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Singularities of C'*°-lightlike hypersurfaces in
Minkowski 4-space

S. Izumiya, M. Kossowski, D. Pei and M. C. Romero-Fuster

November 16, 2002

Abstract

We classify singularities of lightlike hypersurfaces in Minkowski 4-space via the contact
invariants for corresponding spacelike surfaces and lightcones.

1 Introduction

The objective of this paper (and [5-9]) is to link the differential geometry of lightlike hyper-
surfaces in Minkowski 4-space with the modern theory of Legendrian singularities. Lightlike
hypersurfaces are ruled 3-manifolds whose induced first fundamental form is positive semi def-
inite. Extending these ruling lines defines a natural completion which contain (nonimmersive)
singular points. The generic intersection of such a hypersurface with a spacelike 3-plane is
an immersed 2-manifold which encodes the local differential geometry of the lightlike hyper-
surface [8, 9]. However this approach does not efficiently adapt to more general spacetimes.
As an alternative we will use Montaldi’s characterization of submanifold contact in terms of
K-equivalent submersions, which provides a technical linkage to Legendrian singularity the-
ory. As a consequence we provide a local classification of lightlike hypersurface singularities in
terms of algebraic invariants (an R-algebra) and differential geometric invariants (the lightcone
indicatrix).

In Section 2 we begin by describing Cartan’s frame method adapted to spacelike surfaces
and lightlike hypersurfaces (See [6] for a more detailed discussion.) This is used to define the
lightcone indicatrix. In Section 3 we describe the (multivalued) Legendrian distance squared
function whose discriminant is a given lightlike hypersurface. The given hypersurface is now
the wave front set of this function, as described in Legendrian singularity theory [1]. Section
4 applies Montaldi’s theorem to describe generic contact between a given lightcone and a
spacelike surface. Singularities in the hypersurface are now characterized as points of higher
order contact. In Section 5 we present the classification of lightlike hypersurface singularities
and tangent lightcone indicatrices, which is based on the theory of Legendrian singularities
[1, 18]. (See the appendix for a brief description). As a source of examples and motivation
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Key Words and Phrases. lightlike hypersurface, spacelike surface, lightcone, Lorentzian distance-squared
function



Section 6 indicates that generic lightlike hypersurface singularities occurs in the solutions to
the eikonal PDE on Minkowski space. Section 7 indicates how these methods can be adopted
to general spacetimes.

We assume throughout the paper that all manifolds and maps are C'* unless the contrary
is explicitly stated.

2 Local differential geometry of spacelike surfaces

In [6] we have introduced the basic geometric tools for the study of spacelike surfaces in
Minkowski 4-space. Here we briefly review the part of the theory related to this paper.

Let R* = {(x1, xo, 23, 24) |21, T2, 23, 74 € R} be a 4-dimensional vector space. For any vectors
T = (11,29, %3,74), Y = (Y1, Y2, y3,y4) in R, the pseudo scalar product of x and y is defined
by (@, y) = —z1y1 + Tay2 + T3y3 + 4ys. We call (RY, () a Minkowski 4-space. We will write
R{ instead of (R?,{(,)).

We say that a vector @ in R} \ {0} is spacelike, lightlike or timelike if {x,x) > 0,=0or < 0
respectively. The norm of the vector & € R} is defined by ||z| = +/|{(z, )|.

Let R} be oriented and timelike oriented (i.e., a 4-volume form dV, and future time-like
vector field, have been chosen), and X : U — R} a regular surface (i.e., an immersion), where
U C R? is an open subset. We identify M and U through the immersion X, M = X (U).

We call M a spacelike surface if the tangent plane T, M of M is a spacelike plane (i.e., consists
of spacelike vectors) for any point p € M. In this case, the normal space N,M is a timelike
plane (i.e., Lorentz plane) (cf.,[15]). Let {es(z,y), es(z,y);p = (z,y)} be an orthonormal frame
of T,M and {e;i(z,y), ea(z,y);p = (z,y)} a pseudo-orthonormal frame of N,M. Here, e;(p) is
a timelike vector and e;; i = 2, 3,4 are spacelike vectors.

In order to establish the fundamental formula for a spacelike surface in R}, we define some
notions similar to those of Little [10].

4 4
Lets denote dX = > wie; and de; = > wjje;; ¢ = 1,2,3,4. Then we can write w; =
=1

i=1

d(e;)(dX, e;) and w;; = d(e;){de;, e;), where

, 1 =234
d(e;) = Sign(e;) = {_1 1

We have the Codazzi type equations:

M-

dw; =) 6(e;)d(ej)wiy A w;

J

N

e
=

g

dw@-j == Z Wik A wkj,
k—1
where d is the exterior derivative. And also,
wi; = —b(e;)d0(e;)wji. (2)

In particular, w; =0; i = 1,2, 3, 4.
It follows from the fact (dX,e;) = (dX,e;) = 0 that

W1 = Wo = 0. (3)
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Therefore we have

<
Il
—_
.
Il
[<\)

