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On solutions of the wave equation with

homogeneous Cauchy data

Jun Kato∗† and Tohru Ozawa

Department of Mathematics, Hokkaido University,

Sapporo 060-0810, Japan

Abstract

In this article, the behavior of solutions to the free wave equation with
homogeneous Cauchy data are considered. In particular, the propagation of
singularities are observed explicitly. Such Cauchy data are of special interest
in view of applications to self-similar solutions to nonlinear wave equations.

1 Introduction

We consider the Cauchy problem of the free wave equation

(FW )

{
utt −∆u = 0, (t, x) ∈ (0,∞)×Rn ≡ R1+n

+ ,

u|t=0 = φ, ut|t=0 = ψ, x ∈ Rn,

with data given by homogeneous functions such as

φ(x) = |x|−p, ψ(x) = |x|−p−1. (1.1)

These initial data are of special interest in view of the applications to self-similar

solutions of wave equations with power type nonlinearity [2, 7, 8, 9] (see also [1]):

utt −∆u = |u|α, (t, x) ∈ R1+n
+ . (1.2)

In this paper we study explicit behavior of solutions to FW with special attention

on the propagation of singularity.

∗JSPS Research Fellow
†kato@math.sci.hokudai.ac.jp
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More precisely, a typical estimate to be shown takes the form

|u(t, x)| ≤ C(t + |x|)−n−1
2

∣∣t− |x|
∣∣−p+n−1

2 , (t, x) ∈ R1+n
+ , (1.3)

for the initial data such as (1.1), where p > n−1
2

. This estimate shows that the

singularity of the initial data at the origin propagates along the light cone with

specific order there. Moreover, we observe that the order of singularity of solutions

is less than that of the corresponding initial data for each t > 0. Estimate (1.3) also

implies the following integrability

u(t, ·) ∈ Lr(Rn), t > 0 (1.4)

for some r. This fact has an interest because u(0, ·) = φ /∈ Lr(Rn) for any r.

Estimates of the form (1.3), (1.4) for solutions of FW with homogeneous initial

data such as (1.1) have been used to construct self-similar solutions to (1.2). We

call u a self-similar solution of (1.2) if u satisfies

u(t, x) = λ
2

α−1 u(λt, λx), (t, x) ∈ R1+n
+ (1.5)

for all λ > 0. By the condition (1.5) initial data of self-similar solutions must be

homogeneous functions such as (1.1).

In fact, Pecher [7] proved (1.4) for n = 3 to construct self-similar solutions

satisfying

sup
t>0

tµ‖u(t)‖Lr < ∞

for suitable µ, r. The case n ≥ 2 is treated by Ribaud-Youssfi [9], where they

showed (1.4) for a class of initial data in terms of some homogeneous Besov spaces

containing homogeneous functions such as (1.1). Pecher [8] also proved (1.3) for

n = 3 to construct self-similar solutions satisfying

sup
|x|6=t

(t + |x|)
∣∣t− |x|

∣∣ 2
p−1

−1|u(t, x)| < ∞.

Our estimate (1.3) seems to give a foundation to generalize the last result for higher

dimensions.

Our method to obtain the estimate such as (1.3) is based on Fourier representa-

tion of solutions of FW and some results on oscillatory integrals. More precisely, we

divide the representation into high frequency part and low frequency part. As we

shall see below, the high frequency part contributes to the formation of singularity

along the light cone and the low frequency part to the decay rate as |x| → ∞.

To investigate the behavior of high frequency part of solutions we use the asymp-

totic expansion of oscillatory integrals over the unit sphere. The method here is es-

sentially due to Miyachi [5], where the boundedness, together with unboundedness,
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of some Fourier multipliers associated with the wave equation is proved. Concerning

the low frequency part, we also consider an oscillatory integral over the sphere as

above and derive its decay estimate via stationary phase method.

We remark that the estimate (1.3) is connected with the dispersive inequality

|u(t, x)| ≤ C(1 + t + |x|)−n−1
2 ‖f̂‖W n−1,1(Rn)

for the data f satisfying suppf̂ ⊂ {1/2 < |ξ| < 2}, which is also based on the

estimate by the stationary phase method. (See [4] and references there in.) It is

known that the Strichartz type inequalities, which play a crucial role in many recent

advances of the theory of nonlinear wave equations, are obtained on the basis of the

dispersive inequality.

The contents of the paper are as follows. The main results are presented and

proved in the next section. Results of the types (1.3) and (1.4) are stated in Theo-

rems 2.2 and 2.3, respectively. Theorems 2.2 and 2.3 follow from Theorem 2.1. The

basic estimates on oscillatory integrals to be used in the proof of Theorem 2.1 are

summarized in the appendix without proof (see [5, 6, 10] for details). Part of the

contents of this paper has been announced in [3].

