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Weighted Strichartz estimates for the wave

equation in even space dimensions

Dedicated to Professor Mitsuru Ikawa on the occasion of his sixtieth birthday
Jun Kato*! and Tohru Ozawa

Department of Mathematics, Hokkaido University
Sapporo 060-0810, Japan

Abstract

We prove the weighted Strichartz estimates for the wave equation in even
space dimensions with radial symmetry in space. Although the odd space
dimensional cases have been treated in our previous paper [4], the lack of
the Huygens principle prevents us from a similar treatment in even space
dimensions. The proof is based on the two explicit representations of solutions
due to Rammaha [10] and Takamura [13] and to Kubo-Kubota [5]. As in the
odd space dimensional cases [4], we are also able to construct self-similar
solutions to semilinear wave equations on the basis of the weighted Strichartz

estimates.

1 Introduction and the main result

This paper is a sequel to [4], where we study the weighted Strichartz estimates for
the wave equation without the support condition and self-similar solutions to non-
linear wave equations. The results in [4] are restricted to odd space dimensions, for

the proof of the weighted Strichartz estimates depends on an explicit representation
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formula of the free solutions which holds only for odd space dimensions. The corre-
sponding explicit representation formula for even space dimensions causes a number
of serious difficulties when one follows a similar method. One of the difficulties lies in
the existence of region of diffusion of waves, where a similar technique seems useless
to control the tail of waves which lives inside the light cone and has a singularity on
the light cone. It seems technical as far as the difference of representation formula
is concerned, while it looks essential because the situation depends heavily on the
Huygens principle.

In this paper we prove the weighted Strichartz estimates for the wave equation
in even space dimensions. Let F be a function on RIT" = (0, 00) x R™ with radial

symmetry in space and let w be a solution of the wave equation

Ow=F, (t,r) e R, (1.1)
’ll)|t:0 = 8tw|t:0 = O, x € Rn, (12)

where O = 97 — A is the d’Alembertian with Laplacian A in R".

Theorem 1. Let n > 2 be even and let 2 < q < % Let a and b satisfy

n+1 n—1 n n-—1 1
= <b< -

a—b+ ,
q 2 q 2 q

Then, there exists a constant C' > 0 such that

H‘ﬁ _ ‘xP‘awHL‘l(Ryn) < CH‘ﬁ _ ‘x’2|bFHL‘1'(R}~_+n (13)

)
Remark 1.1. (1) Theorem 1 also holds when n is odd. See [3, Lemma 3.1].
(2) A similar estimate to Theorem 1 has been shown by Georgiev-Lindblad-Sogge [1,
Theorem 1.4] in odd space dimensions, and they announced that the corresponding
even space dimensional cases also hold. In the above theorem their support condition
supp F' C {(t,x); |x| < t} is removed at the cost of an additional lower bound
b> 12— nnd,
(3) As for the weighted Strichartz estimates without radial symmetry, see [1], [14],

which require that the support of F' is contained in the light cone.

The proof of Theorem 1 is based on explicit representations of the solution w
derived by using the radial symmetry of the inhomogeneous term F'. Such rep-
resentation and duality arguments enables us to reduce the weighted Strichartz
estimates to the weighted Hardy-Littlewood-Sobolev inequality, as in the odd space

dimensional cases [4]. As compared with the odd dimensional cases, the lack of the
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Huygens principle makes the treatment of the even dimensional cases more diffi-
cult. To overcome such difficulties we divide the proof of Theorem 2 into two cases,
2<q< %, % <q< %, and in each case we apply different represen-
tation of the solution, which is due to Rammaha [10] and Takamura [13] and to
Kubo-Kubota [5], respectively.

Theorem 1 has an application to the existence of self-similar solutions to the

Cauchy problem for semilinear wave equations of the form

Ou= f(u), (t,z)€ R", (1.4)
u|t:0 - 5¢7 atu|t:0 = 51/}’ T e Rn) (15)

where £ > 0 is a small parameter and f(u) is homogeneous of degree p with respect

to u and satisfies the estimates

f(u)| < Clul”,
[f(u) = fF) < (™" + o] u — o],

where C' is independent of u and v, and p > 1. A solution u of (1.4) is called a
self-similar solution if
A=Y (X, Ax) = ult, z)

for all A > 0.

