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On viscous Burgers-like equations
with linearly growing initial data

Yoshikazu Giga and Kazuyuki Yamada
Department of Mathematics, Hokkaido University
Sapporo 060-0810, Japan

1 Introduction

We consider a viscous Burgers-like equation of the form

Owu — Au + divG(u) =0 in R™ x (0,7),
(E) Ulg=o = u in R"
t=0 0 ’

where 9, = 3/0t. It is well-known that if uy is bounded, (E) admits a unique global
solution (cf. [8]). In this paper we consider the case that ug is not bounded at the space
infinity. This paper specifies the growth of nonlinear term as G(r) ~ r? for large r. A
typical example is the viscous Burgers equation. Our goal is to solve the initial value
problem when the initial data may grow linearly at the space infinity. We shall prove that
the problem admits a unique local regular solution. The global existence is not expected
in general even for n = 1 since u(x,t) = —z/(1 — t) is a solution of the viscous Burgers
equation: Oyu — Au + ud,u = 0 with ug(z) = —z, where 9, = 9/0z. We also obtain
an optimal estimate of the existence time. In fact, the existence time interval (0,T)
is estimated from below by a constant multiple over a Lipschtz bound for initial data,
T > Cs||Vug||leo; here the constant Cy is estimated by the structure of G, and ||Vug|o 18
defined by ||Vuo|leo = (S0, |8;u0]|%)"?, where Biuq = duo/da;.
To state our main result precisely we assume the following bounds for G = (Gy,--+,G,) €

C***(R; R"™) with some « € (0, 1):

G
Ci :=supsup M < 00,
i reR <7">
. 1/2

© ¢ = (z(suplez'w)?) < oo,

i—1 \r€R
G (r1) — GY
G0 oy 161 Glr)
i ri,rcR [y — To|®
Here we set () = /1 + |z|? for z € R™ and G is denotes the derivative of G;. A typical

example satisfying this assumption (C) is G4(r) = r* (1 < ¢ < n). We prepare a few
function spaces allowing growth at space infinity. Let L? be of the form

< 00) }

/]

_ HM
loc p,m - <$>m

Ly, = L, (R") = { [ € Lipe(R")




Of course, L = L? by definition so that || - |

Xp={f €C'®RY) | Ifllxp = flloes + [V flleo < 00}

Definition. By a classical solution u of (E) we mean that u € C(R" x [0,T)) is
C? in space and C* in time, and it solves (E).

20 =1+ |l,- Let Xp be of the form

Theorem (Existence and uniqueness of a solution of a viscous Burgers like equation).
Assume that G € C?*"*(R; R"™) satisfies bounds (C). Assume that uy € Xp. Then there

exist T > Ty := A and u € L2.([0,T); LP(R™) N C(R™ x [0,T)) that satisfies
2 Qlloo

(E) in R™ x (0,T) with u|;—o = uo. The existence time estimate T' > T is optimal in the
sense that a classical solution may not exist in [0,T) for T > Tj.
Optimality is easily observed by the next example.

Example. We set &,7 € R" and we take

G(r) = %7"2,

so that (E) becomes
(B { Ou— Au+ (Vueu =

U|t:o = Uy,

where ”e” is the inner product. Then the function
u(z, 1) = (Een)(nex)
1+ (Len)t

solves (E)" with the initial condition ug(z) = nez. If £ en < 0, the solution of (E)’ blows
up at t = 1/|€en|. Since Cy = €|, [|[Vugl|co = |7], this example shows the estimate T < Tj
is optimal if £ parallels 7.

Remark. (1) It is easy to see that this existence time estimate is invariant under a
rotation of space variables x. If we do not care about rotation invariance of results, there
is a sharper estimate for 1" by defining 7 by

T, = ( ut (3168 )W (5 10wl UQ)

where CY = sup, g |G/(r)], 1 <p < o0, 1< ¢ < .

