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Abstract. An essential bounded function ¢ gives a continuous linear functional on the
Hardy space H! on the bitorus. In this paper, we consider extremal problems on H'
when ¢ is a rational function, ¢ is a product of one variable functions or ¢ = |f|/f for
some outer function f in H! such that f(z,w) has a good property with respect to w for
a.e. 2.



1. Introduction

Let m be the normalized Lebesgue measure of the bitorus 72, the distinguished
boundary of the open unit bidisc D? in the space C?% of two complex variables (z,w).
Let Z be the set of all integers, Z, the set of all nonnegative integers, Z? = 7 x Z and
Z2 =Zy x Zy. For 1 <p<oo, LP = LP(T? m) denotes the Lebesgue space and HP =
HP(T?,m) = {f € L? ; f(£,n) = 0if ((,n) ¢ Z2}, that is , H? denotes the usual Hardy
space on T?. Any function f in HP has an analytic extension in D?. m, and m,, denote
the normalized Lebesgue measures on the unit circle T =T, and T = T,,, T? = T x T
and m = m, X my,. For 1 < p < oo, HP(T) denotes the usual Hardy space on T. Let

={felr; f(b,n) =0if —(¢,n) € Z2}, then K§ = {f € L? ; / fgdm = 0 if

g € Hq} where 1/p + 1/q = 1. Let C = C(T?) be the set of all continuous functions

on T?, Ky = KfnNC and A = H?P N C. A is usually called the bidisc algebra. When

a = (a),ay) € Zi and ¢ = (z,w) € C?, we write (* = 2% w* and |a| = a; + ay. For

a=(a,a)and = (81, 0)in 23, 0 <o < fmeans that 0 < oy < F) and 0 < ay < .
If ¢ is a function in L*°, we denote by B, the functional defined on H' by

Bo(f) = [, F(Qe(Q)dm(<).
The norm of By is ||By|| = sup{|Bs(f)| ; f € S} and let S, denote the set of all f in S
for which By(f) = ||Bs||- Here S is the unit sphere of H'. The functions in Sy are called
extremal functions. By the duality relation

1Byl = ll¢ + K57

A function ¢ = ¢ + ko (ko € K§°) for which ||By|| = ||¢|| is called an extremal kernel.
If S, is not empty and ¢ is an extremal kernel with ||¢||s = 1, then ¢ = |f|/f for some
function f in H'. This can be proved as in one variable case (see [D, §8.1 and §8.2], [Hal).
Let (Sy) denote the linear span of Sy. Yabuta [Y1], [Y2] and Hasumi [Ha] and Wiegerinck
[W] studied S, when (Sy) is of dimension one. For example, Yabuta [Y?} showed that if
/ is not identically zero and Ref > 0 a.e. on T? then Sy = {vf ; v >0, |[vf]L = 1}.
However, Sy has not been studied when (Sy) is of finite dimension. In this paper we will
study such cases. In Section 2, we show that if ¢ is a continuous function on T2, then Sy
is not empty. Moreover three important problems in this area are given. In Section 3, we
show that if ¢ is a rational extremal kernel, then (S,) is of finite dimension. In Section
4, Sy is studied when ¢ is a product of one variable functions. In Sections 5 and 6, Sy is
studied when ¢ = (*|fo|/fo and S5, = {7fo 5 7> 0, [|[7folli = 1}
The function b in H? is called an outer function if

/ log |h|dm = 1()g|/ hdm| > —oo
T2 T2
and a weakly outer function if

/ log |h|ldm = / log | / hdm.,|dm., = / log | / hdm.,|dm, > —oc.
T2 Jr Jr Jr T



When ¢ = |f|/f and [ is a function in H', f is called a strongly outer function if
Se={7f3 v>0, [[vflh =1}
and f is called a w-strongly outer function if for a.e. z €T

So. ={7f23 v >0, Infelli = 1}

where ¢,(w) = ¢(z,w) and f.(w) = f(z,w). The following are known from [Ha|. If f
is w-strongly outer and z-strongly outer, then f is strongly outer. However there exists
a weakly outer function which is not outer. For example, f(z,w) = z — w. In the one
variable case, a strongly outer function is outer but the converse is not true. In the two
variable case, a strongly outer function may not be outer. In fact, it is easy to see that
f(z,w) = z — w is strongly outer but not outer.