By Cartan’s lemma, we can write

W13 = w3 + de4, W14 = deg + cwy
Wao3 = €EWs -+ fCU4, Woyq = fCU3 -+ guwy.
for appropriate functions a, b, ¢, e, f and ¢g. Then we have a vector-valued quadratic form:
—(d*X,e1)e; + (d* X, er)ey = (aw] + 2bwswy + cw?l)e; — (ews + 2 fwswy + guw?)e; (5)

which is called the second fundamental form of the spacelike surface. It follows from equations
(2) that

€1 0 W12 Wiz Wiy €1

d €2 | _ | w2 0 Waz Wy €9 ‘ (6)
es wiz —waz 0 ws es
€4 Wiy —wy —wi 0 €4

And from these we get the following equations:

e e 0 —Wi2 W13 — Wa3z W4 — Way e te
! 2 W12 0 w13z + Wz W14 + Woy ! 2
4l ter| _ | wiz—w wig+ was 0 €1 — € (7)
es Wsaq es
e, W14 — Wag  Wig T Woy e,
5 5 —Ws34 0

On the other hand, we define

4

LC,={zeRl|z=—(21 —p1)* + Z(mZ —p)* =0}

=2

and
S2 = {& = (21,29, 73,24) € LCy | 7, = 1},

where p = (p1, pa, p3, pa) € RY. We call 52 the (future) spacelike unit sphere and LC; = LC,\{p}
the lightcone with deleted vertex at p. We also define

LCT ={x = (21,22, 73, 24) € LC§ | 21 >0 }

and we call it a future lightcone at the origin. For any lightlike vector ® = (z1, x9, 23, 24), We
have



Let ey = (a1, a9, a3, a4), €3 = (b1, be, bg, by). Clearly, we have
d(ey + e5) = d(ay £ b)(e; £ e3) + (a1 % by )d(e; + €).

And finally, we get the following fundamental formula:

_ _ d(a1—b1) W13—w23 Wi4—wa4
€1 — € ?1( o) Wiz a1—b a1—b a1 —b et é
_ dlai+b wi1z+waz  wi4twaq -
d €1+ e — [ w2 a1+b1 8 a1+b1 a1+b1 €1~ € (8)
e; 13 > 23 13 . 23 0 Wag es
ey w14;w24 w14§w24 —Way 0 ey

For a given normal vector v = £e; 4+ ne; € N,M, we have dv = dfe; + {de, + dney + nde;
and hence

(dv, es) A (dv,es) = [(a€ + en)(c€ + gn) — (b6 + fn)*|ws A wy
= [(ac — )& + (ec+ ag — 2bf)En + (eg — f)n*Jws A ws.

We define a function K; as follows:
Ki(v)(p) = Ki(&,m)(p) = (ac = b)& + (ec +ag — 2bf)én + (eg — )1’ 9)

We also define the mean curvature vector $ by

9(p) = 20+ e — 5(e +gles (10)

On the other hand, we define a pair of hypersurfaces
LH; : M xR — R}

by

LHy(p,v) = LHy(z,y,u) = X (z,y) + u(e; + e3)(z,y),

where p = X (x,y). We call LHAj; the lightlike hypersurface along M.

In [6, 8, 9] we defined the lightcone Gauss maps of M, LGE, : M — 5%, as LGE (x,y) =

(€1 % e5)(x,y). We proved that py = X(z¢,v0) is a singular point of LG, if and only if
Ki(1,£1)(po) = 0. We now have the following proposition:

Proposition 2.1 Let py = X (zo,y0) € M be a point with K;(1, £1)(po) = 0. Then the lightlike

hypersurface LHT, is immersive at (po,uo) for any ug € R.

Proof. By definition, we have

OLHTE
8uM (po, uo) = (e1 % e2)(po)

OLHY
Ox

(po, o) = X4 (po) + uoler £ e2),(po)
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OLHF,
9y

(po, o) = X y(po) + uo(er & es), (po)-

It then follows that

OLHY, OLHY, OLHY
( ou " ox " oy (po, o) (1)

= ((el te)ANX, A Xy) (po) + ug ((61 +ey)A(erte), A(er £ 62)y> (po). (12)

Since (e; £ ey), X, X, are linearly independent, we have that

((e1 +e)) A X, A Xy> (po) % 0.

The assumption K;(1,41)(po) = 0 means that the lightcone Gauss map LG, is singular at po.

Therefore (e; + e3),(po), (€1 & €2),(po) are linearly dependent, so we get

((er £ e2) A fer £ e3), A (1 e3),) (po) = 0.

And hence,

(aLHj; N OLH3 N OLH3

ou ox oy ) (Po, uo) # 0.

O

Since we are interested in the singular points of the lightlike hypersurface LH?@, we shall
only consider the cases where IC;(1,4+1) # 0.

3 Lorentzian distance-squared functions on
spacelike surfaces

In this section we introduce the notion of Lorentzian distance-squared functions on spacelike
surfaces which is useful for the study of singularities of lightlike hypersurfaces.

