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Abstract

We construct a new framework for the study of multiplane gravitational lensing from
the view point of Symplectic geometry. Symplectic relations are used to compose the
systems and weaker Lagrangian equivalence is applied for classifying the caustics of mul-
tiplane gravitational lensing.

1 Introduction

Recently there appeared several articles considering gravitational lensing systems as appli-
cations of the theory of singularities for smooth mappings. The gravitational lensing is the
deflection of light from a distant source (e.g., quasar) by an intervening matter distribution
(e.g., a galaxy or a cluster of galaxies). The first gravitational lensed quasar was detected only
in 1979. By now gravitational lensing is quite an active field in astrophysics [1, 2, 3].

On the other hand, singularity theory of Lagrangian varieties [4, 5] is the best natural setting
for discussing optical systems. In fact, A.O. Petters and his collaborators [6, 1] pointed out
that a single gravitational lensing can be described in the framework of symplectic geometry.
Especially the caustics in a single gravitational lensing system coincide with caustics in the
theory of Lagrangian singularities. Moreover, they also investigate multiplane gravitational
lensing as an application of singularity theory [7, 1]. In another paper [8] they pointed out that
new, unexpected from the standard singularity theory point of view, caustics might appear

2001 Mathematics Subject classification. 53A15, 58C27
Key Words and Phrases. Lagrangian manifold, composition of caustics, Multiplane gravitation lensing



for multiplane gravitational lensing. However, in their framework for multiplane gravitation
lensing generic caustics are the same as those for the single gravitational lensings.

In this paper we propose the symplectic framework for multiplane gravitational lensing
based on the notion of symplectic relation, which is a natural generalization of the notion of
symplectic transformation (cf. [9]). The original motivation for the paper was an attempt to de-
scribe expected nonstandard caustics in gravitational lensing using the weaker, more adequate,
versions of Lagrangian equivalence acting on composite symplectic relations. These composities
correspond to images of systems of gravitational rays by the subsequent gravitational lens, and
their generic forms, described in the paper, reflect the complexity of composition.

In Section 2 we introduce the gravitational lensing problem and in Section 3 the problem
is formulated in the language of Lagrangian stability and versality adapted to the product
symplectic space of incoming and outgoing rays. The precise meaning of the composition of
systems and their actions on the subsequent wave-fronts represented by generating functions,
was introduced in Section 4. In Section 5 the local stability of double lensing systems was
investigated and it is continued in Section 6 by classification of the normal forms of generating
pairs with respect to the natural groups of equivalences.

All manifolds and maps considered here are of class C'*° unless stated otherwise.

2 Gravitational lensing

In this section we give a quick review of the basic concepts from the theory of gravitational
lensing discussed already in [8, 7, 6, 10, 1, 3].
(1) Single lensing (cf., [6, 1, 3]) Consider the typical single lens plane gravitational lensing

as follows:
wﬂ lens plane (deflector)

S observer
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Fig.1

We assume that the deflector is thin and apply the small angle approximation (cf.,[6]). The
extra time with respect to the unperturbed ray is giving the time-delay map: Ts - R* DU — R
defined by

dOLdOS S r 2
Ta(r) = (14 22) | G222 — L2 ()
Here, z; is the red shift of the lens plane, dpr,dos, drs are angular diameter distances, r is
the position on the lens plane where the ray hits, s is the position of the source, and ¥(r)




is the two-dimensional potential of the deflector on the lens plane. The deflector potentials W
occurring in the time-delay map are given by

r

U(r) = 4/n o(r')n|| y

r
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They are solutions of two-dimensional Poisson equation AWU(r) = 8wo(r), where o(r) is the

surface mass density. By suitable coordinate transformations, we can express the time-delay

map in the convenient form:

e —yl*

Ty () :@L{ 5

vo)| @yex)
Here y corresponds to the point on the source s -plane and x corresponds to the point on the
lens plane 7.

Fermat’s principle yields the critical points of the time delay map Ty (x) with respect to
variations in & determining those rays that are real light rays (cf., [6]). For this reason, a critical
point of Ty (x) relative to x is called an image of the point source at y. The magnification of
an image @ of a source at y is defined by

1
|det Tz (% y)|’

where T'(x;y) = Ty(x) and Txg(x; y) is the Hessian matrix with respect to @. A caustic point
in gravitational lensing is a position y € R? for which a source at y will have at least one
image of infinite magnification. In other words, caustics are source positions y € R? for which
the time-delay map Ty(x) has at least one degenerate critical point (i.e., detTeg(x;y) = 0).
So, we may consider that the time-delay map is the generating family of a certain Lagrangian
submanifold in T*R? (cf., §3).

(2) Multiplane gravitational lensing (cf., [8, 10, 1, 3]) Although we can consider a
general k-planes gravitational lensing, we now only consider the case when k = 2 (i.e, a double
plane gravitational lensing) for convenience.

