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THE HYPERBOLIC GAUSS-BONNET TYPE THEOREM

SHYUICHI IZUMIYA AND MARIA DEL CARMEN ROMERO FUSTER

ABSTRACT. We show that the Gauss-Bonnet type theorem holds for the hy-
perbolic Gauss-Kronecker curvature of a closed orientable even dimensional
hypersurface in hyperbolic space. We also give detailed studies for surfaces.

1. INTRODUCTION

The hyperbolic Gauss map of a surface in hyperbolic space has been indepen-
detly introduced by Bryant [2] and Epstein [4] in the Poincaré ball model. For
fundamental concepts and results in this area, please refer [2, 4, 5, 11]. In [§]
we have investigated singularities of hyperbolic Gauss maps of hypersurfaces in
hyperbolic n-space H7(—1) by using the model in Minkowski space and defined
the notion of hyperbolic Gauss-Kronecker curvature K ff The hyperbolic Gauss-
Kronecker curvature is a hyperbolic invariant which describes the contact between
hypersurfaces and hyperhorospheres. In this paper we study the global properties of
the hyperbolic Gauss-Kronecker curvature. Since the hyperbolic Gauss-Kronecker
curvature depends on the choice of the normal direction (i.e., it is not an intrinsic
invariant}, we need to explicitly use the normal vector of the hypersurface when
dealing with global properties. Therefore, in order to define the global hyperbolic
Gauss-Kronecker curvature Ky, (cf., §3), we shall need to assume that the hyper-
surface M is orientable. The main result in this paper is the following hyperbolic
Gauss-Bonnet type theorem:

Theorem 1.1. If M is a closed orientable even-dimensional hypersurface in hy-
perbolic n-space, then

2

where x (M) is the Euler characteristic of M, dops is the volume element of M and
the constant vy, 1 is the volume of the unit (n — 1)-sphere S™ 1.

1
/ Kndonr — <15 (M)
M

We include a quick review of the local properties of the hyperbolic Gauss-
Kronecker curvature in §2. We also introduce in §2 the concept of de Sitter Gauss-
Kronecker curvature of a hypersurface in H}(—1) that will be used in §4. Theorem
1.1 is proven in §3. §4 is devoted to a more detailed study of the case n = 3. We
show here, as a corollary of Theorem 1.1, that the total mean curvature on a closed
orientable surface M in H3(—1) is equal to the area A(M) of M (Theorem 4.1).
A further consequence of the main theorem together with the generic classification
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of singularities of hyperbolic Gauss indicatrices is the relation between the Eu-
ler characteristics of the image of the hyperbolic Gauss indicatrix and hyperbolic
invariants on the closed surface obtained in Theorem 4.2. All arguments in this
paper are quite elementary. It might be, however, new results on basic geometric
invariants for hypersurfaces in hyperbolic space so far as we know.

We shall assume throughout the whole paper that all the maps and manifolds
are C°° unless the contrary is explicitly stated.

2. LOCAL HYPERBOLIC DIFFERENTIAL GEOMETRY

We outline in this section the local differential geometry of hypersurfaces in the
hyperbolic n-space developed in a previous paper [8]. We adopt, for this purpose,
the model of hyperbolic n-space in Minkowski (n + 1)-space.

Let R*! = {(zg,21,...,2n) | 2: € R (i =0,1,...,n) } be an (n+1)-dimensional
vector space. For any & = (2, Z1,---,Zn), Y = (Y0,Y1,---,Yn) € R*1, the pseudo
scalar product of ® and y is defined by (®,y) = —zoyo + Y. 1 Tiys. We call
(R™+1 ()Y Minkowski (n 4 1)-space and denote it by R}, We say that a non-
zero vector & € RP1! is spacelike, lightlike or timelike if (x, ) > 0, (x,x) = 0 or
(z,x) < 0 respectively. For a vector v € R’f“ and a real number ¢, we define the
hyperplane with pseudo normal v by HP(v,c) = {z € RT™ | (x,v) = ¢ }. We call
HP(v,c) a spacelike hyperplane, a timelike hyperplane or a lightlike hyperplane if
v is timelike, spacelike or lightlike respectively.

We now define hyperbolic n-space by H?(—1) = {x ¢ RI" [(z,z) = —1,z0 > 1}
and de Sitter n-space by SP = {x € R |(z,z) =1 }.