2. Extremal kernel and problems

For a unimodular function ¢ in L=, put P, = {f € H' ; ¢f is nonnegative on
7%} and Ry = {f € H'; ¢f is real on T?}. Then P, C R,. When ¢ is an extremal
kernel and Sy, # @, & = || By|||f|/f for some function f in H' (see Introduction) and so
Se C Pp.

I . . . ) . .
Proposition 1. If ¢ is a continuous function on T=, then Sy is not empty and Sy s
weak * compact.

Proof : By a theorem of Bochner [B, p717], (C/K,)* = H' and so if ¢ is in C,
then S, # O and Sy is weak * compact because the unit ball of H' is weak * compact. O

Lemma 1. Let ¢ be a unimodular function win L>=. Then

-
R+ iRy =H' N¢*H" and Ry = {% c feH! H(EZH]}.

Proof : If f € Ry, then ¢2f? is non-negative and so ¢>f = f. Hence f = ¢2f and
if = ¢*(—if). This implies that Ry + iRy C H' N ¢?H'. Conversely if f € H' N ¢*H',
then f = ¢%g for some g € H' and so g = ¢*f. Put F = (f + ¢?f)/2, then ¢*F = F and
so ¢F is real-valued. Hence F' € Ry. Put G = —i(f — ¢*f)/2, ¢’G = G and so ¢G is
real-valued. Hence G € R,. Since

F+iG =

L
R R

2

3



Ry +iRg 2 H' N ¢?H'. This implies the first equality. The second equality follows
from the proof of the first one. In fact, if f € Ry then f = (f + ¢*f)/2. Comversely if
F=(f+¢*f)/2 and f € H' N¢?H", then ¢F is real-valued and F € Ry, O

Proposition 2. If ¢ is a unemodular function in L™ and ¢ 1s an extremal kernel, then

{f*; fe R\/q—bﬁ H?*} C Sy C Ry and so (Sy) C H' N ¢?H'.
Proof : Lemma 1 implies the proposition. O

Now we give three important problems in this area. These have been solved
affirmatively in one variable case by the author [N]. In the one variable case, Sz =

(97
{)\H(C —a)(1—a;¢)eS; |aj|<1(j=1,---,a) and A > O} (see [D, p143]).
j=1
Problem 1. If S, is a non-empty weak * compact set, then is (Sy) of finite dimension ?

Problem 2. If ¢ = (®|fol/ fo, a € Z% and fy is a strongly outer function in H', then is
(Se) of finite dimension ¢

Problem 3. If (Sy) is of finite dimension, then

Se={v; v>0} xSa x fo) NS

where a € Zi and fy is a strongly outer function ?

In this paper, we solve these problems in some special cases.

3. Rational extremal kernel

If ¢ is a rational function in L, then ¢ is continuous on 72 and so by Proposition
1 .Sy is not empty. When ¢ is a rational function, unlike the one variable case. We don’t
know whether the extremal kernel is also rational. In this section, we show that (S,) is
of finite dimension when ¢ is a rational extremal kernel. If ¢ is a rational inner function,
then on 72 ¢ = (“g/g where o = (a1, a3) € Z2, (% = 2% w*?, g is an analytic polynomial
without zeros in the bidisc D?. If ¢ is continuous, then ¢ is an invertible function in H*
(see [R, p112]).



Lemma 2. If 1 is a rational function in L, then H Ny H' is of finite dimension.
Proof : Put ¢y = P/Q where P and () are analytic polynomials, then
H'nyH' CQ ' H'NnPHY).
7

It P=P(() = > an(* where a € Z2 and ¢ € C?, then

|a]=0
H'nrPAH'C |J H'n¢*H' = |J H'n¢*H"
|e]=0 |a|=n

Since H' N ¢“H" is of finite dimension, H' Ny H' is of finite dimension. O

Theorem 2. Let ¢ be a rational function and an extremal kernel. Then (Sy) is of finite
dimension.