The typical double lens plane gravitational lensing situation is given as follows (Fig 2):
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There are two lens planes with “thin” deflectors in each plane. The deflectors are assumed
to be independent, that is, the lens planes are sufficiently spaced so that they do not interact.
Furthermore, the small angle approximation is assumed. We also parameterize all rays origi-
nating from the point source at s, deflected by two gravitational lens, using the 4-dimensional
vectors (71, 79). Relative to these approximations the extra time Ts to reach the indicated
observer from s is given by the time-delay map. It is the function Ts : U; x Uy C R* — R with
each domain U; C R? being an open subset, defined by

r; r;
157 = 2 = ()

: didisr
dit1 d;

Ts(’l”l,’r’g) = Z(l + Z@) 2d )
4,0+

i=1

Here, z; is the redshift of the ith lens plane, d;; is the angular diameter distance separating the
7th and jth lens planes, d; is the angular diameter distance from the observer to the ith lens
plane with dy,, = dg the distance to the source plane, r; is the position on the ith plane where
the ray hits, rry1 = s, and U;(r;) is the two-dimensional potential of the deflector on the ith
lens plane.

By suitable coordinate transformations, the double plane time-delay map can be expressed
conveniently as follows:

|z — leQ
2

2 — yl*

Ty(wl,.’BQ) = @1 9

— 51,21#1(581)} + 6, [ — Bostha(®a)| , (%1, T2,y € R?).

In [10], Fermat’s principle has been adapted exactly in the same way as it was used already
for the single lens plane case, so that the image of a gravitational lensed point like light source
at position y are identified to the critical points of Ty e.g., the set of images is given as follows:

{(z1, z2)|grad g, Ty(x1, @2) = 0, i =1,2}.

If we adapt this principle simply, we cannot distinguish the effect of individual lens planes.
In fact, in [10] two lens planes are treated like a single lens altogether. It is, however, pointed out
in [8] that double-folds or handkerchiefs might appear as the generic caustics for double plane
lensings. These singularities do not appear as generic caustics under the above construction.
Therefore, our opinion is that we need to have another interpretation of Fermat’s principle.

3 A symplectic framework for single gravitational lens-
ing

In [6] Petters pointed out that single gravitational lensing can be described in the framework
of symplectic geometry (i.e, Lagrangian singularity theory). In the first place we briefly re-
view the Lagrangian singularity theory [4]. Let = : T*R™ — R"™ be the cotangent bundle
over R”. We may consider that T*R" = R?" and 7(q1, ..., qn; P15+, Pn) = (q1,- - -, qn), Where
(@1, Gn; P1,- - -, Dn) are the canonical coordinates on T*R™. There exits the Liouville 1-form
a =73 " pidg on T*R". We call the 2-form w = da =), dp; A dg; the canonical symplectic
structure on T*R™. A Lagrangian submanifold ¢« : L C T*R™ is a submanifold with dim L = n
and t*w = 0. We call a map wo¢: L — R™ a Lagrangian map.

There is the notion of generating families for Lagrangian immersion germs as follows: Define
an n-parameter family of function germs F : (R® x R” 0) — (R,0) to be a Morse family if the
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map germ

F
% (R x R™,0) — (R*,0)
is non singular, where OF/OA(\, q) = (OF/OA (N, q), ..., 0F /0 (A, q)). It follows that 3(F) =
(OF/OX)71(0) is a smooth submanifold germ in (R¥ x R”, 0). For a Morse family F, we define
a map germ
Then it is easy to see that & is a Lagrangian immersion germ. We also have the following
well-known result [4]:

Proposition 3.1 All Lagrangian tmmersion germs are constructed by the above method.

We call F a generating family of the Lagrangian submanifold germ ®(3(F)). By Propo-
sition 3.1, we can interpret the local property of Lagrangian immersions by using the notion of
generating family, so that the singularity theory of function germs has been applied [4].

There is a natural equivalence among Lagrangian map germs. Let w o ¢ @ (L, 2;) —
(R™, m(z;)) (i = 1,2) be Lagrangian map germs. We say that wo ¢y 1 (L1, 21) — (R, 7(21))
and m oty : (Lo, z5) — (R™, 7(23)) are Lagrangian equivalent if there exist a symplectic diffeo-
morphism germ @ : (T*R", z;) — (T*R", z5) with the form ®(q,p) = (¢2(q), #1(¢,p)) and a
diffeomorphism germ ¢ : (L1, 21) — (L, 23) such that ® o 13 = 130 ¢.

We also have natural corresponding equivalences among the Morse families. Let Fj : (RF x
R™ 0) — (R,0) (i = 1,2) be two Morse families. We say that F; and F, are RT-equivalent
(respectively, R-equivalent) if there exist a diffeomorphism germ ¥ : (R¥xR",0) — (R*xR", 0)
with the form W(A q) = (¢¥1(A, q),v2(¢)) and a function germ « : (R, 0) — R such that
Fi(\ q) = F,0U(\ q) + a(q) (respectively, Fi(X,q) = F; 0 U(A, q), i.e., v is constantly equal
to 0). We also need the following generalized equivalence relation: For two Morse families
F; : (R x R™,0) — (R,0) (i = 1,2), we say that F| and F;, are stably R -equivalent if there
exist nondegenerate quadratic forms Q;()), QQ(X), (7 € RFs € RF) with ky + kg = kg + ky
such that 7 + Q1 and I, + @y are R™-equivalent.

The following theorem is the principal result of the Lagrangian singularity theory [4, 5]:

Theorem 3.2 Let F; : (RF x R, 0) — (R,0) (i =1,2) be two Morse families.

