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Abstract

We study a cylindrical crystalline flow in three dimensions coupled to a diffusion field.
This system arises in modeling crystals grown from supersaturated vapor. We show exis-
tence of self-similar solutions to the system under a special choice of interfacial energy and
kinetic coefficients.

1 Introduction

In [GR1] we considered a model of crystals grown from supersaturated vapor. We estab-
lished there existence of solutions to the evolution equations. Here we want to construct a
special kind of maximal solutions, namely a self-similar motion.

Our work was motivated by experiments. Namely, Gonda and Gomi [GoG] have grown
in their laboratory specimens of elongated prisms of ice crystals similar to that formed in
the atmosphere and found mostly in Antarctica. Theoretical foundation for our work has
been laid down by Seeger, [Se], who studied planar polygonal crystals. Later his approach
was extended to three dimensions by Kuretlal. [KIO]. These papers, however, do not
include Gibbs-Thomson relation on the free boundary. We think that including this effect
is important, especially for small crystals.

In [GR1] and here we make a simplifying assumption that the evolving crystal is a cylin-
derQ(t) not a hexagonal prism. Such an approach is in fact quite frequent in the physics
literature, see [Ne], [YSF]. The description of the evolving interface is then relatively easy.
Namely, it requires specifying the radifisand the heigh2 L.

We recall now the equations of motion which we studied in [GR1]. The first one for
supersaturation outside crystaf)(t) is

Ac=0 in R3\ Q). (1.1)

It means that the mass is transported by diffusion and this transport is much faster than
the motion of free boundarg€2(¢), hence the terna; on the right-hand-side of (1.1) is
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dropped. It is also physically reasonable to assumedhsds a specific value at infinity,
ie.

lim o(z) =0>. (1.2)
|z|—o00
The velocity of the growing crystal is determined by the normal derivative at the
surface,
do
— =V on 0Q(t 13
n (t), (13)
wheren is the outer normal. This equation expresses the mass conservatiom Hdre
outer normal td2 andV' is assumed to be constant on each fatet 0Q(t), i =T, B, A,
i.e. top, bottom and the lateral surface. The notation we use is explained in Section 2.
The hypothesis thdt” is spatially constant on eac$y’s relates to stability properties
of facets or facet non-breaking properties. It is not always natural especially gis
large, see [GiGi], [BNP1], [BNP2]. We do not touch this issue in the present paper.
We also need an equation for the motion of the free boundary, it is

—/ odH? = (k; — B;iVi)|S;| i=T,B,A, (1.4)
S.

k3

whereg;’s are the kinetic coefficients and for simplicity of notatig| stands fofH?(S;),
i.e. the two-dimensional Hausdorff measureSpf Herex; denotes for crystalline curvature
of S;.

Condition (1.4) is in fact the Gibbs-Thomson relation. Due to lack of smoothnék3 of
the pointwise curvature makes no sense. Instead we use crystalline curvatofézcets
Si, see [GR1]. The notion of crystalline curvature was first introduced by J.Taylor [Ta] and
independently by Angenent and Gurtin [AG]. We stress that the Gibbs-Thomson relation
in a similar form to (1.4) has been derived by Gurtin, (|G, Chapter 8], see also [GM]) for
polygonal interfaces.

These equations have to be augmented with an initial conditidd, ae.

Q(0) = Q. (1.5)

In [GR1] we showed that this system (1.1-1.5) {dr, R, o) is well posed and we have
local in time existence of solutions for any admissible initial data. However, in that paper
we did not study any subtle properties of the dynamics.

Here we are interested in establishing existence of special maximal solutions (we allow
for finite extinction times). Namely, we want to establish existence of self-similar solutions,
i.e.such that

Q(t) = a(t)Q(0) (1.6)

holds for a scale factar(¢). By showing their existence we hope to gain new insight into
the dynamics of (1.1-1.5).