Given ®1,®3,...,%, € ]R’f“, we define a vector 1 A @ A--- Ax, by
._eO el DY en
2 2 . .2
TINTa NNy = Ty 1 Tn ,
gz} zl
where eg, e1,...,e, is the canonical basis of R?*! and ®; = (z},2%,...,2%). We
can easily show that &1 A2 A-- - Az, is pseudo orthogonal to any ; (i = 1,...,n).
We also define a set LC = {x = (xg,...2n) € LCy |zg > 0 }, which is called
future lightcone at the origin. If @ = (xg,%1,...,Z,) is a lightlike vector, then
xg # 0. Therefore we have
- z K4 _
= (1,2, 22 e 8 = {2 = (w0, @1y- -, 20) | (@) =0, 2o =1 }.
Zo Zo

We call Si—l the lightcone (n — 1)-sphere.

We now construct the local extrinsic differential geometry on hypersurfaces in
H7(—1). Let  : U — H%(—1) be an embedding, where U C R™! is an open
subset. We shall identify M = x(U) and U through the embedding x. Since (z,x) =
—1, we have (@, (u),xz(v)}) =0 (i=1,...,n—1), for any v = (u1,...tn_1) € U.
Therefore, if we define

(u) N Loy (u) N Ly, (u)

[l (u) A @, (u) A '/\wunfl(U)H’

we have {e(u), ., (u)) = (e(u),z(uw)) =0, (e(u),e(w)} = 1. And thus the vector

x(u)*e(u) is lightlike. Since x(u) € HY(—1) and e(u) € ST, we have x(u)+e(u) €
2

e(u) =



LC% and hence we can define a map
L* .U — LCt

by L*(u) = x(u) + e(u) which is called the hyperbolic Gauss indicatriz (or the
lightcone dual) of . We also define a map

ﬁ:U—»Si_l

by L*(u) = L*(u) and call it the hyperbolic Gauss map of €. We remark that for
n = 3, our definition of hyperbolic Gauss map is equivalent to the one introduced
in [2, 4]. We also define a further map E : U — S} by E(u) = e(u) and call it the
de Sitter Gauss indicatriz of x.

In order to define the hyperbolic Gauss-Kronecker curvature and the hyper-
bolic mean curvature of the hypersurface M = x(U), we have shown in [8] that
D,E € T,M for any p = x(ug) € M and v € T,M, so that D,L* ¢ T,M.
Here, D, denotes the covariant derivative with respect to the tangent vector v.
Under the identification of U and M by the embedding @, the derivative da{ug)
can be identified to the identity mapping idr,ar on the tangent space T, M, where
p = x{ug). Therefore, dE(ug) can be considered as a linear transformation on the
tangent space T,M. This means that dL*(ug) = idr,n + dE(ug) is also a lin-
ear transformation on the tangent space T,M. We call the linear transformation
SF = —dl(ug) : TyM — T,M the hyperbolic shape operator of M = x(U) at
p = x(ug). We also call the linear transformation A, = —dE(u¢) : T,M — T,M
the de Sitter shape operator of M = x(U) at p = x(ug). We denote the eigenvalue
of SF by k¥ and the ecigenvalue of A, by kp. The relation S = —idr,n & Ap
implies that Spi and A, have same eigenvectors, moreover R;f = —1=+&p.

We now define the notion of hyperbolic curvatures as follows: The hyperbolic
Gauss-Kronecker curvature of M = x(U) at p = x(uo) is defined to be

K (ug) = detSpi.
The hyperbolic mean curvature of M = x(U) at p = x(uop) is defined to be
1
+ _ +
HiM (uo) = mTraceSp .
The de Sitter Gauss-Kronecker curvature is defined to be
K4(ug) = detA,
and the de Sitter mean curvature is
1
Hd(Uo) = m’h‘aceAp.

We remark that the de Sitter mean curvature is actually the mean curvature of
M. We, clearly, have that H,:f (u) = £Hg4(u) — 1. Surfaces with H = £1 represent
the most important class among those with constant mean curvature in hyperbolic
space. These surfaces have vanishing hyperbolic mean curvature and might thus
be called hyperbolic minimal surfaces.

