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ON VISCOUS CONSERVATION LAWS
WITH GROWING INITIAL DATA

KAZUYUKI YAMADA *
Department of Mathematics, Hokkaido Unlver81ty
Sapporo 060-0810, Japan

October 30, 2003

Abstract. A local unique solvability is established for viscous conservation laws when
the initial data may grow at the space infinity with a natural order. It is also shown
that such a classical solution can be extended to a global-in-time solution proved that
the growth order of the initial data is less than the critical order. !

1 INTRODUCTION

We consider a viscous conservation laws of the form

0w — Au+divG(u) =0 in R™ x (0,7),
U]4=0 = ug in R,

(1.1)

where 0, = 0/0t. It is well-known that if ug is bounded, (1.1) admits a unique global
solution (cf. [7]). In this paper we consider the case that ug is not bounded at the space
infinity. In [4] we show that (1.1) has a unique local-in-time classical solution when
G'(r) ~ |r| for large r and ug(z) ~ |z| for large z provided that u, is global Lipschitz
continuous. A typical example is the viscous Burgers equation: d;u — Au + ud,u = 0
where 0, = 0/0x. Our goal is to solve the initial value problem for more general growth
of nonlinear term and initial data uo without assuming global Lipschitz continuous of
ug. Specifically we assume that G/(r) ~ |r|# for large r and uy ~ |z|* with a8 < 1. The
global existence is not expected in general even for n = 1 since u(z,t) = —z/(1—t) isa
solution of the viscous Burgers equation with ug(z) = —z. We also obtain an optimal
estimate of the existence time.

It is natural to consider growth order a3 < 1 for (1.1). Let us give formal argument
to say a8 < 1 is necessary and sufficient condition for local solvability. We postulate
that G(r) = ™! and that u(z,t) = z*f(t) is solution of (1.1). By (1.1) u must satisfy

2 f'(t) = ala = Dz f(t) + (af + )z 7 1)+
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We observe that the growth of the left hand side is %, right hand side is z®/+o~1,
Hence «, 8 must satisfy o > af + a — 1 so that o5 < 1.
To state our main result precisely we define function spaces.

Gl < |

where (z) := (1 + |z|?)!/2. We introduce equivalent norm with parameter a:

f(=)
(z)g

L = LR = { f € LE(R") \ 1l =

| fllaa ==

Y
Loo

where (z), = (a + |z|)!/2.

We define BC,, := BC,(R") = L?(R") N C(R™").

Moreover we assume the following bounds for G = (Gy,--- ,G,) € C'*(R; R")
with some 6 € (0,1):

)
< 00. 1.2
ST < (1-2)

Definition 1.1. By a classical solution u of (1.1) we mean that u € C(R™ x [0,T)) is
C? in space and C' in time, and it solves (1.1) in R™ x (0,T).

Theorem 1.2 (Existence and uniqueness of solution of (1.1)). Assume that
a,B > 0. Assume that G € C'T9(R;R™) satisfies bounds (1.2). Assume that ug €
BC,,.

(1) If af = 1 there exist unique local classical solution u € L{°([0,T); L) that
satisfies (1.1) in R™ x (0,T) with u|i—o = uo. Moreover ezistence time T is esti-
mated from below by T > Ty := 1/CPCqr, where Cy = lim SUP|4|—00 [U0(T)|/|2]%,

CGI = lim Sup[r|_>oo |G’(’I‘)l/|7'|ﬂ

(2) If aB < 1 there ezist unique global classical solution u € L§2.([0,00); L) that
satisfies (1.1) in R™ x (0,00) with uli—o = ug-

Remark 1.3. The existence time is T > Ty is optimal in the sense that a classical
solution may not ezxist in R™ x (0,T). Because u(z,t) = —z/(1 —t) is a solution of
viscous Burgers equation with ug(z) = —x.



Let us give the idea of the proof of main theorem. If initial data u, is bounded, the
equation (1.1) admits a global solution. So we solve;

{ Orup — Auy + leG(uk) =0 in R" x (0, T),
Ug|i=o = u(0) := Qruo in R",

by cutting off initial data, where gi(z) = ¢(z/k), ¢ € C§° satisfies

_J 1 (el <),

o ={ o (5
By using the maximum principle and the Gronwall inequality we see that ||ug(t)|s is
uniformly bounded for k¥ and ¢ < T for some T. Estimating the integral equation for

(1.1), we observe that {u;} is local equicontinuous. By using Ascoli-Arzela theorem
there exists u satisfying uy, — u as [ — co. Moreover, we observe that u is solution of

(1.1).

