HOKKAIDO UNIVERSITY

Title On an underlying structure for the consistency of viscosity solutions
Author (s) Yamauchi, Kazuyuki
Citation Hokkaido University Preprint Series in Mathematics, 586, 1-12
Issue Date 2003-02
DOI https://doi.org/10.14943/83731
Doc URL https://hdl. handle. net/2115/69335
Type departmental bulletin paper
File Information re586. pdf

kaido
wo¥ U"/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




ON AN UNDERLYING STRUCTURE
FOR THE CONSISTENCY OF
VISCOSITY SOLUTIONS

Kazuyuki Yamauchi

Series #586. February 2003



#560
#561
#562

#563

#564
#565
#566
#567

#568
#569

#570

#571
#572
#573

#574
#575
#576

#5577
#578

#579
#580

#581
#582

#583

#584

#585

HOKKAIDO UNIVERSITY
PREPRINT SERIES IN MATHEMATICS
J. Kato, On the uniqueness of nondecaying solutions for the Navier-Stokes equations, 19 pages. 2002.
M. Jinzenji and T. Sasaki, An Approach to N' =4 ADE gauge Theory on K3, 29 pages. 2002.

T. Nakazi and T. Yamamoto, Norms of some singular integral operators on weighted L? spaces, 27 pages.
2002.

A. Harris and Y. Tonegawa, A 08-poincaré lemma, for forms near an isolated complex singularity, 8
pages. 2002.

M. Takahashi, Bifurcations of ordinary differential equations of Clairaut type, 23 pages. 2002.
G. Ishikawa, Classifying singular Legendre curves by contactomorphisms, 17 pages. 2002.
G. Ishikawa, Perturbations of Caustics and fronts, 17 pages. 2002.

Y. Giga and O. Sawada, On regularizing-decay rate estmates for solutions to the Navier-Stokes initial
value problem, 12 pages. 2002.

T. Miyao, Strongry supercommuting serf-adjoint operators, 34 pages. 2002.

Jun-Muk Hwang and K. Yamaguchi, Characterization of Hermitian symmetric spaces by fundamental
forms, 10 pages. 2002.

H. Ishii and T. Mikami, Convexified Gauss curvature flow of bounded open sets in an anisotropic external
field: a stochastic apporoximation and PDE, 37 pages. 2002.

Y. Nakano, Minimization of shortfall risk in a jump-diffusion model, 10 pages. 2002.
K. Izuchi and T. Nakazi, Backward Shift Invariant Subspaces in the Bidisc, 8 pages. 2002.

S. Izumiya, D. Pei and M. C. Romero-Fuster, The horospherical geometry of surfaces in Hyperbolic
4-space, 17 pages. 2002.

S. Izumiya and M. C. Romero-Fuster, The hyperbolic Gauss-Bonnet type theorem, 10 pages. 2002.
S. Izumiya and S. Janeczko, A symplectic framework for multiplane gravitational lensing, 19 pages. 2002.

S. Izumiya, M. Kossowski, D. Pei and M. C. Romero-Fuster, Singularities of C*°-lightlike hypersurfaces
in Minkowski 4-space, 18 pages. 2002.

S. Izumiya, D. Pei and M.Takahashi, Evolutes of hypersurfaces in Hyperbolic space, 21 pages. 2002.

Y. Giga, S. Matsui and S. Sasayama, Blow up rate for semilinear heat equation with subcritical nonlin-
earity, 29 pages. 2002.

M. Tsujii, Physical measures for partially hyperbolic surface endomorphisms, 71 pages. 2003.

Y. Giga and K. Yamada, On viscous Burgers-like equations with linearly growing initial data, 19 pages.
2003.

T. Nakazi and T. Osawa, Spectra Of Toeplitz Operators And Uniform Algebras, 9 pages. 2003.

Y. Daido, M. Ikehata and G. Nakamura, Reconstruction of Inclusions for the Inverse Boundary Value
Problem with Mixed Type Boundary Condition, 18 pages. 2003.