We establish next the hyperbolic (respectively, de Sitter) version of the Wein-
garten formula. Since @, (¢ = 1,...n — 1) are spacelike vectors, we have the Rie-
mannian metric (hyperbolic first fundamental form ) given by ds? = Z?:_ll Gizdusdu;
on M = x(U), where gi;(u) = (@, (1), Ty, (u)) and the hyperbolic ( respectively,
de Sitter ) second fundamental invariant defined by ﬁzj;(u) = (=L (u), Zy, (u))

3



(respectively, hi;(u) = —(ew, (u), y; (u))) for any u € U. They satisfy the relation
hi5 () = —guj(u) + hys(w).

Proposition 2.1. Under the above notations, we have the following formulae:
n—1

(1) ]Lf;_ =— Z (ﬁi)z xy; ( The hyperbolic Weingarten formula ),
j=1
n—1

(2) E,, =— Z (h{) xy; ( The de Sitter Weingarten formula ),
j=1

where ((R%)]) = (R5) (6). (k?) = () (¢) and (") = (ar)) "
Proof. Since the hyperbolic Weingarten formula has been shown in [8], we only
give here the proof of the de Sitter Weingarten formula. .

There exist real numbers A, p,IY such that E,, = le + px + Z;";ll May,.
Since (E,E) = 1, we have 0 = (Ey,;,E) = (Ae + px,e) = . Therefore, E,;, =
pr + Z;:ll I'x,,. On the other hand, it follows from the definition —hi;s =
ZZ;} L@y, Tu,) = ZZ;} T%gas. Hence, we have —h! = —ZZ;} i_ziiﬂgﬁj =
51 Y a1 Tfgapg™ =T1.

Moreover, (E,x} = 0 and (E,z,,) = 0, and thus p = —p{z, )} = (E,,,x) = 0.
This completes the proof of the de Sitter Weingarten formula. O

As a corollary of the above proposition, we have an explicit expression of the
hyperbolic (respectively, de Sitter) Gauss-Kronecker curvature in terms of the Rie-
mannian metric and the hyperbolic (respectively, de Sitter) second fundamental
invariant.

Corollary 2.2. Under the same notations as in the above proposition, we have the
following formulae:

.+
+ det (hw) Ky = det (hz]) .
h det (gaﬂ) ’ det (gozﬁ)

Proof. By the hyperbolic Weingarten formula, the representation matrix of the
hyperbolic shape operator S;t with respect to the basis {®y,,..., @y, _, } is

(@7) = (75) (¢)
It follows from this fact that
ey ] et (R)
+ + _ 7Y} _ + B3y — %
K = detSF = det ((h*)]) = det (h%) (67) = = o

By Proposition 2.1, the representaion matrix of de Sitter shape operator A, is also
given by (h?), the formula for the de Sitter Gauss-Kronecker curvature follows. [

We say that a point p = @(ug) is a (positive or negative) horo-parabolic point of
z:U— HP (1) if Kif(ug) = 0.

We also get in this context the hyperbolic Gauss equations as we shall see next
and it will be used in §4. Since x(U) = M is a Riemannian manifold, it makes
sense to consider the Christoffel symbols:

kl_1 km [ Ogim | Ogim  O0gs;
{ij}_Z;g {8ui +an Oum |~
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Proposition 2.3. Let x : U — H7(—1) be a hypersurface. Then we have the
following hyperbolic Gauss equations:

k
Tysu; = Z {z j}muk + hije + gy,

k

Proof. Since {e, &, Xy, .., Ty, ,} is a pseudo-orthonormal frame of RT*!, we can
write Tu,u;, = Dy Ffjmuk +T';;e + T%x. We now have

<$uz-u,- s mue> = Z Fi'cj <$u;C s mue> - Z F?jgke-
k k

Ogie

Therefore, 37
7

= (Tusuys Tup) + (Tuy, Tuyu; ). And since Toy,u; = Toyju, We get
Tk =T, Ty = Ty, T = [¥% Then by exactly the same calculation as those

k
applied in the case of hypersurfaces in Euclidean space, it follows Ffj = { }

i j
On the other hand, I'y; = (®uyu,,€) = hy;. Moreover (Xy,u;,x) = —I'7. and
since (xy;,x) = 0, we have (Ty,u,;, &) = —(Tu;, Tu;} = —gs;. Which implies that
Fij = gij- |