First we define a family of functions on a spacelike surface M = X (U)
G: M X Réll — R
by
G(p7 A) = G(SL’, Y, )‘) = <X(.T7 y) - )‘7 X(.T, y) - )‘>7

where p = X (x,y) We call G the Lorentzian distance-squared function on the spacelike surface
M. For any fixed \g € R{, we write g(p) = G, (p) = G(p, \o) and we have the following
proposition:



Proposition 3.1 Let M be a spacelike surface such that K;(1, £1)(pg) # 0 at a point py € M
and G : M x R} — R the Lorentzian distance-squared function on M. Suppose that py # Ao
then we have the following:

(1) ) = 52 (o0) = 52 0u) =0 if and only i pa— Ao = (e & e3)(pu) for some i € B\ {0}
dg _Jg

(2) g(po) = 8_(p0) =3 (po) = detH(g)(po) = 0 (detH(g)(po) is the determinant of the Hessian
Z Y
matriz) if and only if

—1

po — Ao = pler £ ez)(po), Ki(l,£1)(po) <0, p==% m

and the mean curvature vector $(po) is lightlike.

Proof. (1) The condition g(p) = (X (x,y) — Ao, X (x,y) — Ao) = 0 means that X (z,y) — Ao €
LCjy. We can observe that dg(p) = (dX (z,y), X(z,y) — Ao) = 0 if and only if X (z,y) — A €
N,M. Hence g(po) = dg(po) = 0 if and only if py — Ag € N,M N LCy. This is equivalent to the

condition that pg — Ao = p(eg £ es)(po) for some p € R\ {0}.
(2) By a Lorentzian motion, we may assume that pg is the origin of R}. We can choose local
coordinates such that X is given by the Monge form

X('r?y) = (f1(513,y), fz(ﬂﬁ,y),x,y),

so that we have e1(pg) = (1,0,0,0), ex(pg) = (0,1,0,0).
Under the condition (1), we have the following calculations:

9g
@ = Yzz = 2(<X:r:r;X - A0> + <X3”X$>)
= 2(<(f1zz7 wiz’ 0, O)a M(el + 62)(p0)> + 2<(f1z7 sz’ 1, 0)7 (f1z7 f2z7 L, 0)>)
—2#(&1 + bl)a + Q,U(CLQ + b?)e +2,
82
&vagy = Gay = 2((Xay, X = Xo) + (X, X))
2((f12y: S204.0,0), pu(er £ €2)(po)) + 2((f105 f2,, 1,0), (fy f2,, 0, 1))
= —2u(a; £b)b+ 2ulas £ by)f,
62
a—yg = gy = 2({(Xyy, X — Ao) + (X, X))

= 2<(f1yy7 f2yy’ 07 0)7 N(el + 62)(])0)) + 2<(f1y7 f2y7 Oa 1)a (f1y7 f2y7 Oa 1)>
= —2uf{a; £b)c+ 2ulag £+ by)g + 2,

where e1(p) = (ai, as,as,a4) and es(p) = (b, bs, b3, by). Since (e1 + ez)(po) = (1,+1,0,0), we
have

‘(gx)m (97)zy 0,

(gx\)acy (gx\)yy

_|=lar £bi)a+ plaz £bo)e+1  —plar £bi)b+plag o) f | _
—u(al ibl)b—i-u(ag :tbg)f —,u(a1 j:bl)c—i-u(agj:bg)g—i— 1
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namely
—patpe+1  —ubtuf
d@tH(g)\)(pO) = _ubiuf —MCiMQ‘I‘ 1 = 0.

This is equivalent to the condition that
(ac+egFagFce—b*— f2L2f)u*+ (ke++g—a—c)u+1=0.

Therefore we have K;(1,+1)u? + (e + +9 —a — c)u + 1 = 0. If we proceed the calculations

above but using the vector —(e; + es)(po) instead of (e; + e3)(pg), then we can see that —u
is also a solution of the above quadratic equation. Hence we have K;(1, +1)u? + 1 = 0. This
means that K;(1,+1) <0, p=£/—1/K;(1,£1) and a+ c=£ (e + g) = 0. The last condition is
equivalent to the condition that the mean curvature $)(pg) is lightlike. O

Thus Proposition 3.1 means that the discriminant set of the Lorentzian distance-squared
function G is given by

Do={X|A=X(p)+ule; T e)(p), pe Muek },

which is the image of the lightlike hypersurface along M. Therefore a singular point of the

lightlike hypersurface is a point Ag = X (po) + uo(e; £ es)(po) at which K;(1,+1)(po) < 0,
uy = £1/—1/K;(1,£1)(po) and the mean curvature vector $(pp) is lightlike.

We now explain the reason why such a correspondence exists from the view point of contact
geometry. Given a point v = (vy,v9,v3,v4) € R}. Let’s take the projective cotangent bundle
7« PT*(R}) — R{ with its canonical contact structure. We review next the geometric
properties of this space. Consider the tangent bundle 7 : TPT*(R}) — PT*(R}) and the
differential map dr : TPT*(R}) — R} of 7. For any X € TPT*(R}), there exists an element
a € T*(R}) such that 7(X) = [a]. For an element V € T,(R?}), the property a(V) = 0 does
not depend on the choice of representative of the class [a]. Thus we can define the canonical
contact structure on PT*(R{) by

K ={X ¢ TPT*(R})|7(X)(dn (X)) = 0}.