Regarding the existence of self-similar solutions to the Cauchy problem (1.4),
(1.5), several results are known. First, Pecher [7] showed the existence of self-similar
solutions for p > (4++/13)/3 when n = 3. This lower bound on p, which is denoted
by pi(n) in general dimensions n, is the one that appeared in Mochizuki-Motai [6]
in connection with the scattering theory. Specifically, p;(n) is given by the positive

root of the following quadratic equation in p:
n(n—1)p* — (n*+3n—2)p+2=0.

Pecher’s result is extended for general dimensions by Ribaud-Youssfi [11].

Next, Pecher [8] also showed the existence of self-similar solutions for 1+ /2 <
p < 2 when n = 3 and gave a counter-example indicating that the lower bound
on p is sharp. This lower bound, which is denoted by po(n) in general dimensions
n, is known as the critical exponent concerning the existence of global solutions for
compactly supported, smooth, small data. Specifically, po(n) is given by the positive

root of the following quadratic equation in p:
(n—1)p*—(n+1)p—-2=0.
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Note that pp(n) < p1(n) holds in all dimensions. Hidano [2] also showed the existence
of self-similar solutions for py(n) < p < 242 when n = 2, 3.

In our previous work [4], we proved the existence of radially symmetric self-

similar solutions for py(n) < p < Z—f? in odd space dimensions under the data of the
form
_ 2 _2 _
o(x) = Cilz| 71, () = Cola] 717, (1.6)

where C, Cy € R. The data (1.6) is the same as (3) in Pecher [7]. Moreover,
the data (1.6) has the critical decay rate at infinity in space (see Takamura [13] for
example).

To state our result on the existence of self-similar solutions to (1.4), we introduce

weak Lebesgue spaces. Weak Lebesgue spaces LP are defined by
1
Lt = {f € Lt 1f . = sup A [ | ()] > A} < oo},
>

for 1 < p < oo, where | - | denotes the Lebesgue measure. Although || - ||;» does not
satisfy the triangle inequality, there exists a norm equivalent to || - ||z for p > 1 and

with this norm the space LP becomes a Banach space.

Theorem 2. Let n > 2 be even and let po(n) < p < Z—J_“i’ Then, there exists a

unique solution u of the integral equation associated with the Cauchy problem (1.4),
(1.5) with (1.6) such that

[t* = 2w € Ly (RE™),

n+1
2(p+1)°

if € > 0 is sufficiently small, where v = 15 —

The norm of the weighted weak Lebesgue space to which the solution u belongs is
invariant with respect to the scale transform v —— wu,. This invariance is important
to treat self-similar solutions and requires a direct use of the weight of homogeneous
type. Since self-similar solutions u of (1.4) are to be homogeneous functions in time
and space variables by the definition, we observe that |¢* — |z|*|” u does not belong to
the usual Lebesgue spaces on Rff”, and therefore it is natural to use weak Lebesgue
spaces instead.

The corresponding result in odd space dimensions have been obtained in [4] and
the restriction to such space dimensions only comes from the weighted Strichartz
estimates, which was the key estimate to construct the solution. Thus, once we

obtain the weighted Strichartz estimates in even space dimensions, namely, Theorem



1 in this paper, Theorem 2 is proved by the same arguments as in [4] and we omit
it here.

This paper is organized as follows. In Section 2 we prove Theorem 1 in the case
where n > 4,2 < ¢ < ( ) In Section 3 we prove Theorem 1 in the case where

n >4, (” 1) <qg< ("H) In Section 4 we prove Theorem 1 in the case n = 2.

(n 1)

2 Proof of Theorem 1 in the case 2 < ¢ < ==

In this section we prove Theorem 1 in the case where n > 4 is even and 2 < ¢ <
2(n—1)

+—~. The proof is based on the following representation and estimate of free

solutions. In the sequel we denote I’ with radial symmetry in space as a function
n (0,00) x (0, 00).