(2) If we consider d;u — eAu+divG(u) = 0 for € > 0 instead of the evolution equation
(E), we still obtain the existence time estimate T > T independent of ¢ > 0. This is
easily follows from our theorem by changing the variable ¢ by s/ or by y/+/e.
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For the viscous Burgers equation:
(B) 0w — Au + udyu = 0,

the problem (E) is reduced to the initial value problem for the heat equation via the
Hopf-Cole transformation. Indeed, we set

oot = [ uy,0dy+ 100),
Fo = 0,0~ "2 50 =0

We observe that v satisfies
1
(B)  Ow—Av+ 5(8301))2 = 0.

We set w(z,t) = e3v(®) and observe that w satisfies the heat equation
ow — Aw = 0.

(The transformation form v to w is called the Hopf-Cole transformation.) Our problem
is reduced to the unique solvability of the heat equation with initial data w ~ e for
large z. The solvability and the existence time estimate is easily proved by the explicit
solution formula. The uniqueness part is more subtle but it is widely studied for example
in [10]. For the viscous Burgers equation our result easily follows from results for the heat
equation [9], [10] without a Lipschitz bound for uy. However, if n > 1 or G is general,
this argument evidently fails to apply.

A classical result of Tychonov [9] states that the Cauchy problem for the heat equation
has a unique classical solution in

ER" % [0,1)) = {f € C(R" x [0,1))| 3a, 3C > 0 such that |f(z,t)le~ " < C}.
for a continuous initial data ug(x) satisfying growth condition
|ug(z)] < Ceolel”

for some positive constants C', a.
Moreover, D. G. Aronson [1] generalized the result of Tychonov for a parabolic operator
with variable coefficients

Ly = 8tu — Z 8Z{AU(:B, t)aJU + Az(il?, t)u}
1,J

with suitable conditions for A;; and A; for u, satisfying

/n |uo(z) e~ dz < oo
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for some positive constant a. He proved that there is a unique solution in

loc

EX(R™x[0,T)) = {f c LL (R™ x [0,T))

/ e~ £2(z, t)dzdt < oo for some a > O} .
R x(0,T)

for Lu = 0 with u|;—¢ = ug.
K. Ishige [7] proved that solvability of Cauchy problem:

[ul" (-, 0) = (),

for the initial data p growing at space infinity. There are some more results for nonlinear
equations (see e.g. [7], [3]) but these results do not include (E).

A recent paper [6] of A. Gladkov and M. Guedda and R. Kersner studied the unique
solvability of

{ A(|ul~ ) = div(|VulP2Vu),

q

2
Qv _ O in R % (0,7]

— = — 4+ Al—

at  0xz? ox
with A > 0, ¢ > 1, when initial data vy is not necessary bounded. In fact, they proved
that if ug(r) < My(ag + 22)¥2@~D=7 with some positive constant My, a;, . Then there
exists a unique local solution on R x (0,7 provided that T satisfies

—(g—1) 1\ ¢
T < M, <q 1) )
Mg—1)\ ¢

If v > 0, then the solution can be extended globally in time. When ¢ = 2 the equation
agrees with (B)'. So their result qualitatively implies the local existence for the Burgers
equation. However, in general their results do not overlap with ours. Like their result it
is possible to prove the global existence when the growth order is less than linear. We
shall discuss this topic in a forthcoming paper of the second author.

Uniqueness of solutions without imposing growth conditions was recently studied by
G. Barles, S. Biton and O. Ley [2] and K.-S Chou and Y.-C. Kwong [4]. However, the
class of quasilinear parabolic equations their theory applies excludes our equation (E).

ov

Let us give the idea of the proof. If ug is bounded, (E) can be solved by the following
iteration:

Uy (1) = €2 ug — /Ot eIV (s) @ G (ug(s))ds. (1)

But if ug is not bounded, it is difficult to solve (E) by the iteration (1). So we use another
iteration:

ugir(t) = e — | Cet T (s) @ G (ug(s))ds. (2)

To use this iteration (2) it is necessary to study the solvability of the linear equation with
growing coefficients in the transport term:

Ov—Av+Vvep—uvg=0, (3)



for v € L*(0, T L>), p € L*(0,T; Ls°), ¢ € L*>(0,T; L*®). Fortunately, it is not very
difficult to solve the linear equation (3) for initial data vy € BC, where BC is the set of
all bounded continuous functions and BC), is defined by

/(@)
(@)™
Estimating the heat kernel in (2), we get the estimate:
t
[tg11 () oo < Crlluollco,r + CT/O [Vtt1(8)lloo | G' (11 (5)) [l oo, 1 5. (4)

Since uy, 1 satisfies

BC,, = {f € C(R™)

GBC}.