At this point we mention that the existence of self-similar solutions to the anisotropic
curvature flow of the fornV = . is well-studied in the plane, where, is a weighted
curvature with respect to the interfacial enefigyn fact there exists a self-similar shrinking
solution for smooth strictly convex: [Ga], [GaL], [DG], [DGM]. It is extended to a planar
crystalline flow by [St1], [St2] and to a crystalline flow & by [PP]. Note that if3y =
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const, it is clear that the Wulff shape ofalways shrinks self-similarly. The reader is
referred to a review article [Gi] and a nice book [CZ] on this topic. If there is a driving force
term,i.e. we deal with equatio®V" = «., + C with some constant’ > 0, then there is a
self-similar expanding solution, provided th&f = const as shown in [S@12]. It can be

easily extended for crystalline case. The main difference between these problems and our
problem lies in the fact that our system may be understood as a crystallinedigiedto

a diffusion field. However, it turns out that the relatiém = const. is a necessary condition

for existence of self-similar solutions, too.

Close to our work is the study of isotropic Stefan problem undertaken in [HV]. How-
ever, the essential difference is that they do not assume the Gibbs-Thomson at the free
boundary.

Our main goal is to establish existence of (expanding or shrinking) self-similar solutions
to (1.1-1.5). However, we will see that this is not always possible. Our result is sensitive
to a choice of 2 sets of parameters: (a) the Wulff shape of interfacial energy dengiy
the kinetic coefficients);'s. Geometrically speaking the crystalline curvaturedepends
on our selection of surface energy densityhence on the Wulff shapé’,. We note that
W, is a cylinder with constant crystalline curvature equat-ty see§2 for more details.

We can now give a rough indication of this dependence. We mentioned that the evolution
of Qisin fact a system of ODE's fok. and R. However, when we try to reduce this system
to a single equation for the scale factom (1.6) it turns out that this is possible only for

special values of the aspect ratio
L

R = Po;
which must be equal to the quotient of the kinetic coefficightssr = po, see Proposition
4.2. More preciselyp, is a positive zero of a function which is not given in an explicit way.
Our main thrust is then on studying this function and proving that it has at least one positive
root, this is done ir34.

Our work requires some preparations, they are dorijiwhere we also explain the
notation. What is more important we present the structure of the solutions of (1.1-1.5) and
their behavior under scaling, which is an important ingredient of our argument.

We also show i3 that the only steady state of (1.1-1.5) is a properly scaled Wulff
shape, with the scale factor depending updn We also explain how the signs of speeds
V; depend orr*> and curvatures;, i = T, B, A.

2 Preliminaries

In this section we set up the problem. We present here our assumptions and known results.
We also recall the structure of solutions and exhibit a scaling law.

2.1 The setup

Our evolving crystal)(t) is assumed to be, as it is done in the physics literature, see [Ne],
[YSF], a straight cylinder,

Q(t) = {(.’,13',.’172,5,12'3) € R?),l'% + 1‘% < RQ(t)a |I’3‘ < L(t)}



In other words, we only have to knof(¢) andL(t) to describe its evolution. We shall calll
by facetsthe following subsets a¥€2(t)

Sy ={x€dt): 2?+23=R?*
Sr={ze€dQt): z3=1L}
Sp={xcoQt): xz3=-L}

and we shall call them the lateral side, top and bottom. We also define the set of indices
I = {A,T, B}. We shall specify the initial dat@(0) = Q. We denote by/; the speed of
facetsS;, ¢ € I, in the direction of, the outer normal to€2(¢).

We explicitly assume that enjoys the symmetry dR(t), i.e. o is axisymmetric and
symmetric with respect to the plang = 0:

o = a(y/e? + a3 [zal).

We want to consider a surface energy density functiamhich is consistent with our
Q(t). We recall thaty is to be Lipschitz continuous, convex and 1-homogeneous. To be
specific we take

y(x1, x2,23) = ryA + |23|yrB, YA, YTB > 0, (2.1)

wherer? = 22 + 2% andvy,, yrp are positive constants. Hence, its Frank diagfam
defined as

Ey={peR’: y(p) <1}

consists of two straight cones with common base, which is the{disk x, 0), 2% + 23 <
1/~a}, the same height and the vertices at

(0,0,:l:l/"}/TB).
Now, the Wulff shape ofy is defined by
W,={zcR: ynecR3 |n|=1, z-n<~y(n)}.