Lemma 2.1 (Rammaha [10], Takamura [13]). Let n > 2 be even. Then,
t—s+r
w(t,r)=r"2+ // Ns L\t —s)F(s,\)d\ds
[t—s—r|
max(t—r,0) t—s—r o~ (21)
+ 7T 2+1/ / N2 L(A\ 7t —8)F(s,\)d\ds,
0 0

where r = |x|, L and L satisfy the following estimates
C’r_%)\_%, fo<7T<r, r—17<A<r+r,
LT < Co A2 (r - A= 7) O (r - A7) (7 + 7 — A) 2,
fo<r<r, T—r<A<r+r,
LT < Cor 2t A 2t (r —p = A) (47 +A) 7, 0<A<T-—r
fort,r>0,0<0<1/2.

Remark 2.1. As we shall see below, L and L are given explicitly by

2 (7 p Tazz (N2 +12 = p?)/2rX)
LAr,1T)=— 2 dp. 99
( ) /7"—AI VT2 =2/ p2 — (r = A2/ (r+ N2 — P (2:2)
for |1 —r| <A <7+r, and
~ 2 A pTL—Q(()\2+T2—p2)/2T/\>
Li\rt)=— 2 dp. 53
e /lwi N N e VN RV (23)

for 0 < A < 7—r, where T}, denotes the Tschebyscheff polynomial of degree k defined
by

dk
dzk

- k 1 1
Toe) = == 2 L g et

2k — D)1



Proof. This lemma is based on the representation due to Rammaha [10], Takamura

[13]. We refer to [13, Lemma 2.3] on the representation of the following form,

w(t,r) = 7" Ak

I ==
(/Hp T 2((/\2+7‘ —p?)/2r))
|

ol VA2 = (1= p)?/(r+p)? = 32

where we have used the Duhamel principle to translate the representation on the

(2.4)

)\%F(s,)\)d)\)dpds,

solution of the homogeneous equation to the one of the inhomogeneous equation.
Changing the order of integrals with respect to p and A in (2.4) and changing the
combination of pairs on the denominator, we obtain the representation (2.1) with L
and L given by (2.2) and (2.3).

In the following, we give the estimate on L and L. To begin with, we notice that
\T%z (N +7r*=ph)/2rA)| <1 (2.5)
if p > |r — )|, since it is known that
Te(2)] <1 if [2] <1,

and p > |r — A| implies [(A\* + 1% — p?)/2rA] < 1.
We first give the estimate on L in the case 0 <r —7 < A <r+ 7. By (2.5),

T

onnl<c [ L _dp

Y ey /e VI Y
<= !
T VN =2 S VTR = 2P (= A)?

1

—C(r+ A7) 2(r+A—7)"2
< Cr 2 /\_%,

dp

since r — 7 > 0. In the above estimate, we have used

’ 1
/ (@ — a2>ax<bz —ap =5 Bl-al= " —a)TE (26)

for a, B < 1, a < b, where B is the beta function.

We next give the estimate on L in the case 0 <7 —1r < XA <r + 7. In this case,

C ! p
[L(A, 7, 7)] < ((r+\)2 —12)7 A‘—/\I (12 — p2)1=o/p2 — (r — \)2 dp
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for 0 < o <1/2, since r + A > 7. Then applying (2.6), we obtain

1

L7, 7)< Col(r + ) = 72) 77 (7% = (r = X)) 72",

from which we obtain the desired estimate using 7 —r > 0.

We finally give the estimate on L. Similarly as above,

~ C r4+A p
Ll < T ey /T_M T (A — e

for 0 < o <1/2, since 7 > r + A. Then applying (2.6), we obtain

L) < Cale? = (r 4+ N2 ((r 4+ A = (r = N)?) 47,
from which we obtain the desired estimate. ]

Before describing the proof of Theorem 2, we prepare the weighted Hardy-
Littlewood-Sobolev inequality of the following form.