Proof : We may assume that ||¢ + K{°|| = 1. Since ¢ is an extremal kernel, ¢ is
unimodular rational function and Sy = {f € H' ; ||f||; = 1 and ¢f is non-negative on
T2} (see Introduction). Hence Sy C Py. By Lemma 1 and Proposition 2, Sy € H'N¢*H'.
Lemma 2 implies that (S,) is of finite dimension. O

Theorem 3. Let q be a rational inner function. T{Lat is, suppose q = C*g/g, « € Zi
and g is an analytic polynomial with no zeros in D?. If ¢ = q, then

Sy = ({’Y Y > 0} X Saa X g72) ns
and

2
(Z bﬂ<ﬁ> €S ; b(yfﬂ:l—)ﬂ CS@C{ Z [)gCﬂES; bgag:l;g}.

0<8<a 0<8<2a

Proof : If f € Py, then Qf()‘gf > 0 and so (%g?f > 0. Hence ¢°P, C Peo. It
g

F € Pz, then C*F > 0 and so E“% g ?F > 0. Hence Py = (g’273<-a) N H' and so
g
Se={vFg?e€S:v>0, Fe S} By Lemma 1

Rio + iRz = H' NC*H' = { > aﬂgﬂ}

0<8<2a

and

1 - . _
5 ( Z a/.ﬂgﬁ +<2a Z mgﬂ>} - { Z bﬁcﬁ ; b2a7,i3 - b3} :

0<8<2a 0<8<2a 0<8<2a

ot



Hence by Proposition 2 Sz C Z bsCP e S, boo 5 = bg p . Observe that Rearr =
0<8<2c ‘
Rees2 N H? and by Lemma 1

Rg—a/z +ZR§_(Y/2 — H2ﬂCaH2 — { Z (]/3<3} .

0<p<a

2
Since Rz = { Z bsC? s bo_g = bg}, by Proposition 2 ( Z bg(g) €S by =by

0<8<a 0<8<a

Corollary 1. Let ¢ = (%g/g be a rational inner function. If ¢ = q, then the dimension
of (Sy) is less than or equal to 2|a| + 1. If ¢ is continuous, then the dimension of (Sy) is
2| + 1.

Proof : The first statement is clear by Theorem 3 if the dimension of (Sg) =
2|a| 4 1. For the second statement, if ¢ is continuous, by [R, p112] g is invertible in H>
and so the dimension of (Ss) is equal to the dimension of (Sz.). Now we will prove that
the dimension of (Sz.) = 2|a| + 1. For any a € C with |a] <1,

(O +a)(1+aQ") € Peo
where 3+ =, § € Z7 and v € Z%. An elementary calculation implies that
¢t e (Pzo) and GR= (Pea)

for any 8 with o — 3 € Z2. Hence the dimension of (Pz.) is 2|a] + 1 and (Sz) = (Rz).
O

In one variable case, if ¢ is an irreducible inner function (that is, ¢ = z) then (S;) is

. . . .. . W — a

of dimension three. In the two variable case, this is not true. In fact, if ¢(z,w) = ———
— azw

for some a € D, then S; = Sz5 X (1 — azw)™? and so (S,) is of dimension nine because

(Szg) = H' N 22w? H'.

4. Kernels of products of one variable functions

In general, even if ¢ is a rational function, ¢ can not be factorized to ¢,¢o where
o1 = ¢1(2) and ¢y = ¢o(w). In this section, we assume that ¢ can be factorized to ¢, ¢,.



Theorem 4. Suppose ¢ = @105 where ¢1 = ¢1(2) € L>®(T,) and ¢y = ¢o(w) € L>®(T,,).
If Sy 1s not empty for j = 1,2, then Sy is nol emply and Sy D Sy, X Sy, .

Proof : We may assume that ||Bg, || = 1 for j = 1,2. Then || + zH®(T,)|| =
|2 +wH™>(T,)|| = 1. By the one variable theory, there exist unimodular functions ¢, €
L>*(T,) and v € L*(T),) such that ¢»; = ¢ + ¢1 and s = ¢y + go where g1 € zH>(T,)
and go € wH>(T,). Put ¢ = ¥1¢,, then v is a unimodular function in L*>° and By, = B,
because

V= (o1 +q1)(d2+ g2) = &+ gida + G261 + G192
belongs to ¢ + K§°. It is easy to see that Sy 2 Sy, X Sy, = Ss, X Sg,, and so Sy # O.