Via the coordinates (v, ve, vs,v4), we have the trivialization PT*(R]) = R{ x P(R?)*, and
we call

((U17U27U3av4)a [gl HIRESE 54])

homogeneous coordinates, where [£1 : & @ & 1 &4] are the homogeneous coordinates of the dual
projective space P(R?)*.

It is easy to show that X € K, ) if and only if Z?:z wi& = 0, where dn(X) = 2;2 “ia%,-'
An immersion i : L — PT*(R}) is said to be a Legendrian immersion if dimL = 3 and
dig(TyL) C Kj(g) for any ¢ € L. The map 7 o is also called the Legendrian map and the set
W (i) = image 7 o ¢, the wave front of i. Moreover, i (or, the image of i) is called the Legendrian
lift of W (7).

In the appendix, we give a quick survey of the theory of Legendrian singularities . For
additional definitions and basic results on generating families, we refer to [1]. By the previous
arguments, the lightlike hypersurface LH?G is the discriminant set of the Lorentzian distance-
squared function G. We have the following proposition.



Proposition 3.2 Let G be the Lorentzian distance-squared function on M. For any point
(z,y),A) € GY0), G is a Morse family around ((z,y), ). See the appendiz for the defi-
nition of a Morse family.

Proof. Denote
X(z,y) = (Xa(z,y), Xa(z, ), Xa(z,y), Xa(z,y)) and A = (A1, Az, Az, Ag).
By definition, we have
Glz,y,A) = —(Xi(2,y) = Xo)” + (Xa(2,9) — o) + (Xa(z,y) — A3)? + (Xa(z,y) — M)*.
We now prove that the mapping

A*G = <G s %>

"z Oy
is non-singular at ((z,y),A) € G"1(0). In fact, the Jacobian matrix of A*G is given by:

2X1 — A1) —2(Xo— X)) —2(Xs5—A3) —2(Xs— \)

2X1, —2X5, —2X5, —2X 4y ,
2X1, —2Xs, —2X3, —2Xy,
where
2AX — A\, X,) 20X — A X,)
A = 20X X)) +{X — A Xu)) 20X, X)) + (X — A, X))
2(Xy Xa) + (X — A Xya)) 20X, X))+ (X — A, X))

Since X is an immersion, the rank of the matrix

2X1, —2Xa —2Xs —2X4
2Xy, —2Xy, —2X5, —2X4 )

is equal to two. Moreover, X — A is lightlike, so that it is linearly independent on tangent
vectors X, X . This means that the rank of the matrix

2AX, — A1) —2(Xs —As) —2(X3—A3) —2(Xy — )
2X 1, —2X,, —2X5, —2X,,
2X, —2X,, —2X, —2X,,

is equal to three. Therefore the Jacobi matrix of A*G is non-singular at ((z,y),A) € G1(0).
0]

We observe that these considerations allow us to assert that the lightlike hypersurface LH ]j\;
is a wave front and the Lorentzian distance-squared function G on M gives a Minkowski-
canonical generating family for the Legendrian lift of LH]T/[.



4 Contact with lightcones

In this section we describe Montaldi’s characterization of submanifolds contact in terms of K-
equivalence. It is then adapted to lightlike hypersurfaces and their indicatrices. We begin with
the following basic observations.

Proposition 4.1 There exists a point Ag € R} such that M C LCy, if and only if Xy is an
1solated singular point of the lightlike hypersurface LH?G and LH?G(U) C LC,,.

Proof. By definition, there exists a point Ag € R such that M C LC), if and only if
I, y) = 0 for any (z,y) € U, where g),(z,y) = G(z,y, Ag) is the Lorentzian distance-
squared function on M. It follows from Proposition 3.1 that there exists a smooth function
U — R such that

X(z,y) = Ao+ p(z,y)(er - ez)(z,y).

Therefore we have

LH(x,y) = Xo + (u+ pl(z,y))(e; £ e)(x, y).

Hence we have LH7,(U) C LCy,. Moreover,

+
8I£M — (e + e2)(x, y),
+
aL@ZM = uz(7,y)(e1 £ ex)(z,y) + (u+ u(z,y))(er £ ea),(r,y)
and
8%72% = wy(@,y)(er £ ex)(x,y) + (u+ u(x,y))(er + es), (x,y).

It follows that

OLHF, N OLHF, N OLHY
ou or Jy

= (U + ,u(x, y))2(€1 + 62) A (61 + eg)m TAN (61 + 62)y.

