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Weighted Sobolev-Lieb-Thirring inequalities

Kazuya Tachizawa

Abstract. We give a weighted version of the Sobolev-Lieb-Thirring inequality for
suborthonormal functions. In the proof of our result we use @-transform of Frazier-

Jawerth.
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1 Introduction

In 1994 Edmunds and Ilyin proved a generalization of the Sobolev-Lieb-Thirring in-
equality.

Theorem 1.1 ([2]). Let n € N, s > 0 and p with
n n
L2 <psis

Then there exists a positive constant ¢ = c¢(p,n,s) such that for every family {qbi}f\;l m
H*(R"™) which is orthonormal in L*(R™), we have

2s(p-1)/n N
(1) {/ play =Y dw} <) =8y
" i=1

where
N
pla) = D [o:(a) .
i=1
In this theorem H*(R™) denotes the Sobolev space of order s and || - || is the norm
of L2(R™).

In [8] Lieb and Thirring proved this theorem for s = 1 and applied it to the problem
of the stability of matter. Ghidaglia, Marion, and Temam proved (1) for s € N under



the suborthonormal condtion on {@;}, where {¢;}¥; in L?(R") is called suborthonormal

if the inequality

N N
> G600 05) < 3Ll
ij=1 i=1
holds for all §; € C,i =1,... ,N ([4]). They applied the inequality (1) to the estimate
of the dimension of attractors associated with partial differential equations(c.f.[13]). In
this paper we shall give a weighted version of (1) under suborthonormal condition on
{#:}. In the proof of our theorem we shall use Frazier-Jawerth’s ¢-transform([3]).

For the statement of our result we need to recall the definition of A,-weights(c.f. [5],
[10]). By a cube in R™ we mean a cube which sides are parallel to coordinate axes. Let
w be a non-negative, locally integrable function on R". We say that w is an A,-weight

for 1 < p < oo if there exists a positive constant C such that

1 1 /(1) )p_l
|Q‘/Qw(m)d1:<’Q|/Qw(;v) dx <C

for all cubes @ C R™. The infimum of the constant C is called the Aj,-constant of w.
For example, w(z) = |z|* is an Ap-weight when —n < o < n(p — 1).

We say that w is an Aj-weight if there exists a positive constant C such that
1
/ w(y)dy < Cw(z) a.e. v €Q
QI Jg

for all cubes @ C R™. The infimum of the constant C' is called the A;-constant of w.
Let A, be the class of A,-weights. The inclusion A, C A, holds for p < q.

For a nonnegative, locally integrable function w on R™ we define

LP(w) = {f : measurable on R",/ |f(z)[Pw(x) de < oo} .

For v € Z and k € Z™ the cube @ defined by
Q=0Qur={(z1,...,2y) : ki <2%x; <k;+1,i=1,... ,n}

is called a dyadic cube in R™. Let Q be the set of all dyadic cubes in R™. For any @ € Q
there exists a unique Q' € Q such that Q C Q' and the side-length of Q" is double of
that of Q. We call Q' the parent of Q.

For s > 0 and f € C§°(R™) we define via inverse Fourier transform

(=) f(a) = FH(EP ) @)

Let w € Ay and H*(w) be the completion of C§°(R™) with respect to the norm
1/2
flew ={ [ 102 1@Po@a+ 1712}
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We remark that for f € C5°(R") we have

[ 82 @) o) de < o0

because
(x € R™)

and

_wl@)
/Rn @+ [z ™ <

(c.f. [10, p.209]).

Let f € H*(w) and {f;}$2; be a sequence in C§°(R") such that ||f — fillxs@w) —
0 (i — oo). This means that there exist gy € L?*(R") and g € L?*(w) such that
lg1 — fill = 0 and

/n g2(z) — (—A)*"2 fi(x) Pw(z) dz — 0

as i — co. We denote (—A)*/2f = go. We remark that g; = 0 means g, = 0. In fact,
for any ¢ € C§°(R™), we have

1— 00 Rn 1— 00

/ g2pdx = lim (=A% fipde = lim fi(=A)s2pdx = 0.
n Rn

Hence we have go = 0. This means that we can identify H*(w) as a subspace of L?(R™).

