HOKKAIDO UNIVERSITY

Title Invariant subspaces of finite codimension and uniform algebras
Author (s) Nakazi, T.; Osawa, T.
Citation Hokkaido University Preprint Series in Mathematics, 595, 1-6
Issue Date 2003-07
DOI https://doi.org/10.14943/83740
Doc URL https://hdl. handle.net/2115/69344
Type departmental bulletin paper
File Information re595, pdf

kaido
wo¥ U"/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




Invariant Subspaces Of Finite
Codimension And Uniform Algebras

Takahiko Nakazi and Tomoko Osawa

Series #595. July, 2003



#569

#570

#571
#572
#4573

#574
#575
#576

#5577
#578

#579
#580

#581
#582

#583

#584

#585

#586
#587
#588
#589

#590
#591

#592
#593
#594

HOKKAIDO UNIVERSITY
PREPRINT SERIES IN MATHEMATICS

J.M. Hwang and K. Yamaguchi, Characterization of Hermitian symmetric spaces by fundamental forms,
10 pages. 2002.

H. Ishii and T. Mikami, Convexified Gauss curvature flow of bounded open sets in an anisotropic external
field: a stochastic apporoximation and PDE, 37 pages. 2002.

Y. Nakano, Minimization of shortfall risk in a jump-diffusion model, 10 pages. 2002.
K. Izuchi and T. Nakazi, Backward shift invariant subspaces in the bidisc, 8 pages. 2002.

S. Izumiya, D. Pei and M. C. Romero-Fuster, The horospherical geometry of surfaces in Hyperbolic
4-space, 17 pages. 2002.

S. Izumiya and M. C. Romero-Fuster, The hyperbolic Gauss-Bonnet type theorem, 10 pages. 2002.
S. Izumiya and S. Janeczko, A symplectic framework for multiplane gravitational lensing, 19 pages. 2002.

S. Izumiya, M. Kossowski, D. Pei and M. C. Romero-Fuster, Singularities of C'*°-lightlike hypersurfaces
in Minkowski 4-space, 18 pages. 2002.

S. Tzumiya, D. Pei and M.Takahashi, Evolutes of hypersurfaces in Hyperbolic space, 21 pages. 2002.

Y. Giga, S. Matsui and S. Sasayama, Blow up rate for semilinear heat equation with subcritical
nonlinearity, 29 pages. 2002.

M. Tsujii, Physical measures for partially hyperbolic surface endomorphisms, 71 pages. 2003.

Y. Giga and K. Yamada, On viscous Burgers-like equations with linearly growing initial data, 19 pages.
2003.

T. Nakazi and T. Osawa, Spectra of Toeplitz Operators and Uniform Algebras, 9 pages. 2003.

Y. Daido, M. Ikehata and G. Nakamura, Reconstruction of Inclusions for the Inverse Boundary Value
Problem with Mixed Type Boundary Condition, 18 pages. 2003.

Y. Daido and G. Nakamura, Reconstruction of Inclusions for the Inverse Boundary Value Problem with
Mixed Type Boundary Condition and Source Term, 26 pages. 2003.

M.-H. Giga and Y. Giga, A PDE approach for motion of phase-boundaries by a singular interfacial energy,
19 pages. 2003.

A.A. Davydov, G. Ishikawa, S. Izumiya and W.-Z. Sun, Generic singularities of implicit systems of first
order differential equations on the plane, 28 pages. 2003.

K. Yamauchi, On an underlying structure for the consistency of viscosity solutions, 12 pages. 2003.
T. Miyao, Momentum operators with a winding gauge potential, 15 pages. 2003.
Y. Giga and R. Kobayashi, On constrained equations with singular diffusivity, 35 pages. 2003.

0. Sawada, On analyticity rate estimates of the solutions to the Navier-Stokes equations in Bessel-
potential spaces, 13 pages. 2003.