(1) If Iy and Fy induce the same Lagrangian submanifold germ, then Fy and Fy are R-equivalent.
(2) Lagrangian manifold germs ®p (X(F1)) and g, (E(Fy)) are Lagrangian equivalent if and
only if F1 and Fy are stably R’ -equivalent.

We define the notion of stability of Lagrangian map germs as follows: A Lagrangian map
germ is said to be Lagrangian stable if for every map representing the given map-germ there is
a neighborhood V in the space of Lagrangian maps (in the C"*°-topology) and a neighbourhood
U of the source point of the germ, such that for each Lagrangian map belonging to V there
is a point in I at which the germ of Lagrangian map-germ is Lagrangian equivalent to the
original germ. The corresponding infinitesimal notion for generating family is given as follows:
Let F': (R* x R™,0) — (R, 0) be a Morse family. We say that F is infinitesimally R -versal if

of 9
I O

where f(q) = F(q,0) and &, is the local ring of function germs (R*,0) — R. Then we have
the following theorem (cf. [4]).

OF OF
E={ Ve, + <a—q1\R’“ x {0}, ..,@\R’“ x {0}, 1),



Theorem 3.3 Let F': (RF x R*,0) — (R,0) be a Morse family. Then the Lagrangian map
germ o @ is Lagrangian stable if and only if F is infinitesimally R -versal.

Now let us recall the time-delay map Ty(x). If we consider the family of functions F :
R? x R? — R given by

(A1, A2) — (@1, @)|?
2

F()\h )\27(117(12) =0 - 1/1()\1: )\2) = Tq()\):

we can easily verify that F' is a Morse family, so ®x : X(F) — T*R? is a Lagrangian immersion.
Here, we have

L(F) ={(z,y) | gradgT'=0 },
so that the Lagrangian immersion is corresponding to those rays that are actual light rays. The
set of critical values of the Lagrangian map 7 o ®p is the caustic.

On the other hand, we present another symplectic framework for single gravitational lensing,
which is essentially the same as the above framework. Our framework will be, however, much
useful when we try to generalize this framework to the case of multiple planes gravitational
lensing (cf., §4).

We consider the product symplectic space

where wyy, and wyy, are the corresponding canonical symplectic forms, and €2, ) = war, Oway, =
ﬂ'Xi,way — Thr, Whit,, Where myr, 7y, are the canonical projections of the product 7™M, X T*M,,.
The corresponding phase spaces (1™ M, wyy,) and (1™ M, way, ) are called the observer space and
the source space respectively. In our 2-dimensional case M, = R? and M, = R The concrete
realized single lensing system is represented (following [6]) by the Lagrangian submanifold

Ly = { (@, gradg 7), (y, grady 7)) | (z,y) € M, x M, |
This means that the generating function of L, is the time-delay map

e —yl*

T(z;y) =01 { 5

we)| @y er)

By the previous arguments, light rays are given by {(x,y) | grad;T = 0 } and the set of point
sources for light rays is the Lagrangian submanifold

Ls = {(y,gradyT) € T*M, | (z,y) € M, x M,, gradgT =0 }
of T*M,. Then we have
ﬂ—]\[y(Ld) N ((Mx X {O}) X T*My))) = Ls.

Let us recall the basic notions of the theory of symplectic relations ([11]). Let X3, X5 be
smooth manifolds with the same dimension. We consider the product symplectic manifold

(T"X1 x T Xp, wyx, S wx, ),



where wy, O wyx, = Tjwx, — Tjwx,. We define a symplectic relation from 7*X; to T*X; as a
Lagrangian submanifold R of (T*X; x T* Xy, wx, © wy, ). If the restriction of the projection

Tx, X Txy : T*Xl X T*XQ — Xl X XQ

to R is always non-singular, we call R the elementary symplectic relation. Let R be a symplectic
relation in (T*X; x T* Xy, wx, © wy,) and S be a subset of T* X7, then the symplectic image
of S by R is defined as

R(S) = {p, € T Xy : Fp,es(p1,p2) € R}.

If S is Lagrangian submanifold in (7™ X, wy, ), then R(S) is a Lagrangian subset in (7™ X5, wx, ).

Since both of S and R are Lagrangian submanifolds, we have their generating families at
least locally. We only consider the local situation here, so that we assume that X; = X5 =
R™. Let I} : (R* x X;,0) — R be a generating family of a Lagrangian submanifold germ
S CT*X; and Fy : (RF x (X} x X3),0) — R be a generating family of a symplectic relation
R CT*X,; x T*X5. Then we have a function germ

F:((R"™ x X; x R?) x X3,0) — R

defined by
F((M, a1, 22), ¢2) = Fi(A, 1) + F5(XNa, aa,y o).

Hence we have the following lemma:

Lemma 3.4 If F' s a Morse family, then F is a generating family of the Lagrangian subma-
nifold R(S) C T X5.

Proof. By definition, we have

or; or
= _— )\ —_— =
S {(Qh g ( 1,Q1)> N 0 },

oF: OF OF
= {(qhqz’_—Z()\z,Ch)a —2(>\2,CZ2)> | = }
a1 g2

Therefore we have

ory > oFr),  0F, oF OFy }
R S = 3 )\ 5 3 = <y = 0 _ = = .
( ) {(QQ 5(]2( > C]z) o\ OAy oq oq

Since 8F/8)\1 = 8F1/(9/\1, 8F/8)\2 = 8F2/(9/\2, 8F/8q1 = 8F1/8q1 +8F2/(9QQ and 8F/(9q2 =
0F5/0qa, we have

oF oF OF OF
R(S) {(Qm aqg(( 1, 41, 2);%)) N 0N O 0 }7

so that F is a generating family of R(S). Q.E.D.