Osttnt1 — Atpy1 + Vg © G'(u,) =0,
OiUun41 satisfies

O (Oitnr1) + A(Oitt41) + V(Oitty1) @ G'(un) + Vg - G"(un) (O5un) = 0.
The maximum principle for (3) yields
¢
[[9]o0 < [[vo]loo +/ 14(8) loo[[(8) | oods.
0

Applying the above maximum principle for v, we get

Vg1 ()]0 < [[Vuolloo + Co /Ot Ve 11(8)] ool [ Virr (8) | oods.

By the Gronwall inequality [|Vu(t)|| satisfies

Vol

for all k.
By (4) and (5) we see that {uz} is a Cauchy sequence in L*(0,T, — &; L$°) for any
e € (0,T) so that u := klim uy, is solution of (E). It is easy to prove the uniqueness of
—00

solution of (E) by using the maximum principle for equation (3). The key underlying
estimate is an apriori estimate:

[Vuo(0)llc < [Vuollc +Co [ [Vu(s)] s

for u of (E) which yields, by the Gronwall inequality (Lemma 3.1), a bound for ||Vu(t)||co:
[Vt||oo
CQHVUOHOOt

It is natural to consider a linearly growing initial data for (E). We conclude this intro-
duction by giving a formal argument to show that at most linearly growing initial data
is allowed for existence of a solution. We postulate that u(z,t) = z®f(¢) is a solution of
(E). By (E) u must satisfy

e f'(t) = ala — Dz () + az* ()G (2 f (1))

We observe that the growth of the left hand side is ®. By the assumption of G the
growth of the right hand side is 22*7!. Hence o must satisfy o < 2o — 1 so that o < 1.

Jo(t) oo < ——



2 Estimates for the heat semigroup in weighted space

We recall several elementary properties of the heat kernel

Gi(z) = Gz, 1) = \/417716 B2

The next two lemmas are well-known but we give a proof for completeness. For a
multi-index a = (ag, - -, a,) by 8% we mean 9% = 9% --- 9% 0; = 3/0x;.
Lemma 2.1 (Derivatives of heat kernel).  Derivatives of Gy are of the form

0"Gy(x (H Pa; (Tt ) +(7)
with some polynomial of z; and t~! of the form

Pa; = Pa; (l‘i)t) = Z Cm,n@";nt_"-

m<n<a;
Proof. It is sufficient to prove in the case of a = (a1,0,---,0).
x
4 (o (21, 0Gu(@)) = (19us (21,6) = S1pus (01,)) Gule).

A standard induction argument yields Lemma 2.1 (In fact, p,, (x;,t) is a constant multiple
of (4t)%(—1)"H,, ((4t)"/?z;), where H,_ is the Hermite polynomial defined by (e~*" )& =
(=17 Hy(s)e ") . O

Lemma 2.2 (Polynomial multiplication).  For a multi-index a the identity holds

"Gz (H > 4lt ) +(x)

=1 0<5<a;

with some polynomial ¢;,(t) of the form

iji(t): Z thk

J<k<a;
Proof. It is sufficient to prove in the case of a = (a4,0,---,0).
G (2) = 1 ; 04 (DD1Gy(2)
— a3 (0o 0G0
j<ar
— ; g;,i(t) (—215 (—%pj(xl,t) + 31pj(3:1,t)) + 2t81pj(x1,t)> Gi(z)
= JZ ;,i(t) (=2tpjy1(z1, 1) + 2t01pj(z1, 1)) Gi(2)
=3 210,00) () + Oy 01,8 Golo)
i<a1