T. Nakazi, Exposed points and extremal problems in H! on a bidisc, 11 pages. 2003.

Y. Tsai and Y. Giga, A numerical study of anisotropic crystal growth with bunching under very singular
vertical diffusion, 9 pages. 2003.

K. Izuchi, T. Nakazi and M. Seto, Backward shift invariant subspaces in the bidisc 1I, 17 pages. 2003.
S. Jimbo, Singular perturbation of domains and Semilinear elliptic equations I, 26 pages. 2003.

Y. Giga, S. Matsui and S. Sasayama, On blow up rate for sign-changing solutions in a convex domain,
12 pages. 2003.



Invariant Subspaces Of Finite Codimension And Uniform Algebras
by
Takahiko Nakazi*
and

Tomoko Osawa

* This research was partially supported by Grant-in-Aid for Scientific Research,
Ministry of Education.

2000 Mathematics Subject Classification : 46 J 15, 46 J 20

Key words and phrases : uniform algebra, (J-algebra, finite dimension, invariant
subspace, ideal



Abstract. Let A be a uniform algebra on a compact Hausdorff space X and m a
probability measure on X. Let H?(m) be the norm closure of 4 in LP(m) with 1 < p < oo
and H°(m) the weak * closure in L*°(m). In this paper, we describe a closed ideal of A
and a closed invariant subspace of HP(m) which is of finite codimension.



§1. Introduction

Let A be a uniform algebra on a compact Hausdorff space X. M (A) denotes the
maximal ideal space of A. Let m be a probability measure on X. H?(m) denotes the norm
closure of A in LP(m) with 1 < p < oo and H*(m) denotes the weak x closure of A in
L*°(m). HP(m) is called an abstract Hardy space. When A is a disc algebra, if m is the
normalized Lebesgue measure on the unit circle, H?(m) is the usual Hardy space and if
m is the normalized area measure on the unit disc, H?(m) is the usual Bergman space.

Let I be a closed ideal of A. In this paper, we are interested in I with dim A/T <
oo. Then A/I is called a Q-algebra. Two dimensional Q-algebras can be described
easily, that is, I = {f € A ; ¢1(f) = ¢2(f) = 0} where ¢; € M(A) (j = 1,2), or
I={feA; ¢(f) = Dy(f) =0} where ¢ € M(A) and D, is a bounded point derivation
at ¢. One of the authors [3] showed that a two dimensional operator algebra on a Hilbert
space is a Q-algebra. It seems to be worthwile to describe a finite dimensional Q-algebra.
In Section 2, we describe an ideal I with dim A/ < oo using a theorem of T.W.Gamelin
[2]. As a result, a finite dimensional Q-algebra is described.

When M is a closed subspace of H?(m) and AM C M, M is called an invariant
subspace. In this paper, we are interested in M with dim H?(m)/M < oco. When A is
the polydisc algebra on T™ and m is the normalized Lebesgue measure on 7", a finite
codimensional invariant subspace M in H?(m) was described by P.Ahern and D.N.Clark
[1] using the ideals in the polynomial ring [z, -, z,] of finite codimension whose zero
sets are contained in the polydisk, D”. In Section 3, for arbitrary uniform algebra A
we describe a finite condimensional invariant subspace M in H?(m) using the result in
Section 2.

§2. Finite codimensional ideal

Let ¢ € M(A). A closed subalgebra H of A is a (¢, k)-subalgebra if there is a
sequence of closed subalgebras A = 4y D 4; D --- D Ay = H such that A, is the kernel
of a continuous point derivation D; of A;_; at ¢. If H is a (¢, k)-subalgebra of A, then
H has finite codimension in A and M (H) = M(A) by [2, Lemma 9.1].

If I is a closed ideal of A and A/T is of finite dimension, B = ¢ + I is a closed
subalgebra of A and A/B is of finite dimension. By a theorem of T. W. Gamelin [2,
Theorem 9.8], we can describe B and so I. Since B is a special closed subalgebra of A we
can describe I more explicitly.

