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ON STABLE CRITICAL POINTS FOR A SINGULAR
PERTURBATION PROBLEM

YOSHIHIRO TONEGAWA

ABSTRACT. We consider a singular perturbation problem arising
in the scalar phase field model which I'-converges to the area func-
tional. Assuming the stability of the critical points for e-problems,
we show that the interface regions converge to a generalized stable
minimal hypersurface as ¢ — 0. The limit has L? generalized sec-
ond fundamental form and the stability condition is expressed in
terms of the corresponding inequality satisfied by stable minimal
hypersurfaces. We show that the limit is a finite number of lines
with no intersections when the dimension of the domain is 2.

1. INTRODUCTION

In this paper, we consider the variational problem associated with
the functional

" E
(1.1) B (u) = /Q IV

where 2 C R” is a bounded domain, u : {2 — R belongs to the Sobolev
space H'(Q), W : R — R™ U {0} is a double-well potential function
and ¢ > 0 is a small parameter. This is a typical energy modeling the
phase separation phenomena within the van der Waals - Cahn - Hilliard
theory [3]. In this context, u represents the density of a two-phase fluid,
where the zero points 1 of W correspond to stable fluid phases, and
the free energy F.(-) depends both on the density potential and the
density gradient. The sequence of minimizers is expected to converge
in an appropriate sense to a [unction uy as ¢ — 0, where ug takes
values £1 and the interface 0{uy = 1} N Q is a regular hypersurface
with the least possible arca with a given constraint, with a possible
small singularities. The rigorous proof of this statement was given by
Modica [10], Sternberg [14] with a volume constraint [, u = m for the
sequence of global minimizers via the ['-convergence technique.

One of the natural questions concerning F.(-) that we address in this
paper is the following: given a sequence of stable critical points with
uniform finite energy bound and £ — 0, what can be said about the

2+

W (u)
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limit interface? Here we say u® is a critical point of E,. if the Euler-
Lagrange equation is satisfied:

W’ (u®
(1.2) e = W),
<
We say that u° is stable if the second variation of E; is non-negative:
2 , W"(u)
1 L R e = v+ T gz
dt?|,_, 0 £

for all ¢ € C!(Q). Since the functionals “converge” to the area func-
tional, one naturally expects that the limit interface should be a stable
minimal hypersurface in a suitable sense. Recall that the stability for
smooth minimal hypersurface M C ) is equivalent to the following
inequality:

2 12 ' 2
(1.4) /| BE6t< [ Vo

for any ¢ € C!(2). Here, B is the second fundamental form of M [13].
In this paper, we show that there exists an L? second fundamental form
defined on the limit interface satisfying the same inequality. Since we
work in the setting of general critical points, the smoothness of the limit
interfaces is not guaranteed in general. For this reason, we employ the
notion of generalized second fundamental form for varifolds introduced
by Hutchinson [7]. When n = 2, we show that the limit is finite number
of lines with no intersections or junctions. Note that intersecting lines
are in fact stationary and stable for smooth variations of the length
functional, so this shows that the limits of stable phase interface possess
a better regularity properties than stable critical points of the length
functional in general.

There are numerous works related to the singular perturbation prob-
lem with double-well potential. Given a strict local minimizer for area
functional with no constraint, Kohn and Sternberg [9] showed the ex-
istence of local minimizers for F.(-) which converge to the given limit.
For such local minimizers, Cérdoba and Caffarelli showed the local
uniform convergence of the interface [4]. General stable critical points
have been studied by Sternberg and Zumbrun, where the connectiv-
ity of interface for € problem as well as the limit problem on strictly
convex domains were proved [15, 16]. Up to the boundary uniform con-
vergence of the interface is also studied in this case [18]. For gencral
critical points, Hutchinson and the author showed that the interfaces
of any critical points with finite energy and with or without volume
constraint converge to a locally constant mean curvature hypersurface
with possible integer multiplicities [8].
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The organization of the paper is as follows. In section 2, we recall the
notion of measure-function pair and generalized second fundamental
form ([7]). In section 3, we state the assumptions and main results,
and in section 4 show the stability property for the limit hypersurface
M for general dimensions as well as the complete regularity for n = 2.