By the similar arguments in the proof of Proposition 2.1, the above vector vanishes if and
only if u + p(x,y) = 0 under the assumption that K; # 0. This means that Aq is an isolated
singularity of LH?G The converse assertion is trivial. U

Motivated by the above proposition, we now consider the contact between spacelike surfaces
and lightcones by way of Montaldi’s theorem [13]. Let X;,Y; (¢ = 1,2) be submanifolds of R”
with dim X; = dim X, and dim Y] = dim Y. We say that the contact of X7 and Y7 at y; is same
type as the contact of Xy and Y at ys if there is a diffeomorphism germ @ : (R, 1) — (R™, y5)
such that ®(X;) = Xy and ®(Y7) = Y,. In this case we write K (X1, Y1;y1) = K(Xa, Ya; 42).
Since this definition of the contact is local, we can replace R™ by any n-manifold. Montaldi
gives in [13] the following characterization of contact by using K-equivalence.



Theorem 4.2 Let X;,Y; (i = 1,2) be submanifolds of R™ with dim X; = dim X, and dimY; =
dimY,. Let g; : (X, z;) — (R™y;) be immersion germs and f; : (R",y;) — (RP,0) be
submersion germs with (Y, y;) = (f; 1(0), y;). Then

K(X1,Yi;y1) = K(X3, Ya;42)
of and only if f1 091 and fy 0 g9 are K-equivalent.

Turning to lightlike hypersurfaces we now consider the function G : R} x R} — R defined
by G(x,A) = (x — A\, — A). Given Ay € R}, we denote gy, (x) = G(x, Ng), so we have that
g;ol(()) = LC),. For any (z,y9) € U, we take the point A§ = X(xg,70) + uo(elfi/ez)(azo,yo)
and we have

gx © X (20,50)) = G o (X X idgy)((zo, o), AT) = G(w0,90, A7) = 0,

where ug = 4+/—1/K;(1, +1) (w0, yo). We also have relations

dg,+ o X oG

?9733(170) = %(Po, Ay) =0
and

dgyr 0 X oG

_ oG Ty _
ay (pO) - ay (p07 A0) O

They imply that the lightcone g;%(()) = LC/\gc is tangent to M = X (U) at pp = X (29, yo). In
this case, we call each LC\+ the tangent lightcone of M = X (U) at po = X (2o, yo)-

We now describe the contacts between spacelike surfaces and lightcones. Let LHE,, :
(U, (zi, 1)) — (LCL,v7) (i = 1,2) be two lightlike hypersurface germs of spacelike sur-
face germs X; : (U, (z;,4:)) — (R}, p;), where 0 = £. We say that LHf,, and LHf,,
are A-equivalent if there exist diffeomorphism germs ¢ : (U, (z1,v1)) — (U, 22,92)) and
P : (R}, A7) — (R}, A7) such that ® o LHf,, = LMg;, o ¢. If both of the regular sets of
LM§;; are dense in (U, (x,y;)), it follows from Proposition A.2 of the appendix that LHY;
and LHY;, are A-equivalent if and only if the corresponding Legendrian lift germs are Legen-
drian equivalent. This condition is also equivalent to the condition that two generating families
(1 and G are P-K-equivalent by Theorem A.3. Here, G; : (U X R, ((z;,y:), A7)) — R is the
Lorentzian distance-squared function germ of X;.

On the other hand, if we denote by g;xs(x,y) = Gi(x,y, A7), then we have g \+(z,y) =
g+ ox;(r,y). By Theorem 4.1, K(X(U), LCxs, A]) = K(x2(U), LCAS, A7) if and orily if 1.5,
and g2.5, are K-equivalent. Therefore, we can apply Proposition A.4 to our situation. We
denote Q7(X, (ro,y0)) the local ring of the function germ gys : (U, (z0,%)) — R, where
AJ = LCY ((xo, yo), uo). We remark that we can explicitly write the local ring as follows:

C'O;O . (U)
Qi(X7 (anyO)) = /‘\-/( o) 3
((X(z,y),e1+£ exxo, y0)) — 1>C€§Oyy0)(U)

where CZ7 - (U) is the local ring of function germs at (zo, yo)-
Theorem 4.3 Let X, : (U, (z;,y:)) — (RY, Xi((wg, 45))) (1 = 1,2) be spacelike surface germs
such that the corresponding Legendrian lift germs are Legendrian stable. For o = + or —, the

following conditions are equivalent:
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(1) The lightlike hypersurface germs LHF; and LHY; are A-equivalent.
(2) Gy and Gy are P-K-equivalent.

(3) g1.0 and gan, are K-equivalent.

(4) ( ( ) LC}\" )‘U) K(XZ(U)? LC/\ga )‘g)

(5) @

5) Q7(X 1, (x1,11)) and Q7(Xa, (z2,y2)) are isomorphic as R-algebras.

Proof. The previous arguments has been shown that conditions (3) and (4) are equivalent.
The other assertions follow from Proposition A.4. O

Given a spacelike surface germ X : (U, (zg,90)) — (R}, X (0, %0)), we call

(X Y(LC+), (w0, %0))

the tangent lightcone indicatriz germ of X, where A& = X (zo,90) + uo(ey £ eg)(xg, yo) and
—1/Ki(x0, o). We have the following corollary of Theorem 4.3 :

Corollary 4.4 Under the assumptions of Theorem 4.3, if the lightlike hypersurface germs
LHf, and LHF; are A-equivalent, then tangent lightcone indicatriz germs

(XTHLCw), (o)) and (X3 (LOys), (22, 42))
are diffeomorphic as set germs.