Lemma 4. Suppose ¢ = q1qs is an inner function where ¢ = q(z) and ¢u = q@2(w) are
one-variable inner functions. If ¢, is a finite Blaschke product, then
H'NgH' = (H' N H") x (H' N HY),

and ' N g 1T = HY(T,) N g TN(T,) and 'O ofT" = H'(T,) N gl (T).
Proof : Since ¢, is a one variable finite Blaschke product, ¢,(z) = 2"
is an invertible function in H*°. Hence

g/g where g

H' NnggeH =g '(H N 2"g,HY).

If f=z"qh € H' N z"qH", then ¢yh is conjugate analytic in 2z and 2™gyh is analytic in
n n
z. Hence h =Y h;(w)z’ and so f = 2"goh = > _goh;2""7. Therefore
§=0 J=0

(H' A gl = S (H'(T,) 1 ol (T,) 2

=0

Hl N ZTLq2H1 —

<

1=

— (A x (N o)

because H' N 2"H' = HY(T,) N 2"HY(T,) and H' N g H' = H'(T,) N ¢H'(T,,). This
implies the lemma. O

Proposition 5. Suppose ¢ = q1q2 is an inner function where q; = q(2) and g2 = ¢2(w)
are one-variable finite Blaschke products. If ¢ = q, &1 = q1 and ¢o = ¢, then

<S¢> = <S¢1> X <S¢2>
and Sy, = Sy, N HY(T,) and Sy, = Sy, N H'(T},).
Proof : By Lemma 1,

S¢CP¢CR¢CHIQQE2H1



and by Lemma 4,
H'A@H = H'N@@H
(H'Ngil') x (H'ng 1Y)
= (H(T.)ngtH\(T.)) x (H(T,) N g3 H' (1))

It is easy to see that (S, ) = H'(T.) N ¢t H'(T,) and (Ss,) = H'(T,,) NgsH'(T,,) because
¢ and g, are finite Blaschke products. Thus (Sy) = (Ss,) % (Ss,)- a

5. ¢ =C%fol/fo for fi

If ¢ is a rational inner function and ¢ = ¢, then ¢ = (®|g~%|/g~2 where o € 72
and ¢ is an analytic polynomial with no zeros in D?. Then ¢ 2 belongs to the class N,
(see [R, p44]) but we don’t know whether g2 is in H'. If ¢ is continuous, it is known that
g~2 belongs to H*® (see [R, p112]). In general, if ¢ = C*|fs]/fo, fo € H' and fy' € H™,
then by the proof of Theorem 3 it is easy to see that Sy = ({7 ; v > 0} x S x fo) N S.
In this section, we assume that f; ' belongs to H' but we don’t assume that f; ' € H*.

Lemma 5. Ifa € Z% and f € H'? such that C*f is non-negative on T?, then f belongs
to H.

Proof : If @« = ({,m),£ > 0 and m > 0, then by a result of one variable Hardy
‘
space [HS] z0™ f(z,w) = Y a;(w)2’ a.e. w and z'0™ f(z, w) Z bi(z)u’ ae. z. O

j=—t j=—m

Proposition 6. Suppose o € Z7 and fo is a function in H' whose inverse is in H'. If

¢ = <—a|f0]/fo, then

Se={r; v>0} x5z x fo) NS.

) Proof : It is clear that ({v ; v > 0} x Sz x fo) NS C Sy. If f € Sy, then
C*f/fo>0ae onT?and ff;' € H'/2 Lemma 5 implies that ff; ' belongs to H' and
so ffote{y; v>0}x Sea. Thus f € ({7v; v>0} x Sea x fo) NS, a



6. ¢=C"fol/fo and Refy >0

We call a function f in H' w-strongly outer when f(z,w) is strongly outer with
respect to w for a.e. z in 7. Tt is easy to see that if f is w-strongly outer and z-strongly
outer, then f is strongly outer [Ha]. The converse is not true [Ha]. When f is a function in
H' with f~' € H! or with Ref > 0, f is w-strongly outer and z-strongly outer (see [N]).
In this section, we consider an easier problem than Problems 2 and 3 in §2. Suppose f
is w-strongly outer and z-strongly outer, o € Z% and ¢ = (| fy|/fo. We can ask whether

Se={v:7>0} xSz x fo) NS

In this section, we show that it is true when o = («ay,0) or & = (0, ). In particular, if
Refy > 0, then it is true. ¢, is defined by ¢,(w) = ¢(z,w) for a.e. z and ¢,, is defined
similarly.