In our settinglV,, is a cylinder of radiugk equal toy, and half-heightZ equal toyrp.
Hence, all cylinders liké(t) above areadmissiblein the sense that normal to the top
facet ofC)(t) (respectively: bottom, lateral surface(t)) is the normal to top facet d¥/,
(respectively: bottom, lateral surfaceldt,).

We now explain how the “mean crystalline curvaturesof facet.S; may be defined,
in this respect we follow [GR1]. Let us set the surface endfdyy formula,

E(S) = /S y(n(x)) dH?(x).

Then we define

oy AE
S YN
whereh is the amount of motion af; in the direction of the outer normal 1§(¢); AE' is
the resulting change of surface energy, &id is the change of volume. We now recall the

calculation ofx; performed in [GR1]. Namely, foy given by (2.1) we obtain
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_ 2y(mp) _ _ yop) 1
T=- = kB, Ry === — R’Y(HA)-
In [GR1] we pointed to a relation betwean and the surface divergence of a selection
of Cahn-Hoffmann vectaof. Here we will not pursue this topic.

We have established existence of solutibhsR, o) to system (1.1)—(1.4).

Proposition 2.1(see [GR1, Theorem 1])here exist$ R, L, o) a unique local-in-time weak
solution to

Ac =0 in R3\Q(@), ‘ |hI£l_ o(x) =0 (2.2)
0o

= V. on 090(t) (2.3)
—/ o = (ki — BiVi)|Sil (2.4)

i

augmented with an initial conditidn(0) = g, wheref)y is an admissible cylinder. More-
over,
R,L e CY([0,T))
Vo € O ([0, T); L*(R3\ Q(t))).
O

¢From now on, for the sake of simplicity we shall denote the unique solution to (2.2—
2.4) by (9, 0) instead of( R, L, o).

Constructing the desired solutions requires a detailed knowledge of the structure of
This is presented below.

2.2 The structure of o and the scalings

In order to present the useful structuresoive have to introduce some additional objects.
Namely, we need; which is a unique solution to

~Af;, =0 inR3\ Q (2.5)
dfi .
o = (51']' on Sj, jel (26)

suchthatV f; € L2(R3\Q) and lim f;(z) = 0, (see [GR1]), wher@ is a straight cylinder

in R3 given at the beginning of Section 2.1 (with time fixed). Hétejs the Kroneker delta
andv denotes the inner normal &f). For functionsf, g such thatV f, Vg € L?(R3\ Q)
we also define the following quantities

(f,9) = Vi) V(@) dz,  |fI*=(f,f).

R3\Q
Let us mention that the equation (2.5)—(2.6) takes the following weak form

Vfi(x) - Vh(z)ds = / h(z) dH*(z) (2.7)

R3\Q S

for all h such thatVh € L?(R3 \ Q).



We showed in [GR1] that (2.2)—(2.4) can be reduced to the following system of ODE’s
(A+D)V =B, (2.8)
where

V= (VA7 VT7 VB)7 B = (’SAKO—OO + HA)v ‘ST‘(UOO + /iT)a ’SB’(UOO + ’KJB))
A={(fi, fi)}ij=a1.B, D =diag{Ba|Sal,Br|STl|,Bs|SB|}.

In order to explain that (2.8) is indeed an ODE we recall that

dR dL
il Vi = Vi = 2
dtv T B

Vi = .
A dt

In fact, (2.8) is a system of two equations fdt, L), but for the sake of compatibility with
[GR1] we wrote it as if it were a system of three unknowRs L1, Lo) for which L; = L.
Moreover,o is given by

o(t) == Vifj+0o>. (2.9)

iel

The purpose of the present section is to clarify the behavior of our system under scaling
of domains. Suppose we define a new variabity formula

Y =ax

wherea > 0, thus( is transformed ta$ = ©, S; goes touS; = S;. If  is defined orf,
then we transform it té : 2 — R, by setting

hy) = h(2)
we also define
[ =afi0),  i=T.BA. (2.10)

The Proposition below clarifies the role of definitionff.