2. GENERALIZED SECOND FUNDAMENTAL FORM

In the next two subsections we collect definitions and theorems from
7] which we apply to the singular perturbation problems subsequently.

2.1. Measure-function pairs. Let U be a subset of R*. In the fol-
lowing application, U will be G,,_1(Q) = Qx G (n,n—1), where Q C R"
is a bounded domain and G(n,n — 1) is the set of n — 1-dimensional
unoriented subspaces in R”. Via the identification of G(n,n — 1) as a
set of projections, we regard G(n,n — 1) to be a subset of R™".

Definition 1. Suppose i is a Radon measure on U and f : U — R is
w a.e. defined on U and in L},.(11). (i, f) is called a measure-function
pair over U.

Definition 2. ([7,4.2.1]) Suppose {(pu, fr)} 721 and (u, ) are measure-
function pairs over U. Suppose p. — p on U as k — oc. Then we say
(pig, fr) converges to (pu, f) in the weak sense if
lim [ < fr 6> duk:/ < f.é> du
Ju

k—oo JU/

Jor all ¢ € C.(U,RP).

Using the notion of graph measures, the following theorem was proved
(17, 7]. The theorem holds for more general setting, but we only state
it in the form necessary for our use:

Theorem 1. ([7,4.4.2(1,i1)]) If (p, fx) is a sequence of measure-function
pairs over U with iminf [i; | fx|* dpx < oo, then some subsequence of
(pg, fx) converges in the weak sense to a measure-function pair (u, f)
for some f. Moreover,

/ fIPdu < liminf/ | fi|? dpg.
JU k—oo JU

2.2. Generalized second fundamental form. Suppose that M C
R" is a smooth hypersurface. For x € M, let S(z) = [Si;(x)] be
the n x n orthogonal projection matrix corresponding to projection
onto T, M, where T, M is the tangent space to M at x. The second
fundamental form of M at x is defined by
B:T,M x T,M — (T,M)*, B(v, w) = (Dyw)™,
3



where (T, M)1 is the normal space and D,w is the covariant differen-
tiation in R”. It is bilinear and it depends only on v and w at x. We
also extend the domain of B to R” x R"” by defining

B(v,w) = B(S(z)v, S(x)w).
For the standard orthonormal basis {e;}? ,, define the component of
B by
ij =< B(ej,ej), e, > .
In the following, we use the usual summation convention whenever no
ambiguity arises. The mean curvature vector is given by ijek. The
component of B is expressed in terms of the projection matrix S by

Bj; = S1;6:u,

where §; = Sij%. This is because BZ’“} =< Dge, Sey, ey >=< 0,5);e;, e, —
J Bz, , D€ :

S’sk;es >= 5szJ — (57}Slj>slk7 = SU(L;SM. We used Slk, = Sm and Sk?j =
SpiSi;. We also use the fact that

0;Sik = ij + szk
This follows from 6;Sjx = 6;(S;Sik) = S;0:Su + SudsSu = BY; + B,

If M isalevel set {u =const}, S=1—-vQv,v= ‘gz[ = (v1, V),
one complutes

u
k __ g _ Tk ¢, ; p
Bi_j — _l/k,oﬂ/j - |Vu|2(u$ifl’f]‘ — ViVUge; — ViVlu.rz.rj + Vz'l/sl/jl/luacmcs)'
If we choose a coordinate system such that v(z) = (0,---,0,1), we
have u
Bl =—— fori#nand j #n
Ug,,

and Bf; = 0 otherwise. In particular, 23,;,(Bf)* = %(0:S)* in
this case. ‘

Now let ¢ € C'(Q x R"’) be a “test function” to be used to define
the generalized second fundamental form. Denote the differentiations
with respect to x; and Si; by D;¢ and DJ;¢, respectively. Apply the
standard divergence theorem on submanifold M with X = ¢(x, S(z))e;
and S(r) = T, M to obtain