2 Main Results

In this section we give the estimates such as (1.3), (1.4) for solutions of FW with

homogeneous functions as initial data. We consider the solution of FW given by

u(t) = U(t)φ + V (t)ψ,

where

U(t)φ = F−1
[
cos t|ξ| φ̂(ξ)

]
, V (t)ψ = F−1

[|ξ|−1 sin t|ξ| φ̂(ξ)
]
.

Here F and F−1 denote the Fourier transform and its inverse, respectively and

φ̂ = Fφ. Our main results are as follows.

Theorem 2.1. Let n ≥ 2 and let 0 < p < min{n+1
2

, n− 1}. We set m = max{2N +

2, [n−1
2

]+N +2}, where N = max{[p− n+1
2

]+ l+1,−1} for l ∈ N∪{0}. We assume

that

φ, ψ ∈ Cn+m−[p]−(Rn \ {0})
are homogeneous of degree −p, −p− 1, respectively. Then, for any t > 0

U(t)φ, V (t)ψ ∈ C l(Rn \ {|x| = t}),
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with the decay order

U(t)φ = O(|x|−p), V (t)ψ = O(|x|−p−1) as |x| → ∞.

Moreover, the following asymptotic behavior holds.

(1) For n−1
2

< p < n+1
2

,

(U(t)φ)(x) = Cp t−
n−1

2

{
e

pπ
2

iφ̂(−x/|x|)(t− |x|+ i0)−p+n−1
2

+ e−
pπ
2

iφ̂(x/|x|)(t− |x| − i0)−p+n−1
2

}
+ o

(|t− |x||−p+n−1
2

)
,

(V (t)ψ)(x) =− i Cp t−
n−1

2

{
e

pπ
2

iψ̂(−x/|x|)(t− |x|+ i0)−p+n−1
2

− e−
pπ
2

iψ̂(x/|x|)(t− |x| − i0)−p+n−1
2

}
+ o

(|t− |x||−p+n−1
2

)
,

as |x| → t, where Cp = (8π)−1/2Γ (p− n−1
2

).

(2) For p = n−1
2

,

(U(t)φ)(x) = (8π)−
1
2 t−

n−1
2

{
e

n−1
4

πiφ̂(−x/|x|) log t/(t− |x|+ i0)

+ e−
n−1

4
πiφ̂(x/|x|) log t/(t− |x| − i0)

}
+ O(1),

(V (t)ψ)(x) =− i (8π)−
1
2 t−

n−1
2

{
e

n−1
4

πiψ̂(−x/|x|) log t/(t− |x|+ i0)

− e−
n−1

4
πiψ̂(x/|x|) log t/(t− |x| − i0)

}
+ O(1),

as |x| → t.

(3) For 0 < p < n−1
2

,

U(t)φ, V (t)ψ ∈ C [n−1
2
−p]−(Rn) ∩ C l(Rn \ {|x| = t}),

where [s]− = [s] if s ∈ R+ \N, [s]− = [s] − 1 if s ∈ N, and [s] is an integer

part of s.

Remark 2.1. (1) The condition p < n+1
2

is related to local integrability in space of

solutions.

Theorem 2.2. Let n ≥ 2 and let 0 < p < min{n+1
2

, n− 1}. For m = [n−1
2

] + N + 2

with N = max{[p− n+1
2

] + 1,−1}, we assume that

φ, ψ ∈ Cn+m−[p]−(Rn \ {0})

are homogeneous of degree −p, −p − 1, respectively. Then, for any t > 0 we have

the following estimates.

4



(1) For n−1
2

< p < n+1
2

,

|(U(t)φ)(x)| ≤ C(t + |x|)−n−1
2

∣∣t− |x|
∣∣−p+n−1

2 ,

|(V (t)ψ)(x)| ≤ Ct(t + |x|)−n+1
2

∣∣t− |x|
∣∣−p+n−1

2 .

(2) For p = n−1
2

,

|(U(t)φ)(x)| ≤ C(t + |x|)−n−1
2

(
1 + log+ t/|t− |x||),

|(V (t)ψ)(x)| ≤ Ct(t + |x|)−n+1
2

(
1 + log+ t/|t− |x||),

where log+ s = max(log s, 0).

(3) For 0 < p < n−1
2

,

|(U(t)φ)(x)| ≤ C(t + |x|)−p, |(V (t)ψ)(x)| ≤ Ct(t + |x|)−p−1,

Remark 2.2. As for the application to self-similar solutions for nonlinear wave

equations (1.2), the most interesting case is (1) in Theorem 2.2 with p = 2/(α− 1),

see [7] for example. In this case the required regularity is

φ, ψ ∈ Cn+2(Rn \ {0}).