Lemma 2.2 ([12]). Let 0 < A <n, 1 <r,s < oo. Let « <n/s' and f < n/r" with
a+ (>0 satisfy 1/s+1/r+ (A +a+ ()/n=2. Then,

f(@)g(y)
o Jo el < o

Proof of Theorem 2 in the case where n > 4, 2 < q < ( . By duality and radial

Ls(Rn) ||g||L7‘(Rn).

symmetry, the estimate (1.3) is equivalent to

)/ / w(t, r)(t, )" Ldr dt .

2 2, n-l
<O =rra Fllpelr < @

for all & € C§°((0,00) x (0,00)).
By (2.1) we observe that

// w(t,r)®(t,r)r" tdr dt
///m@ L L)

X 12 A2 [t — r2|“ (A, t —8)F(s,\)®(t,r)d\ds drdt (2.8)

00 t t—r t—s—r .
+ / / / / 12 A2 |2 — 2T L\t — 8)F (s, \)®(t,r)d\ds dr dt,
o Jo Jo 0



and applying the estimates on L and L in Lemma 2.1 with o = 1 /2, the left hand

side of (2.7) is bounded by

r+t—s R
/// / AT = P (s, A) |t )] dX ds dr
max(t—r,0) (t—s)

t=r plestr BN 42 200 || o
+/ // / r2 A2 |t — 12| |F(s, )| (t’r)|d)\d8d7“dt
o Jo Jo 0 Vr+A—t+syr+A+t—s

=L+ 1.
Estimate of I;. Applying the following change of variables
t+r=u,t—r=v, s+A=§ s—A=mn,
we observe that

L el /u/v/

n) H(u,v)
*Tul ol “|U—U|”|€|b|77|b|§ n|

where v = (n — 1)(1/2 — 1/q) and we have set

12— N2PAT |[F(s,\)| = G(E,n), r7 |0t )] = H(u,v).
To estimate the integral kernel we use the following claim.
Claim 1. Ifn <v <& <u, then | —v||lu —n| < 2|u—v||€ —n|.
Proof. When v —v < & — 1, we have
€ —ollu—nl < (€= v)(u—v+&—n) <2(u—2v)(E—n),
since —v 4+ & > 0 and v > €. Similarly, when £ —n < u — v, we have
€~ ollu—n] < (€~ )(u—v+E— ) < 26— n)u—v),

since —v 4+ & > 0 and v > 7.

dn d€ dv du,

(2.9)

(2.10)

(2.11)

]

In each integral domain of the right hand side of (2.10) the condition n < v <

¢ < u holds, and thus by Claim 1

n=e / T / / P 77|7|77>|bd du)ds v



Then applying Lemma 2.2 repeatedly, we obtain
2 2, 2ol
I < ClGll o |H e = ClIIE" =[P ra™ Fllpollr e @ Lo

In fact, substituting @« = —a, f =b, A =~v = (n—1)(1/2—-1/q), r = s = ¢ in
Lemma 2.2, we observe that the condition 1/s + 1/r+ A4+ a+ 5 =2, a < 1/¢,
B < 1/r" implies a — b+ ”TH = ”T_l, b > % — "T_l, b < %, respectively.

FEstimate of I. Similarly, by change of variables (2.9) and substitution (2.11),

LIS
‘“|;|Z|LQ|U'|7 |§|€|b77|\;| j/G(ng\)/u(T ) ndé dvdu,

where v = (n — 1)(1/2 — 1/q) as before. In the domain of integration of the first
and the second terms on the right hand side of (2.12), the conditions

(2.12)

—f<n<é<v<u, —E<n<v—E<v<é<u,
hold respectively. In both cases we observe that
(w=v)2 7 < (w=—m)2 7, (E—m)P < (2277,

sincev >n, —n <& E>0,and 2 < g < (: implies 0 < v < 1/2. Thus,

)
MC// o a|v—5| e // ul- a|u nw plndu) s dv.