_ ‘ s ™ '
0= /M divy (X') = /w 6,(Sir®)

- AI Sij D6 + (0:Sjt) D} + (0;5:5) -

Motivated by this we define a generalized second fundamental form for

varifold. Here we briefly state the definitions and notations for vari-

folds. For more comprehensive account of rectifiable set and integral
4



varifold, see [1, 13]. Radon measures on G,,_;(Q2) are called (n — 1)-
varifold. For ¢ € C.(Q), we define
Vi) = | B(a)dV (i, 5).
JOAXG(n,n—1)

We denote the (n — 1)-dimensional Hausdorff measure by H"~'. V is
called integral varifold if there exist an (n — 1)-rectifiable set M C
and H" ! measurable non-negative integer-valued function 6(z) on M
such that, for ¢ € C.(G,_1(Q2)),

V(o) = A 0l T M) dH" .

Here, T,,M is the approximate tangent plane which exists H" ! a.e. on
M. We say that V' is stationary if, for any g € C}(2: R"),

/ Dy(z)- SdV(z,S) = 0.
JG_1 ()
Here, Dg(x) is the n x n first derivative matrix and A - B = tr(AB).

Definition 3. ([7, 5.2.1]) A warifold V' is said to have a generalized
second fundamental form if there exist functions Ay, 1 <14, 5,k < n,
defined V' a.e. on G,_1(82) such that
1. (V. {Aijk}) is a measure-function pair,
2. 0= fGﬂ,l(Q)(SZ]DJO + AZ]ICD;kk;O + A]UO) d‘/(l S), 1= 1, s T,
for all p € C1(Q R"Q) with a compact support in the x variables.

One proceeds to define:

Definition 4. ([7, 5.2.5]) The generalized second fundamental form
B:G,1(Q) — R™ is B = {ij} defined V' a.e. by

BZ(.’IZ,S) = Sy Ain(z, ), l1<ij5.k<n
We write |BJ* = ?]k:1(37’3)2

The generalized second fundamental form is uniquely determined V'
a.c. on G, () il V is an integral varifold ([7, 5.2.2]).

3. ASSUMPTIONS AND MAIN RESULTS

First we state the assumptions on W and u® and recall some defini-
tions and known results.
We assume that
(1) W e C3 W(£1) =0, W (£1) >0, W > 0 has only three critical
points.
(2) A sequence of C*(Q) functions {u®'}, where g; > 0 and lim; ,, &; =
0 satisfy (1.2) and (1.3) with e there replaced by ¢; for all i.
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(3) There exist C, Ey < oo such that E., (u™) < Ey and supq, |u™
C for all 7.
To characterize the limit interface, we next define a sequence of (n —
1)-varifolds V& from u®. For ¢ € C.(G,_1(£2)), define
1

‘/Ei — _/
(9) o Jan{|vusi|>0}

<

Ol 1 = v (@) @ v (2) 5 [V P,

where v% = ‘gq‘f[ and o0 = [ /W (s)/2ds. Due to the uniform en-
ergy bound (3), there always exists some converging subsequence in
the sense of Radon measure. The following result applies to any such
subsequence and the limit.

First, even without the stability condition (1.3), we have
Theorem 2. ([8, Theorem 1]) Suppose V=i — V € G,,_1(2) as Radon
measures on Gp_1(S). Then,

(1) V is a stationary integral varifold.

(2) limy e o 6,;‘%1,’;[2 — W — 0 for all Q cC Q.

(3) Forany1>s>0and Q CC Q, {Ju”| <1—s}NQ converge to
spt||[V || N Q in the Hausdorff distance sense.

£q

With stability condition (1.3), we have
Theorem 3. The limit varifold V' has a generalized second fundamen-
tal form B with
(3.1) [ BPav< [ [voPd

G a1 () Q

for all ¢ € CL(Q).