In the case of single gravitational lensing, if Sy denotes the observer Lagrangian submanifold
of system of gravitational rays then the source Lagrangian submanifold of rays is an image

L¢(So) - T*My

7



In the standard setting (cf. [6] and the previous arguments) Sy is the zero section of the
cotangent bundle T*M,. Therefore we have

Ly(So) = {(y, gradyT) | gradgT =0 },
so that the generating family for L, (Sy) is given by

|’()\1a)\2) - (CZ1,CI2)H2
2

F(A, A2, q1,¢2) = © —P(A1, A2) |

which is the same generating family as that of the source Lagrangian submanifold in the pre-
vious framework in [6]. We call the pair (S, R) a (single) lensing system if S is a Lagrangian
submanifold of T*X; and R is a symplectic relation from T*X; to T* Xs. If the projection m |y :
R — T™ X, is non-singular, R is the graph of a symplectomorphism H : T*M, — T*M,. In
this case we say that (S, R) is regular. Moreover, if S is the zero section of 7% X, we call (S, R)
a special lensing system. Therefore, the single gravitational lensing is a regular special lensing
system.

4 A symplectic framework for multiplane gravitational
lensing

In this section we will construct the intrinsic framework for the study of gravitational lensing.
We can summarize the main problem in this paper as follows:

Problem. How can we construct the intrinsic framework for the study of double planes grav-
itational lensing?

In order to tackle this problem, we now interpret the Fermat’s principle from another view
point. We define

_ 2
TﬁQs(wQ;y) = O [M - 523(332)}

2 — z1|? _

T (@13 2) = @1{ 5

512(331)} :

Then To(x1, 2, y) = Tp,(T1,T2) + Tp,5(x2,y). We may consider that T, (a1, 22) and
Ts,,(x1;y) are respectively single time-delay maps. It is clear that

gradg Th(x1, x2,y) = gradg Ts,,(x1;z2)

gradngQ(wb L2, y) = gradngﬁlz (wl; 332) + gradng,@% (w2§ y)'
These formulae suggest us that the Fermat’s principle can be interpreted as

gradwlTﬂ% (331, wQ) =0
gradg, To(@1, x2,y) = 0.

It follows that we consider the following families of functions: Fi(x1,@2) = T, (@1, T2),
Fy(xo,y) = Ty, (29, y) and F(x1,x2,y) = Fi(x1, x2) + Fo(x2, y). By Fermat’s principle, we
have two submanifolds:



E(Fl) = {(wl,.’Bg) - R4 ‘ gradwlFl(ccl,a:g) =0 }
S(F) = {(z1,20,y) € R | gradg F'(x1;x2) = gradg, F(x1, 22, y) =0 }.

Dimensions of both submanifolds are two. Moreover, we define the following mappings
Op, : B(F) — T*R?
by ®p (x1, T2) = (T2, gradg, Fi (x1, ©2)) and
Op : U(F) — T*R?

by ©r(x1, 2, y) = (y, grady F(x1, T2, y)). By the previous arguments, images of both map-
pings are Lagrangian submanifolds. The later Lagrangian submanifold corresponds to the light
source. The first Lagrangian submanifold corresponds to the light ray image on the second
lens. Since the distance between the first lens and the second lens is so long that there might
be no interactions between these lenses. So we have to consider the stability of light ray under
the independent perturbations of each lens planes.

On the other hand, we might consider that Fy(xs,y) is a generating function of the graph
of a certain symplectomorphism H : T*R? — T*R? (cf., [11]). In this case, the Lagrangian
submanifold ®(3(F)) can be considered as the image H(Pg, (X(F71))).

Since the single lensing system can be described under the framework of symplectic relations,
we might construct the framework for the double gravitation lensing by using the composition
of two symplectic relations.

The composition Ry o By C (T*X; X T*X3,wx, © wy,) of two symplectic relations R; C
(T* X1 x T* Xy, wx, Qwy,), Re C (T Xy x T* X3, wx, © wx,) is defined as follows:

Ry o Ry = {(p1,ps) € T" X1 x T" X3; 3p,erx,(p1,p2) € Riand (p2, ps) € Ro}.
If S is Lagrangian submanifold in 7% X5, then we have two symplectic images
R1(S) and Ry o R1(9).

By the previous arguments, a double gravitational lensing is represented by the pair of
symplectic relations (Lg,,, Lg,, ),

L,6'12 C (T*]\/[gc1 X T'*]\/[m,uJ]\/[ac2 . WMZ1),

Lg% C (T‘*]\/[ag2 X T*My,wMy ) u)Mzz).

