
two risky asset S;, i = 1,2, that are traded up to a finite time horizon T'. We
suppose that B satisfies the equation

dB(t) = r(t)B(t)dt, B(t)=1.
We also suppose that S;, ¢ = 1, 2, satisfy the stochastic differential equations

dS;(t) = Si(t—)(us(t)dt + o3 (t)dW (t) + v:(t)dN (1)), 3)
S;(0) = s; € (0, 00) (1t =1,2),

where W is a one-dimensional standard Brownian motion on a complete prob-
ability space (2, F, P), and the process N is a Poisson process with intensity
A(+), which is independent of W. The filtration (F;)s>¢ is the P-augmentation



of the natural filtration generated by W and N. Then W is a (P, F;)-Brownian
motion, N is a (P, F:)-Poisson process with intensity A(-), and the process

M(t) := N(t) — fot A(s)ds is a P-martingale.

Assumption 1. For i = 1,2, A, r, u;, 05, and 7; are bounded, measurable,
deterministic functions on [0, T] that satisfy the following conditions:

1) A(®) >0, 7(t) >0, 05(t) > 0, vi(t) > —1, and ~;(t) # 0 for t € [0,T] and
i=1,2;

(ii) there exists ¢; € (0,00) such that, for ¢ € [0,T],
o1 ()2 (t) — o2(O)n ()] > e
(iif) there exists cz € (0, 00) such that, for ¢ € [0, T,

(2 () — r()or(t) — (i (t) —r(t)oa(t)
A(t) (a2 (t)11(t) — a1 (H)12(2)) -

Co.

In this paper, we define the investor’s wealth process (X(t))o<i<7 in the
standard self-financing way. Thus we assume that X (-) = X®"(.) satisfies

dX® (1) = r(t) X (8)dt

2
+ > mi(t) {(i() — r(®))dt + os(t)dW (£) + %(D)AN ()}, (4)
=1
X®™0) = =z,

where z € R is an initial wealth and the portfolio process 7 (t) = (my (), ma(t))
is an R2-valued JF;-predictable process such that all the integrals in (4) are
well-defined. The process (71 (£), m2(t)) represents the actual amounts of money
invested in the risky assets (S (¢}, S2(¢)).

Throughout this paper, we fix p € (1,00), and consider the loss function £,
defined by

P

We are concerned with the minimization of E[f,((H — X*™(T))4)] over some
suitable class of portfolios. To this end, we define the class of admissible port-
folios as follows.

Definition 2. A portfolio process (7(t))o<¢<7 is said to be admissible if

E[ sup |X0’”(t)|p} < 0.
0<t<T

We write A for the class of all such .



Put, for ¢ € [0, T7,

8(t) = (p2(t) —r()n(t) — (pa () —r(t)r(t)
o2 (t)y1(t) — o1 (t)y2(2) ’
B(t) = (p2(t) —r(t)or(t) — (pa(t) — T(t))az(t)‘
A@) (o2(t)711(8) — o1 (t)72(?))

Then, by Assumption 1, the functions 8 and 8 are bounded, and 8 is positive.
Moreover we have

pi(t) = r(t) — oi(0)0(t) + Myi(t)B(5) =0, i=1,2. (5)

We consider the exponential local martingale

L(#) := exp (- /Otﬁ(s)dW(s) - %/Ot |0(s)|2ds>
X exp </Ot log 8(s)AN (s) + /Ot A(s)(1 — 5(3))d8> .

From the boundedness of # and 3, the process (L(t))o<:<7 is a strictly positive
P-martingale, and satisfies, for every a € R,

B[(L(t))"] < 0. (6)

We consider the probability measure Py on (, Fr) defined by

= = L(D).

Then, the process
t
Wo(t) := W) +/ f(s)ds (0<¢t<T)
0

is a (P, J;)-Brownian motion, (N(t))o<i<7 is a (Fo, F¢)-Poisson process with
intensity A(t)3(t), and the process

Mo(t) := N(t) - /OtA(S)ﬂ(S)ds (0<t<T)

is a Py-martingale (cf. Brémaud [B]). Using (5), we have, for ¢ = 1,2,
dSi(t) = Si(t—)(o:()dWo(t) + 7i(t)dMo(t)),

where S;(t) = S;(t)/B(t). Thus, (S;(t))o<t<T, i = 1,2, are also Py-martingales.
In what follows, we use the following notation:

Notation. For a process (Y (t))o<i<T, we denote by Y (t) the discounted value
of Y (1), i.e., Y(t) :=Y (¢)/B(¢).