Theorem 2.3. Let n ≥ 2 and let 0 < p < n
2
. We assume that φ and ψ satisfy the

assumptions in Theorem 2.2. Then, for any t > 0 we have

U(t)φ ∈ Lr(Rn) if max(p− n−1
2

, 0) < 1
r

< p
n
,

U(t)φ ∈ L∞(Rn) if 0 < p < n−1
2

,

V (t)ψ ∈ Lr(Rn) if max(p− n−1
2

, 0) < 1
r

< p+1
n

,

V (t)ψ ∈ L∞(Rn) if 0 < p < n−1
2

.

Moreover, if max(p− n−1
2

, 0) < 1
r

< p
n
, then

sup
t>0

tp−n/r‖u(t)‖Lr(Rn) < ∞,

where u(t) = U(t)φ + V (t)ψ.

Remark 2.3. (1) The condition p < n
2

is necessary for the existence of 1/r over

the intervals above.

(2) Below we prove Theorem 2.3 using Theorem 2.2. In the case n−1
2

< p < n
2
, a

direct proof works under the the following weaker assumption

φ ∈ Cn+2(Rn \ {0}), ψ ∈ Cn+1(Rn \ {0}).
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The proof proceeds as follows.

We decompose the Fourier multipliers U(t)φ and V (t)ψ into high frequency part

and low frequency part as in the proof of Theorem 2.1 below. As for high fre-

quency part, an application of Hörmander-Mihlin multiplier theorem to the mul-

tiplier φ̂(ξ/|ξ|), ψ̂(ξ/|ξ|) reduces the problem to the radially symmetric case, where

necessary calculations are carried out explicitly and everything is smooth. On the

regularity of φ̂, ψ̂, see Lemma 2.1. As for low frequency part, the Hardy-Littlewood-

Sobolev inequality enables us to obtain the desired result.

(3) Theorem 2.3 is optimal in the sense that regarding the exponent r the converses

in the statements of the theorem hold. See [3].

We first collect the elementary lemmas.

Lemma 2.1. Let 0 < p < n and let k ∈ N satisfy k−n+p > 0. If f ∈ Ck(Rn\{0}) is

homogeneous of degree −p, then f̂ , Fourier transform of f in S ′(Rn), is homogeneous

of degree −n + p and

f̂ ∈ Ck−n+[p]−(Rn \ {0}),
where S ′ is the space of tempered distributions.

Proof. It is well known that f̂ is homogeneous of degree −n + p. So we show the

regularity of f̂ away from the origin. We set ρ be a smooth cut-off function such

that 0 ≤ ρ ≤ 1, ρ(ξ) = 1 if |ξ| ≤ 1, ρ(ξ) = 0 if |ξ| ≥ 2, and divide f̂ using ρ:

f̂ = F [ρf ] + F [(1− ρ)f ].

It is clear that F [ρf ] ∈ C∞(Rn), so we consider the regularity of F [(1− ρ)f ].

We first consider the case p /∈ N. For multi-indices α, β with

|α| ≤ k − n + [p], |β| = k,

we have

ξβ∂α
(
(1− ρ)f

)̂= Cαβ

{
(1− ρ)∂β(xαf)

}
+ gαβ,

for a suitable constant Cαβ and gαβ ∈ S(Rn), the space of smooth functions of

rapid decrease. Then, we observe that ∂β(xαf) is a homogeneous function of degree

−p + |α| − k. This implies that (1− ρ)∂β(xαf) ∈ L1(Rn), since

−p + |α| − k ≤ −p + [p]− n < −n.

Therefore, we conclude that ξβ∂αF [(1−ρ)f ] is identified with a continuous function

on Rn as long as |α| ≤ k − n + [p] and thus f̂ ∈ Ck−n+[p](Rn \ {0}).
In the case p ∈ N, we conclude that f̂ ∈ Ck−n+p−1(Rn \ {0}) in the same

manner as above, where the regularity is determined by the range of α that is to be

|α| ≤ k − n + p− 1 so that −p + |α| − k ≤ −n− 1.
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Now we define the dilation operator Dλ, p by

(Dλ, p u)(t, x) = λp u(λt, λx), t > 0, x ∈ Rn

for λ, p > 0.

Lemma 2.2. Let n ≥ 2 and let 0 < p < n− 1. We assume that φ, ψ ∈ S ′(Rn) are

homogeneous of degree −p,−p− 1, respectively. Then we have in S ′(Rn),

Dλ, p U(t)φ = U(t)φ, Dλ, p V (t)ψ = V (t)ψ (2.1)

for each t > 0.

Remark 2.4. In particular if we take λ = 1/t in (2.1), then we obtain

(U(t)φ)(x) = t−p(U(1)φ)(x/t), (V (t)ψ)(x) = t−p(V (1)ψ)(x/t).