3. PROOF OF THE MAIN RESULT

In this section we give a proof for the hyperbolic Gauss-Bonnet type theorem.
Let M be a closed orientable (n — 1)-dimensional manifold and f : M — H7}(-1)
an embedding. We consider the canonical projection 7 : ]R{"Jrl — R™ defined by
m(xg, 1, -y Zn) = (0,21,...,2,). Then we have orientation preserving diffeomor-
phisms 7| H?(—1) : HY(—1) — R™ and 7|S7 ' : §7 1 — 571

Consider the unit normal E of f(M) and write f(p) = (fo(p), fi(p),..., fn(p))
and E(p) = (eg(p), e1(p), - .., en(p)) in local coordinates. Since (f(p),E(p)} =0, we

get fi(p)er(p) +- -+ fa(P)en(p) = fo(p)eo(p). But E(p) € Ty HY(—1), and hence

eo(p) = 0 if and only if f(p) = eg. Now, taking into account that fu(p) > 1, we

deduce that {7 o f(p),n o E(p)) may vanish at at most one point. So we conclude

that either (7 o f(p), 7 ocE(p)} > 0 at any p € M, or (w o f(p), 7 o E(p)) <0 at any

point p € M. We can thus define the hyperbolic Gauss indicatrix in the global
L:M— LCY

either by

L(p) = f(p) + E(p)
provided (mo f,moE) > 0, or

in case (mo f,moE) <0.
The global hyperbolic Gauss-Kronecker curvature function Kp : M — R is then
defined in the usual way in terms of the global hyperbolic Gauss indicatrix L.
Consider now the hyperbolic Gauss map
L:M— S_Tfl
on f(M) and the (Euclidean) Gauss map
N:M— 8§t
5



on wo f(M).
The proof of Theorem 1.1 is based in the following key lemma;:

Lemma 3.1. Under the choice of a suitable direction of N, oL and N are homo-
topic.
Proof. Since E(p) is normal to f(M) in H}(—1), moE(p) is transverse to w o f(M)
in R™. It follows that (7 o E(p), N(p)) # 0 at any p € M.

We now construct a homotopy between 7 o . and N. Let

F:Mx[0,1] — ™1

be defined by
_ _tN(p) + (1~ t)wo L(p)

IEN(p) + (1 = )m o Lip)||”
where || - || is the Euclidean norm.

If there exists ¢’ € [0,1] and p’ € M such that ¢'N(p’) + (1 — t")m o L(p’) = 0,
then we have N(p') = —m o IL(p"). Since Tropppym o f(M) = d(m o f)p (T M), we
get

—v0(fo(p) + eo(p")) + v1(f1(P) + €1 (D)) + - + on(fnu(P) + €n(p')) =0
uNi(p') + -+ +onNo(p') = 0
for any v = (vg,v1,-..,0n) € dfy (Ty M), where N(p) = (0, Ny.(p), ..., No(p)). It
follows that vo(fo(p') + eo(p")) = 0. But fo(p') + eo(p’) # 0 and hence vy = 0. This
means that dfy (T M) C Tg(y{0} x R™ C TynRTTL. Moreover, (E(p'), v) = 0 for
any v € dfy (T M). Therefore m o E(p') is a normal vector of 7 o f(M) at p' € M,
so there exists a non-zero real number A such that 7 o E(p") = AN(p').
We now distinguish two cases. Suppose first that (7 o f(p), 7 ocE(p)) > 0 at any

p € M. Then we choose the direction of N that makes {r o E(p), N(p)} > 0. It then
follows that A = (AN(p'),N(p')} = (r o E(p),N(p')} > 0. In this case, we have

mol(p') = mwo f(p) + m o E(p),

F(p,t)

SO
mo f(p') = —moR(p") — (fo(p') + eo(n"))N().
Therefore we get
(o f(p),moB(p')) = —(moB(p'),m o E(p)) — (fo(p') + ea(p'))(N(®), 7 0 E(p'))
= =N = (fo(p) + eo(p'))A < 0

which contradicts to the choice of the direction of N.
On the other hand, if we suppose that (wo f(p), moE(p)) < 0 at any point p € M,
we also have A = (AN(p'),N(p")) = (m o E(p/),N(p')} < 0. Then

woll(p') =mo f(p') —wo E(p),

and thus
wo f(p') = wo B(p') — (fo(p') + ea(p"))N(p').
If we choose now the direction of N such that {7 o E(p), N(p})} < 0, we get
(mo f(0), o E(p)) = N — (fo(r') — ea(®'))A > 0.