Y. Daido and G. Nakamura, Reconstruction of Inclusions for the Inverse Boundary Value Problem with
Mixed Type Boundary Condition and Source Term, 26 pages. 2003.

M.-H. Giga and Y. Giga, A PDE Approach for Motion of Phase-Boundaries by a Singular Interfacial
Energy, 19 pages. 2003.

A.A. Davydov, G. Ishikawa, S. Izumiya and W.-Z. Sun, Generic singularities of implicit systems of first
order differential equations on the plane, 28 pages. 2003.



ON AN UNDERLYING STRUCTURE
FOR THE CONSISTENCY OF
VISCOSITY SOLUTIONS

Kazuyuki Yamauchi
Chuo-ku Minami 20 Nishi 14 3-14-2
Sapporo 064-0920, Japan

ABSTRACT: To consider phenomena of physics and economics, we need solu-
tions in weak sense, one of which is the viscosity solution. Its definition has many
variations to indicate the uniqueness and the existence of solutions. This paper
attempts to give a framework which unifies viscosity solutions synthetically.
AMS (MOS) Subject Classification. 491.25,06A06

1.INTRODUCTION

The theory of physics and economics derives various models from a lot of
phenomena, some of which base on the theory of partial differential equations
(PDEs).

Classical solutions to elliptic type PDEs have the ordered structure which is
known as the comparison principle. (There are many important results for this
structure, some of them are studied by [8] and [9].) This structure makes the key
of weak solutions which is called viscosity solutions. The reader is referred to [1],
[2], [5], [6] and [7] for the theory of viscosity solution. This weak solution gives
us effective methods for example the geometric analysis([3],[4]).

Many researchers of mathematics, even those who puzzle over the fragility of
the differential structure, have recognized that the viscosity solution is a solution
to PDEs. Although there is no assurance for ‘solution’ to have derivatives in any
sense, it is dealt as a solution to equations which are made of its derivatives.
However is such a ‘solution’ appropriate in analysis? Does the similarity among
models indicate the one among phenomena? These problems are unescapable
when we apply theory to models which may not be expected to have the struc-
ture in the classical sense. In this paper the author attempts to confirm the
structure which builds the skeleton of the viscosity method and to supply an



alternative viewpoint which helps the viscosity solution to be identified.

In order to mull over this theme we recall the definition of the viscosity so-
lution. There are a number of ways to define it, which are equivalent with each
other in usual. In this paper we adopt the one that uses local maxima and min-
ima, for it is easy to observe the logic which is typically used in discussions on
the viscosity solution.

For a little while, to explain the point of this paper, we let F[z;u] : Q X
C?(Q2) — R be elliptic in the following sense; F[z;¢] < F[z;4] if ¢ — 1 has a
local maximum at z. (Some one may worry if this property might denote the el-
liptic type PDEs. §5 concerns probing this item.) Thereunder, we call u € C(2)
a viscosity supersolution (resp. subsolution) of F' if F[z;¢] > O(resp. < 0) for
every (z,¢) € Q x C*(Q) which makes u — ¢ maximal (resp. minimal) locally at
. We then call u a viscosity solution when u is both a viscosity supersolution
and a viscosity subsolution.

This notion of viscosity solutions is thought to be generalization of classical
solutions just because of the following two reasons:

e A classical solution of an elliptic PDE is a viscosity solution of the same
PDE.

e A viscosity solution in the C? class is also a solution in classical sense.

This reason seems to be acceptable, however if the concept does not uniquely
extend, it turns out that many weak solutions flood over. The point of this note
is to construct the notion of the solution by binary relations. Especially we use
quasiorders, which satisfy the reflexive law and the transitive law but may not
generally satisfy the antisymmetric law, i.e.

Yu,veX u<vandv<u = u=uo.

This construction is helpful to observe the structure of solutions and to see why
they are ‘solution’ to PDEs.