Proof of Lemma 2.2. This lemma follows by the relation with dilation operators and

Fourier transform, together with the homogeneity of φ, ψ. We only prove the second

equality of (2.1), since the first one follows similarly. We first notice that

Dλ, pV (t)ψ = λp DλF−1
[|ξ|−1 sin(λt|ξ|) ψ̂(ξ)

]
, (2.2)

where Dλf(x) = f(λx). The right hand side of (2.2) equals to

λpF−1
[
λ−nD1/λ

{|ξ|−1 sin(λt|ξ|) ψ̂(ξ)
}]

,

by the relation with dilation operators and Fourier transform. This completes the

proof, since ψ̂ is homogeneous of degree −n + p + 1.

Now we consider the behavior of the Fourier transform of functions associated

with solutions to FW. Let a be a homogeneous function of degree −λ. We set

K±
ε a = F−1

[
e−ε|ξ|η(ξ)a(ξ)e±i|ξ|],

Ks a = F−1
[
ρ(ξ)a(ξ)

sin |ξ|
|ξ|

]
,

Kc a = F−1
[
ρ(ξ)a(ξ) cos |ξ|],

where η ∈ C∞(Rn) is a radial function satisfying 0 ≤ η ≤ 1, η(ξ) = 0 if |ξ| ≤ 1,

η(ξ) = 1 if |ξ| ≥ 2, and ρ = 1 − η. We notice that K±
0 a = limε↓0 K±

ε a corresponds

to a high frequency part of solutions to FW and Ks a, Kc a a low frequency part.
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Proposition 2.1. For λ > 0 and k, l ∈ N ∪ {0}, we set m = max{2N + 2, [n−1
2

] +

N + k + 2}, where N = max{[n−1
2
− λ] + l + 1,−1}. If a ∈ Cm(Rn \ {0}) is

homogeneous of degree −λ, then

K±
0 a ≡ lim

ε↓0
K±

ε a ∈ C l(Rn \ Sn−1)

with the decay order

K±
0 a = O(|x|−n+1

2
−N−k) as |x| → ∞,

where the convergence is uniform in {x ∈ Rn; ||x| − 1| ≥ δ} for any δ > 0.

Moreover, the behavior of K±
0 a near the unit sphere is given as follows.

(1) If 0 < λ < n+1
2

, then

K±
0 a(x) = A±

λ a(∓ x/|x|)(1− |x| ± i0)−
n+1

2
+λ + o

(∣∣1− |x|
∣∣−n+1

2
+λ)

(2.3)

as |x| → 1, where A±
λ = (2π)−

1
2 e±

n−λ
2

πi Γ(n+1
2
− λ).

(2) If λ = n+1
2

, then

K±
0 a(x) = A±a(∓ x/|x|) log 1/(1− |x| ± i0) + O(1), (2.4)

as |x| → 1, where A± = (2π)−
1
2 e±

(n−1)π
4

i.

(3) If λ > n+1
2

, then

K±
0 a ∈ C [λ−n+1

2
]−(Rn) ∩ C l(Rn \ Sn−1).

This proposition is essentially due to Miyachi [4; Proposition 2], and therefore we

describe the outline of the proof here using lemmas in the appendix.

Outline of Proof. We first consider the case 0 ≤ λ ≤ n+1
2

. Then N = [n−1
2
−λ]+l+1,

and for |α| ≤ l, |x| ≥ 1/4,

∂αK+
ε a(x) = (2π)−

n
2

∫

Rn

ei x·ξ+i|ξ|−ε|ξ| η(ξ) (iξ)αa(ξ) dξ

= (2π)−
n
2 e

|α|
2

πi

∫ ∞

0

e−εs+is η(s) sn−λ+|α|−1
( ∫

Sn−1

eis x·θ θαa(θ)dσ(θ)
)
ds

= (2π)−
n
2 e

|α|
2

πi
{ N∑

j=0

a+
j (x/|x|) |x|−n−1

2
−j

∫ ∞

0

e−εs+i(1+|x|)s η(s) s−λ+n−1
2

+|α|−jds

+
N∑

j=0

a−j (−x/|x|) |x|−n−1
2
−j

∫ ∞

0

e−εs+i(1−|x|)s η(s) s−λ+n−1
2

+|α|−jds

+

∫ ∞

0

e−εs+is η(s) sn−λ+|α|−1RN(|x|s, x/|x|)ds
}

,
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where we have used the asymptotic expansion of order N for oscillatory integrals on

the unit sphere, see Lemma A.1 in the appendix. Letting ε ↓ 0, we obtain

lim
ε↓0

∂αK+
ε a(x) = (2π)−

n
2 e

|α|
2

πi
{ N∑

j=0

a+
j (x/|x|) |x|−n−1

2
−jI−λ+n+1

2
+|α|−j(1 + |x|)

+
N∑

j=0

a−j (−x/|x|) |x|−n−1
2
−jI−λ+n+1

2
+|α|−j(1− |x|) (2.5)

+

∫ ∞

0

eis η(s) sn−λ+|α|−1RN(|x|s, x/|x|)ds
}

,

where we have set

Iµ(τ) = lim
ε↓0

∫ ∞

0

e−εs+isτ η(s) sµ−1ds.