But this contradicts the fact that (7 o E(p), N(p)} < 0.
6



It follows from the above arguments that F' is a continuous mapping satisfying
that F(p,0) = 7 o L*(p) and F(p,1) = N(p) for any p € M. O

Since the mapping degree is a homotopy invariant, we have the following corollary
(cf., [6], Chapter 4, §9).

Corollary 3.2. If M is a closed orientable, even-dimensional hypersurface in
H7(—1), then we have

~ 1
deg]]—‘ = §X(M)a

where deg]INJ is the mapping degree of L.

It remains to show that the hyperbolic Gauss-Kronecker curvature function Kp
is the Jacobian of the hyperbolic Gauss map L. : M — Sf__l.

Proposition 3.3. There ezist local coordinates (U, (u1,...,upn—1)) of M and
(V,(v1,...,vn—1)) of ST™1 such that the corresponding matriz (Ef) is the Jacobi
matriz of —L.

Here (l_z{ ) = ((i_zi)f ) is the matriz given in Proposition 2.1.

Proof. We define a projection Il : LCY — S’iﬁl by II(v) = ©. We use the local
notation in §2 here. Therefore, on a local coordinates (U, (u1,...,un—1) of M we
denote that f|lU = & : U — H7}(—1) and assume that L(u) = x(u) + e(u). We
observe that the tangent space of LC} at v ¢ LCY is the hyperplane HP(v,0).
Since (L,®y;) = 0, &y, (u) is a tangent vector of LCY at L(u), it follows that
{L(u), ®u, (v), ..., Tu,_,(u)} is a basis of the tangent space of LC} at L(u). The
tangent direction of the fibre of II is given by the lightlike vector IL(u), and hence
{dI(zy, ), ..., dI(xy,_,)} is a basis of the tangent space of S7~* at dII(L(u)). On
the other hand, we have the hyperbolic Weingarten formula (cf., Proposition 2.3):
LE = Z;:ll hlx,,. Therefore,

n—1 ]

ALy, () = — > BdTl(a, (0).

j=1
We can choose local coordinate (V, (v1,...v,—1)) of ST~* around dIIL(u) such that
(0/0v;) = dIl(xy, (u)). This means that the Jacobi matrix of ~Lat u € U in the
local coordinates (U, (u1,...,un—1)) of M and (V, (v1,...,vn—1)) of ST ! is (h)).
([l

If we denote by J; the Jacobian of ]]NJ, we obtain:

/’ChdUMZ/ JEdUMZ/ H’:*dnsn—l :deg(]]j)/
M M M + s

And the proof of Theorem 1.1 is now completed as a consequence of Corollary
3.2

dns;‘_—l = deg (L) yn—1.

n—1
+

4. SURFACES IN HYPERBOLIC 3-SPACE

In this section we stick to the case n = 3. First of all we need to make some local
calculations. Let @ : U — H3(—1) be a (local) surface, where U C R? is an open
7



region, and consider the Riemannian curvature tensor

Riy, = a%{fj} - %{z‘gk} i ; {Z}{mgk} - ; {ﬁ}{”fj}

We also consider the tensor Rk = ., gimR;-'}cZ. Standard calculations, analo-
gous to those used in the study of the classical differential geometry on surfaces in
Euclidean space (cf., [13]), lead to the following formula.

Proposition 4.1. Under the above notations, we have
Rijre = hjrhie — hjehit — giegie + gjegik-
From Corollary 2.2 we have
hi1hoa — harhia

g11g22 — g12921
And thus we obtain the analogous result of the Theorema Egregium of Gauss for
the hyperbolic case:

Kq =

Proposition 4.2. Under the above notations, we have

R
Ky=— 1212 F1,
g
where g = g11922 — g12921.

We remark that —Rj212/g is the sectional curvature of the surface, so we denote
it by K.

On the other hand, let k; (i = 1,2) be eigenvalues of (%) (i.e., de Sitter principal
curvatures of the surface). We remind that IZ;JE = —1 =+ k;, from which we deduce:

Proposition 4.3. The following relation holds:
Kf=1F2H;+ Ky4=27F2H,+ K.