Due to the above properties of V, by defining B(x) = B(x, T, M)
with M = spt||V]|, B may be regarded as a function defined on §2
instead of G,,_1(f2). Hence with this implicitly assumed, we may write
(3.1) as

‘/’

‘/’ ‘/’

[ 1BE¢*d
JQ

as well. For n = 2, we prove

< [IvoPd
Q

Theorem 4. For any open ball B CC Q, spt||V|| N B consists of fi-
nite line segments Uj-V:} (a]_-, b;), with a;,b; € 0B (boundary of B) and
laj, b;] N [ag, by] = 0 for j # k.

For n > 3, there are no general regularity theory for stationary inte-
gral varifolds with L? second fundamental form. By Allard’s regularity
theory [1] for stationary varifolds, spt||V|| is real analytic on a dense

6



open set O C spt||V]|. If we assume that spt||V]| is a regular hy-
persurface outside of a closed singular subset X C spt||V|| and that
H"3(X) = 0, then Schoen and Simon’s result on stable hypersurfaces
[12, Theorem 3] shows that spt||V]| is regular (i.e. X is empty) for
n < 7and H* 89(X) =0 for all § > 0 in general dimensions.

4. PROOF OF THE THEOREMS

In the following proposition, we see a phase field analogue of (1.4).
We omit ¢ from ¢; in the following computations for simplicity.

Proposition 1. ([11, Proposition 2.6]) For ¢ € C}(Q) and u® satisfy-
ing (1.2) and (1.3),

" n n n
E £ £ pe:
/Qﬁ{VuE>0} S (M‘EI‘LJ |Vue| =S Uy, Uy, x] Q@

(4.1) gg/jvm%vwﬁ
JQ

Proof We include the computation for the reader’s convenience. In
(1.3), replace ¢ by ¢|Vu®|. The computation shows that

/' Z Zz TI T”I‘J)Z
. szm{[vm[>0}
www)

(4.2) +——|Vu[P¢* >

+ 20u5, ¢y U5, + |vuﬂﬂv¢ﬁ)

Differentiate the equation (1.2) with respect to x; and multiply ug P2

to obtain ,
)[/
(00 = g o

After summing over j and integrating by parts, we have
w ”(“ ) 2 i 2,2
| TV e = =2 [ ()% + 20, 00
2,]

By substituting this into (4.2), we obtain (4.1). O

Remark 1. Note that the integrand on the left-hand side is invariant
under orthogonal rotation, and if we choose the coordinate system at x
with Y@L —(0,---,0,1), it is

[Vus ()]
n—1
e{ Z Z “Zi)Z}QQ
1,j=1 =1



at x. The first term divided by €|Vu?|? corresponds to the length square
of the second fundamental form of the level set {u® = const}. O
For uf, (x,S5) € Q x G(n,n — 1), with |[Vu®(z)| # 0 we define
Vu(z)
Vs ()|
k(@ 5) = 6i(—vjvg) = =Su(Vjvi)a,
(Bj) (x, S) = SyyAfj(x, 5),
W(u) 1
H; V| — =,
( | I e >x €|VUE|2/
i =1,---,n. (Bf)(z,S) with S = I — v* ® v° corresponds to the
second fundamental form of {u® = const}.

ve(z) =

Proposition 2. For ¢ € C'(Q x an> with a compact support in the
first set of variables, we have

ﬂﬂm(&Do+¥#%@+W@MWL$:Q
i=1,

Proof Fixi,¢ ¢ C}(Q) and multiply the equation (1.2) by ¢u;, .
After two integrations by parts, one obtains

t £ . W
./Q §|Vu5|2¢xi N guiiuggyjd)l’j ( )

and consequently,

e (Fros W)Y
(4.3) /Q(OT — ViV gy, )|Vt + <§|Vu |2 — —) ¢ =0.

d)lz—o

—~

<

Now, for ¢ € CH(QxR™) and s > 0, define ¢*(x) = ¢ (w, ] — FEETL).
Then ¢* € C}(Q), and substitution in (4.3) with s — 0 gives

I = v @) (Dso — (v, Digo)e| Ve
w
< |Vue|? — ( >) »=0.