By lemma A.4 the convergence in (2.5) is uniform for each α in {x; |1 − |x|| ≥
δ, |x| ≥ 1/4} for any δ > 0, and thus the regularity of K+

0 follows away from the

unit sphere and the origin. The regularity near the origin follows from the following

representation

lim
ε↓0

∂αK+
ε a(x) = (2π)−

n
2

∫

Sn−1

(iθ)αa(θ) In−λ+|α|(1 + x · θ) dσ(θ),

since the above convergence is uniform in {|x| ≤ 1/2}. In fact, we have |1−x·θ| ≥ 1/2

for θ ∈ Sn−1, |x| ≤ 1/2.

The asymptotic behavior of K+
0 a also follows from (2.5) with α = 0. In fact,

the behavior as |x| → 1 and as |x| → ∞ is dominated by the term involving

I−λ+n+1
2

(1− |x|) and RN(|x|s, x/|x|), respectively. See Lemma A.1, A.4. In partic-

ular, integration by parts works well to derive more decay, see Remark A.1(1).

We next consider the case λ > n+1
2

. In this case,

K+
0 a(x) = (2π)−

n
2

∫ ∞

0

eis η(s) sn−λ−1
( ∫

Sn−1

eis x·θa(θ) dσ(θ)
)
ds,

from which we obtain K+
0 a ∈ C [λ−n+1

2
]−(Rn), since

∣∣∣
∫

Sn−1

eis x·θa(θ) dσ(θ)
∣∣∣ ≤ C ‖a‖

C[ n−1
2 ]+1(Sn−1)

(s|x|)−n−1
2 ,

by Lemma A.2, A.3. Moreover, if l satisfies N = [n−1
2
−λ]+ l+1 ≥ 0, the regularity

and the decay are obtained as in the first case. In the case N = −1, to derive the

decay we decompose K+
0 a into three parts as

K+
0 a(x) =(2π)−

n
2

{ ∫ ∞

0

ei(1+|x|)s η(s) sn−λ−1A+(|x|s, x/|x|) ds

+

∫ ∞

0

ei(1−|x|)s η(s) sn−λ−1A−(|x|s, x/|x|) ds

+

∫ ∞

0

eis η(s) sn−λ−1A0(|x|s, x/|x|) ds
}

,
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where

A±(r, ω) =

∫

Sn−1

eir(ω·θ∓1) ϕ±(θ) a(θ) dσ(θ),

A0(r, ω) =

∫

Sn−1

eir ω·θ ϕ0(θ) a(θ) dσ(θ),

for r > 0, ω ∈ Sn−1. Here ϕ± ∈ C∞
0 (Rn) satisfy 0 ≤ ϕ± ≤ 1 with ϕ± ≡ 1

near ±ω and are supported in small neighborhoods of ±ω, respectively, and we

set ϕ0(θ) = 1 − ϕ+(θ) − ϕ−(θ). This decomposition is due to the fact that the

stationary points of the phase function Sn−1 3 θ 7→ ω · θ ∈ R are ±ω, and we have

decay estimates such as

∣∣∣
( ∂

∂s

)j

A±(r, ω)
∣∣∣ ≤ C‖a‖

C[ n−1
2 ]+k+1(Sn−1)

(1 + r)−
n−1

2
−j, (2.6)

|A0(r, ω)| ≤ C‖a‖
C[ n−1

2 ]+k+1(Sn−1)
(1 + r)−[n−1

2
]−k−1, (2.7)

for 0 ≤ j ≤ k by Lemma A.2, A.3. Thus, we obtain K+
0 a = O(|x|−n−1

2
−k) as |x| → ∞

by integration by parts for the first and second terms on the right hand side of (2.5)

and by using (2.7) directly for the third term.

Finally, the results on K−
0 a are obtained similarly.

Proposition 2.2. For 0 < λ < n, we set m = [n−1
2

]+N +1, where N = max{[n+1
2
−

λ] + 1, 0}. If a ∈ Cm(Rn \ {0}) is homogeneous of degree −λ, then

Ks a, Kc a ∈ C∞(Rn)

and we have

Ks a, Kc a = O(|x|−n+λ), as |x| → ∞.