Proposition 2.2 Let us suppose thgt satisfies (2.7), then

/i Wﬁ@%ﬂw@=/i@MW@)
R3\aQ aS;

for all h with Vh € L*(R?\ Q).

Proof. Let us noteV,h(y) = V(%) 52 = 1 V.h(x). Then indeed

3
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3 Critical size crystals

First, we want to determine stationary states of (2.2)—(2.4). They will certainly depend
uponcs°. Indeed, we have the following result.

Proposition 3.1 Let us assume that>* > 0 is given andy is defined by (2.1). Then
(Q2(t), o (t)) is a stationary solution to (2.2)—(2.4) if and only if
Q0) =alW, and o(t) =0,
wherea = 2/0°°.
Proof. Let us suppose first th&(0) = aW,, a = 2/0> ando(t) = o>°. With this
definition of the scale, we see that the right-hand-side of equation (2.8) vanishes,
(A+D)V =0.

HenceV = 0, because the matrid + D is nonsingular. Moreover, by (2.9)(t) = o°°.
Thus(2/0>°W,, c*) furnishes a solution to (2.2)—(2.4).

Conversely, if(2(t), o(t)) is a stationary solution, theij = 0, ¢ € I and (2.9) implies
thato(t) = o°°. In addition, the left-hand-side of equation (2.8) vanishes, implying that
B = 0. Thus,Q)(¢) is of a constant crystalline curvature:

KT = KB = kp = —0°°,

i.e. Q(t) is a scaled Wulff crystal. Equivalently, we reached,

B _ A _ 07
L R 2
and the dimensionB, L are determined by>°. O

We may now say that i&*° is given, theno_%OW7 is of critical size We expect that
Q(0) (not necessarily a scaled Wulff shape) contain#%;gWV will have the tendency to
grow, while thos€? contained in(%.OW7 will shrink. We express it below.

Proposition 3.2Let us suppose > 0 and a solutioni§)(t), o (t)) to (2.2)—(2.4) is given.
We also assume th&i (t) - Vr(t) > 0.

(a) If the crystalline curvatures di(t) satisfyc™ + r; > 0, € I, thenV;(t) > 0, for all
1el.
(b) If the crystalline curvatures of)(t) satisfyc™ + k; < 0, i € I, thenV;(t) < 0, for all
1€ 1.

Remark. The conditionV; - V; > 0 looks strange, but we may not exclude the possibility
that it is violated. However, in the case of self-similar motion constructed in next section it
is automatically satisfied.

Proof of the PropositionWe shall prove (a) since (b) is handled in a similar way.
Let us recall that the matrid + D in (2.8) is positive definite. Thus,

0< XV < (A+ D)V, V) = (6% + 1)[S;|Vi.
icl
Sincesc™ + k; > 0 and all terms on the right-hand-side are of the same sign, we conclude

that
Vi>0 for i€ {A,T,B}. O



4 Existence of self-similar solutions

We are interested in special solutions to the evolution equations that are simple yet im-
portant. We shall say that a solutiod(¢), o(¢)) is self-similarif at all time instances the
region()(¢) satisfies

Q(t) = a(t)2(0), alt)#1 (4.1)

for a real valued function : R, — R. We require that it is non-constant for otherwise
we would obtain a stationary solution.

We shall examine consequences of (4.1). We have to express (4.1) in tefnd.of
and the speeds of facets. Later we shall see that self-similar evolution exists osyrfer
choices of the Wulff shapdd’, and kinetic coefficients;, i = A, T, B.

We note that in the case of evolving cylinder the self-similar evolution is equivalent to

constancy of the aspect ratio
L(t)

R®) p. 4.2)

Subsequently we shall find an equivalent characterization of (4.2) in terms of the speeds

L(t) = Vip(t) = Vp(t), R = V.