The idea of global existence when a8 < 1 and estimate of existence time when
af = 1is to introduce a weight with a parameter a for || - ||o,. By using the maximum
principle and the Gronwall inequality we see that ||ug(t)||s,q is uniformly bounded for
k and locally bounded for ¢ < T'(a), where T'(a) is the blow up time of our uniformly
estimate. Blow up time depends only on parameter a. If a; < ag, then T'(a;) < T'(as).
Moreover, lim, o, T'(a) =Ty =1/ Cg Cg. Then we can say that existence time T > Tj.

The idea of uniqueness is to introduce the energy:

E(f) = / e () P

We set u, v is solution of (1.1), and we set w = u — v. We calculate

//n w(Ow — Aw+d1V(G( ) — G(v)))dzds.

Then we conclude that
t
E(w(t)) < e/ 4 M (R)? / E(w(s))ds.
0

for all sufficiently large R where M, depends only on T,, C;. By using the Gronwall
inequality we conclude that

B(w(t)) < e /2,

sending R — oco. We conclude that E(w(t)) = 0.

A classical result of Tychonov [8] states that the Cauchy problem for heat equation
has a unique classical solution if solution of the heat equation u satisfies

lu(z,t)] < Ceoll*
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for some positive constants C, a. As remarked in [4] our results for Burgers equation
follows from this classical results through the Hopf-Cole transform.

D. G. Aronson [1] generalized the result of Tychonov for a linear parabolic equation
of variables coefficients. K. Ishige and M. Murata [6] generalized his results for linear
equations when coefficient grows at space infinity. There are some results for nonlinear
equations when initial data is not bounded (see e.g. [2], [3], [5]).

For example a paper [3] of A. Gladkov and M. Guedda and R. Kersner studied the

unique solvability of
q

%1 in R x (0,T]

v 0%

ot  0Oz? ox
with A > 0, ¢ > 1, when initial data vy is not necessary bounded. In fact, they proved
that if ve(z) < Mp(a + £2)9/R@VI=7 with some positive constant Mo, o, some non
negative constant y. Then there exists a unique local solution on R x (0,7). T is
estimated explicitly from below only by M, A, ¢ when v = 0. If 7y is positive then the
solution can be extended globally in time.

+A

2 ESTIMATES FOR THE HEAT SEMIGROUP IN WEIGHTED
SPACE

We recall several elementary properties of the heat kernel

1 l=2
Gi(z) = e ar,
9= et
For a multi-index a = (a;,--- ,a,) € N® by 8 we mean 9% = 9% ---9%, ' =

0/0x;, where N is the set of nonnegative integers. We set !> f = G, * f.

In [4] the estimate of heat kernel is proved only f € LS where m € N. But this
estimate is still valid for f € LY where o > 0. In this paper we use this form of the
estimate of the heat kernel. The proof is essentially, the same for m € N.

Lemma 2.1. (1) For all f € L?, a € N", t > 0 we have

0% flla < CE % (1 4+ )% fllas
where C' depends only on n, , |a|, and |a] = Y ;_, a;.
(2) Forall fe L, a e N", 0<0<1,0<s<t we have
”aaetAf _ aaesAf”a < Cs—|a]/2(t _ 8)0 (8—0 + 8(a—20)/2 + t(a-20)/2) ”f“a;
where C' is depend on n, a, |al, 6.

In this paper we skip the proof of this Lemma.



Lemma 2.2 (Holder continuity for heat semigroup). We set o/ = max{a—9, 0}.
There is a constant C = C(n, o, |a|,8) such that

(0% 1) (2) — (0% £) (9)] < Ca)* (1 + | — u]*) 7102 (2 + %) |z — y’]| o

holds for all f € L*(R"),0<s<t,0<0<1.
In this paper we prove this Lemma only for a = (0, - - ,0), see for [4] for general a.

Proof. 1t is enough to prove that n =1. Weset x <y, 6 =y — .