A standard induction argument yields Lemma 2.2. O

Lemma 2.3 (Estimate of heat kernel in weighted space). There is a constant
C = C(n) such that

e Fllooq < CL+ VD flloon

holds for all f € LY(R™), t > 0.
Proof.  An elementary calculation shows that

2 1+Z vi — i) hi (),

with h; ,(y) defined by

Clearly, we have
sup sup [|h;z [0 = 1.
1 4

We now calculate (x)~*e!® f to get

5 Jon Gl =) )y
[ Y- y)Mdy

o) T )
— /Rn 1+ hie y)(xi—yi)) Gt(x—y)%dy
. ) f(y)

Estimating L°°-norm we obtain

"2 Flloos < [1flloos + 2tn SUp sup Ve (hizg-1.f)loo

< |[flloo,s + 2tn
2n

= || flloos + —=
\/_
< CA+ V| fllsoa-

Here we have used L™ — L® estimates: [[€®2k|oo < ||&|lco, ||[VEF2E|oo < Ot 2|k oo, With
some C' > 0 independent of k. O

\/—||f||oo 1

A similar argument yields estimates of derivatives in weighted spaces.
Corollary 2.4. There is a constant C = C(n,m,a) such that

10" Flloogm < CZ 55 Flloogm
k=0

7



holds for all f € L° andt > 0.

Lemma 2.5 ( Hélder continuity of the heat kernel in weighted space).  There is a
constant C = C(n, ) such that

€] = €2 flloat < C ((t =) + (t = )t} [ f]]oos

holds for all 0 < s <t and 0 < o < 1.
Proof.  We set g,,(z) = (x)™™. In a similar way of proving Lemma 3.3 we have

[ F = 2 flloo

< (e =€) @uDlls + 2nsupsupl| (1Ve'™ = 5Ves) (izgi e
< (e =€) (g1 leo
+ 2nsupsup (|| (£Ve' = sVe'™) (hizg1 f)lloo + 1| (sVe'™ = 57€2) (hieg1)loo)
< (Calt — )%™ + 20(Calt — 8)717 + Cos(t — 5)°5~°71/%)
< (Calt — S) % 4 on(Cp(t — $)tTH2 4+ Oyt — 5)2s70F1/2))
< O((t— 9™+ (t = )| Flloos

In a similar way of proving Lemma 2.5, we obtain a more general version.
Corollary 2.6. There is a constant C' = C(n, m, a,«) such that

m—1
< C(’f—s ‘“Zs’“” (=S )
k=0

holds for all 0 < s <t and 0 < o < 1.

Remark 2.7.  In this paper we use these estimates in finite time interval (0,T) so
we give the following version of the estimates in Corollary 2.4 and Corollary 2.6.

HaaetAfHoo,m < CTt—m'/Q“fHoo,m (0 <Vi < T)a

0% — e52) < Cp({t—9)%s %+ (t — 5)15_1/2)8_““/2||f||oo,m (0< Vs <Vt<T).

Here C'r is a constant independent of f and t, s but may depend on T




3 Gronwall type inequalities

In this section we recall several versions of Gronwall type inequalities.

Lemma 3.1. Assume that f € L*°(0,T), g € L*(0,T), satisfies f,g > 0 a.e. t.
Assume that h is a positive nondecreasing function on (0, 00). Assume that c is a positive
constant. Let H be a primitive function of 1/h.

If f satisfies

fy<e+ [ " g()h(f(s))ds for aet € (0,T),
then

Hf() - Ho) < | “g(s)ds for aet e (0,T).

From now on we suppress the word "a.e.”.
Proof. We set

Ft) = c+ /Otg(s)h(f(s))ds.

Then d
() = g(h(F(1)) < g()A(F(2)).

Integrating this differential inequality, we get

H(F(®) - HEO) < [ g(s)ds.

Since h is a positive, the function H is a monotone increasing function. Thus we conclude
that

H(f(1) ~ H(O) < [ g(s)ds. O

Remark 3.2. (1) If H has the inverse, Lemma 3.1 implies

s < i (e + [ t o(s)ds) .