Proposition 4.1 Let us suppose thaf)(t),o(t)) is a self-similar solution to (2.2)—(2.4).
Then (4.2) is equivalent to

V() L(0)
=p, forall t € [0,T] and —= =p. 4.3
V) =" [0, Tmax) RO) " (4.3)
Proof. = We notice thaf2(t) = a(¢)$2(0) is equivalent to
zl(t) - a(t)zi(o)v (S {Aa T, B}7 (44)

where(zp, 21, 28) = (R, L, L). After differentiation of this identity we see
Vi(t) = a(t)z(0) i€ {AT,B}.
This implies that
Vr(t) aL(0)
Va(t)  aR(0)

Possibility ofa = 0 has been already excluded in the definition.
< Obviously, we have

t
zi(t) = z;(0) + / Vi(s) ds.
0
Conditions (4.3) imply

L(t) _ L(0) + fg Vr(s)ds _ pR(0) + fg pVa(s)ds

R(t) R(0) + fg Va(s) ds R(0) + fot Va(s) ds O
= p.

In particular it follows from Proposition 4.1 that

1 2
Vr(0) _ | _ Bl Jsp o dH” +rr
—p=E .
WfSAJdH2+HA ﬁT
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Effectively, due to representation efin terms of speeds, this is an equation for the
initial speeds, where the role ¢f, and 3 has to be clarified. We shall see momentarily
that the relation betweedy andgr is set by another necessary condition of the self-similar
motion.

Proposition 4.2 Let us suppose th&f)(t),o(t)) is a self-similar solution to (2.2)—(2.4),
then
By _ Vi

Br- v "
Remark. Combining this Proposition with (4.2) and the definition of the Wulff shépe

leads us to the conclusion that the relation
([~ = const.

is a necessary condition for existence of self-similar solutions.
Proof of Proposition 4.2. Let us suppose thdt)(¢), o(¢)) is a self-similar solution.
We can then express the supersaturation

oh)=— 3 FOVlt)+0*

1€{A\,T,B}
in terms off;(-) = £:(0,-), V;(0),i =T, B, A. In §2.2 we showed that if
Q(t) = a2(0),

then

o=— > fO0Vit) + o,

1€{\,T,B}
Wheref{ satisfy (2.10) and
a(t) = (Y

thus, we can rewrite both sides of
| ot dr@) = (-rit) + 5110 (4.5)
Si(t)
in the following way

LHS = / (= STV 1D + o) an?
Si

Jjel

— —a(t) /S o SO i o150
i\t jerl

__ﬂ a(0)z; a . L 2 O'OOCL2 .
~a(0) jze;/a(t)si(o) (0)z;(0)a(?) f; (a(t)> dH*(y) + (1)[5:(0)].



We change variable = y/a, then

s =205 30 [ V)0 dH(a) + 0%a?si(0)

a(0) < $:(0)
. d(t)a3(t) o T 2 ) — o®|S, O_ooa2 .
- 2 ( JRCBTRE |sz<o>r> +%a|S,(0)
a(t)a (1)

= ———|” i Vi —/ii—O'oo o°°a2 3 .
= TS0l (B:Vi(0) ) +0%a’|5:(0)|

We now calculate th& H S of (4.5)

_I{i(O)
asi(0)  a(t)
= —a(t)k;]Si(0)| + Bia(t)a® ()] S:(0)]z(0).

After dividing by |.S;(0)| we see that

RHS =

dH?(y) + Bia(t)a®(t)]S:(0)]2:(0)

o®a?(t) + Z((é))ag(t) (—r;i(0) — 0™ 4+ B:V;(0)) = —k;(0)a(t) + Bia(t)a®(t)z(0).

Further simple manipulations based on (4.5) yield
a(t)a®(t)((—ri(0) — 0)a(t) + B;Vi(0)(a(t) — 1)) = —a(0)(c¥a*(t) + i(0)a(t))-
If we assume tha2(0) = W, then the formula for crystalline curvatures yields
ki(0) = k(= —2), ie{A,B,T}
If we plug this result into equations above, we obtain

a(0)(c>®a(t) + k)

a(t) = a(t)((o>® + k)a(t) + BiVi(0)(1 — a(t)))’

i€ {\,B,T} (4.6)

Of course, we have to assume thét + x # 0, for otherwise we would have a stationary
solution.
If the left-hand side is to be independeni gfhen we conclude that

BrVr(t) = BaVa(t),
as desired. n

On the way, we established the equation whi¢h) has to fulfill, namely equation (4.6).
This equation has to be augmented with an initial conditien,

a(0) =1
and we have to supply(0) calculated form (4.5). Namely, (4.5) may be rewritten as

D Vi) (i, £5) + BilSil Vi(0) = (0™ + #:(0))|Si].