For z € R and 7 € A, the discounted wealth process X*™ satisfies
~ 2 t
X" )=z + Z / 7:(s) {o:(s)dWo(s) + vi(s)dMy(s)} . (7)
i=1 70

Thus, X®7 is a local Py-martingale. However, since 7 € A, we have from
Hoélder’s inequality and (6) that Eg[supgc;<r |X %7 (£)|] < 0o, where Eg[-] de-
notes the expectation with respect to Py. This implies that X®7™ is a P,-
martingale.

Now, the market above is complete in the following sense:

Proposition 3. Let H € I7*¢(Q, Fr, P) for some € > 0, and put

= Fo [%} . (8)

Then there exists unique 7 € A such that, for t € [0,T],

H

X" = Fy | ——
t 0 [B(T)

;ft] a.s. 9)

Let H € LPT¢(Q, Fr,P). We interpret H as the investor’s liability. By
Proposition 3, starting with initial wealth z g := Eo[H/B(T)], the investor can
find the replicating portfolio 7 € A for H. However, if the initial wealth z is
less than z g, he/she faces the possibility of shortfall. In such a situation, one
is naturally led to the minimization of shortfall in an adequate sense. Thus we
consider the following stochastic control problem:

V@)= inf ElG((H - X*"(T),)], @<z

By definitions of H and A, we easily find that V(z) < oo.

As we stated in Section 1, we can separate the problem above into two
problems, that is, the perfect hedging problem of H and a utility minimiza-
tion problem. For z > 0, we denote by 4g(2) the set of portfolio processes
(7(t))o<e<T satisfying

X*>™(t)>0 te€[0,T] as.,

and

E[ sup |X0’”(t)|p} < 00.
0<t<T

We consider another optimization problem, that is,

J@) = nf BlG(XTT)], 2> 0 (10)



Proposition 4. For every z € (0,00), there exists mg € Ag(z) that is optimal
for the problem (10).

Define ¢ € (0,00) by (1/p) + (1/¢q) = 1. Here is the main theorem of this
paper.

Theorem 5. (i) Let mg be as in Proposition 4 with z = xg — = and let g
be as in Proposition 8. Then ng — wo is optimal for the problem (1).

(ii) For (t,u) € [0,T]x (0,00), let (I11,II2) be the unique solution to the linear

system
{01(t)H1(t,U) + o () My (¢, u) = _%u,
1 (O (¢, w) + v (H)Ia(t, u) = (B(1)T u.

Then the optimal portfolio mq € Ao(z) of the problem (10) is given by
(I (¢, X =70 (=), (¢, X0 (i-))).

(iii) The value function V(z) in (1) is given by

T
V(z) =Lp(xa — z)exp (—(p— 1)/0 a(s)ds) (z < zg),
where a(-) is defined by
a(s) = —qr(s) + %Q(q —1)8%(s) = A(s) (¢ = 1) — ¢B(s) + (B(s))7) . (11)

(iv) The optimal terminal wealth in (1) is given by
Xw,ﬂ'H—ﬂ'o (T)

= H — (g — 2)(L(T))" exp (- /0 ' (a(s) + I%) ds) .

By Theorem 5, the problem (1) is reduced to the perfect hedging problem
of H. If we can obtain the hedging portfolio 7g, then Theorem 5 implies that
we can minimize the shortfall risk by following the portfolio 7y — mg.

Remark 6. As in the most utility maximization problems, we can associate
the problem (10) with a HJB equation. We define the wealth process X"*™
with initial condition (¢,2) € [0,T] x (0,00) as in (4). We also define the class
Aq(t, z) of portfolio processes in a way similar to the definition of A4 (2), and put
J(t,z) := infrc go(t,2) E[lp(XP*™(T))]. Then, as in [KS, Chapter 3] and [JP,
Proposition 5.1], we can prove that the function J(¢,2) satisfies the following
HJB equation:

ot reR?

{M + inf LJ(t,z)=0,
J(T,z) = £p(2), (t,2z) € [0,T) x (0, 00),



A Proofs

A.1 Proof of Proposition 3

Proof of Proposition 4. Let H € LP*¢(Q, Fr, Py), and put zg := Eo[H/B(T)].
Then, as in [JP, Proposition 2.1], there exists a portfolio process mg such that
(9) holds. We can easily show the admissibility of 7y using the Py-martingale
property of X, Holder’s inequality, (6), and Doob’s maximal inequality. |

A.2 Proof of Proposition 4

As in the references on the expected utility maximization such as [KS, Chapter
3], we use the martingale method.
First we write I(-) for the inverse function of £,(-), that is, I(y) = y?~" for
y > 0, where 1/p+1/g = 1. Let U, be the minus of the Legendre transform of
£y
Up(y) = — sup(zy — £()) = inf (6,(z) — ay) (12)
z>0 x>0

=L(I(y) —yl(y), y>0.