Proof. Notice that the tangent lightcone indicatrix germ of X is the zero level set of g; ,.
Since K-equivalence among function germs preserves the zero-level sets of function germs, the
assertion follows from Theorem 4.3. O

5 Classification of singularities of lightlike hypersurfaces

In this section we provide a generic classification of the singularities of lightlike hypersurfaces
in R}. We consider the space of spacelike embeddings Emb® (U, R}) with the Whitney C*°-
topology. We also consider a function G : R} x R} — R defined by G(v,A) = (v — A\, v — A),
and claim that Gy is a submersion at v # X for any A € R}, where G\(v) = G(v,A). Given
X € Emb® (U,R]), we have G' = G o (X X idgs). We also have the (-jet extension

JEG U x R — JY(U,R)
defined by j¢G(u, A) = jgr(u), where we write G(u, X) = gx(u). Consider the trivialization
JYU,R) = U x R x J¥2,1). For any submanifold @ C J*(2, 1), we denote @ = U x {0} x Q.

Since Emb® (U, R}) is an open subset of the space of all embeddings Emb (U, R}), we have the
following proposition as a corollary of Lemma 6 in Wassermann [17]. (See also Montaldi [14]).

Proposition 5.1 Let Q be a submanifold of J*(n — 1,1). Then the set
Ty = {X € Emb®* (U,R]) | jiG is transversal to Q)

is a residual subset of Emb® (U, RY). If Q is a closed subset, then Tg is open.
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On the other hand, we have the stratification given by the set of K-orbits in J(2, 1)\W*(2, 1)
(For the definition of W*(2,1) and additional properties, refer to [1, 4]). As a consequence of
the above proposition, we have the following theorem.

Theorem 5.2 There exists an open dense subset O C Emb® (U, R}) such that for any X € O,
the germ of the Legendrian lift of the corresponding lightlike hypersurface LH?Q at each point
15 Legendrian stable.

By the classification results on stable Legendrian mappings, we have the following corollary:

Corollary 5.3 There exists an open dense subset O C Emb® (U, R}) such that for any X € O,
the germ of the corresponding lightlike hypersurfaces LH?Q at any point (z,y,u) € U x R s
A-equivalent to one of the map germs Ay (1 < k < 4) or Df : where, A, Df-map germ
f:(R30) — (R, 0) are given by

1) f(u17u27u3) = Ul,UQ,Ug,O),

up, Uz, uz) = (2(uf + u3) + urugug, 3u? + ugug, 3ud + uius, uz),
up, Uz, uz) = (2(ud — ugu3) + (uf + ul)us, ui — 3u? — 2uqug, uruy — UsUsz, Uz).

Proof. By Theorems 5.2 and 7.3, the Lorentzian distance squared function G is a K-versal
deformation of g,, at each point (xg, 70, Ao) € U x R. Therefore we can apply the generic
classification of K-versal deformations of function germs up to 4-parameters [1]. The normal
forms are given by

Fla,y, ) = 2" 2+ A+ dz+ -+ M2 (1< k< 9)
Flz,y,A) = 2°+y°+ X + hoz + A3y + My
F(a:,y,)\) = 553—flﬁy2+>\1+)\2x+)\3y+)\4(332—|—y2).

For example, if we consider the germ given by
F(z,y,A) = 2° + v + X\ + oz + A3y + Aoy
Then, we get
S (F) = {(z,y,2(2* + ¥*) + May, =327 — My, =397 — Mz, Ay) | (z,9, Ag) € R}
Therefore the corresponding Legendrian map germ is
flur, ug, uz) = (2(uf 4+ u3) + urugus, 3ud + ugus, 3us + urus, uz)  (D}).

The other cases follow from similar arguments, so that we may leave the details to the readers.
O

By using the generic normal forms of Lorentzian distance squared functions and Corollary
4.4, we have the following:
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Corollary 5.4 There exists an open dense subset O C Emb (U, R}) such that for any X € O,
the germ of the corresponding tangent lightcone indicatriz at any point (zo, Yo, Xo) € U X R s
diffeomorphic to one of the germs in the following list:

) {(z,y) € (R%,0) | 2° +y2 =0} (ordinary cusp)

(z,y) € (R%,0) | z* + y =0 } (tachnode or point)

(x,y) € (RQ,O) | % 4+ y? =0 } (rhamphoid cusp)

(z,y) € (R%0) | 2* — zy? =0 } (three lines)

(z,y) € (R%,0) [ 2°+y° =0} (line)

Proof. We have the same generic normal forms of Lorentzian distance squared function germs
at each point as in the above corollary. By Corollary 4.4, the corresponding lightcone tangent
indicatrix germs are diffeomorphic to the zero-level set of the function germ F|R? x {0} of the
list. For example if the normal form is given by

(1
(2) {
(3) {
(4) {
(5) {

F(z,y,A) = 2° + 4° + A\ 4+ Mz + A3y + Mz,

then we have F|R? x {0} = 23 — xy?, so that the corresponding lightcone tangent indicatrix
germ is diffeomorphic to the set germ (4) in the above list. U

6 The eikonal equation

As indirect motivation we will show how the constructions above are naturally encountered in
solutions to the Minkowski eikonal equation:

aS 2+ aS 2+ aS 2+ aS 2_0

8231 8232 8233 8374 -
Let m : T*(R]) — R} the cotangent bundle over R} and ((z1, %9, z3,24), (p1, P2, P3, pa)) be
the canonical coordinate system, for a single valued solution S we have that p; = 05/0x;.