We prepare a few properties of binary relations in §2. In §3 we formalize
the equation in the viscosity sense by quasiorders. In §4 we study the structure
which weakens the notion of solutions. In §5 we consider the elliptic type PDEs
by binary relations. A typical result is stated in Theorem 5

2. PRELIMINARY

Definition 1 For a family of binary relations F, (F denotes the binary relation
that satisfies

u(ﬂ]—")v(}ngR € F uRw.



Definition 2 For a family of binary relations F, \UF denotes the binary relation
that satisfies

U (U .7:) v (}éf dR € F such that uRwv.

Definition 3 For a binary relation R, R® denotes the binary relation that satis-

fies
uR%v %%f uRv does not hold.

We also use £, etc. despite of this notation.

Definition 4 Let R, and Ry be two binary relations on X. We say that Rs
includes Ry (or Ry is stronger than Ry, etc.) when they satisfy that

Yu, v € ¥ uRiv= uRyv.
This shall be denoted with Ry — Rj.

Remark 1 Suppose that R, — R,. If Ry is total, then R, is also total.

Definition 5 (quasiorder) Let X be a nonempty set. A binary relation 3 is a
quastorder on X if it satisfies the following properties;

1. (reflexive law) Yu € ¥ u 3 u

2. (transitive law) Yu,v,w € X
ifu3vandv 3w, then u 3 w.
Example 1 Every equivalent relation is a quasiorder.
Definition 6 For a quasiorder 3, the equivalence ~ defined by
U~V g%f u3vandv3u

shall be called the equivalence associated with 3. u < v denotes that u 3 v and
U o .

Example 2 Let S be a nonempty set and let F(.S) be a set of functions on S. For
z € Sand u, v € F(S5), let u 3, v denote the fulfillment of inequality u(z) < v(z).
Then =, is a quasiorder on F(5).

The following example is the one that appears in the definition of the viscosity
solution.



Example 3 For x € R", let ¢ be the stalk of C" functions at z. If u < v means
that v — u has a local maximum at z, then 3 is a quasiorder on €7,.

Example 4 Let ¢, be the same as in the example 3. Suppose that u 3, v means
the following;

Af(-)=o (| . —m|2) such that v —u — f has a local maximum at z.
Therewith, 3, becomes a quasiorder on €.
Remark 2 The quasiorder in the example 3 includes the one in the example 4.

The following is related to the analysis on the geometry such as [3] and [4].

Example 5 Let X be a topological space and let A'(x) be the neighborhood
system of x € X. Suppose that

G, ={SCX; xe€0dS}.

Then, a binary relation <, on &, defined as

S48 EaNeND) st. SNNCSINN  for 5,5 e,
is a quasiorder.

Example 6 Let ¢ be the same as in the example 3 and 3, be a quasiorder on
¢r. If (z,u) 3 (y,v) means that

Jo € C"(R";R") such that 2 =0(y) and woo 3, v
then = is a quasiorder on 9 = ij{:zz} X €.
Proposition 1 For any family of quasiorders F, there is a unique quasiorder
27 which satisfies the following;
LVYZEF Zr—3
2. If a binary relation R is stronger than any 3€ F, then R —ZF.

Example 7 Let =< be a quasiorder and let v <’ v mean v < u. Then, the
equivalent ~ associated with = satisfies

~ = < <!
{23

Proof of Proposition 1
If F is a family of quasiorders, (N F is a quasiorder. This is the one that we want.O



Proposition 2 Let F be a non-empty family of binary relations. Suppose that
for any Ry, Ry € F there is a quasiorder 2€ F which satisfies

Ry —X and Ry —=.
Then, there is a unique quasiorder 37 which satisfies the following;
1. VReF R<—Z3r

2. If a binary relation R is weaker than any 3€ F, then 27— R.
Example 8 If 7 = {3,},. and
VneEN  Zn—3Znt1
then, F satisfies the assumption in the above proposition.