The following is the main result of this paper.

Theorem 1.2. Letn € N,s >0, and

n n
max(l,g) <p< 1+%.

Let w € Ay. If 25 < n, then we assume that w™"/(25) ¢ Ayy2s)- If 28 = n, then we

assume that w="/(25) ¢ Ap and

(2) / wdx§225/wdx
! Q

for all dyadic cubes Q € Q and its parent Q’.
Then there exists a positive constant ¢ such that for every family {&;}}., in H*(w)

which is suborthonormal in L*(R™), we have

2s(p—1)/
{ / ()P g )/ 25(p-1) dx} <CZ / AY285() () ds,



where

N

pla) =) oi(x)

i=1
and ¢ depends only on n, s, p, As-constant of w, and A,, /24y or Ap-constant of w™/(29),

When 2s < n, an example of weight function w is given by w(z) = |z|* for —n+2s <
a < 2s. When 2s > n, an example of weight function w is given by w(z) = |z|* for
0 < o < min{2s — n,n}(c.f.[12, Section 4]). When 2s = n, the condition (2) means w

is equivalent to a constant almost everywhere(c.f.[12, Proposition 4.1]).

2 Preliminaries

Let 1 be a function which satisfies the following conditions.
(A1) ¢ € S(R™).

(A2) suppd) C {€ €R™ : § < [¢| <2}

(A3) [$(Q)] Ze>0if 2 < g < 3.

(A4) > [ih(27€)> =1 for all € # 0.

VEZL
Forv e Z,k € Z' and Q = Q,, we set

Polx) = 2" 22V — k) (z € R™).

Let M be the Hardy-Littlewood maximal operator, that is,
1
M(f)(a) = sup o [ 7wl dy,
T€Q |Q| Q

where f is a locally integrable function on R™ and the supremum is taken over all cubes

() which contain x.

Proposition 2.1.

(i) Let 1 < p < oo and w be a non-negative locally integrable function on R™. Then

there exists a positive constant ¢ such that
M(f)Pwdx < c/ | f|Pw dx
R" R™
for all f € LP(w) if and only if w € Ap. The constant ¢ depends only on n,p and

Ap-constant of w.



(i7) Let 1 <p < oo and w € A,. Then there exists a q € (1,p) such that w € A,.

(7it) Let 0 < 7 <1 and f be a locally integrable function on R™ such that M(f)(x) <
oo a.e.. Then (M(f))” € Ay and the Ai-constant of (M(f))” depends only on n

and T.

(iv) Let1 <p < oo and w € Ay,. Then there exists a positive constant ¢ such that

/ wdxgc/wdx
2Q Q

for all cubes Q@ € R™, where 2Q) denotes the double of Q) and ¢ depend only on n

and Ap-constant of w.

The proofs of these facts are in [5, Chapter IV] or [10, Chapter V].

3 Proof of Theorem 1.2

The suborthonormal condition on {¢;} is equivalent to the inequality
N
S @ HE <117
i=1

for all f € L2(R™) (c.f.[1, p57)).
We shall prove the inequality

25(p—1)/n
{ / ()P =D () 25(0-1) dx}

N
3) < ekt S T [ 8) ) Put) da
i=1 Y R"
under the assumption
N
(4) > s HIP < K| 7
i=1

for all f € L?(R™) where K is a positive constant. This is equivalent to the statement
of Theorem 1.2. We remark that K may depend on {¢;}. For example, the inequality
(3) says that

) { / ,¢,2p/<p—1>wn/(2s<p—1>)dx}

25(p—1)/n

< cfjg|tor/m-2 / (—A)¢Pw da

Rn



holds for all ¢ € H*(w) under suitable condition on s, p,n and w because

(@, NP < llel?l /117

for all f € L2(R").
First we assume ¢; € C§°(R"), i =1,... ,N. Let

V() = 61p(x) /P Dep(2)/ (25(p=1))

where the value of the constant §; > 0 will be given later. Since p(z) = vazl i (z)]? is
a bounded function with compact support and w™ (25?—1) ig locally integrable by the

assumption w="/(25) ¢ Ap, we have

VP~ (25) 4y < 0.
Rn

We may also assume that
0< / VPw™ 25 dg,

By (ii) of Proposition 2.1 there exists a constant x such that 1 < x < p and
w(25) ¢ Ay We set v(r) = M(V*)(z)"/*. Then (i) of Proposition 2.1 leads to

(6) / vPw ™ (28) dy =

Furthermore v is an A;-weight by (iii) of Proposition 2.1.