Then, applying Lemma 2.2 as above, we have

neo [ [1SENw GOl i

o]~ v — €2 |¢[b=2 4

We can also apply Lemma 2.2 for the above integral, because 0 < v < 1/2, which
is due to 2 < ¢ < ( ) ,assures b —1/2+v<b<1/q,and —a+ (b—1/2+ ) =
2/q—1/2 > 0. The other assumptions of Lemma 2.2 are easily follows. Thus we
obtain
Iy < C|[Gll e |1l = CllIE> = 21 r"T Fllpwlr7 @0
Therefore, we obtain (2.7) and this completes the proof of Theorem 2 in the case

where n >4, 2 < ¢ < (”21) O



3 Proof of Theorem 1 in the case 2( ) <q< 2(nt1)

n—1
(n 21) <
. The proof is based on the following representation and estimate of free

In this section we prove Theorem 1 in the case where n > 4 is even and 2
q < (n+1

solutlons.

Lemma 3.1 (Kubo-Kubota [5]). Let n > 2 be even. Then,

t—s+r
w(t,r) =r "*2/ / N K n2 (A, 1,t = 8)F(s,A) dAds
[t—s—r|

max(t—r,0) t—s—r (3].)
+ / / )\"_lKanz(/\, r,t —s)F(s,\)d\ds,
0 0
where r = |x|, and Kng, [?nT—2 satisfy the following estimates,
|Kn2( )|<C’r2)\ 21min(r%,)\%)( A—T+71)" 7, T —r| < A<T47r,
|Kn2( 7)< Cr ot U(T—r)_nT_Q (r—r—2A)" 2 0<A<T—T
form,r>0,0<0<1/2.
Remark 3.1. (1) We notice that K n2 and K n_2 are given explicitly by

T H, (p,1,7)

A PP — A2

" H, (p,1,7)

N

KA\ r,7) = dp, K;(\r7)= dp, (3.2)

for j > 0. Here,

Hj(p,r,7) = (D) H(r.,p—7), |p—71|<m,

* n—3
where D%y = &5 (—5.) H(r,p) = (r* = p?)"2".
(2) One of the different point between Lemma 2.1 and Lemma 3.1 is the power of A
derived from the estimates of the second terms on the right hand side of (2.1) and

(3.1), which enables us to control the integral kernel as we shall see below.

Proof. The representation (3.1) with (3.2) is due to Kubo-Kubota [5, Lemma 3.4].

The estimates on Kanz and Kanz is also due to [5, Lemma 4.2], which states
[ K na (A, P SCr T AT T R (N — ) 7E, = <A< T+
|Kn74( ,7’,7‘)|SCTT+”(T—T)_HT2_“(T—T—)\)_%, O<A<T—r,

holds for 7, » > 0, and p = 0 or 1/2. Thus, taking minimum or interpolating with

respect 1, we obtain the desired estimate. Il
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2(n+1

Proof of Theorem 2 in the case where n > 4, ( ) <q< . As in the preced-

ing case, it is sufficient to prove the estimate (2.7). By (3.1) the left hand side of
(2.7) is bounded by

t—s+r
/ / / / r A = | K2 (N, 1t — 8)||F (s, \)||®(t,7)| d\ ds dr dt
|t~ :

s—r|

U A

> ,r,)\n—l ‘tQ _,,,.2|a|[f€'nT72<)\’7~7t_ 3)‘|F(37>\)’|q)(t77’)‘d/\derdt
= Il —|'[2 +13

Estimate of I;. Applying the estimate on K n_2 in Lemma 3.1, we obtain

tostr n—1 n—1
[1<C/ / // rzoNT =P
[t—s—r|

min(rz, \2)
N—t+s+72

. minflu = ol b, ¢ =l Glen) Hww) oo
/ /i/;/sWVWM“M—WPKmeﬁ aje ot 1A

where we have used the change of variables (2.9) and the substitution (2.11), and

| F(s, \)||®(t,7)| dX ds dr dt

v=(n—1)(1/2—1/q) as before. To estimate the integral kernel we use the following

claim.
Claim 2. Ifn < v < & <u, then fory>1/2
min{§ — gl ju-v}} _ 2
u— o |¢ —nlr | —vlz T €=l fu—nl"
Proof. When u —v < & — 7, we observe that
(€=o) 2 (u—n)" < (u=0)"2 (u—v+E—n)
<2 (w02 (€ =),

since £ < u, —v + & > 0. This implies

lu— |2 < 27
lu =o€ —nPr|¢—vlz T 1§ = vl lu—nl"
Similarly, when £ —n < u — v,
E—v)2(u—n)"<(-=n)""2@u-v+E~-n)
<D (E—n)7 (u—v),