Jel
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Before we proceed, we make a simplifying assumption. Due to the scaling formia2of
without loss of generality, we may assume

L=p and R=1. 4.7)
If we use this simplification, Cramer’s formula applied to (2.8) yields

Vr(0) _ |lfall* +48amp — 8p(fa, fr)
Va(0)  Ap(fr, fr + fB) + 4mp?Br — 2(fa, fr)

Combining this with

Vr(0) _ p
Va(0) "
we obtain an equation fgr, where we use als@, /5 = p.
After some simple algebraic manipulations the equationpfa@duces to

40 (fr, fr + fB) +6p(fr, fa) = || fall*- (4.8)

We notice tha3, , 57 miraculously cancel out.

We stress here thdtr, fz, fo depend only om and they are indepent of°.

This is an equation for the constant in time proportions of the self-similar, evolving
cylinder. It guarantees that

LO) Vr(0)  Ba

RO)  Va(0) Br *

We will show that (4.8) has at least one solution. We will achieve our goal after calculating
behavior of both sides of (4.8) for large and small This will be done in a series of
Lemmata. We do not pretend to show optimal estimates here. We are content to conclude
that they are sufficient for showing existence of solutions.

Lemma 4.3 There exists a universal constarnit independent of such that
Ifall < CLp2(1+p5),  VpeRy
and||fal| < Clp% for smallp.
Proof. Let us choose a cut-off function: [0, c0) — [0, 1], such that)(1) = 1 and
BHer -y e [R,R+1],
0, r> R+,
1, r € [0, R).

Of courseR = 1 due to our scaling, but for the sake of clarity we shall stress it anyway.
Let us note that

21T
fal? = /S fa() dH3 () = 2 /0 /0 " fa(2)Rdsdo,

where(r, 0, z3) are cylindrical coordinates.
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Letus setD = (B(0,R+1) \ B(0,R)) x (—p, p), then due to the definition of we
can see,

2T
Al = / /fA JRN(R) — fa(z)(R+ U)n(R +1)] dz3db

:_2/%/ /RH (r)rfa () dusdddr
:/D< nfa +n%+ f>

We notice thatD| = 2p7(2R+1)l andn/r < 1forr > R = 1. Now, by Holder inequality

we come to
Lo b, ;
sl < e+ pioté ([ 12) 410t ([ 1v)
D D

The first integral may be estimated by Sobolev inequality for unbounded domains (see e.g.
[HK, Theorem 5]) i.e. we obtain

1 £all < ep8 (18 +176)(1 +1)6 + cp2lz(1 +1)2,
wherec is a constant. When we chooke: 1, then
1 1
[[fall < cp2(1+p3), VpeER,.

For smallp it is advantageous to balance power of the ingredients, for this reason we take
1
Il = p2. Hence,

1w

||fAH<cpo i +c% 1= Cip

for sufficiently smallp > 0, as desired. g
A similar reasoning leads us to

Lemma 4.4 There exists a consta@t, independent o such that
frl| < Co. O

We need also good lower bounds bfy ||.

Lemma 4.5 There exist’s > 0 such that for all sufficiently smal the following
estimate holds

5
[ 7all = Csps.

Proof. We shall exploit the fact that for any functiepwith V) € L? and being equal to
1 onS,, we have

wwhp= [ 1ar = [ Vg Va < 0l
Sa R3\Q

We shall take; = o (r)¢(z3), wherer? = 2?2 + x3 andy(z) is even. Namely, we choose

1 r € [0, R]
P(r)= § BH=r p e (R, R+ 1],
0 r>R+ /4,

12



1 z €0, p]
plz) = { P ze(ppt A,
0 z2>p+ A,

where/, A > 0 shall be picked later. Obviously
Vi = Yrp - € + Yy €as,
whereé, = (z1,22,0)/r, &, = (0,0,1) and|Vn|* = 2? + ¢?2 . We set now
D = [B(0, R+ £)\ B(0, R)] x [=p, p],
P=DB(0,R+€) x [p,A+ p]UB(0,R+£) x [-X — p,—p],

X =[B(0,R+0)\B(0,R)] x ([-A—p,—p] U[p,p+ N]).
Then with these definitions, we see

/IR3\Q]Vn]2dm:/D¢fap2dm+/ gpxg da:—i—/ 2

We shall treat each term separately. Dnwe clearly have), = —¢~!, hence

2mp

LR +0.