Proof. The regularity of Ks a, Kc a follows from the fact that they are the inverse

Fourier transforms of integrable functions with compact support. The decay order

of Ks a, Kc a is derived in a similar way, so we only consider Ks a here.

Representing the integral by polar coordinates, we have

Ks a(x) = (2π)−
n
2

∫ 2

0

ρ(s) sn−λ−1 sin s

s

( ∫

Sn−1

eisr ω·θa(θ)dσ(θ)
)
ds

= (2π)−
n
2 r−n+λ

∫ 2r

0

ρ(s/r) sn−λ−1 sin(s/r)

s/r

( ∫

Sn−1

eis ω·θa(θ)dσ(θ)
)
ds

= (2π)−
n
2 r−n+λB(r, ω),
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where we set x = rω with r > 0, ω ∈ Sn−1, and denote by dσ the surface measure

on Sn−1. Thus, it is sufficient to show

sup
ω∈Sn−1, r>1

|B(r, ω)| < ∞. (2.8)

For the proof of (2.8), the behavior of the oscillatory integral

∫

Sn−1

eis ω·θa(θ) dσ(θ) (2.9)

as s → ∞ plays an important role. To derive the decay precisely we divide (2.9)

into three parts to obtain

B(r, ω) =

∫ 2r

0

eisρ̃(s/r) sn−λ−1A+(s, ω) ds

+

∫ 2r

0

e−isρ̃(s/r) sn−λ−1 A−(s, ω) ds (2.10)

+

∫ 2r

0

ρ̃(s/r) sn−λ−1A0(s, ω) ds,

where ρ̃(t) = ρ(t) sin t/t ∈ C∞
0 (R) and A± and A0 are those given by (2.6), (2.7).

We recall that A± and A0 have decay estimates such as

∣∣∣
( ∂

∂s

)k

A±(s, ω)
∣∣∣ ≤ C‖a‖Cm(Sn−1)(1 + s)−

n−1
2
−k, (2.11)

|A0(s, ω)| ≤ C‖a‖Cm(Sn−1)(1 + s)−m, (2.12)

for 0 ≤ k ≤ N by Lemma A.2, A.3, where m = [n−1
2

] + N + 1 and N = max{[n+1
2
−

λ] + 1, 0}.
Thus, the third term on the right hand side of (2.10) is bounded by

C ‖a‖Cm(Sn−1)

∫ ∞

0

sn−λ−1(1 + s)−mds

uniformly on r > 1 and ω ∈ Sn−1, and therefore the above integral converges. For

example, if λ < n+3
2

, then

n− λ− 1−m =





n+1
2
− λ− [n+1

2
− λ]− 2, if n is odd,

n+1
2
− λ− [n+1

2
− λ]− 3/2, if n is even,

and less than −1 in both cases. When n+1
2

< λ < n, the first and second term on

the right hand side of (2.10) are similarly estimated as above by using (2.11) with

k = 0. Meanwhile, when 0 < λ ≤ n+1
2

, we divide their integral domain into two
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parts (0, 1), (1,∞) and apply integration by parts. Then, the first and second terms

on the right hand side of (2.10) are bounded by

C

∫ 1

0

sn−λ−1ds +
N−1∑
j=0

Cj r−j

+
∣∣∣
∫ 2r

1

i−Neis
( d

ds

)N{
ρ̃(s/r) sn−λ−1A±(s, ω)

}
ds

∣∣∣,
(2.13)

where the second term corresponds to the contribution of the boundary s = 1. By

(2.11) we have

∣∣∣
( d

ds

)N{
ρ̃(s/r) sn−λ−1A±(s, ω)

}∣∣∣ ≤ C‖a‖Cm s−λ+n−1
2
−N , 0 < s < 2r,

and thus we observe that (2.13) is bounded independently of r > 1, ω ∈ Sn−1, since

N = [n+1
2
− λ] + 1 in this case. This completes the proof.

Proof of Theorem 2.1. Since φ is homogeneous of degree −p, we observe that

(U(t)φ)(x) = t−p(U(1)φ)(x/t) (2.14)

by Lemma 2.2. Thus, it is sufficient to consider U(1)φ, and we have

U(1)φ = F−1
[
cos |ξ| φ̂(ξ)

]

= F−1
[
η(ξ) cos |ξ| φ̂(ξ)

]
+ F−1

[
ρ(ξ) cos |ξ| φ̂(ξ)

]

= lim
ε↓0
F−1

[
e−ε|ξ|η(ξ) (ei|ξ| + e−i|ξ|) φ̂(ξ)