Now the source Lagrangian subspace of the system is the image by the composition; Lg,, o
Ls,,(So), where Sy is the zero section of T*M,,. Since Tg, (@1, x2) and Tg,,(x2,y) are the
corresponding generating functions for the symplectic relations (the graphs of symplectomor-
phism) Lg,, and Lg,,, then the configurational positions of rays emitted from the source at a
point y are the points ((xy, 2), (®2,y)) € Lg,, X Lg,, given by the solutions (z,xs) of the
system of equations

gradwsz(xl, zyy) = 0 (1)
gradszZ(wla T, y) (2)

I
e
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If we now consider a family of functions F : R? x R* x M, — R defined by

F(Qa )\a N) = T2(Qa )‘a N) = Tﬂ12 (qa )‘) =+ T,5'23 (/\? :u)?

then F'is a generating family for the image Lagrangian subspace
L/g% o) Lﬂw(So) C T*My

According to the above arguments, we say that (S, Ry, Rs) is a double lensing system if S is
a Lagrangian submanifold of T X; and R; is a symplectic relation from 7" X; to T* X, 1, where
i =1,2. We also say that the double lensing system (S, Ry, Ry) is regular if both of R; (i = 1, 2)
are graphs of symplectomorphisms. Moreover, we say that a double lensing system (S, Ry, R2)
is special it S is the zero section of 7" X;. Therefore, a double gravitation lensing is a regular
special double lensing system.

We now define a natural equivalence relation among double lensing system germs. Let
(S, Ry, R2), (S, R}, R,) be double lensing system germs. We say that (S, Ry, Ry), (S, R}, R})
are Lagrangian equivalent if there exist a symplectic diffeomorphism germ

O (T Xy, 21) — (T*X1, 7)),

Lagrangian equivalences (symplectic diffeomorphisms preserving the cotangent bundle fibra-
tion)

Dy : (17 Xy, 29) — (1" X5, 24) and Py : (17 X3, 25) — (17 X5, 25)
such that ®,(5) = 5', (1 x ©2)(Ry) = R} and (P2 x ©3)(Re) = Ry,

Since there always exists a symplectic diffeomorphism germ & : (T* Xy, 21) — (T* X4, 2})
such that ®1(S) = S, we may assume that S = S’ are equal to the zero section of T*Xj.
Therefore, without the loss of generality, we stick to special double lensings. In this case we
say that (S, Ry, Rq), (S, R}, R) are strictly Lagrangian equivalent if there exists a Lagrangian
equivalences

Dy : (17 Xy, 29) — (1" X5, 24) and Py : (17 X3, 25) — (17 X5, 25)

such that (idp«x, X ®2)(R1) = R} and (®2 x 3)(Ry) = Rj. This equivalence relation might be,
however, too strong to give a classification of double lensing system germs. Therefore, we need
an appropriate equivalence relation among special double lensing system germs.

Now we give a candidate of such a natural equivalence. We say that the special double
lensing system germs (S, Ry, Ry), (S, R}, R}) are weakly Lagrangian equivalent if there exist a
Lagrangian equivalence germs

Dy : (T X3, 23) — (1% X3, 2) and @ : (T Xa X T* X3, (20, 23)) — (T"Xo X T* X3, (2}, 24))

such that 7wy, o ® = &3 0wy, and ®(R1(S) x Ry 0 R1(S)) = R|(S) x R, o R,(S).

We have the following proposition.

Proposition 4.1 Suppose that (S, Ry, Ry), (S, R}, R}) are weakly Lagrangian equivalent, then
both of the Lagrangian submanifolds Ry (S), R}(S) and Ry o R1(S), R, o R,(S) are Lagrangian

equivalent.
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Proof. By definition we have a diffeomorphism germ @ : (X5 x X3z, (m9(22), m3(23))) —
(Xo x X3, (m2(2h), m3(25))) of the form ®(zg, x3) = (do(x2, 3), P3(x3)) and a symplectic diffeo-

morphism & : ((T* Xy x T* X3, (22, 23)) — (T* Xy x T* X3, (25, 24)) of the form

CT)((xz,pQ), (IS,pS)) = ((¢2($2,$3),¢2(I2,$3,p2,p3)), </53($3),1/J3(9537p3))

such that ®(Ry(S) X Ry o R3(S)) = R,(S) X R} o R}(S). Therefore we have ®(R;(S) x {z3}) =
(RL(S) x {z5}). We identify symplectic manifolds: T* Xy = T* X5 X {23} = T* Xy x {2} }. Under
this identification, the above equality means that R,(S) and R}(S) are Lagrangian equivalent.

By definition, we have ®3(Ry 0 R(S)) = R}, o R}(S). This fact means that Ry o Ri(S), R o
R,(S) are Lagrangian equivalent. Q.E.D.

By the above proposition, the weak Lagrangian equivalence among double lensing system
germs preserve both of caustics of the first and the second deflectors. Tt is the caustic equivalence
already introduced in the classification of coisotropic varities in [12] .

5 Generating pairs for double lensing systems

In this section we consider the problem how to construct a kind of the notion of generating
families for double lensing systems. We already have a solution because a double plane gra-
vitational lensing is described by the pair of time-delay maps. In which we only consider local
properties, so that we assume that X; = Xy = X3 = R".

For any double lensing system germ (S, Ry, Ry), we have generating families I : (RF x
X1,0) — Rof S, Fy : (RF x (X; X X3),0) — R of Ry and Fy : (R* x (X, x X3),0) — R
of RQ.