M (V5P Ry~ (28) g < 01/ VPw ™ (29 dg < oo,

n

RTL

We have the following lemmas.

Lemma 3.1. For s > 0 and w € Ay there exists a positive constant o such that
_ 1
o S IR Sv) iy [ wde < [ Ay Puda
QeQ Q R®
for all f € C§°(R™), where a is given by

ot = cmax 0792
lo|<n

and ¢ is a constant depending only on n,s and As-constant of w.

Lemma 3.2. For v € Ay there exist positive constants 3 and (3 such that

/ 24{7 2 241,
oS vl g [ vars [ 1t <5 Y (G vall gy [ v

QeQ QeQ
for all f € C§°(R™), where 3 is given by

B = cmax [[079|2,
jol<n

and ¢ is a constant depending only on n and As-constant of v.



The proof of Lemmas 3.1 and 3.2 are in [11, Proposition 2.2 and Lemma 3.2]. We
shall give the proof in Section 5 for the reader’s convenience because the dependence of
¥ in « and [ is not explained in [11].

For f € C5°(R™) we have

[Levas< [ ifvar< s S (7o)l g [ vas

Qe

where we used Lemma 3.2. Hence by Lemma 3.1

| eayPwde— [ vireas
(7) >aZ|Q‘ 25/71’ (f,10)| ‘Q’/de ﬁZ\f,@bQ |Q’/vdaj

QReQ QeQ

Now we set
= : d —2s/n d }
(8) T {QGQ ﬂ/QU x> o|Q) /Qwa:

Let {pur}1<k be the non-decreasing rearrangement of

{a!Q|_25/"_1/dex—ﬁ|Q|_1/deac} .
QeT

We will show that this rearrangement is possible in the proof of Lemma 3.3.

When
= al@ 2 [ was - plgl ™ [ v,
Q Q

we define W, = 1. Then we have by (7)
(9) Z/ A2 2w dz — Z/ V|gi|? dx
” —2s/n—1 dr — —1 d }
>3 5 (G0l {ala [ was—pir [ vas

i=1 QeQ
>ZZM}J (61, Up)” —ZMkZ\ (63, Up)[?
=1 k
1/~
(10) > =K > > |kl > =K || (Z Iuk|7> ,
k k

where v = p —n/(2s) € (0,1] and we used (4).

Now the following lemma holds.



Lemma 3.3.
> el < 0/ vPw %) dg,
k R™

where c is given by

¢ = ¢ max ||97||/52P
lo|<n

and ¢ depends only on n,s,p and w.

The proof of this lemma will be given in Section 4. By Lemma 3.3 and (6) the last
quantity in (10) is estimated from below by

1/v
—cK < VP "/ (29) dx)
Rn

= —chf/(p_”/(Qs)) ( PP/ (= 1)/ 25(0=1)) g

) 1/(p—n/(2s))
]Rn

b
where

e = ¢[]? max 07 e/ o)

and ¢ depends only on n,s,p and w. We may take the infimum of the above constant
with respect to possible ¥ and replace ¢ by this infimum.
Let

I

25(pn/ (25)1)/n
51 — 5,2/ ( P/ 0=1) yn/(25(0-1) dx)
Rn

where J9 is a positive constant. Then we have by (9)

N
> [ iAo
i=1 7/ R"

2s(p—1)/n
> 5K 2p/n < / I 0=1) i/ 25(5-1) d$>

2s(p—1)/n
_ sy pe=2spin ( /(=) (25(p-1) dm) ’