Theorem 1. If I is a closed ideal of A and A/I is of finite dimension, then
there exists a closed subalgebra E = FE(I) of A such that E = {f € A: ¢ (f) =--- =
on(f)}, 1 <n<oo, {¢;} C M(A) and

I=HJNker¢

where ¢ = ¢;|E, 1 < j <n and H} is a (¢, k)-subalgebra with respect to E for some k.
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Proof. Put H = I + {, then A/H is of finite dimension. By a theorem of
T.W.Gamelin [2, Theorem 9.8], H can be obtained from A in two steps.

(i) There exist pairs of points v;, ¥}, 1 < j < ¢, in M(A) such that if I/ consists
of the f € A such that ¢;(f) = }(f), 1< j < /¢, then H C EC A.

(ii) There exist distinct points §; € M (£) and §;-subalgebras H; of E, 1 < j <k,
such that H = Hiyn---N H.

Put ¢; = 1;|E = Y| for 1 < j < £, then 1; belongs to M(E). Since I is an

e ~
ideal of A, I C () kerty. Forlet f € A such that ;(f) # ¢j(f). If g € I, then fg e I

7=1
but v;(fg) # ¥;(fg) when 9;(g) # 0. This contradicts that fg € E. Thus ¢;(g) = 0.
‘ ‘
Hence I C ﬂ ker+; and so H C ﬂ kery; + . By definition of E, 91 = -+ = 9.

j=1 j=1
Therefore E has the form : E = {f € A; ¢1(f) = -+ = é(f)}, 1 < n < oo and
{6} C M(A).

For each j with 1 < j < k, H, is a f;-subalgebra of E for §; € M(E). Hence
there is a sequence of closed subalgebras F = Ejp D Ej; D --- D Ej, = Hj such
that I is the kernel of a continuous point derivation Dj; of ;. at 6;. We will write

k
Eje, = ker Dy, where Dy, is a derivation on Ejy,_1). Then H = ﬂ ker Dy, and so

j=1

k
I= {ﬂ ker ng} N ker @ for some 6 € M(H). Suppose g is an arbitrary function in 1.
j=1

For any j(1 < j < k), there exists a function f € Ej, 1y such that f ¢ Ej, = ker Dy,.
Since fg € I and Dy, (g) =0, Dy, (fg) = 0;(9)De,(f) = 0 because Dy, is a derivation on

k
Ejq,-1)- This implies that 0;(g) = 0. Hence I C [ ker6;. Therefore by definition of

7j=1
E, 6y=---=0,€ M(E)andso Hy =--- = Hg. Thus ;|H = 0 and I = (ker Dy, )Nker 6.
Since I C ) ker¢;, I C (ker ¢1) N (ker Dy, Nker;) and so ¢1|E = 6.

j=1

Corollary 1. If I is a closed ideal of A and A/I is of finite dimension 2, then
I ={f e A; &n(f) = ¢20f) = 0} where ¢; € M(A) (j = 1,2) and ¢1 # ¢2, or
I'={feA; ¢(f) =Dy(f) =0} where ¢ € M(A) and D, is a bounded point derivation
at @.

Proof. When dimA/I = 2, by Theorem 1 F = Aor E = {f € A; & (f) =

¢2(f)}. T E=A, then Hy = {f € A; Dy(f) =0} andif E={f € A; é1(f) = d2()},
then Hf = E. For dim A/HY = 1 because Hf = I + . This implies the corollary.

Corollary 2. If B is a finite dimensional Q-algebra and By = rad B is its radial,
then there exist subalgebras By, By, -+, Byy1 in By such that By, = {0}, dim B, /B, =
1 and Bjy1 is an ideal of B; for j =0,1,---, k. Hencerad B has a basis {fo, f1,- -, fu}
such that (f;))** D=0 =0 for j = 0,1,--+, k.
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Proof. Since B is a Q-algebra, B = A/I for some uniform algebra A and some
closed ideal I of A. Since B is of finite dimension, we can apply Theorem 1 to A and I. In
the notation of Theorem 1, rad B = {f € E'; ¢(f) = 0}/1. Since HJ is a ¢-subalgebra
with respect to F, there exists a sequence of closed subalgebras F = E()?Eg? e 3Ek+1 =