Since 4 (x, S)dVe(x,S) = (v, I — v° ® v°)e|Vu’dz, and by the
definition of Af;;, HY, we obtain the stated identity. O
Proposition 3. For ¢ € C}(Q), we have

(4.4) [ 3 gl <o [ vop

i,7,k=1

8



n

(4.5) / Z |(B§-,C)€|2¢2dvg_

1,7,k=1
(4.6) [ m: P < o) [ voPalv.
Jai— 0

Proof Since Y3, [A5, PdVe = 562307 (ug,,)* with a suitable
coordinate system, Proposition 1 shows immediately (4.4). The in-
equality (4.5) is similar. For (4.6), using the equation (1.2),

. . w’ .
VU = (V) e i, )

Ty Jz7 e
= |V (ug, s, — Autug,)?

e( Jllu )2 i=n,
) i#n,
in the coordinate system with Vu®(z) = (0,---,0,u;, ). With a suit-
able choice of C'(n) with Proposition 1, (4.6) follows. O
Since the right-hand side of the above estimates are bounded by
the energy bound E; and ¢, Theorem 1 give weak limit functions
Aijr, By, Hi, 1 <0, 5, k < ndefined Voa.e. with (A7, V), ((Bf)™, Ve),
(H;, Vgl) converging in the weak sense to (Aij, V), (Bf;, V) and (H;, V),
respectively. Moreover, for any ¢ € C.(2)

/‘ ) d) Z|B |2d‘ <11H11nf/ ¢ Z| Z r1|2(]‘ﬂ€l
Grn-1(0)

Tr Goa() 53

o = [ 1vef

by (4.5). Also by the definition of weak convergence, we have for ¢ €
CLH(Q x R™),

< lim inf / Vol
l—oo JO

/(, (Q)(Siij¢5 + Ayjp Dl + Hi¢)dV (2, 8) =0, i =1, ,n.
On the other hand, by (2) of Theorem 2, for ¢ € C1(Q),
; & ‘ ap W
S G () ).

— Jo u, (€I|Vugl|2 ) — 0 as l% 0.

Hence,

/ Hi(x, S)d(x)dV (z,5) = 0 = / H(x, T M) b(x)d||V |,
Gro1(0) Jo
9



where M is an (n—1)- rectifiable set (identified with spt ||V]|) and T, M
is the approximate tangent plane at x. This shows that H;(z, T, M) =
0 ||V] a.e. on ©. Thus we obtain

/Gn](ﬂ)(Siij(b -+ r/ijD;kqﬁ)d‘y(l'. S) =0,1=1,---,n.

By the definition of the weak convergence, we also have
e = SiAiwk V ae. on Gn1(9).

With ¢(z)Ss; in place of ¢, above we obtain

0= [ (SyDioSu+ 0Au)dV = [ (SyDi0+ Aiio)dV.
G 1(9) JGn (2
Since fan](Q)(Siij(b dV = 0 by the stationarity of V, we have A,,; =
0V ae onG, 1(Q), s =1, -+ ,n, which is just another way of saying
that V' is stationary. Thus, we complete the proof of Theorem 3. O
For the proof of Theorem 4, we first show

Lemma 1. Given 0 < s < 1 and Q CC Q, there exists a positive
constant ¢ depending only on W and s such that, for all sufficiently
small ¢ > 0,

»

(4.7)

U e

< |Vuf(x)]

forallz € {ju] <1—s}NQ.

Proof Suppose for a contradiction that there exists 7 € {|u®] <1 —
stNQ with  |Vuf(z)] < &, where we set ¢? =  minyy<i_yo W(t) > 0.
Then there exists r = (W) such that [Vus(z)| < 2 and |[u(x)| <
1—s/2 for x € B.,.(Z), since we may obtain C' estimate for the rescaled
equation Au = W’(u) after the change of variables T = *=*. Hence we

have
/r /r 5.2
£ = (W (w) Equ|2> > Wu) 2¢
£ 2 € €
V (u 2¢?
(4.8) > Wiu) > % on B..(Z).