In this paper we apply Lemma 3.1 when h(r) = 7% and H(r) = r. If h(r) = r?, Lemma

3.1 implies that f satisfies
c

0= T et

when c¢ is positive. Of course, we may send ¢ to zero in this case. If h(r) = r, Lemma 3.1
implies that

f(t) < cedo 95125,

(2) In Lemma 3.1 we assume f > 0, h > 0, ¢ > 0. However, if h satisfies h(r) = r, it is
not necessary to assume that f > 0 and that ¢ is a positive constant. Moreover we may
take ¢ as a function.



We shall state it for convenience. Assume that &k € L*(0,7), and g € L'(0,T) and
g > 0. Assume that f € L*(0,T) satisfies

£0) < ko) + [ o)1 ()ds, te ©.1).
Then f satisfies
f@)gk@)+[ﬁﬂ$k@kﬁ“”“d& i (0,T).

This inequality is known as the famous Gronwall inequality and it is included in many
standard text books.

We shall give an application of the Gronwall inequality.

Lemma 3.3. Assume that h € L*°(0,T) and that F : [0,T) x [0,00) — R is
locally bounded and r — F\(t,-) is a nonnegative nondecreasing function for all t € [0,T).
Assume that k € L>(0,T) (k > 0) satisfies

t
k@:h@+/k@F@um@,temT)
0
Assume that f,g € L*(0,T) satisfy f,g > 0 and that

£0) < b))+ [ F5)F(s,0())ds, 1 (0,7).

If g satisfies
then f satisfies

Proof. By assumption
£~ k) < b+ [ FG)E(s,9()ds — hit) — [ K(s)F(s, K(s))ds
< [ (F(5) = k() F (s, k(s))ds.

By Remark 3.2 (2) we have
f(t) — k(1) < 0.0

4 Maximum principle

We prepare a maximum principle for equations with a growing coefficient in the transport
term. Our results are by no means optimal but it is enough for our purpose.

10



Lemma 4.1. Assume that

uy € C(R™)NL>®R"),
pi €ECR"xI[0, T)NLLR" % (0,T)), 1 <i<mn,
g €CR"x][0,T].

Assume that u € L*(R™ x (0,7)) N C([0,T) x R") is a classical solution of

=1

{ Ou— Au+> pdiu+q=0inR" x (0,7),
U|t:0 = Ug-
Then u satisfies .
() oo < [luolloo +/ la(s)l|cods.
0
Proof. We set .
o(t) = ult) = uolloo = [ lla(s)loeds

Then v satisfy v(z,0) <0 and

du— Au+ > pidiu+q+gt)]e =0,
=1

in the distribution sense. We set

Then w satisfies w(z,0) < 0 and

0w — Aw + Y pidw +w + e~ (g + [la(t)|0) = 0.

i=1
We set
w® = w — ¢ log(x).

Then w® satisfies w®(z,0) < 0 and

n
ow® — Aw® + Zpiawiwg + w®

i=1

te (1og<x> - Za log(a) + 3" 0, 1og<x>) e (g + lg®)llo) = 0.

i=1

Suppose that

sup w=a > 0.
R™x[0,1]

Then for sufficiently small g > 0, w® satisfies

.«
sup w® > —,
R"x[0,T] 2

11



for all 0 < € < &y. Since w* is negative at space infinity, w® has a maximum point (z.,t.),
ie.
sup w® = w(z.,t.) > —.
R" x[0,T] 2

We take £ small so that

H 282 log(x +Zp13xl log(z)

=1

<
LoRoxoT]) €

since the left hand side is finite by the assumption of p = (py,...,pn). Since (z.,t.) is a
maximum of w®, we observe that

n
ow® — Aw® + Zpﬁ w4 w®

+%m zymg—gyﬁmaﬂ e g+ [¢®llee) > 0 in By(ast,)

=1

for sufficiently small p > 0, where B,(z.,t.) is a closed ball of radius p centered at
(xe,te) € R™ x (0,T). This contradicts the equation for w*® so we conclude that w® < 0.
Sending ¢ to zero, we have v(z,t) <0, Le.