The infimum in (12) is attained by z = I(y).
For (¢,y) € [0,T] x (0,00), we define the process

Yt’y(s):yexp< / du—/e VAW (u ——/ 10(s |du>

xexp</ log B(u)dN (u) + /(1—ﬂ( ))Adu), F<s<T.

t

Then Y'Y satisfies

{dYt’y(S) =Y"(s—) (—r(s)ds — 0(s)dW (s) + (B(s) — 1)dM(s)),
YhY(t) = y.

We put, for (¢,y) € [0,7] x (0, 00),

X(t,y) = Fo [e— ft”<s>dsz(yt’y(T))] .



Then, we easily see that

X(t,y) =y Vexp (/T a(S)dS) , (13)

where a(-) is given by (11). We write Y(¢,-) for the inverse function of X(¢,-),
that is,

T
V(t,z) = 2P"Lexp <—(p - 1)/t a(s)ds) . (14)

Proof of Proposition 4. By (12), we find that, for y > 0 and 7 € Ap(2),
Elt,(X>™(T))]

= E[,(X*™(T)) = Y™¥(T)X=™(T)] + E[Y*¥(T)X*"(T)]
= E[6,(X*>™(T)) = YU (T)X*™(T)] + yz (15)
> E[Up(Y*¥(T ))] +yz.

The equality in (15) holds if and only if
X=™(T) = [(Yo¥(T)).
However, from Proposition 3, there exists wg € Ag(z) such that
X (t) = B, [e— I r(s)ds 1y 0,3(0,2) (T))’ g:t} _ (16)

Then (15) implies that E[f,(X*™(T))] = J(z). O

A.3 Proof of Theorem 5

Proof of Theorem 5. We consider the stochastic Legendre transform U (y,w) of
—{,(H(w) — z): for y > 0,

Uly,w) = e {(—bp(H(w) = 2) —yz} = 44(y) —yH(w).  (17)

The supremum in (17) is attained by H(w) — I(y).
From (8) and (16), we have

Xemmn(T) = H, X% -%7(T) = [ (YO¥(T))
and
Fy [e_ J& rlwydup (Yo*y(T))] —2q — 1,
where y := Y(0,zgy — z). It follows that

XmHIT(T) = XHmH(T) — X®H -0 (T) = H - [ (Y*¥(T)).  (18)



Now, by (17), we see that, for every w € A,
(25 — 2)Y0, 25 — z) — E [e (y(o, o —z)e o ’"(“)d“L(T))]
=E[Y"¥(T)H — ¢, (YO¥(T))] — 2Y(0, 35 — )

£ T
< E[YY(T)H — £, (YO¥(T)) — YO¥(T) (H A X*™(T))]
<E[H-X>"(T)NH)] = E[(,((H - X"(T))4)].

Both equalities hold in the above inequalities if and only if
HAX®™(T)=H -1 ({Y*(I)). (19)
However, (18) implies that the portfolio mg — 7o satisfies (19). Therefore,
V(@) = B [((H - X*™ ™ (T)),)] (20)
= (11 — &)V, — ) — B [, (Y0, 50 — )™ I p(1))].

Thus Theorem 5 (i) follows.
From (16) and the Markov property of the process Y*¥ we have, for z > 0,

XEmo(f) = [ — JT r(s)ds | (YU Y02 (7 )’ft}

=2 (YOI,
where mg is as in Proposition 4. Thus

YOV (1) = Y(t, X" (1)). (21)

It6 formula and (13) imply that
d (e— Jar®)ds y (¢, Yo’y(t))) = —g(t)e Jo TOIBY OV () X, (1, VO (1)) dWo (t)
+{X (5 BRY V() — X (8, YOU(T)) } dMo ()
From this and (21), we see that
Xm0 (4) — 2

* r(u)du y(s,Xz,wo (S))
AL Voo, X (s) O 22

- / e I3 7008 L35 B(5) (5, X570 (5))) — X (s—)} dMo(s).

Therefore, by (14) we have

—9(t) i((tt’fg) =— Hg)lu = Zai(t)ﬂ tu



Thus, by (22), Theorem 5 (ii) follows.
By (14), (20), and easy computation similar to that of (13), we have

T
V(z) = bp(zn — z) exp (—(p -1 / a(S)dS) ;
0

which proves Theorem 5 (iii). Finally, Theorem (5) (iv) follows immediately
from (18). O
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