R’n

n

= {6y — col/ @7/ @My g1 -2sp/n S 1) /sy g )"
= {02 — ¢y 1K e w "

If we take 02 small enough, then we get the inequality (3) because 1 < p/(p — n/(2s)).
Next we shall show (3) for ¢; € H*(w), i =1,...,N. First we show

(11) H*(w) C LQP/(P—l)(wn/(Zs(p—l)))'



Let h € H*(w). Then there exists a sequence {h,,}5°_; C C§°(R™) such that
|h — hmll3s @y — 0 (m — oco). Since we proved that (5) holds for h,, € C§°(R"), we
get

23(p-1)/n
{ / o[22/ 5= 2/ 25(5-1) dx}

< el 157/ / (= A)2hy P da,
Rn

where ¢ does not depend on h,,. Since 4sp/n—2 > 0 and {h,,} is a Cauchy sequence in
H*(w), the above inequality says that {h,,} is a Cauchy sequence in L2P/(P=1) (yn/(2s(=1)),
Let g be the limit of {h,,} in L2/®=1) (" 2sP=1)) For any compact set E in R" we

have

(r—1)/(2p)
/ g — B dz < < / (g — By |22/ =D/ (25(p-1) dm)
E E

(p+1)/(2p)
y < / -1/ (25(0+1)) dm) ,
E

Since w™"/(29) is locally integrable by the assumption w="/(25) ¢ Ap/(2s) OT w—(29) ¢

1

1oe(R™) as m — oo. Hence we have g = h and (11). Furthermore

Ap, we get hy, — gin L

we have

<clp e [ -ay ntuds.
R?’L

25(p—1)/n
(12) { / ‘h|2p/<p1)wn/<2s(p1>>dx}

We fix a positive number . Let x1,...,xn be functions in C§°(R"™) such that

N
Z i — Xi”?{s(w) <e.
i=1

Now the inequalities
N N N
S0 HPE<2D 10— 60 HIP+2D (61, 1)
i=1 i=1 i=1

N
(13) <2) i — dllPIlF 17 + 2K fIP < 2(K + o) fII?
i=1



hold for all f € L?(R™). On the other hand

N p/(p—1)
/ S 16— xil? W/ @s(0-D) g
R™ \i=1

N ) ) a1 (r=1)/p
25 (/R (65 — g PP/ =D/ 25(p-1) dx)

=1

2s(p—1)/n
2sp/n

N 2s(p—1)/n
< N1y < /]R (65 — i 22/ P~V 25(0-1) dx)
i=1 "

N
< B S o= xR [ (8020 = () P da
=1

N
< CN2sp/n—1€28p/n—1 Z/ |(_A)S/2¢z i (—A)S/2X¢|2wdl‘
i=1 7 R"

< CN28p/n_1€28p/n,

where we used (12).

N p/(p=1) 2s(p=1)/m
{ / (Z |¢i2> W/ @5(-1)) dx}
R™ \j=1
N N p/(p—1)
< {/ (221@ _Xi‘2+22’Xi|2> w/ 1) g
R™\ =1 i=1
N p/(p—1) (p=1)/p
< 92p/n / i — vil? W/ @s(0-1)) gy
[{ [ (e
N p/(p—1) (P=1)/P- 25p/n
n { / <Z Mz) W/ (2s(p-1) dx} ]

=1
N p/(p—1) 2s(p=1)/n
< 245p/n—1 {/ (Z ’¢z - X1’2> wn/(Qs(p—l)) d.TU}
R™ \j=1

N p/(p-1) 2s(p=1)/m
Jr24sp/n—1 / (Z |Xi|2> w”/(2s(P—1)) dz
R™ \i=1

N
(14) < C24sp/n—1N2sp/n—1€25p/n + C265p/n—2(K+5)2sp/n—1 Z/ |(_A)S/2Xi|2w dz,
i=1 VR"

Therefore

25(p—1)/n

10



where we used (13) and (3) for y;. Since

Z/ A)*2xiPw da
N
< 2Z/n |(7A)5/2X7, ( )S/2¢ |2U]dl‘+22/ s/2¢ |2wd:1:
=1
<25+2Z/ S/2qz5|2fwd:1;

N p/(0-1)
{ / (Z |¢i2> W 2s(o-1) dw}

we have by (14)

25(p—1)/n

=1

< C24sp/n—1N2sp/n—1 25p/n+c265p/n—1(K+€)25p/n—16
+C265p/n 1(K—|—6 2sp/n—1 Z/ s/2¢ |2w dr.