We return to the global situation. Let M be a closed orientable 2-dimensional
manifold and f : M — H3(—1) an embedding. Under the same notations as in
84, we define a global mean curvature function Hy : M — R by using the de Sitter
Gauss map E when (o f,w o E) > 0. Therefore we have the relation

Krn=1—-2Hq+Kg=2—2Hq+ K5,

where Ky is the global de Sitter Gauss-Kronecker curvature function and K is the
global sectional curvature function. Then, as a corollary of Theorem 1.1, we obtain:

Theorem 4.4. Let M be a closed orientable 2-dimensional manifold and f : M —
H3(—1) an embedding. Then we have

/ Kadayr =2mx(M)+ A(M)  and / Hadaprr = A(M),
M M
where days is the area element and A(M) is the area of M.

Proof. By the Gauss-Bonnet theorem on M, considered as a Riemannian manifold,
we have % fMledaM = x{(M). Since K4 = K; + 1, we have the first formula. But
then, Theorem 1.1 together with the above relation imply

2 (A(M) - /M HddaM> =0
8



and the proof is completed. Ol

We study in the remaining of the paper some generic properties of surfaces
embedded in H3 (—1). We gave in [8] the following local classification of singularities
for the hyperbolic Gauss indicatrix of a generic local surface in H_?_(—l):

Theorem 4.5. Let Emb (U, H3(—1)) be the space of embeddings from an open re-
gion U C R? into H i(—l) equipped with the Whitney C®-topology. There exists
an open dense subset O C Emb (U, H3 (—1)) such that for any & € O, the following
conditions hold:

(1) The H*-parabolic set K; '(0) is a regular curve. We call such a curve the
H=*-parabolic curve.

(2) The hyperbolic Gauss indicatriz L™ along the H* -parabolic curve is locally
diffeomorphic to the cuspidaledge except at isolated points. At such isolated points,
Lt s locally diffeomorphic to the swallowtail.

Here, the cuspidal edge is C = {(z1,T2,%3)|z1% = 223} and the swallowtail is
SW = {(z1, 72, 23)|z1 = 3ut + w?v, 22 = 4u® + 2uv, 73 = v} (cf, Fig.1).

cuspidaledge swallowtail
Fig. 1.

The proof of the theorem was given by using an appropriate jet-transversality
theorem [8]. When considering a global embedding f : M —— H3(-1), one must
also pay attention to the multilocal phenomena. So we must add the double point
locus, the intersection of a regular surface and the cuspidaledge and the triple
point to the list of local normal forms of the singular image of hyperbolic Gauss
indicatrices of generic embeddings. These follow from the multi-jet version of the
above mentioned jet-transversality theorem. We also studied in [8] the geometric
meaning of the singularities of the hyperbolic Gauss indicatrices: Given a point
po € M and the lightlike vector vg = IL(pg), we have seen that the horosphere
HS(vg,—1) = HP(vg,—1) N H3(-1) is tangent to f(M) at f(po). We called
HS(vg, —1) the tangent horosphere of f(M) at f(po). By definition, L{(p1) = L(p2)
if and only if HS(v1,—1) = HS(vs, —1) where v; = L(p;). Analogously, a triple
point of the hyperbolic Gauss indicatrix of f : M — H3(—1) corresponds to a
tritangent horosphere. On the other hand one of the characterizations of the swal-
lowtail point pg € M of 1. was the following (cf., [8]): For any open neighbourhood
U of pg in M, there exist two distinct points p1, pe € U C M such that both of p1, pe
are not H-parabolic points and the tangent horospheres to f(M) at f(p1), f(p2)
are equal.

Denote by T'(f) the number of tritangent horospheres and by SW(f) the number
of swallowtail points of a generic embedding f : M — H3(—1). We saw in (8] that
the image of the hyperbolic Gauss indicatrix of a hypersurface can be interpreted
as a wave front set in the theory of Legendrian singularities (cf., [1]). Therefore,
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we have the following formula as a particular case of the relation obtained in [7] for
wave fronts:

1
X(L(M)) = x(M) + 5 SW(f) + T(f)-
This together with Theorem 1.1 lead to the following:

Theorem 4.6. Given a generic embedding f : M — H3 (1), the following rela-
tion holds:

X(LOD) = 5= [ Kudas + 5SW() +T(7).

This theorem tells us that the Euler number of the image of the hyperbolic Gauss
indicatrix of a generic embedding can be obtained in terms of the invariants of the
hyperbolic differential geometry.

Finally, we remark that we can also apply other formulae involving the number of
swallowtails and triple points on singular surfaces in a 3-manifolds (cf., [9, 10, 12])
to our situation in order to get further relations among invariants of the hyperbolic
differential geometry.
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