1
2,12
dr < —=|D
| o< gInI-

On P we havep,,| = 1, and

/ goist dr < %(R—i—ﬁ)Q
P

>

and finally we calculate the integral ov&r
/ V22 dx < —A(2R+£)
Combining those results we arrive at

2 3
i< e(Garn+ S5+ Ja+o)

Again, we want to balance all the terms, we put p®, A\ = p~?, «, 3 > 0, The constraint
of equal powers of all terms yields= 1/3, o« = 2/3, and finally

1
Il < eps.

Hence|| fa ]| > Cgp%, forall p > 0. O
The argument used above yields also

Lemma 4.6 There exist€’y > 0 such that for alp > 0

| fr|l > Cu,

i.e. || fr|| is bounded below by a positive constant. O
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We are now ready to study equation (4.8).
Theorem 4.7 Equation (4.8) has at least one positive soluign

Proof. Both sides of (4.8) are continuous functionspofWe shall estimate the growth of
both sides ato and near 0.

Forp > 1 due to Lemmata 4.3 and 4.6 we have

RHS < Cpp®/t
LHS > 4p%|frl| > CLp*,

where we also used positivity ¢fr, fz) and(fr, fo). Hence,LHS > RH S for suffi-
ciently largep.
Now, for smallp > 0, because of Lemmata 4.5, 4.3 and 4.4 we see
RHS > clp‘r’/3
LHS < ¢ <p2 + pp3/4)

It is obvious that
LHS < RHS, for sufficiently small p > 0.

Hence, for someyy > 0 both sides of (4.8) must be equal, because they are continuous
functions ofp. O

What we have done so far is: we have determined the proportions of the Wulff shape and
the proportions of the kinetic coefficients = 55 /5r. The numbep is special and may
not be unique.

We are now ready to establish existence of self-similar evolution.

Theorem 4.8 Let us suppose that is a solution of (4.8) an€(0) is the Wulff shape of
vi.e, Q(0) =W, andL/R = py. We also assume that

Ba
E—Po-

Then the evolution of2(0) is self-similar.

Proof. We have to show thd®(¢) = a(¢)2(0). We have already shown in the course of
proof of Proposition 4.2 that(t) satisfies the ODE (4.6)

a(0)(c>a(t) + k)
0 - {L(t)((aoo + r)a(t) 4+ BrVr(0)(1 — a(t))) (4.9)

d:

wherefsrVr(0) = BAVa(0) by our choice ofpg andx = k7 = k. Similarly,



Equation (4.9) has a unique solution, because the right-hand-side of (4.9) is Lipschitz con-
tinuous with respect ta and the denominator never vanishes. This is so due to

(0% +r)a = Frvr(0)a+ GrVr(0) = a(0™ + & = BrVr(0)) + BrVr(0)
_ /S > BVi(0) fi dH? + BrVir(0) # 0
T 4eI

as long agr™ # —x andV,’s have the same sign.
We have to check that

(Va, Vr) := (aza,a2r) = - (R, L)

and
o= ch'inff+o*O°
icl
satisfy (2.2)—(2.4). Of course

Ac=0 in R*\Q() and lim o(z)= 0>

|z|—o0

and 5
Y% _v. on 00
on

due to properties of*, see Proposition 2.2. Moreover,

/Si 7= /Si(ﬂivi — ki) dH?

holds by the very definition af(¢). O

Let us remark that it; > 0, thena(t) is defined for alt > 0. On the other hand, if
Q(t) shrinks,i.e. V; < 0, then it is easy to see from (4.9) that the solution dies out in finite
time. We leave this calculation to the interested reader.
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