Since we can take ¢ arbitrary small, we conclude

N p/(p—1)
{ / (Z,¢i2> wn/czs@l»dm}
R \ ST

< Czﬁsp/n 1K23p/n IZ/ 3/2(25 ‘dex

25(p—1)/n

Hence we get (3).

4 Proof of Lemma 3.3

The arguments of the proof is similar to those in [11] and [12]. First we consider the

case n > 2s. For A > 0 we set
(15) Ih=1{QcQ: aQ|23/”1/ w dx —mle/ vdr < —\}.
Q Q
Then we have for Q € Ty
a]Q\zS/”l/ wdz < \Q|1/(ﬁv —\); du,
Q Q

where

(Bv — N4 (2) = max{0, Bu(z) - A}.

11



Since p =n/(2s) +,v € (0,1], and

n

5 / / (Bo — A y/29) gpa1=1a) < / P2 g < oo,
0 Bu>A
we have

/ (Bv — )\):L_/(Qs)w_"/@s) dxr < oo

for all A > 0. By the assumption w~"/(2%) ¢ Ay (2s) and (ii) of Proposition 2.1, there
exists a #’ € (1,n/(2s)) such that w="/(2%) ¢ Ay 25wy We set

k() = M((Bv — N5 (@)
Then

(16) / (vi)n/@s)w—n/(%) dr < Cl/ (Bv — A)i/(Qs)w_n/(Qs) da < o0

n

and v} € A; by (iii) of Proposition 2.1, where c¢; depends only on n,s and A, /@s)-

constant of w—"/(25),

We can show that 7y is a finite set as follows. Let @) € 7. Then we have

a]Q\_%/”/wde/v}k\dx
Q Q

2s/n (n—2s)/n
< {/(vi)n/@s)w—n/@s) dx} {/ W/ (n—29) dx} '
Q Q

Since w"/(25) ¢ Ay )(2s), the last quantity is bounded by

2s/n —2s/n
e {/ (v} ) 25) =/ 25) d:c} 0| </ w1/ (29) da:)
Q Q
2s/n
<af [wyreu @l o= [ was,
Q Q

where we used the inequality

1 / ( 1 / _n/(gs) >28/n
1< — wdx | — w dx .
QI Jq 1Ql Jg

The above calculation says
1< 03/ (vf\)”/@s)w_"/(%) dz,
Q

where ¢3 = o™/ (2%) and ¢ is the Ay, j(25)-constant of w™/(29),

12



First we assume that 7 includes infinite disjoint cubes {Q;}72,. Then we have

n

<m::§:155§363/’@gyw@@w—ww$dwg03/i@gyv@$w—w@wdx<co
=1 =1 i

This is a contradiction. Hence Z) does not include infinite disjoint cubes.

Next we assume that there exist infinite cubes {Q;}5°, C Z, such that Q; # Q; (i #
j)and Q1 C Q2 C Q3 C ---. Let Q; be a half size dyadic sub-cube of Q;1 such that
Q;NQ; = 0. Since Qi1 € Ty, we have

04|Qi+1|_28/”/ wdxg/ vy dx.
Qit1 Qit1

/ v}k\d;r</~ v}k\d;1:<04/~ vy dz,
Qit1 3Qi Qs

K3

Now we get

where we used the doubling property of v}. Since

\@mmmé wds > 22|02 [ wd,
i1

2

we get

05\Q¢|_25/”/ wdavg/~ vy dx.