11



since —v < —n, —v + & > 0. This implies

1
& —nl2
1
lu — |7 |€ —n[7]€ -2

27
T lE=ol lu—np

This completes the proof of Claim 2. O]
Since the condition n < v < |v| < £ < u holds in the domain of integration of

(n 1) <q< 2(”—+1) implies £ < < 2 n, we apply Claim 2

the above integral, and

to have
I<C// // >ddud§dv
' |~ “|v—£l” [3K |ul~ “\u ?7!7|'fz|b >

Thus, applying Lemma 2.2 we obtain

n=1 n=1
L <OGllpa | Hll g = CNE2 =217 7 Fl g llr « @] -

Estimate of 1. Applying the estimate on K n—2 in Lemma 3.1 with 0 = 0, we obtain

12<C’/ // / P A2 2
t/3

(t—s—1)""T (t—s—1—A)2|F(s,\)||®(t, )| d\ds dr dt

e[ /””//
€ —nl"" G(&.n) H(u,v) dp dé dv du,

1
[ul = o]~ u = v] €[ |nl? 20 — & =% [0 — €]

where we have used the change of variables (2.9) and the substitution (2.11), and
v=(n—1)(1/2—1/q) as before. We notice that the condition n < £ < v < u holds
in the domain of integration above. From this condition we have the estimate
n-1
€ —nl = P (3.3)

20— € =" ju—¢z T lo—¢g

In fact, (3.3) is equivalent to

(E—n)T (=8 < Qu—E—n)'T,

and this follows from v > 1/2, { < 2v —&, v —n > 0, and

n—1+< 1>_n—2
q TT9)T o

12



By (3.3) we have

I2<C/ /|v|a|v—5|v|5|b / /5|u|a|u—v|v|n)|bdd“>dfd“

If we prove

) U ’
/ /£|U| a|U—U"7 ’nlbd du<C’||G( )HLLI’HH(v )HLq (34)

for 0 < £ < v, then the estimate of I, finishes by applying Lemma 2.2.

In what follows we prove (3.4). By 0 < £ < v and the Hélder inequality, the left
hand side of (3.4) is bounded by

([ e ) (] )

< </;O MET |d§ - v|qw>é|!H<-,v>||Lq, (/ %)éIIG(& My (35)

We notice that
—aq+qy=q(2/qg—0)>1, bg<l,

since a — b+ 2t = =1 b < 1/q. Thus, integrals in (3.5) converge and (3.5) equals
to a constant multiple of

—~t 1 _pt-1
0T H L 0) | v G s

which implies (3.4) since (e — v+ 1/q) + (—b+ 1/q) = 0 by our assumption.
Estimate of I3. In this case we apply the estimate on K n_2 in Lemma 3.1 with
o = /2, where v = (n — 1)(1/2 — 1/q) as before. Note that 0 < o < 1/2, since
2An 2) <q< ("“ . Then,

n—

#3 24T yn—1 42 2|a
1'3<C D

(t—s—1) "2 2 (t—s—r—A)2|F(s,\)||®(t 1) d)ds dr dt
o //2/ /.
€ —nl"« G(&n) H(u,v) dn dé dv du,

ol n=2,75 1
[ul = o]~ Ju = v]Z [g]* ] |20 — € — "=+ — €2

where we have used the change of variables (2.9) and the substitution (2.11). We

notice that the condition n < £ < v < u holds in the domain of integration above.

13



Form this condition we have the estimate
1 1
n—2,47 S n—1 o _17
20—=&—nl =72 |E—nl T jv—nl2|v—¢ 2

since 2v — &> &, v—&6>0,v—n >0, and

n—2 v n—1 1« < 1)
y 3T, tatlUT3)

Note that 2v — & —n > 0. By (3.6) and changing the order of integrals with respect

to integral variables,

(o] v 1
e[
’ o Jo |v[7*v—=¢7¢f

2v H
/ / (u,v) bdndu)dfdv.
flU!‘alu—U| lv—n|2 |n]

If we prove

2v H
/ / GEN WD gy u < CIG(E e lHC e (B7)
e Jul |u—vr o —nlZ ]

for 0 < £ < v, then the estimate of I5 finishes by applying Lemma 2.2.