]
/2 + Kc φ̂

= (K+
0 φ̂ + K−

0 φ̂ )/2 + Kc φ̂,

(2.15)

where η and ρ are cut-off functions stated before. By Lemma 2.1 we also observe

that φ̂ ∈ Cm(Rn \ {0}) with the homogeneity of degree −n + p. Because the

regularity of φ̂ is sufficient to apply Proposition 2.1 and Proposition 2.2, we obtain

K±
0 φ̂ ∈ C l(Rn \ Sn−1), Kc φ̂ ∈ C∞(Rn) with the asymptotic behavior

K±
0 φ̂ ∼

{
A±

n−p φ̂(∓x/|x|)(1− |x| ± i0)−p+n−1
2 + o

(||1− |x||−p+n−1
2

)
if p > n−1

2
,

A± φ̂(∓x/|x|) log 1/(1− |x| ± i0) + O(1) if p = n−1
2

,

as |x| → 1, and K±
0 φ̂ ∈ C [n−1

2
−p]−(Rn) if 0 < p < n−1

2
. We also obtain

K±
0 φ̂ = O(|x|−n+1

2
−N) = o(|x|−p), Kc φ̂ = O(|x|−p)

as |x| → ∞, since N ≥ 0 if p ≥ n−1
2

and N ≥ −1 if 0 < p < n−1
2

.
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By (2.14) and (2.15) we have

(U(t)φ)(x) = t−p{K+
0 φ̂(x/t) + K−

0 φ̂(x/t)}/2 + t−pKc φ̂(x/t), (2.16)

and thus we obtain U(t)φ ∈ C l(Rn \ {|x| = t}) with the asymptotic behavior

U(t)φ =





Cp t−
n−1

2 {e pπ
2

iφ̂(−x/|x|)(t− |x|+ i0)−p+n−1
2

+ e
−pπ

2
iφ̂(x/|x|)(t− |x| − i0)−p+n−1

2 }+ o
(|t− |x||−p+n−1

2

)
,

(8π)−
1
2 t−

n−1
2 {en−1

4
πiφ̂(−x/|x|) log t/(t− |x|+ i0)

+ e−
n−1

4
πiφ̂(x/|x|) log t/(t− |x| − i0)}+ O(1),

as |x| → t, if p > n−1
2

and p = n−1
2

, respectively, and U(t)φ ∈ C [n−1
2
−p]−(Rn) if

0 < p < n−1
2

. Moreover, the decay order is

U(t)φ = O(|x|−p) as |x| → ∞.

We also observe that

(V (t)ψ)(x) = t−p{K+
0 (|ξ|−1ψ̂ )(x/t)−K−

0 (|ξ|−1ψ̂ )(x/t)}/2i + t−pKc ψ̂(x/t),

and the results for V follows similarly.

Proof of Theorem 2.2. From (2.16) it is sufficient to give estimates on K±
0 φ̂ and

Kc φ̂. Since the regularity assumption on φ implies that K±
0 φ̂ ∈ C(Rn \ Sn−1),

Kc φ̂ ∈ C∞(Rn) with the asymptotic behavior stated in Propositions 2.1 and 2.2,

we obtain

(U(1)φ)(x) ≤





C(1 + |x|)−p|1− |x||−p+n−1
2 if p > n−1

2
,

C(1 + |x|)−p(1 + log+1/|1− |x||) if p = n−1
2

,

C(1 + |x|)−p if 0 < p < n−1
2

.

Thus, by (2.14) we obtain the desired result. The estimates on V (t)ψ are derived

similarly.

Proof of Theorem 2.3. This theorem is easily derived from Theorem 2.2. In fact, if
n−1

2
< p < n

2
, then by (2.16)

∫

Rn

|(U(t)φ)(x)|rdx = t−pr+n

∫

Rn

|(U(1)φ)(x)|rdx

≤ C t−pr+n
( ∫

|x|≤2

|1− |x||−(p−n−1
2

)rdx +

∫

|x|>2

|x|−prdx
)
,
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where the last integrals converge if

−(p− n−1
2

)r > −1, −pr + n− 1 < −1,

which implies that p− n−1
2

< 1/r < p/n. This yields

sup
t>0

tp−n/r‖U(t)φ‖Lr(Rn) < ∞.

The other cases are derived similarly.

A Appendix

A.1 Fourier Transforms of Measures on the Unit Sphere

For λ > 0, ω ∈ Sn−1, h ∈ Cm(Sn−1), we set

A(λ, ω) =

∫

Sn−1

eiλ ω·θh(θ)dσ(θ).

The asymptotic behavior of A(λ, ω) as λ →∞ is given in the following lemma.