On the other hand, there always exists a symplectomorphism germ &7 : (T%Xy,2;) —
(T*X1,0) such that ®,(5) is a zero section germ of 7% Xy, so that we might assume that S is
a zero section germ of T*X; under the Lagrangian equivalence among double lensing system
germs. In other words, it is enough to investigate special double lensing system germs. In this
case Fy can be chosen as a constant function. We call (Fy, Fy) a generating pair of the special
lensing system germ (S, Ry, Rs) if F; is a generating family of R; (i = 1,2). Then Fj can be
regarded as a generating family of R1(S) C T*Xs and F = Fj + Fy is a generating family of
Ry o Ri(S) C T* X3 (cf., [11]).

Since a double gravitation lensing is a regular double lensing system, we now pay attention
to regular special double lensing systems here. In this case F; : (X; X X5,0) — R is a
generating function of Ry and F; : (X5 X X3,0) — R is a generating function of Ry. By the
arguments in the previous paragraph, Fi is a generating family of the Lagrangian submanifold
germ R1(S) C T*X5 and a map germ F : (X7 X X3) X X3,0 — R defined by

F((x1,x2),x3) = Fi(x1, 22) + Fo(z2, 73)

is a generating family of the Lagrangian submanifold germ Ry o R1(S) C T*X3. In other words,
([, Fy) is a generating pair of a regular special double lensing system germ (S, Ry, Rz) if
(dF (X1 x X2), (21, 22)) = (R, (21, 29)) and (dFo(Xg X X3), (22, 23)) = (Ra, (22, 23)).

Since any elementary symplectic relation has a generating function at least locally, we have
the following fundamental proposition:

Proposition 5.1 All reqular special double lensing system germs are constructed by the above
method

11



We can translate equivalence relations among double lensing systems into those of corresponding
generating pairs. We consider the ambiguity of the choice for generating pairs of a double lensing
system.

Proposition 5.2 Let (Fi, Fy) and (G1,Gs) be generating pairs of a common reqular special
double lensing system germ. Then F1 = GG + constant and Fy = (G5 + constant.

For our purpose, we introduce equivalence relations among generating pairs for double
lensing system germs. Let Fi, G1, (X7 % Xs,0) — R and Fy, G5, (X3 X X3,0) — R be function
germs. We say that (£, Fy) and (G, Ga) are (R, L)t -equivalent if there exist diffeomorphism
germs ®; 1 (X; X X5,0) — (X7 X X5,0) of the form ®y(xy,22) = (d1(z1, x2), P2(x2)), and
Dy 1 (Xo X X35,0) — (Xo X X3,0) of the form ®y(z2, x3) = (Pa(x2), p3(x3)) and function germs
a:(X2,0) — R, 5:(X;,0) — R such that

Fl(.Tl, 5(72) = G1 o} CI>1(x1, .TQ) + Oé(.’L’g)
Fy(xy,23) = Gg 0 $y(x9, 73) + [(3),
Proposition 5.3 Let (F1, Fy) and (G1,G2) be respectively generating pairs of special reqular

double lensing system germs (So, Ry, Re) and (Sy, R}, R,)). Then (So, R1, R2) and (So, Ry, R}))
are strictly Lagrangian equivalent if and only if (F1, Fp) and (G1,Gs) are (R, L) -equivalent.

We also say that (Fy, Fy) and (G, Gs) are R X L™ -equivalent if there exist a diffeomorphism
germ
D (X1 X X2 X X3,0) — (Xl X XQ X X3,0)

of the form ®(xy, x9, 23) = (P1(x1, T2, T3), P2(T2, x3), P(23)) and a function germ a : (X3,0) —
R such that

Fi(wy, 22) + Fo(g, v3) = G1(d1(21, 2, 73), Pa(2, 13)) + Go@a(wa, w3), d(x3)) + afxs3).

Suppose that (Fy, Fy) and (G4, Gs) are R x Lt -equivalent. If we substitute x3 = 0 into the
both sides of the above equality, then we have

Fi(z1, 22) + Fo(29,0) = G1(d1(21, 72,0), d2(72, 0)) + Gald2(22,0), 0) + a(0).

Therefore, F; and G are R"-equivalent.
By the general theory for Lagrangian singularities (cf., [4]), we can show the following
proposition:

Proposition 5.4 Let (F1, Fy) and (G1,Gs) be respectively generating pairs of special reqular
double lensing system germs (So, Ry, Rs) and (Sy, R}, Ry)). Then (So, R1, R2) and (So, Ry, R}))
are weakly Lagrangian equivalent if and only if (Fi, F3) and (G1,Gs) are R X LT -equivalent.

We say that (Fi, Fy) is infinitesimally R x L™ -stable if

aFjl (9(F1+F2) 8F2
vt (2, (S ()
L g(wl,zg,z3) 2 S(z%ws) 3 Ezg

dfi oF
1 a_ a_ lxa= 71 y
bn <8x1 >5w1 i <8x2 ’ >R
where fi(x1) = Fi(x1,0).

Now we have the following proposition:

In this case, for F} we have
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Proposition 5.5 Let (F1, Fy) be a generating pair of a special regular double lensing system
germ (Sg, Ry, R2). Then the following are equivalent:

(1) (Fy, Fy) is infinitesimally R x L™ -stable.