(o) < ol + [ N0(6)owds

A symmetric argument yields

(1) 2 ~uolles = [ lla(s) ol

and the proof is now complete. O

5 Linear problem in a weighted space

We prove that solvability of a linear equation

Ou — Au + Zpiaiu +qu =0,
(L) i

U|t:0 = Ug,

with growing coefficients at the space infinity.
Definition. By a mild solution of (L) we mean that u € C(R" x [0,T)) satisfies

u(t) = etAug—/Ot Ve(t—S)Aop(s)u(s)ds%—/ot e(t—s)A(divp(s))u(s)ds—/t e(t—s)Aq(s)u(s)ds,

0

where P = (p17 e 7pn)
Lemma 5.1 (Existence and uniqueness for bounded initial data). Assume that
pi € L*((0,T): Xg)NnC(R™ x [0,T]),
aipia q € BC(Rn X [Oa T])a
up € BC(R™),

12



where BC' is a set of bounded continuous functions. Let o € (0,1) and m > 0 and assume
that
pi, Oipi, q € C*((0,T) : L).
Then (L) has a unique classical solution uw € BC(R™ x [0,T)).
Proof. Step. 1 (Construction of a mild solution). ~ We construct a mild solution
u € BC(R"™ x [0,T)) for integral equation.
(a) Approximation.  Let ¢ € C§°(R™) be a cut off function of the form satisfying

and |[¢(z)] < 1 for all z € R™ For k € N we set ¢(z) = ¥(z/k). We set py =
(P1s -y Png) = Yep. Then {py} C C(R™ x [0,T]) is a locally uniformly convergent
sequence. Moreover

sup ||pik(t)llxp < oo
1,k,0<t<T

Let ux, € BC(R™ x [0,T)) be a classical solution of

=1

n
{ Ayur — Aug + Y ps pOiuk + qui, = 0,
Uklt:o = Up.

The unique existence of a classical solution is well-known [8]. By Remark 3.2.(2), u

satisfies
[up ()]0 < [uolloce™ =, ¢ € (0,T).

Hence
Hu} € {we}, Fue L®R" x (0,T)), s.t.
w—u in L°(R" x (0,T)) *-weak sense,

and
gmty — gnu  in L(R™ x (0,T)) =*-weak sense Vm > 0,

—m

where g,, is defined by g,,(z) = (x)
(b) Convergence. By definition of {pix}, it is easy to prove that

sup ||pxllxz < o0,
k,0<t<T

Dijk — Pis
ik — Oipi;

the convergence is locally uniform. We shall prove
¢
| et divpu(s)us)ds / 92 (divp(s))u(s)ds,

/Ot(ts (s)uy(s)ds —>/ =324 (s)u(s)ds,
Fi(z, 1) —gl/Vet A o py(s)uy(s)ds —>g1/Ve(t 92 e p(s)u(s)ds =: F(z,t),
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as | — oo, x-weakly in L*®(R" x (0,7T)). The first two convergences are easy to prove, so
we only give a proof of the last convergence. We observe that

/ /n (z,t)F)(x,t)dzdt
- / / (z,7) (gl / / (VaG(z —y,t — 5)) e pu(y, s)ui(y, S)dyds) dxdt

- / / / / o(r,1)g1(x)(V.G(z — y,t — 3)) @ pi(y, s)wly, s)dzdtdyds
= —/O /Rn Pi(y; s (/ /n (V,G(x —y,t—9))p (x,t)gl(x)dxdt) w(y, s)dyds,

for all ¢ € C°(R™ x (0,7T)). Since p; converge to p locally uniform, we see that
</ / (VyG(z —y,t = 5))e (ﬂ%t)gl(x)dxdt)
</ / (VyG(z —y,t —s))p ($,t)g1(x)dxdt)

strongly in L'(R™ x (0,7"))). We thus conclude that

/OT/n o(z,t)Fy(z, t)dzdt — /OT /Rn o(z,t)F(z,t)dzdt,

as [ — oo. This uniform bound for {«;} in (a) implies a bound for {F}}. Since C§°(R™ x
(0, 7)) is dense in L'*(R™ x (0,T))), we now conclude that F; — F' (I — oo) »-weakly in
L*(R™ x (0,7)).