2e 3
On the other hand, by the Poincaré¢ inequality and for B r(Z) and R <
+dist (€2, 09),

_ . w’
_ £ < ¢ / Vél =c¢ / eut ut . — us
(el Ve=cf g, -
S CO fBR(Z) €|U/§’1u&7:‘17’] - Augui’jl by (12)

10



By the same argument as before for Hf, using (4.1) as well as the
Holder inequality,

(4.9)

IA

1/2 , . 1/
& 9 VUvE 2 / £ UvE, ‘ 2 _ - UE_UE, . 2
([t ) ([ A0~ o))

1/2
< co/ AVeER) o, Qe
Br(Z)

By the monotonicity formula for the scaled energy on concentric balls
[8, Proposition 1], we have

1 1 7 2W
— f«:v??<—/ <AV/2+—>+>R
R/wm VTS Ry Jpgy o (V) ek
2F)
< — 4R
=R, C141)
for R < Ry = dist(Q, Q)/2. Then choose R small so that
2F . ~ . .
CO(R(R—O + e RO 2e(Q.O)E) < Ery/T
1

is satisfied. )
By (2) of Theorem 2, note that e /B[{(x)f =¢—=0ase—0,
and by (4.8),

1/2 _ 1/2 902
( / |§|2) > ( / |£|2) > Vr(en) 2 = 2 /r
Br(z) v Bsr(.’fj) g
This contradicts (4.9) for small €. O
Proposition 4. For 0 < s <1 and all small ¢,
1-s . . ~
/ (/ ~(;a-f)%ml) dt < C(, 0, W, Ey).
—14s \J{us=t}NQ

Here, k° is the geodesic curvature of the level curve of u.
Proof Since |B?|? = (k%)? for n = 2, (4.5) and the coarea formula
5] yield the stated inequality. O
Proof of Theorem 4
By Fatou’s Lemma, we have

1—s
/ lim inf </ (/fgi)zd?-ll) dt < oo,
S—14g X {ufi=t}

11




so that we may choose ¢ € [-1 + 5,1 — ] such that
lim inf (K%)2dH' < 0.

71— 00 {uai:t}
By (4.7), cach curve QN {u® = t} is a finite number of curves with a
uniform C'/2 bound. Also by Theorem 2, {u® = t}NQ converge to spt
|V|| in the Hausdorff distance sense. Thus, locally, spt ||V is
as U™, graph g;, g; € CY? and g; < -+ < gy, over a suitable line
segment. On the other hand, the support of one dimensional stationary
integral varifold is locally either a line segment or a junction point ([2]).
Since g1 < -+ < gy and g; € C1/2 there cannot be any junction point
in £2. O

5. REMARKS

1. Though we do not know how to utilize it, we point out that the
following identity holds for u satisfying (1.2):

> (H)e == > |HT?
i=1 i=1

n
+ Z (uiw7 |Vu€|2 Z Z? U, )25 |Vl A
i,5=1 7=1 i=1
Here, H; may be considered as an approximate mean curvature for the
e-problem (see Proposition 2). The identity can be checked by direct
computation and the equation (1.2). For n = 2, the right-hand side is
equal to 0. For stable critical points with a uniform energy bound, the
integral with respect to ||V?|| of the right-hand side is bounded locally
uniformly due to (4.1) and (4.6), so there is a uniform estimate for the
divergence of the approximate mean curvature vector in this sense.

2. One may speculate that the supports of limit varifolds of stable
critical points are always smooth for n < 7. For n = 2. we have
a complete regularity results in this paper. For n = 3, with some
extra work, one can show that the tangent cones of the limit varifolds
are always 2-planes with integer multiplicities. This does not give a
complete regularity for n = 3, since around a point of multiplicities
greater than 1, no regularity theory is available even if the tangent
cones are 2-planes at every point.
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