Theorem 6. Suppose f is a weakly outer function in H' and a w-strongly outer

function, and ¢ = |f|/f.

(1) (Sy.) ts of finite dimension one for ae. z¢€T.
(2) If {Sy.) is of finite dimension for a.e. w, then there erist a non-negative
integer n and a strongly outer function fo in H' such that

Proof: If g € S, and oy = g/ f, then oy is a non-negative function in the class NV,
(see [R, p112]) because f is weakly outer and a, = a,(z) because f is w-strongly outer.
The first statement is clear. We will show the second statement. If (S,,) is of finite
dimension for all w € E with m,,(T\E) =0, put £, = {w € E; (S,,) has dimension £}
for 1 < k < oo. By [N, Theorem 2], we may assume that £ = 2n+ 1 and 0 < n < oc.
Then there exist the smallest integer n such that k = 2n + 1 and Ej # @. Since (S, ) is
of finite dimension k£ = 2n + 1 for all w € Ej, by [N] for any g € S,

0y(2) = 1z —a;)(1 —a;2)

i1z = b)(1 = b;2)

where {a;}"_, and {b;}_, are in D. Moreover there exists a function g € Sy such that
{a;}7- N {b;}}=; = O in the above representation of . We will show that Ej, = E.
If B, # FE and k£ = 2n + 1, then there exists an integer ¢ such that n ? ¢ < oo and

FEopp1 # . Hence, again by [N] there exists a function h € Sy such that
2 _
I (=) (1 —¢2)

an(2) = [Mjma(z = dj)(1 = d;2)




where {cj} _, and {d }—, are in D, and {(]} _ N {d;}5_, = ©. This contradicts that
ap(z2) = H(z —a;)(1 —a;z /H z—b;)(1 — b;z) with n < ¢. Hence Ex = E. Thus (S,,)

i=1
is of finite dimension 2n + 1 f(n a.e. w. By the above argument, there exists a function

g € Sg such that
=1z = a))(1 — a;2)

P (z = by)(1 = by2)

g(z,w) = f(z,w)

where {a.;}"_, and {b;}"_, are two disjoint sets in D. Since ¢ is in H!,
71J3=1 2J5=1 s
n —
fo(z,w) (z,w) H (z—0;)(1 —bjz)

belongs to H' because {a;}7_; N {b;}3_;, = @. Then fy(z,w) is strongly outer. For, if
not, there exists a function & in the unit ball of H' such that 3(z) = k(z,w)/ fo(z, w) is

non-negative and non-constant on 72 because fo(,z w) is w- stronglx outer. Since (S, ) is
3

of finite dimension for a.e. w, (z) = [[(z—¢; /H z—d;)(1—d;z), where 1 <
g=1
s < oo, {¢;}5-, and {d;}5_, are two disjoint set in D. Then fy(z, w /H d;)(1 —d;2)
7j=1

belongs to H'. This contradicts that (S,,) is of finite dimension n for a.e. w. Hence
fo(z, w) is strongly outer. Thus S, = ({v; 7> 0} x Sz x fo) N S.

Corollary 3. Suppose fo € H' is w-strongly outer and z-strongly outer and
o = zZ"|fol/fo for some positive integer n. Then
qu = ({’V ) ’\/ > O} X Szn X fg) ﬂS

Proof : Let f = ”/H J(1 —a;z) fo where a;] =1 (1 < j <n), v>0 and
I|flli = 1. Then ¢ = ]]‘|//‘ f is a weakly outer function in H' and w-strongly outer.
Apply Theorem 6.
Corollary 4. Suppose fy is a nonzero function in H' with Refy > 0 and ¢ = 2| fol/ fo
for some positive integer n. Then

Sp= ({73 7> 0} x S x f5) NS,
Proof : If Refy > 0 and fy # 0, then fy is w-strongly outer and z-strongly outer.

10
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