Since u; solves the approximate equation, by our convergence results we observe that
the limit of u € L>®(R™ x (0,T)) satisfies

u(t) = emuo—/ot Ve(t_s)Aop(s)u(s)ds—F/Ot e(t_s)A(divp(s))u(s)ds—/t e 2q(s)u(s)ds.

0

Step. 2 (Regularity and continuity). =~ We shall prove the Holder regularity and
continuity for ¢ > 0 and continuity at ¢ = 0.

By using Corollary 2.6 and the integral equation we see that u satisfies u € C*((0,7"); L$°)
with o < 1/2. Since the initial data ug € BC(R"), it is easy to see that ug € BUC (R’ )

here
f@)

{z)m
here BUC is the space of all bounded uniformly continuous functions. Since u solves the
integral equation, and since e'*uy € C ([0, T'); BUC}), we conclude that u € C([0, T); BUC}).
Thus v € BC(R™ x [0,T)).

Here we have invoked the Holder regularity assumptions of p;, d;p;, ¢. For further
regularity see for instance [5]. If w € BC(R" x [0,7)) is a classical solution of (L), then
by the maximum principle (Lemma 4.1) we conclude the uniqueness of a solution. O

BUC,, = {f e C(R")

EBUC’};

Remark 5.2. It seems to be difficult to prove the uniqueness directly by estimating
integral equation.
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Corollary 5.3 (Existence and uniqueness for growing initial data). Assume that p
and q fulfill the assumptions of Lemma 5.1. Assume that

Ug € BCm(Rn),
where BC,,(R") be of the form
BC,,(R") = {f e C(R") ’ % € BC(R") }

Then (L) has a unique classical solution v € L2 (R"™ x (0,T)) NC(R™ x [0,T)).
Proof. We set

Di = Pi— 2mg_o%;,
i1
§ =q+m> pigozi —mg_s((m—2)|z]* + ngs),
=1
Uy = GmUg-

We apply Lemma 5.1 and observe that there is a unique classical solution @ of

=1

{ Ot — At + Y pidit + §a = 0,
Ult:() = 'LL~0.

We set u = g_,,, 1, then u is a classical solution of (L). The uniqueness follows from that
of 4.

6 Proof of Theorem
For p € L*((0,T); Xp) let u € L*((0,T); Xp) be the solution of

du — Au+ Vu e G'(p) =0,
Ult:() =ug € Xp.

The unique existence of u is guaranteed in Corollary 5.2. We denote the mapping p — u
in L*((0,7); Xg) by S. We define a sequence of functions {uz}2, in L*((0,7); Xp) by

uy = ePug , upq = S(uy) for k> 1.

Then, by definition, {u} satisfies

Upy1 (1) = e ug — /Ot eI (Vi1 (s) G (ug(s)))ds.
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By the estimate for the heat semigroup in weighted space (Remark 2.7) we observe that

[[tr41 () |l oot .
Crllugloo,n + CTcl/ |V ttre41(5) |l oo {llw ()| 0,1 ) s (6)

< Cr (Iualws +Cs [ 19 (Mes) + GrCs [/ 19001 elus(9)

IA

AN

oo,lds
Since {0;uy} satisfies

O4(0jupt1) — A(Ojupt1) + 0;(Ojupy1) @ G'(ug) + OjupVug1 ¢ G"(ug) = 0,
the maximum principle (Lemma 4.1) for 0;uy implies that

[05uk41(8) o < [105u0]l0o + /Ot 10jtk+1(8)|ool| Vg1 © G (ug) || cods.

