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ABSTRACT.

An upper bound of the life-span of smooth solutions to the complex Ginzburg-
Landau equation with periodic boundary conditon in one space dimension is given
explicitly in terms of an integral mean of the Cauchy data in the case where the
interaction is focusing.
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61. INTRODUCTION

We consider the life-span of smooth solutions to the Cauchy problem for the com-
plex Ginzburg-Landau type equation (CGL) of the form

O — (A + i) 0%u = F(u) + yu (CGL)

with Cauchy data u(0,z) = up(z), where u is a complex-valued function of (¢,z) €
Ry xT, 0y = 0/0t, 0, = 3/0x, A > 0, r,y € R, F(u) represents a nonlinear interac-
tion, and the one dimensional torus T is realized as the interval [—=, 7] by identifying
—m and 7. A typical form of F(u) is given by a single power. In this paper we are
mainly interested in the nonlinear interaction of the form

F(u)= (k+1ip) |ul? (1.1)

with x, 8 € R, and p > 1. This differs from the usual one that satisfies the gauge
condition: F(u) = (k + i) |ulP~u.

Regarding physical background of (CGL), we refer to [11] and references therein
for the latest developments. As for the linear part on u, the operator 9; — A 92 has
an effect of dissipation if A > 0, the operator 9; — iad? has an effect of dispersion if
a # 0, and the multiplication operator by v work as a damping if v < 0.

There is a large literature on the study of the Cauchy problem for (CGL) (see
for instance [1,7,8,12,14,15] and references therein and [2-6] in the special case A = 0
with periodic boundary condition). To our knowledge, however, little is known for the
blow-up solutions of (CGL) on torus except [13] in the case where @ > A =y = 0 and
F(u) = i|lu|* u. When a dissipation effect disappears with A = 0, the last nonlinearity
works on instability of equipartition between the kinetic and potential parts of the
energy through its ”focusing”sign and on stability of the total mass through its gauge
invariance, both of which are essential in the argument of [13].

The purpose in this paper is to examine how another mechanism comes into play
on blow-up of solutions on torus even when A # 0. To be more specific, we show that
a monotonicity property has an effect on the blow-up argument when we single out
the real or imaginary part of functionals of solutions. In this paper we are mainly
interested in the case where the equation involves the effect of dispersion since much
is already known for the dissipative case without dispersion.

The main result in this paper is the following

Theorem 1. (1) Let A >0 and 8 > 0. Let ugy satisfy

Im/uo(x)da? > 0.
T

Then the mazimal existence time T* of smooth periodic solutions u of (CGL) with
u(0,z) = up(x) and (1.1) is estimated by

* 1 Y 1—



if v # 0 and (v/B8) M(0)'=7 > —1, and by

* 1 1-p
= (p—1)B M)

if v = 0, where M(0) is the integral mean of Im wuy given by

M(0) = %Im/qruo(x) dx.

(2) Let A > 0 and k > 0. Let ug satisfy

Re/uo(:c)d:c > 0.
T

Then the mazximal existence time T* of smooth periodic solutions of (CGL) with
u(0,z) = up(x) and (1.1) is estimated by

1 Y 1—
TF< — 1 1+ -M P
(p— 1)y Og( MO )
if y# 0 and (y/k) M(0)=P > —1, and by
1

s s

AN

M(0)+"

if v =0, where M(0) is the integral mean of Re uy given by

M(0) = %Re[ruo(x) dx.
Remark 1. The local existence of smooth periodic solutions of (GCL) with (1.1),
namely, T* > 0, is assumed in Theorem 1. Though a precise description of local
existence of solutions in specific function spaces is outside of the purpose of this
paper, we only refer to [1,15] for A > 0 and to [2,5,6] for A = 0 in the subcritical
and critical cases at the level of L?(T), namely, in the case where 1 < p < 5. The
corresponding results for p > 5 follows by the standard regularity arguments such as
a linearization of the equation and the Sobolev embedding H'(T) — L*(T).

Remark 2. Theorem 1 is optimal in the following sense. For Part (1), let A > 0=k
and let 3 and v satisfy 8 >0, v#0, and v/3 > —1. Then

6 —1/(p—1)
u(t, z) = e (1 — D(er Dt — 1)>
Y



4

satisfies (CGL) on the time interval [0,T*) with T* = ﬁ log (1 + %) and u(0, z)

=i and therefore M(0) =1 and Imu(t, ) and Im [ u(t, z)dz blow up ast + T*.
Let A\>0,3>0, and k=~v=0. Then

ult,z) =i(1—(p— 1))~ /=Y

satisfies (CGL) on the time interval [0,T*) with T* =1/ ((p — 1)B) and u(0,x) = i
and therefore M(0) = 1 and Imu(t,z) and Im [ u(t, z)dz blow up ast 1 T*.
For Part (2), let A\ > 0= and let k and v satisfy & > 0, v # 0, and v/k > —1.