[ (Gto -2 Gty - it
17l /R Gulx — 2) = Gily — 2)|(2)°d

()| flla /R Gz — 2) — Guly — 2)| (L + |z — 2|7 dz

IN

IA

= OISl [ 16z —a) = Gl = )| (L4 |z~ 2l7) dz
= @ISl /R Gul2) — Gl — 8)] (1+ |2]%) d2
= e ([, 164 = Gl =0 (L4 )

+ /[_45,451c 1Ga(2) — Gulz — 8)| (14 |2I%) dz) |

The first term is estimated as follows:

/ Gu(2) — Gl — )] (1 + |2]) dz
[~ 4,46]

IN

(1+ (46)%) /R Gu(2) — Gulz — 8)|dz
< C(1+46%t7926°.



The second term is estimated as follows:
[ 1)~ G o)l (L 217 s
[—46,46]°

0/4545 IGt Gt(z—é)l(z)"dz

- o[-
- c( . + [ Gute - oyiara:
- (/ /6>Gt (2 + 6)°dz

_ o e )(z+5)°‘dz+0/ Go(2) (2 + 0% — (2 — 8)%) dz
30 58

IN

— Gi(z — 8))(2)%dz

AN

C(1+6%t7%26° + C&° / Gi(2) ((z+ 8 + (2 = 6)*’) dz
58

IN

C (14 6% t7925° + Cé"/ Gi(2) (1 + 2 + 6“') dz
0

VAN

C (1+69)t7025° 4+ C5° (1 el 5"’)

IA

C (1 +6%) (ta’ + t*"ﬂ) 5

The proof is now complete . O

3 EXISTENCE OF SOLUTION

In this section we prove existence of solution of (1.1). This is proved by using Ascoli-
Arzela theorem.

It is well-known that if initial data ug is bounded and if G € C'*?(R;R") for some
6 € (0,1) then (1.1) has unique global classical solution v € L*((0,00); L*°). So we
set or(z) = p(z/k) where ¢ € C§°(R™) satisfies

_J! (lz| <1),
o={o sy
and set {ux} C L*®((0,00); L*°) is a sequence of classical solution of

{ Oyuy, — Auy, +divG(ug) =0 in R™ x (0, 00),
Uk lt=0 = ux(0) == @ruo in R™.

The first lemma is useful to estimate existence time.
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Lemma 3.1. Let f € L. (R"). Then

loc

Jim | flla,a = lilzl_fgop %ﬁiﬂ
Proof. We observe that
|/ (=)
s = sup 75
|f ()] |f(z)]
= o @2 e (@
¢ @, @)

el<k (T)  le>r |T1*

Let a tend to co. Then we have

Tim [[flla < sup 22 |f ()]

>R %]

And let R tend to oo, then we have

llm 1fllaa < hmsup /(e )I
jalsoo T
We set
M = lim sup /()]

then for all € > 0, there exists r > 0,

Moo < s H@IE@E

2>k (2)2 |z]*

(R)a |/ ()]
< 15 Sup
|R|* 121> (T)&
(R)a
< Siellfllae
el
for all R > r. Let R tend to co. Then we have
M — € S ”f”a,a-
Letting € tend to 0, we have
M < ||fllaa-
Letting a tend to oo, we have
F=)l

lim sup ——~ o i ||fl|aa

|z| =00

The proof is now complete .




Before stating next Lemma, we define following quantity:

[ 1/CiCe  (aB=1),
T“‘{oo T eB<),

where Cy = limsupy,|_,o, |uo()|/|2[*, Car = limsupy o |G'(r)|/Ir|°.

Lemma 3.2 (Uniform boundedness). Assume that ug € BC,, o < 1, and
{ug }rs1 C L=((0, 00); L) is a classical solution of (3.1). Then {uy}r>1 C L®((0,To); L)
is uniformly bounded for k.