Lemma A.1. Let N ∈ N ∪ {0} and let m = max{2N + 2, [n−1
2

] + N + 2}. For

h ∈ Cm(Sn−1) the oscillatory integral A(λ, ω) have the asymptotic expansion of the

form

A(λ, ω) = eiλ
{ N∑

j=0

a+
j (ω)λ−

n−1
2
−j

}
+ e−iλ

{ N∑
j=0

a−j (ω)λ−
n−1

2
−j

}
+ RN(λ, ω)

as λ →∞, where the remainder term RN ∈ C((0,∞)× Sn−1) satisfies

|RN(λ, ω)| ≤ C‖h‖Cm(Sn−1)λ
−n−1

2
−N−1, λ > 0

and all coefficients a±j (ω) appearing in the asymptotic expansion depend on the values

of only finitely many derivatives of h at ±ω. In particular,

a±0 (ω) = (2π)
n−1

2 e∓
n−1

4
πih(±ω).

Remark A.1. (1) More precisely, the remainder term is decomposed into three parts

RN(λ, ω) = eiλR+
N(λ, ω) + e−iλR−

N(λ, ω) + R0
N(λ, ω)

satisfying

∣∣∣
( ∂

∂s

)k

R±
N(λ, ω)

∣∣∣ ≤ C‖h‖Cm′ (Sn−1)λ
−n−1

2
−N−k−1, λ > 0,

|R0
N(λ, ω)| ≤ C‖h‖Cm′ (Sn−1)λ

−n−1
2
−N−k−1, λ > 0,
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where m′ = max{2N + 2, [n−1
2

] + N + k + 2}.
(2) Applying this lemma for N = 0, we obtain

A(λ, ω) = (2π)
n−1

2 {e−n−1
4

πieiλh(ω) + e
n−1

4
πie−iλh(−ω)}λ−n−1

2 + R0(λ, ω)

as λ →∞, where

|R0(λ, ω)| ≤ C‖h‖
C[ n−1

2 ]+2(Sn−1)
λ−

n−1
2
−1, λ > 0.

We next describe the decay estimates of A(λ, ω) by the stationary phase method.

The stationary points of the phase function Sn−1 3 θ 7→ ω · θ ∈ R are ±ω, so we

first consider the case where the amplitude function h is identically zero near ±ω.

Lemma A.2. Let l ∈ N∪{0}. We assume that h ∈ C l(Sn−1) satisfies ±ω /∈ supp h.

Then we have

|A(λ, ω)| ≤ C‖h‖Cl(Sn−1)(1 + λ)−l, λ > 0.

When the amplitude functions are supported in small neighborhoods of ±ω, we

especially consider the oscillatory integrals of the following form:

A±(λ, ω) =

∫

Sn−1

eiλ (ω·θ∓1)g±(θ)dσ(θ),

where g± are supported in small neighborhoods of ±ω, respectively.

Lemma A.3. Let k ∈ N ∪ {0}. We assume that g± ∈ C [n−1
2

]+k+1(Sn−1) are sup-

ported in sufficiently small neighborhoods of ±ω. Then

∣∣∣
( ∂

∂λ

)k

A±(λ, ω)
∣∣∣ ≤ C‖g±‖

C[ n−1
2 ]+k+1(Sn−1)

(1 + λ)−
n−1

2
−k, λ > 0.

A.2 Oscillatory Integrals on the Half Line

Let η ∈ C∞([0,∞)) with 0 ≤ η ≤ 1, η(s) = 0 if 0 ≤ s ≤ 1, and η(x) = 1 if s ≥ 2.

For µ ∈ R, we define

Iµ(τ) = lim
ε↓0

∫ ∞

0

e−εs+isτη(s)sµ−1ds, τ ∈ R.

The asymptotic behavior of Iµ(τ) as τ →∞ and the behavior near τ = 0 are given

in the following lemma.
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Lemma A.4. For µ ∈ R, Iµ ∈ C∞(R \ {0}) and for any k ∈ N ∪ {0}, M > 0,

( ∂

∂τ

)k

Iµ(τ) = o
(|τ |−M

)
, as |τ | → ∞.

Moreover, we have

(1) For µ > 0 there exists rµ ∈ C∞(R) such that

Iµ(τ) = e
π
2
iµ Γ(µ)(τ + i0)−µ + rµ(τ), τ ∈ R. (A.1)

(2) For µ = 0 there exists r0 ∈ C∞(R) such that

I0(τ) = log 1/(τ + i0) + r0(τ), τ ∈ R. (A.2)

(3) For µ < 0 we have Iµ ∈ C [−µ]−, ν(R)∩C∞(R\{0}), where 0 < ν < −µ−[−µ]−,

where Cm,ν is the Hölder space.

Moreover, if µ ≥ 0, the convergence to the right hand side of (A.1), (A.2) is uniform

in {|τ | ≥ δ} for any δ > 0. If µ < 0, the convergence of the right hand side in the

definition of Iµ(τ) is uniform on R.
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