2 [

The similar calculation as before leads to

| < es / (0} (25) =/ (25) g
Qi

where ¢g = ¢’a~™/(?%) and ¢ depends only on n,s, and w. Since {Q;}2°; is a set of
infinite disjoint cubes, we have a contradiction as before. Hence any sequence in 7,
such that Q1 C Q2 C @3 C --- has a maximal element. Similarly we can show that any
sequence in 7y such that @1 D Q2 D @3 D --- has a minimal element.

By these arguments the number of maximal cubes and minimal cubes in Z, with
respect to the inclusion relation is finite. Hence Z), is a finite set. We remark that the
non-decreasing rearrangement of Z in (8) is possible because Z) is a finite set for every
A> 0.

Let N(\) = #Zy, that is, the number of elements of Zy. Let Zy be the set of all
@ € 7, which satisfy the following condition: there exists a half size dyadic sub-cube
Q C Q such that Q ¢ Ty and Q does not contain any dyadic cube in Zy. Then we have

the following lemma.

13



Lemma 4.1. #7) < 247,.

Lemma 4.1 is proved in Rochberg and Taibleson’s paper([9, Lemma 1]).
Let Q € 7 and Q be a dyadic cube which satisfies the condition in the definition

of Z. Then by similar calculations as before we get

1< g / (0} 25) g/ (25) g
Q

For every QQ € 7, we choose a Q as above. Let {Qj}je] be the set of all such cubes
Q. Then the cubes in {Q] }jes are mutually disjoint. Therefore we get

ﬁj.)\ = ﬁJ < ZCG/ (Ui)”/(zs)w—n/(%) dx
jed Qj

< 66/ (U}i)”/(%)w_”/(%) de < 67/ (Bv — /\)i/(2s)w_n/(28) dr,

n

where we used (16). Hence we have

N(\) < 2¢r / (B — A\ Py~ 29) g

n

Therefore we conclude

Sl = [Ny dx
L 0

< 207/ / (ﬂv _ )\)i/(28)w—n/(28) dx/y)\’y—ld)\
0 Bu>A

< Cg/ vPay"/(25) dzx,

where cg = a5 3P and ¢ depends only on n, s,p and w.
Next we consider the case n < 2s. We remark that v(z) > 0 for all x € R™. In fact

if v(xzo) = 0 at some point g, then by the definition of the maximal operator we have
V=0, thatis, ¢; =0,i=1,... ,N.
We also remark that Z in (8) is not empty. In fact if Z is empty, then we have

ﬁ/ vdx§a|Q|_2s/”/wd:U
Q Q

for all @ € Q. Let Qg € Q and @y C Q1 C Q2 C --- be the infinite sequence of dyadic

cubes such that Q; 1 is the parent of @; for all i =0,1,2,.... By (2) we have
Qa2 [ wide <1Qi 2 [ wis
Qit+1 Qi

for all . Hence we have

14



(17) ﬁ/ vdx§a|Q0]_25/”/ wdx
Qi 0

for all ¢. On the other hand, since v € Ay, there exists a constant d > 1 such that

d/ vdx</ vdx
Qit1

i

for all ¢ (c.f.[5, p141]). Hence we have

di/ vdxg/ vdx
0 7

lim vdr = 00,
=0 JQi

and

which contradicts to (17). Therefore Z is not empty.
Let Q € 7 and Q' be the parent of (). Then we have

Oé’Q/|_25/n/ wd.’L'SOd‘Q|_25/n/ wd$<ﬁ/ ’Udl‘gﬁ/ vdz,
Q' Q Q Q'

where we used the assumption (2). Hence we have @)’ € Z, which means that Z is an

infinite set.

Lemma 4.2. There exists a ¢ > 0 such that

.
Z (1/ vdm) < c/ P 29 dg,
Ql Jo n

QeT
where ¢ = a5 37/(25) gnd ¢ depends only on n,p,s and w.
This lemma is proved in [12, Lemma 3.3]. Let Z) be the set defined by (15).
Lemma 4.3. For each A\ > 0, I is a finite set.

Lemma 4.3 is easily proved by Lemma 4.2 (c.f.[12, Lemma 3.4]). By Lemma 4.3 we
can show that the non-decreasing rearrangement of Z is possible.