(2) (F1, Fy) satisfies the following condition:

OFy O(Fy + f5) OFy
5;5 zg) — — - A a_ |z3= 71 9
(21,72) < 05, >gm‘z2) + < o . + axg‘ o)

2

where fo(x2) = Fy(x2,0).
(3) (F1, Fy) satisfies the following condition:

or;
Ewraa) T Eaazs) = <8—a:1>

(4) Fy is infinitesimally R™-versal and

OF (F OF
£ <_1> N <M> N <_2‘x307 1> ,
8901 Eeym) 8902 Ex 81’3 R

2

+<8(F1+F2)> N <@ 1>
(9332 5(12@3) (9.%3’ Ex '

&z 20,23 3

Proof. We assume that the condition (4) holds. Since £} is infinitesimally R*-versal deforma-
tion of fi, we can show that

OF, OF;
5(951@2) = (=1 + —1, 1 .
(9331 5(11@2) (9332 En

2

We remark that

so that we have

OF; (F1 + fa) OF;
z1,x2) — — X  |z3=0, 1 5;,;2.
E(wr,22) <8I1 >g(z17z2) + < Oy .. + s |23=0 . +

It follows form the assumption that

oF O(F1 + f2) or,
_ (9 At J2) ) 1)
g(:m,:w) <8J;l >5(z1,z2) + < Oxy &, + Oxs 0 .

This means that the condition (2) holds. The converse assertion is trivial by definition.

By the Malgrange preparation theorem (cf., [13]), we can easily show that the condition (3)
is equivalent to the condition (2). Since £, z,) + €y = E(z1.20), the condition (1) implies the
condition (2). It follows from the inclusion &, 2.y + Egas) C E(z1,20,25) that the condition (3)
implies the condition (1). This completes the proof.

6 Classification of lensing systems and caustics

We recall that the family of functions

F(z1, 29, 73) = Fi(21,22) + Fo(wa, x3)
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is a generating family for the Lagrangian submanifold-germ Ry o R1(S) C T* X3 with (21, x2)
being the Morse parameters auxiliary in the reduction process (cf. [15]. A caustic of the time-
delay map in the case of the double lensing system is defined to be the set of source positions
x5 € R?, which are critical values of the projection

T*Xg = RQ o Rl(S) —_— Xg,

or the function (x1,z9) — F(x1, 9, x3) has at least one degenerate critical point.

Using the Rx Lt equivalency group and infinitesimal stability conditions obtained in Propo-
sitions 5.4, 5.5 we can construct normal and prenormal forms of infinitesimally stable generating
pairs (F1, Fy), or equivalently the functions F'(z1, xe, x3) = Fi(x1, 22)+Fo(xe, 23), which belongs
to the space of additively composed functions on A = {(z1, xs, T2, 23) € X7 X X5 X Xy X X3 :
Ty = .fg}, i.e.

F(.Tl, T, 5(73) = 7T>1k2F1(£U1, .TQ) -+ FggFg(fQ, .Tg) ‘A,

where 79, 793 are the canonical projections
Tij IXl XXQ XXQ XX3—>Xi XXj, (Z]): (12),(23)

If (F1, Fy) is infinitesimally R x LT- stable generating pair, then by Proposition 5.5 (4) F}
is infinitesimally versal. Now we define the subgroup of R x LT - equivalency group prescribed
to F; and acting on Fy. We say that Fy and G, are (R X L7)p equivalent if there exists
O (21, 9, T3) = ($1(21, T2, T3), Pa(x2, T3), ¢(x3)) and a function-germ « : (X3,0) — R such that
F} is preserved, Fj o (¢1,¢o) = Fy and (FY, Fy) and (F7, G3) are R X Lt-equivalent by ®. Now
we can formulate the following result.

Proposition 6.1 Any infinitesimally R x LT -stable pair is R x L™ -equivalent to the pair
(F1, Fy), where Fy is a versal unfolding of Fi(x1,0) and Fy belongs to an open orbit of (RX L™ ), -
action.

In two dimensional case we simplify the notation and write
F(z,u,v) = Fi(z,u) + Fy(u,v), z,u,v€ R

Proposition 6.2 Let us assume that Fy is an infinitesimally RY-versal Morse family. Then
the generic generating pair-germs (Fy, Fy) are R X LT -equivalent to one of the following normal
forms:

(A1A) 0 (Fi(z,u), Fy(u,v)) = (do] £ 23, Fu? £u3)

(A1 A) : (Fi(x,u), Fy(u,v)) = (Fa] £ 23, uf +ul + viug)

(A1A3) 0 (Fi(z,u), Fo(u,v)) = (Fz7 + 22, Fu] £ul + 010 + vpuy)
(ABy) :  (Fi(z,u), Fy(u,v)) = (27 £ 22+ z1uy, £u? £ ul + vjuy)
(A2B3) :  (Fi(z,u), Fo(u,v)) (23 £ 23 + 2yug, b £ Ul + viug + vaus)
(A3Cy) + (Fi(z, ), Fy(u,v)) = (2% £ 22 4+ z1u1, ugus £ ud + viuy)
(AsC3) 0 (Fi(z,u), Fo(u,v)) = (28 £ 23 + 21u1, ugus + ud + vius + vpu3)
(AsX) . (Fy(z,u), Fy(u,v)) = (Fa] £ 22 + 2%u; + 2109, E(u, 0)),

where € is a smooth function-germ.



fold cusp
Fig. 3.