Multiplying both sides with §; > 0 and taking the summation over j, we obtain

10;uk41(t) |05 <
j=1 ;

We take the supremum of £ = (£1,...,&), [¢] = 1, where [£] = (X7 [&[*)/? to get

0510l + ] 32 105101 (5) s V11 G ). (7

IVuks1(B)]loo < (| Vo]0 + Co /Ot [ Vttkr1(8)]ool Virk (5) | oods.

by the Schwarz inequality. We now apply with Lemma 3.3 with F(t,7) = Cor, h(t) =
IVuglloo, f(t) = [[Vuks1(t)]|oos 9(t) = ||uk(t)||oo- By this choice of F' we observe that

_|IVuleo
K = 1 O Vot

Applying Lemma 3.3 with (7) inductivity, we conclude that ||Vug(t)|le < k(2), t € (0,T)
for all k£ € N, provided that T' < 1/C5||Vugl|. By (6) we see that

[wet1lloot < R(E) + C1Cr /Ot k(s)|[ur(s) || oo, ds
with

h@:@mmm+@aﬁ%@@

We again apply Lemma 3.3 with F(¢,7) = k(t)r, f(t) = ||ukt1lloot, 9(t) = |Jug||co and
conclude that

Juelloes < B2) + [ B(s)h(s)eli s

Thus we conclude that ||ug(t)||oon < k(t), t € (0,T) for all k£ € N provided that T' <
1/C5]|Vugl|oo- We observe that {uy} is bounded in L*((0,7); Xg) if T < 1/Cs||Vug||oo-
We shall estimate the deference:

Wg = Up1 — Uk-
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By definition wy satisfies
Oywy, — Awg, + Vwy, @ G'(ug) + Vuy @ (G'(uy) — G'(ug_1)) = 0.

We change the dependent variable by

and observe that

Uk — AW o "(u o VW —71(3:)2 gl L . 7G,(uk) w
Out = & k+<(x>+G( ’“)) Vi @ +<x§ (x) ) :
4 @G/(@?)f%) — mG'((x)ﬂk_l)) o Vu, = 0.

By the maximum principle (Lemma 4.1) we obtain

t t
e (®)llow < My [ 5-1(3)lloods + Ma [ 101(5) oo,
where M; and M, are defined by

My, = sup |[Vug(7)| s
k0<r<T

2
M, :n+1+n01\ll+< sup Huk(T)“oo,l)

k0<T<T

Thus we have
ek (2o < My [ 0k(5) ol M [ [un(5) o s,
By the Gronwall inequality (Remark 3.2(2))
ok @llos < M [ s 20w + Miboe T [ [ o a7
< My [ e lloonods + MiMoe" T [y oo, s
= (M1 + MM T [0,

where |||wgk—1|||co,1, is defined by

lwklloo,t = sup [lwi(7)][oo,1-
0<7<t

Therefore,
t
e llooe < (M1 + M1M2€M2TT)/0 [

oo,l,sds-

We thus conclude that {uy} is Cauchy sequence in L*>°((0,7); L$°). Let u be its limit.

Since {Vuyg} is bounded in L*(R"™ x (0,T)), there exists v € L*°(R™ x (0,T)) and a
subsequence {Vu;} C {Vug}, such that v is the limit of {Vu;} in L*(R" x (0,7)) in
x-weak sense. Moreover v = Vu in distribution sense.
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Since u; converges to u locally uniformly and the Vu; converges to Vu in x-weak sense
in L*(R" x (0,7)). We see that

g1 /Ot et=9)A (Vu(s) @ G'(uj_1(s)))ds — g1 /Ot elt=9)A (Vu(s) e G'(u(s))) ds

as | — oo, *-weakly in L®(R™ x (0,7")), where ¢g;(z) = 1/{z). The proof of this conver-
gence is similar to that of Lemma 5.1.
We thus conclude that

u(t) = g + [ Lt (Tu(s) 0 G (uls))) ds.

In other words u is a mild solution of (E). By Corollary 5.3 we observe that u is a classical
solution and u € C([0,T); L{°). By the maximum principle (Lemma 4.1) it is easy to
prove the uniqueness of a classical solution of (E). O
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