Therefore the above eikonal equation can be viewed as a family of cones in T*(R}) given by
the following equation:

1
—(=pi+p5+p5+p;) =0,

1
5(Pi+pp) =3

H(x17waplap) = 9

where = (79,73, 74) and p = (p2, p3, p4). The singularities of the hypersurface H 1(0) corre-
spond to the zero section R} x {0} of the cotangent bundle. Consider the one-form on 7*(R?)
given by

0 = —pidx, + p - dx,

where p-dx = 377, pidz;. We can show that 8| H(0) is a contact form on the nonsingular part
of H~1(0). If we consider a surface X () = M in Euclidean space R* = {x = (0, 23, 73, 74) | T €
R* } and the unit normal vector n(x,y), then the surface £(x,y) = (0, X(z,y),1,n(z,y))
in T*R} lies in the hypersurface H~'(0). Since n(z,y) is the normal vector of M, we have
20 =n(z,y) - dX(z,y) = 0. This means that the surface £(z,y) is an integral submanifold of
6|H1(0). Moreover, the Hamiltonian vector field along the surface £(x,y) is given by

0 0
Xy —
a 0x, +nlzy)- o’
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It follows that we have a Cauchy problem for the PDE H(z1,x,p1,p) = 0 with the initial
submanifold £(z,y). We can apply the characteristic method to obtain a multi-valued solution
which is a Legendrian submanifold of H~'(0). In general the solution to this Cauchy problem
is an exact multi-valued solution. To see this consider the 3-dimensional submanifold

L(z,y,u) = (u, X (z,y) + un(z, y), 1, n(z,y))
in T*R{. Since n(z,y) is a unit vector, we have n(z,y) - dn(z,y) = 0, so that
L0 = —du+n(z,y) - dX(z,y) + du + n(z,y) - dn(z,y) = 0.

Therefore L is a Legendrian embedding. It is clear that Image L C H 1(0). Moreover if we set

ei(z,y) =(1,0,0,0) and es(z,y) = n(x,y), then we have the lightlike hypersurface
LHy(z,y,u) = X (2,y) + u(e, £ e3)(z,y).

We remark that (e; + e9)(z,y) = (e1 £ es)(x,y) in this case. Therefore, the above Legen-

drian embedding L is the Legendrian lift of the lightlike hypersurface LH ffj However, we have

examples of lightlike hypersurface which cannot be constructed from a regular surface in R3

(18, 91).

Observe that there is a natural spherical blow up the 7-dimensional cone bundle { H =0 }
in T*RY,

R x R x $? — T*R}

where (z1,x,t,0) — (71, @, t(1,0)), t € R, # € S The characteristic line field and the
canonical 1-form 6 pullback to the cylinder bundle with removable zero points. It follows that
the Cauchy problem can be extended to initial which intersect the zero section in { H =0 } €
T*R}. Moreover there exist C*-foliations of R? with mild singularities which generate well
posed initial data. For example consider a foliation by level surfaces f(x) = ¢ possibly with
critical points then the initial data

r— (O,SC, \% 1- ||df£r||7df:r)7

will generate a 4-dimension submanifold in { H = 0 } which is a family of multivalued 3-
dimension Legendrian submanifolds in { H =0 } (i.e., a multivalued solution) on the comple-
ment of the critical points. For special cases of f(x) = ¢ this 4-manifold has a C*°-immersive
extension to the missing points. In any case each nonsingular level surface f(x) = ¢ generates a
lightlike hypersurface as in the above paragraph. These hypersurfaces are the “level 3-manifolds
7 of the multivalued solution.

7 Lightlike hypersurface singularities in curved space-
times

Let g denote a C*®°-Lorentzian (pseudo) Riemannian metric on a neighbourhood of the origin
in R*. We may choose local Gauss coordinates [16] so that the components g;; of ¢ satisfy

gij = 5’Lj mod M4,
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i.e., agree with the Minkowski metric up to fourth order. Recall that the conformal metric cg,
0 < ¢ € R has the same unparametrized null geodesics as the original metric g. As in Section
2 the lightlike hypersurfaces of g consist of two parameter families of null geodesics. Tt follows
that a lightlike hypersurface for cg is also a lightlike for g. Thus in Gauss metric cg over the
dilation d. : R* — R*; & — 1//cx then for all ¢ > 0, g has the same lightlike hypersurface
singularities (near the origin in R*) as the metric

1
d:(cgi;) = 6;; + —(4th order terms).
¢

Thus for sufficiently large ¢ we may use the generic nature of the results in Sections 4 and 5 to
conclude that Corollary 5.3 is also valid for an open dense set of C™ embeddings U — (R*, g).