The first three cases (AA) give the standard plane caustics (i.e., non-singular, folds and
cusps).

The four cases (AB), (AC) are the composed A, B and C boundary type caustics. However,
only the case (A2C3) has the caustics at the origin as a composition. In this case we can calculate
that

Ryo Ri(s) = {(—2zy,y,z,7%) | (z,y) € (R?0) } C T*X.

Therefore the projection onto Xj is locally represented by f : (R?,0) — (R?,0); f(z,y) =
(—2xy, y) This map-germ is called the pinch map (cf., Fig. 4). This is a famous example which
does not admit a Thom stratification ([16], page 24).

y V2

A

Fig.4

The last case gives other possibilities of compositions with As-caustic. There might be
appeared several complicated singularities.

An equivalence Rx L™ - group acting on X; X Xy x X3 is a subgroup of the (r, s)-equivalences
introduced in [17], where r = dim X, and s = dimX;. We recall that (r, s)-infinitesimal stability

condition oF o(F) oF
0 0 ~
) — - a__ |lv=0, 1 F* )
bon < Ox >g " < ou >5 " < dv o >]R T Hoton
() (w)
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where Fy = (Fy, u), Fo(z,u) = F(x,u,0), (A 1) € RxR?, is weaker than the Rx L*-infinitesimal
stability condition.

If A(z,u,v) is an (r, s)-infinitesimally stable unfolding of fy(x) = F(x,0,0) then the prenor-
mal form for infinitesimally R x L7-stable unfolding of fy is given in the form

2
F(I,U, U) = h(I,U, U) + Zuigi(u7v)7

i=1

where g; € Eqy)-
By (r,s)-stability theory (cf. [17]), if g € £ uy) is an (r, s)-stable unfolding of n(z) =
g(x,0,0). Then g is (r, s)-equivalent to the function-germ

F(z, Ty(u,v)),

where I is an (r + s)-stable unfolding of  and T,(u,v) = T o W, is a composition of the
polynomial mapping T : (R? x R? 0) — (R? x R?,0) and permutation of the variables W,. Here
we have

T(u,v) = (u, v+ pu) + Z vidi(u)),

where p(u) is a polynomial mapping R"™ — R?® with zero constant term and degree at most
s+ 1 and &(u) are polynomial mappings R” — R*® with zero constant terms and degree at most
s — 1. The permutation W, acting on w, v-variables, W, (w1, ..., Wrys) = (Wo(1); -+ Wo(ris))
is defined as one of the following permutations; Taking & < min{r, s} and integers 1 < i; <
o< <y 1< gy << gk < s we define o as the product of the following transpositions:
g = (il, r+ jl)(ig, T +]2) e (Zk, r +]k)

In our (2, 2)—case all stable unfoldings are related to the corresponding strata of the family
of mappings:

2
_ E i, E
T(U, U) = (Ul, Uz, U1 + QiU Uy + bij”i“j,

1<i+5<3 ij=1

2
vy + Cij U Uy + dijU@'Uj)

1<i+j<3 ij=1

These unfoldings were classified in [18, 19] and we may use them in our classification of gravi-
tational caustics.
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Remark 6.3 By the straightforward application of the classification theorem from [18] we find
that the generic perturbations of the composed function-germs F(x,u,v) = Fy(z,u) + Fy(u,v),
are (2, 2)-equivalent to the following normal forms:

F(r,u,v) = 2°+23+ nu,

F(z,u,v) = o5 £ 25+ z(v) +uf + £ul),

F(z,u,v) = x5 +a5+z(v) —u —uj),

F(r,u,v) = 22 £23+x(v1 +ud + £u3 + uivg),

F(x,u,v) a2 £ 23 + 2y + ugay,

F(z,u,v) = =+ £25+ x7(Fu? + up) + 21 (up + v1),

F(r,u,v) = #2722+ 27w +uwg +uy) + 21 (ug + v1),

F(z,u,v) = #a]+ 23+ 23(Fu? + upvy + v1) + 21U,

F(r,u,v) = #2722 +25u; + 21(u] £ us + uvg + vy),

F(r,u,v) = 2°+£23+ 25u; + 23 (ugvy + cuy +uy +v1) + 219, (¢ # —g),
F(r,u,v) = 2%+ 23+ 5100u1 + 21Uy + 22(usvs + uy + cug + v1), (¢ # 0),
F(z,u,v) = 27 — 1123 4+ 22 (u1v2 + cuy + ug + 1) + 71Uz + T2u1, (¢ € R),
F(r,u,v) = 2% — 2125 + 2% (ugvy + uy + v1) + 21Us + Tou1,

By definition, (2,2)-equivalence destroy the exact structure of the composition of caustics.
However the structure of generic perturbation of the caustics are still remained. By the above
list, we can calculate the discriminant set
8F_(9F_8F_8F_O}

81’1 N 8902 N (‘3u1 N aUZ B ‘

Such sets are the perturbed caustics of the original double lensing systems. For the funtion germ
F(x,u,v) = +o] 22 +23u; + 21 (ud Fud+uiv, +v3) we have Dp = {(¢,0)}U{ (652 £2s, +20s%)}
which is depicted in Fig. 5. We can observe that two regular curves (ie., folds) have order 3

DF = {(Ul,UQ) € X3 ‘

Fig.5

contact at the origin.
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