By Lemma 4.2 we conclude

> v
v _ —1 do — —2s/n—1 d >
;WH c E <5|Q| /QU r — alQ)| /Qw T

QeT

Y
SCZ <ﬁ|Q_1/ Ud:v) Sc/ va—’n/(Qs) d:E,
Q n

QeI

where ¢ = ¢’a~/(25) 3P and ¢ depends only on n,p,s and w. This ends the proof of

Lemma 3.3.

15



5 Proof of Lemmas 3.1 and 3.2

In this section we give a proof of Lemmas 3.1 and 3.2. The following argument is in

[11]. We use the following lemma.

Lemma 5.1. Let w € Ay and m € C™(R™ \ {0}). Suppose that

8 g
B = maxsupT‘Q”'_n/ <> m(&
lo|<n o<r r<je|<er | \O& ©)

Then the operator T' defined by f\f(ﬁ) = m(&)f(€) is bounded from L*(w) to L*(w) and
the operator norm ||T|| is bounded by CBY/? where C' is a constant which depends only

2
dé < o0.

onn and w.

The proof of Lemma 5.1 is in [6] or [7].
For v € Z we define 1, (z) = 2"™9)(2"x). Let w € Az and s > 0. Frazier and Jawerth

proved that there exist positive constants ¢; and ¢y such that

e —2s/n QL wdz 20 £ T 2 w(z) dr
Y I ) g [ wa S/n{22 £l >\} (a)d

QeQ
< 3 1Q2/(f,00)) ‘Q|/wdx
QeQ

for all f € C§°(R™) where ¢; and ¢z depend only on n, s and w ([3, Proposition 10.14]).
We shall use the argument in Kurtz [6, p.242, p.243|. Let {r,(¢)} be the Rademacher
functions on [0, 1] indexed by v € Z and

Tif(x) =) r(t)f * by (x).

VEZ

Then T} satisfies the condition of Lemma 5.1. Hence

| @l e < on [ @) de

R?’L
for all f € C§°(R") where M = |m|ax 107¢||%, and C is a positive constant depending
o|l<n

only on n and w. By integrating from 0 to 1 with respect to t, we get

/ {Z\f*wu } (2)de < CM | |f(2)Pw(z)da.

VEZ R

By the duality argument and the fact w™! € Ay we obtain

2 2
| 1@Pute) s < onr | {V%rfwu(x)r }w(x)dw
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for all f € C§°(R™). Hence we have

M [ Jffede< | {Zlf*¢”’2}wdx§C4M/ [l
Rn R7l R7l

vEZ

where c3 and ¢4 are constants depending only on n and w.

Therefore we get

M—l _As/2 2 dr < _AS/Q % 112 d
™ [ 1) f|wx_/w{;z|< ) fwl}wx

<esM [ (=AY 2 fPw da
Rn

for all f € C§°(R™)(c.f.[11]).

Let ® € S(R™) satisfy supp® C {€ : 1/4 < [{| <4} and ®(§) =1 for 1/2 < [¢| < 2.
For v € Z the multiplier m, (§) = 27%|£|*®(£/2¥) satisfies the condition of Lemma 5.1.
Hence we have

[ 82 i fa)Pule) do < s | 2217 o) Puta) da.

n
where c5 = ¢ igf |m|ax |07 ®||2, and cg is a positive constant depending only on n, s and
gl<n

w and the infimum is taken over all possible ®.
Similarly there exists a positive constant ¢; depending only on n, s and w such that

/n 225V|f * wy(x)‘Zw(:L‘) dr < C7/ |(*A)S/2f * Q;Z)V(:E)Fw(x) da.

Hence we get
1
Ql Jg

wdx

esM™ [ (=22 fPwde < D7 |QIT/(f. )
R QeQ

<M [ |(-8)7fPuds
Rn
for all f € C§°(R™), where ¢g and ¢y are positive constant depending only on n, s and
w. This ends the proof of Lemmas 3.1 and 3.2.
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