Proof of Proposition 2
Under the assumption of proposition 2, JF is a quasiorder. This is the one that
we want. |

3. ORDER-RESERVING FUNCTION AND INEQUALITY
IN THE VISCOSITY SENSE

In this section we formulate the inequality in the viscosity sense.

Definition 7 Let 3 be a quasiorder on X. F : X — R reserves the order with
respect to 3 if and only if it satisfies that

Yu,v €x u3v= F(u) < F(v).

The following define the inequality in the viscosity sense. LE and GE roughly
mean < and > respectively.

Definition 8 Let 2 be a quasiorder on X and let A be a subset of X. Suppose
that F' : 20 — R reserves the order with respect to 3.

1. Foru € X and r € R, the statement

[F;u] LE r  with respect to (Z,2)

~)

means that
Voer pz3u=F(p) <r.



2. Foru € X and r € R, the statement

[F;u] GE r

means that

with respect to (Z,2)

Voed uip= F(p) >r.

3. The statement

[F;u] Er
means that both

[F;u] LE r
and

[F;u] GE r
are true.

Proposition 3 Suppose that s < r.

1. If
[F;u] LE s
1s true, then
[F;u] LE r
15 also true.
2. If
[F;u] GE 7
1$ true, then
[F;u] GE s

158 also true.

Proposition 4 Suppose that u 3 v.

1. If
[F;v] LE r

1$ true, then
[F;u] LE r

18 also true.

with respect to (3, )

with respect to (3,%)

with respect to (3,%)

with respect to (3, )

with respect to (3,2)

~)

with respect to (3,2)

~)

with respect to (3,2)

~)

with respect to (3, )

with respect to (3,2)

~)



2. If
[F;u] GE r with respect to (3,2)

1S true, then
[F;v] GE r with respect to (Z,2)

18 also true.

Lemma 5 For everyr € R and u € X the following two properties are equivalent.

1.
[F;ul Er  with respect to (Z,9).

sup{F(p); o 3u, peA}<r<inf{F(p);uzp, peA}.

Remark 3 By lemma 5 we notice the relationship between classical solutions
and weak ones. Namely, suppose that F': X — R reserves the order with respect
to < and let 2 be a subset of X, then the following properties hold.

1. For any u € X
[Fla;u] E F(u) with respect to (Z,2).
2. If r € R satisfies that

[Fla;u] Er  with respect to (3,2)

~)

and if there is ¢ € 2 which satisfies ¢ ~ u, then r = F(u)

The first assertion refers that the solution in classical sense is a solution in weak
sense. The second assertion means that the value of F' in weak sense coincides
with the one in classical sense where F' is defined.

Lemma 6 Let %A, X be the same as the above and F' be an order-reserving function
on A. Then, for u € X and r € R, either

[F;u] LE r  with respect to (3,2)

~)

or
[F;u] GE r with respect to (3,2)

must hold.



Definition 9 1. Foru € %,
[F;u] E — o0 with respect to (3, )

means that
[F;u] LE r with respect to (3,%)

holds for all r € R and that there is no s € R which satisfies

[F;u] GE s with respect to (Z,9).

2. Foru € x,
[F;u] E 4+ 00 with respect to (3,2)

means that
[F;u] GE r with respect to (3,2)

holds for all r € R and that there is no s € R which satisfies
[F;u] LE s with respect to (Z,2).

Theorem 1 For any u € X, one of the following holds;

i
dr € R such that [F;u] Er with respect to (Z,2).
2.
[Fiu] E + 00 with respect to (Z,9).
3.

[F;u] E — o0 with respect to (3,2).

Theorem 2 Let F': 2 — R be a function reserving the order with respect to 3
and let uRpv mean that

Vo e p3u = [F;v] GE F(p) with respect to (3,9).
Then, for the binary relation Rp, the following properties hold.
1. 2— Rp.
2. Yu,v € ¥ uRpv or vRpu.
3. Yuex uRpu.

4. Yu,wexVYved IfuRpv and vRrpw, then uRpw.



5. Suppose that
Yu,ved u<v = F(u) < F(v).

Then,
Yu,ve€A u<v = vRju.