In what follows we prove (3.7). By 0 < £ < v and the Holder inequality, the left
hand side of (3.7) is bounded by

2v v
(e e ) (e
20 i . .
< (/U o i@u_ U|q;)q!|H(.,v)|quf</ %)”\G(&)Hmu (3.8)

v |

The above integrals converge since

—ag <1, bg<l1, qr/2<1, (3.9)

2(n+1)

which are due to b > ﬂ—”—’l Witha—b—i-"—Jrl = "H , b < ,q <
We notice that by the thlrd condition in (3 9) the end pomt q= (n+11) is excluded.
Thus, the right hand side of (3.8) is a constant multiple of

, respectively.

241 _d_pal
v* 2" “H('?'U)HL‘Z’U 270 ||G(§7')||L‘1’7

which implies (3.7) since a — 4+ ¢ + (=3 = b+ ;) =0.
This completes the proof of Theorem 2 in the case where n > 4, 2(:__21) <q<
2(n+1) ]

n—1 -
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4 Proof of Theorem 1 in the case n =2

In this section we give the proof of Theorem 1 in the case n = 2. In contrast with
the case n > 4, we observe that 0 <y = (n—1)(1/2—1/q) <1/3for2 < g < 2(7::11)

when n = 2, and this is the reason we treat the case n = 2 separately.

Proof of Theorem 2 in the case n = 2. As in the preceding cases, it is sufficient to
prove the estimate (2.7). Decomposing the right hand side of (2.8) further, we
observe that

/ / w(t, r)®(t, ) rdr dt
(L / S

///”/QSWW L

X A|t2 =1} L\, r,t — 8)F(s,\)®(t,7)d\ ds dr dt

00 t t—r t—s—r
—l—/ / / / P2 = r2* L\, 7t — 8)F (s, \)®(t, r)d\ ds dr dt
o Jo Jo 0

E[1+[2+[3—|—I4.

t— 25+r

Note that (t —2s +1)/2 >t — s —r implies r > t/3.

In what follows we prove
L] < O = #2077 Fl| o |77 @), §=1,2,3,4 (4.1)

to derive (2.7) for 2 < ¢ < 6.

Estimate of I;. The estimate of I; is derived similarly as in the estimate of 1 in the
2(n—1)

case where n > 4, 2 < g < =—;

) in Section 2, and thus we omit the proof of the
estimate of I; here.

Estimate of Is. In this case, we apply the second estimate on L of Lemma 2.1 with
o =7+ 3(3 —7), where v = 1/2 — 1/q. We notice that 1/3 < ¢ < 4/9 when

2 < q < 6. Then,

t—s+r
|M<O/L// / A |2 g2
max(t—s—r, 1= 225+7')

X(r+X—t+s)7° (T+)\+t—s)_”(t—s+r—/\)_%+”
X |F'(s, \)||®(,7)|d)\ ds dr dt.

(4.2)
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Changing of variables (2.9) and using the substitution (2.11), we observe that the
right hand side of (4.2) equals to a constant multiple of

L0 L)

u — |77 € — 0|7 G(€,n) H(u,v)
Jul =2 [v] = (€[ [n]® |€ — v]7 [u — 0|7 |u— &7

In both domains of the integration above, the condition —{ <n<v <& <wu, £ >0

dn d¢ dv du.

holds. In fact, in the domain of the integration of the first term we have
—f<n< =€+ <v<é<u,
and in the domain of the integration of the second term we have
—f<n< =€+ <v<u/2<E<u.

To estimate the integral kernel we use the following claim.

Claim 3. If { <n<v<&<u, £>0, then for 0 <~y < 1/3

lu— |27 | —nlo €177 Jul =12

l_o — o 14 T
€ =0l [u—nl7 Ju— &= € — vl Ju—&[277 € — |

where o =y +3(5 — 7).