Hf such that Ej is the kernel of a continuous point derivation D; of E; ; at ¢. Hence
E;i1 Nker¢ is an ideal of E; Nker ¢ and dim{E; Nker¢/E; s Nker¢} = 1. Put B; =
(E; Nker¢)/I. Then dim B;/B;,; = 1 and B, is an ideal of B; for j =0,1,---,k and
Bi41 = {0}. For each j, there exists f; such that B; = (f;)+ B+ and then {fy, f1,- -+, fx}
is a basis of rad B = By. Since ij belongs to Bjy; because F;;; = ker D;;;. Thus
(P =0,

63. Finite codimensional invariant subspace

Let m be a probability measure on X. For 1 < p < oo, HP(m) denotes the norm
closure of A in LP(m) and H*(m) denotes the weak x closure of 4 in L*(m). When M
is a closed subspace of HP(m) and AM C M, M is called an invariant subspace. For a
subset S of H?(m), [S], denotes the closure of S in H?(m).

Theorem 2. If M is an invariant subspace of HP with dim H? /M = n < oo, then
there exists a closed ideal of A such that dim A/T =n, [I], = M and I = MNA. If HY is
a (¢, k)-subalgebra with respect to E = E(I), then [Ej]p3[Ej+1]p forany j(0 < j<k-—1)

and dim H?/|E], = dim A/E. Conversely if dim A/l = n < oo then dim H?/[I], < n. If
[Ej]p?[EjH]p forany j(0 < j < k—1) and dim H?/[E], = dim A/FE, then dim H?/[I], = n

and [Il,NA=1.

Proof. Suppose that M is an invariant subspace of H?(m) and dim H?(m)/M =
n < oo. Then there exist n linear independent linear functionals ¢y, - - -, ¢y, in (HP)* such
that ¢, =0on M for 1 < j <n. Put ¢; =¢;]Afor 1 < j <nand I = M N A, then

1 = ﬂ ker¢; and so dim A/l = n. For ¢, -, ¢, are independent linear functionals
Jj=1
in A* because A is dense in HP(m). If M?[I]p, then there exists ¢,.1 € HP(m)" such

that ¢,+1 = 0 on [I], and ¥4, , %, P41 are independent linear functionals in (H?)*.

If put ¢p11 = Yua1|A, then ¢1,---, ¢,, ¢,.1 are independent linear functionals in A*
n+1

and I C () ker¢;. This contradiction implies that M = [I],. Note that dim H?/[E}] =
j=1

dimH?/[I], -1 =dimA/I — 1 =dim A/E}. If dime/[Eo]pj dim A/E, where £y = FE

or [Ejl, = [Ej1]p for some j (0 < j <k — 1), then this contradicts that dim H?/[Ey], =
dim A/Ej,. The converse is clear.

Corollary 3. If M is an invariant subspace of HP with dim H? /M = 2, then
M =A{f € H” ; ®1(f) = ®2(f) = 0} where ©; € (H?)", and ©;(fg) = ©;(f)®;(g) for
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feH andge A, or M ={f € H?; ®(f) = Dy(f) = 0} where ®,Dg € (H?)*, and
O(fg) = (f)®@(g) and Ds(fg) = ®(f)Dalg) + P(9)De(f) for f € H” and g € A.
Proof. This is a result of Corollary 1 and Theorem 2.

Corollary 4. If M is an invariant subspace of HP with dim HP /M = n < oo,
then there exist fi,- -+, fn in A such that {f; + M}7_, is a basis in H? /M.

Proof. By Theorem 2, if I = M N A then dimA/I = n and M = [I],. Hence
there exist fi,---, f, in A such that {f;+1}7_, is a basis in A/I. If f; belongs to M, then
f; also belongs to M N'A =T and so f; does not belong to M. This shows the corollary.
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