4. WEAKENING THE NOTION OF SOLUTIONS

Definition 10 Let (3,2) and (Z',%8) be pairs composed by a quasiorder and a
subset of X. Then, (Z',8) < (3,2) denotes that 3'—3 and B C 2.

If FF: 2 — R reserves the order with respect to X, it also reserves the order

~)

with respect to any stronger quasiorder than <. Concerning this property the
following holds. This asserts that the solution constructed by (Z',%) is weaker
than the one constructed by (3,%) when (3/,%8) < (3,%).

Proposition 7 Suppose that (3',%8) < (2,92)
1. If

~)

[F;u] LE r with respect to (3,%)
18 true, then
[Fls;u] LEr  with respect to (3',8)
15 also true.

2. If
[F;u] GE r with respect to (Z,2)

18 true, then
[Fls;u] GEr  with respect to (3',9)
s also true.

Theorem 3 Let F = {(Zx, %)}, be a family of pairs composed by a quasiorder
and a subset of X. Suppose that for (31,21),(Ze,%2) € F there is (3,2) € F
which satisfies

(jla Q[1> S (ja m) and (i?) m2) S (jn Ql) S
Let F : 2y — R be an order-reserve function with respect to 3, and suppose that
FA|mmmu = Fu|mmmu-

Then, there is an order-reserving function G : U2y — R with respect to U{3a},
Y

which satisfies Gy, = Fx. Moreover, for r € R and u € X the following two are
equivalent.



1. For any A
[Fy;u] LE r with respect to (Zx, ) -

[G;u] LE r with respect to (U {jA}/\,U%\> )
A

This property also holds if LE is replaced by GE.

5. DEGENERATE ELLIPTIC TYPE EQUATION

To conclude our paper we shall review facts on elliptic PDEs with quasiorder.

Definition 11 Let ¢2, ¢! defined as in example 3. Let u 3L v mean u(z) < v(z)
and let <2 be a quasiorder as example 4 and suppose

1,2 1 .2

For (z,u), (y,v) € ¢® = U{x} x €2, suppose that (z,u) 3* (y,v) means that
x

there is a parallel transformation o such that
z=o0(y), uoajzv.

Then, an order-reserving function F : ¢ = J{z} X ¢2 — R with respect to <2
x

15 called simple and elliptic.

Lemma 8 Let F' be a simple and elliptic function. Suppose that u(z), Du(x),
D?u(x) equal v(y), Dv(y), D*v(y) respectively. Then, F(z,u) = F(y,v).

Theorem 4 Let S™ be the set of symmetric matrices of degree n. For X, Y € S",
let X <Y mean that

VEER" (X6 <(Y(E).
Suppose that w: ¢ — 3 =R X R® x S" is
m(z,u) = (u(:c), Du(x), D2u(ac)> :
Then, for F : 3 — R, the following two conditions are equivalent;
1. Forp<qand X <Y, F(p,&,X) > F(q,§,Y).

2. F om is simple and elliptic.

10



In §2 [5] discusses the relationship between two conditions in theorem 4. If F
satisfies the first condition of theorem 4 one is able to define the solution of the
elliptic PDE

F(u(x), Du(z), D*u(z)) =0, 2 €

without the differentiability of unknown functions u. Namely, the following state-
ment holds:

Theorem 5 Suppose that F : 3 — R satisfies the condition 1 in theorem /.
Then, For u € C°(R™), the following properties are equivalent.

1. w is a viscosity solution of F(u(z), Du(z), D*u(z)) = 0.
2. For every x € R"™, the germ of u at x, which is denoted by u,, is satisfies
[Fom;(z,u,)] EO with respect to (,51’2, @:2) .
Here 7 1s the same as in theorem 4.

We should remark that the second formula in theorem 5 consists not of F' but of
Fom. This is because the viscosity solution is only based on the quasiorder struc-
ture of ¢° not based on derivatives of unknown functions. This is the conclusion
of this paper.
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