Proof. We first observe that

(u—v)277 (u—v)37 . (u — v)7%

O R Gt R B L

since u —n > u — v and 20 — 1/2 > 0. Then we have

u— |z € — |7 e (E=m)7 (u—v)r _
€ — vl ju—nl7u—¢€>7 T (=) (u—n)7" (u—€)2°

Here, we notice that 1 —y —20 = 3(3 —7) > 0, 0 —v = 5(5 —~) > 0. Thus we

obtain
(u—0)' T < WTITR (E— )T < (287

since u > v > 0, —n < &, £ > 0 and this completes the proof of Claim 3. n

16



Thus, applying Claim 3 and changing the order of integrals with respect to integral
variables, we obtain

|I2|<C////§+2v///25/5+2“///2£/£+2v

ul'" 27 1E1TTT G(E ) H (u,v)
IUI o[~ 18 nl* 1§ = vl !u—fl 716 —nl2T

o o 1
<< /
0 \v\*“ !v gl gt
H
—¢ fu|merr 2o ju = €277 € — |27 [nf°
For £ > 0, we observe that
// GlEnHy)
¢ ful=er+2o =t ju — €377 ¢ — 27 [
H(u,v) ¢ G
- (/ —a+v+20—1 1o du> (/ -0 b d?])
g/2 |ul~et lu—¢|2 —¢ |€=nlz"[n]
% du 3
(| 5 ) "IH (o)l
¢/2 ‘u’q( a+vy+20—1) ’u _€’q 370

3 d77 1
x : dn) "|G(€. |z
(/—5 e ) ’
= CIH(0) 5 G (€. e

dn du d§ dv

Here, we notice that

1 1 2
- — —(zg—1) <1, bg<1
since ¢ < 6, b < 1/q, and
1 1 1 1
(a—’y—20—|—1—§+0—|—a)+(—§+a—b+5):O.

Thus, we obtain

VE G0 GG
”2'<C/ / oo ey E

Finally, applying Lemma 2.2 we obtain (4.1) for j = 2, since

4 1 1
b—o+y=b—-(y—-5)<b<-=, —a+(b—0o+7)=

3 3 q ) >0,

W | ot
—
|

| =
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and other assumptions easily follow.
Estimate of Is. Applying the second estimate on L of Lemma 2.1 with o = ~, we

obtain

(t—2s+1)/
e [ [ [T e
t/3

X (Fr+A=t+8) T (r+A+t—8) " (t—s+r—A)"2t
X |EF(s, \)||®(t,7)|d\ds dr dt

t—r (t—2s+1)/2
co [T [ ey
t/3

X(r+AX—t+s) 7 (r+X+t—5) "7 |F(s,\)||®(t,r)|d\ds drdt,

since 0 < v < 1/3, and (t —2s +17)/2 > X implies t — s +r — X > /2, where
v =1/2 —1/q. Here, we notice that 2 < ¢ < 6 in this case. Changing of variables
(2.9) and using the substitution (2.11), we observe that

u/2  pu/2 E+2v ( )H(u U)
I3 < C/ / / / dn d§ dv du
el PEILE a\ab\mb\ o e

<o fram (L IS au— nl”\n)lbd du)dedv. (43

Thus, applying Lemma 2.2 we obtain (4.1) for j = 3.

Estimate of 1. Applying the estimate on L of Lemma 2.1 with o = v, we obtain

t—r t—s—r
|I4|<0/ /// Pt |2 e

(t—s—r—=XN)""(t—s+r+ A" |F(s,\)||P(t,r)|d\ds drdt.

Changing of variables (2.9) and using the substitution (2.11), we observe that

G(&,n) H(u,v)
”4'<C/ / / / Ja e oo 1€ [nP e — ol Ju — g @7 A0 e

and then |14 is also bounded by the right hand side of (4.3). Thus, applying Lemma
2.2 we obtain (4.1) for j = 4.
This completes the proof of Theorem 2 in the case n = 2. n
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