Then
K -1/(p—1)
i (e(p—l)wt — 1))
Y

u(t,z) = e (1 -

satisfies (CGL) on the time interval [0, T*) with T* = RSy 1)7 log (1+ 1) and u(0,z)=
1 and therefore M(0) = 1 and u(t,z) and [, u(t,z)dz blow up astt T*.
Let A\> 0,k >0, and 8 =~=0. Then

u(t,z)=(1-(p— 1)Ht)_1/(p_1)

satisfies (CGL) on the time interval [0,T*) with T* =1/ ((p — 1)k) and u(0,z) =1
and therefore M(0) = 1 and u(t,z) and [, u(t,z)dz blow up ast 1 T*.

Remark 3. The blow-up problem for the nonlinear Schrodinger equations with zero
Dirichlet boundary condition is studied in [16,17]. Part of the proof in [16,17] seems
applicable to the periodic solutions, though the corresponding assumptions of the
Cauchy data are different from those in Theorem 1 since the assumptions in [16,17]
are described in terms of the Fourier mode of the real or imaginary part of the Cauchy
data with respect to the first positive eigenvalue.

We prove Theorem 1 in Section 2. The proof depends on a simple monotonic-
ity argument. In Section 3, we extend the method of proof to the case where the
nonlinearity F'(u) has a derivative coupling.

62. PROOF OF THEOREM 1

Proof of Part (1). For any ¢ with 0 <t < T* we define

M(t) =

u(t,x) dx




Differentiating M (), we have

! € vt
M(t): o Im T(—'yu+8tu)

b Im/T (A +i)02u + F(u))

:271'

—t
= pe /]u|p > 0. (2.1)
2m T

This implies that M (t) > 0 for any ¢ with 0 < ¢ < T* since M (0) > 0 by assumption.
By the Holder inequality and (2.1), we have

e~ Pt e~ (=t
M(t)? < ] = ——— M'(1),
27 T 5

from which we obtain

(M0)'7F) = —(p— HM()™" M'(1)

A

—(p—1) BP0, (2.2)

Integrating both sides of (2.2), we obtain

., B _ :
MO _ 2 (=Dt _ f
M) P < ) v <e 1) A (2.3)
MO~ (p-1)8t if v=0,

for any ¢ with 0 < ¢ < T™. Since the LHS of (2.3) is positive for any ¢ with 0 < ¢ < T,
the maximal existence time T* satisfies the inequality

g (e(p—l)vT* _ 1) < M(o)l—p if v # 0, (2.4)
(p— )BT < M(0)'P if =0

This proves Part (1).

Proof of Part (2). If we define

et

M(t) =

27

Re/u(t,x) dx,
T

then

M) = 5 /|uyp > 0.
27T T

Part (2) follows by a similar argument as in Part (1).



§3. AN EXTENSION TO DERIVATIVE COUPLING

In this section we show that a similar method works on (CGL) with nonlinearity
of derivative type. We consider the nonlinearities of the form

F(u) = (k+148) |ul? dpu. (3.1)

Theorem 2. Let A =0 and 3 > 0. Let ugy satisfy
Im/uo(a:) Ogup(z) dz > 0.
T

Then the mazimal existence time T* of smooth periodic solutions u of (CGL) with
u(0,x) = up(z) and (3.1) is estimated by

a1 Y
Ths gy le (” /3M(0>>

ifvy# 0 and v/ (BM(0)) > —1, and by
T < 1/(28M(0))

if vy =0, where

M(0) = % ImAuo(x) Ozup(x) dz.

Remark 4. The local existence of smooth periodic solutions of (CGL) with (3.1),
namely, T* > 0, is assumed in Theorem 2 as staled in Remark 1. Regarding local
existence results for (CGL) with derivative coupling, we refer to [10], where a general
information of applicable gauge transformation technique is presented (see also [9]
and references therein,).

Remark 5. Theorem 2 is optimal in the following sense. Let > 0 and A = k =
v =0. Then

u(t,x) _ e—iat—iw(l _ 26t)—1/2

satisfies (CGL) with periodic boundary condition on the time interval [0,T*) with
T =1/(28) and u(0,2) = e=*®. Therefore M(0) =1 and |u(t,z)| and
Im [ u(t, )0, u(t, x)dx blow up ast 1 T*.



Remark 6. The only functional in the argument below corresponds to the linear mo-
mentum. In the standard blow-up argument on the nonlinear Schrodinger equations,
the most important functional corresponds to the variance or the moment of inertia,
while the linear momentum plays an auxiliary role.

Proof of Theorem 2. For any ¢t with 0 <t < T™* we define

—2~t
M(t) = 627T Im/Tu(t,a:) Oyu(t,x) dz.

Differentiating M (t) and integrating by parts, we have

, 6_27t R
M'(t) = Im [ (Opu —yu) Ou
™ T
e—2’yt
= — B /T]u|2]8u|2 > 0. (3.2)

This implies that M (t) > 0 for any ¢ with 0 < ¢ < T™*, since M (0) > 0 by assumption.
By the Schwarz inequality and (3.2), we have

6—2715

WMI@),

6—4715
My < S - / ul? |0uf? =
™ T

from which we obtain

=M™ = M) M)
< —2pe*, (3.3)

The rest of the proof proceeds in the same way as in the proof of Theorem 1.
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