Appendix Generating families

Here we give a quick survey on the theory of Legendrian singularities mainly developed by
Arnol’d-Zakalyukin [1, 18]. Let F : (RF x R* 0) — (IR, 0) be a function germ. We say that F
is a Morse family if the map germ

F F
A*F = (Fa—a—> D (RF x R*, 0) — (R x R¥,0)
Oq O
is submersive, where (¢, 2) = (q1,...,qk o1, T2, T3, 24) € (RF x R% 0). In this case we have a

smooth 3-dimensional submanifold

5.(F) = {<q,x> € (R x B0) | Fla,) = plg,) =+ = S (g,0) =0 }

and the map germ ®p : (X.(F),0) — PT*R* defined by

De(g,a) = ( [§—£<q,x> : g—gq,@ : g—fgm,@ : g—im,xn)

is a Legendrian immersion. Then we have the following fundamental theorem in the theory of
Legendrian singularities [1, 18].

Proposition A.1 All Legendrian submanifold germs in PT*R* are constructed by the above
method.

We call F' a generating family of @, and the corresponding wave front is
W(Pp)= {a: € R* [there exists ¢ € R* such that F(q,z) = — (¢, ) =+ = —(q,2) = 0 } :
oqn O,

We now introduce an equivalence relation among Legendrian immersion germs. Let i : (L, p) C
(PT*R*,p) and i’ : (L',p') C (PT*R*,p') be Legendrian immersion germs. Then we say
that i and ¢ are Legendrian equivalent if there exists a contact diffeomorphism germ H :
(PT*R*, p) — (PT*R*,p') such that H preserves fibers of 7 and that H(L) = L'. A Legen-
drian immersion germ into PT*R* at a point is said to be Legendrian stable if for every map
with the given germ there is a neighbourhood in the space of Legendrian immersions (in the
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Whitney C* topology) and a neighbourhood of the original point such that each Legendrian
immersion belonging to the first neighbourhood has in the second neighbourhood a point at
which its germ is Legendrian equivalent to the original germ.

Since the Legendrian lift i : (L,p) C (PT*R*,p) is uniquely determined by the regular part
of the wave front W (i), we have the following simple but significant property of Legendrian
immersion germs:

Proposition A.2 Let i : (L,p) C (PT*R*,p) and 7' : (L',p') C (PT*RYp’) be Legendrian
immersion germs such that reqular sets of © o i,m o are dense respectively. Then i, are
Legendrian equivalent if and only if wave front sets W (i), W(i') are diffeomorphic as set germs.

This result has been firstly pointed out by Zakalyukin [19]. The assumption in the above
proposition is a generic condition for i,7. Especially, if 7,7 are Legendrian stable, then these
satisfy the assumption.

We can interpret the Legendrian equivalence by using the notion of generating families. We
denote by &, the local ring of function germs (R",0) — R with the unique maximal ideal
M, ={hec& |h(0)=0}. Let F,G: (R*xR",0) — (R, 0) be function germs. We say that I
and G are P-K-equivalent if there exists a diffeomorphism germ ¥ : (R¥xR", 0) — (R¥xR", 0)
of the form W(z, u) = (¢1(q, z), ¥o(x)) for (¢, z) € (R¥XR™, 0) such that U*((F)g,..) = (G)e,...-
Here U* : &, — Epyn is the pull back R-algebra isomorphism defined by W*(h) = ho ¥ .

Let I : (RF xR% 0) — (R, 0) be a function germ. We say that I is a K-versal deformation
of f = F|RF x {0} if

oF oF oF OF
£ = T.O)() + <a71‘R’“ x {0}, o B x {0}, 90 |, ST R x {0}>R,
where of of
Te(,C)(f) = <a—ql7"'78—qkaf>5k-
(See [11].)

The main result in the theory [1, 18] is the following:

Theorem A.3 Let F,G : (RF x R* 0) — (R,0) be Morse families. Then
(1) ®F and $g are Legendrian equivalent if and only if F, G are P-K-equivalent.
(2) @5 is Legendrian stable if and only if F is a K-versal deformation of F'| R¥ x {0}. Since

F, G are function germs on the common space germ (R* x R* 0), we do no need the notion of
stably P-K-equivalences under this situation (cf., [1]). By the uniqueness result of the KC-versal
deformation of a function germ, we have the following classification result of Legendrian stable
germs(cf., [5]). For any map germ f : (R",0) — (RP,0), we define the local ring of f by
QUF) = &0/ ().

Proposition A.4 Let F,G : (RF x R* 0) — (R,0) be Morse families. Suppose that ®p, Pg
are Legendrian stable. The the following conditions are equivalent.

(1) (W(®p),0) and (W(Dg),0) are diffeomorphic as germs.

(2) @ and ®g are Legendrian equivalent.

(3) Q(f) and Q(g) are isomorphic as R-algebras, where f = F|R* x {0}, ¢ = G|R* x {0},
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