Proof. We set v, = <u§ and observe that V(z)& and A(z)? satisfy
T)g
Viz)e = ofz)i s,

Afg)y = on(z);™ + afe - 2)(z)a |z

a

By these identities we see that
Oy — Avg + Vo, -H+ K =0,
where
H = G'(u) — afz); %,
r Slule)),
(T)a (T)a a

Moreover, H € L, K € L*. By the maximum principle [4] we see that ||vg ()|
satisfies :

K = (om(m);2 + a(a - 2){(z)z]* + «

[0k (£) | oo Silvk(O)llooJr/O Ci(@)|v()lloo + Ca(a)llvi(s)lloa”ds,

where C1(a) = a(|a — 2| + n+ a¥*)/a, C3(a) = aa®®~! (sup,cg |G'(r)|/(a/* + |r|?)).
By using the Gronwall inequality [4] we see that ||vg(t)||o satisfies

. ~1/8
[0k (#)lloo < (Hvk(O)H;fe_tﬂCl(“’ - -g?—ga—;(l - e‘tﬂcl(“))) (3:2)

in (0,7(a)), where T'(a) satisfies (C1(a) + Ca(a)||ux(0)||2 ) —Ca(a)||uk(0)||8 ,eT@FC1(@) =
0. The right hand side of (3.2) is monotone increasing for ||v(0)]|oo, and ||vk(0)]]oo is
monotone increasing for k. Then (3.2) becomes

a -1/8
6 ()]0 < (uv(O)u;ﬂe—tﬂw) - gf—&;(l _ e_wcl(a))> |

where v(0) = ug/(z)2.



Thus ||ug(t)]|e,. satisfies

, 1/B
Ci(a)l[uollf o€
“uk(t)”a,a < 5 5 P
(€1(0) + Ca(@lluolia) — Cal@) g0t
By definition, ||ug(t)|la.e and |Juk(t)|la satisfy
(D)l < Nl < @ ui(®)llaa
for all @ > 1. Thus we conclude that
1/B

a®?8Cy (a)|uo |2 .61
(€1(a) + Ca(@) uoll2.a) = Cala) ol aetC@

[[ue(®)la <

for all @ > 1. In other words, ||uk(t)||, satisfies

Jue(®)la < inf Fla, 1),

where

c 1/8
a®/?2Cy(a)||uo |8 4P

Fn =1\ (610 + Ca@lhnllda) — Cala) Juo]l2act#®
00 (t > T(a)).

(0 <t <T(a)),

Moreover, T'(a) = (l0g(Ci(a) + Ca(a)|luoll5..) — log(Ca(a)||uolla,0))/BC1(a) < Ty con-
verges to Ty by Lemma 3.1. Thus {uy}x>1 C L*®((0,T); L) is uniformly bounded for
k. O

Lemma 3.3 (equicontinuity of {u;}). Assume that ug € BC,, af < 1, and
{ughe>1 € L=((0,00); L) is a classical solution of (3.1). Then {ux} are locally
equicontinuous functions in R™ x (0,Tp).

Proof. Since {uy} satisfies
t
we(t) = ePug(0) — / dive™AG (uy ())dr.
0

By Lemma 3.2, {u;} are uniformly bounded in L*®((0,7T); L) for all T' < Tp. We set

M = sup sup |luk(t)lla
kEN 0<t<T

Mg := sup sup [|G(uk(t))|lat1-
kEN 0<t<T

9



Then ||ug(t) — uk(8)||o+1 follows inequality.

luk(®) = u(8) a1 < N1 = €**)uk(0) llatr + / s Idiv (e % — eC=D2)G k(7)) llasrdr

0
#
+/ ||dive(t—T)AG(uk(T))||a+1d7'.

By Lemma 2.1 the first term of right hand side has following inequality for all 0 < 6 < 1:
H(etA _ eSA)uk(0)||a+1 _<_ CM(t _ 8)0 (3—0 + S(a+2—20)/2 + t(a+2—20)/2)) ’

where C' depends only on «, §, n. By Lemma 2.1 the second term of the right hand
side satisfies

/08 [div(e % — et P%) G (uk(7))llar1dT

S

CMg(t— 3)0/ (s — 7)C2D2 4 (5 — 1)@ 2-D/2 4 (5 — 1) V2(¢ — 1)@/ 2gr
0

IN

< CMg(t - s),

for all 0 < 6 < 1/2, where C depends only on «, 6, n, T. By Lemma 2.1 the third term
of the right hand side enjoys

t
/ |dive* 2 G (ug (7)) |lazr1dT

IN

t
CM(;/ (t — ’I')—l/2 + (t — T)(a_l)/QdT
< CMg ((t — 3)1/2 + (t — 5)(a+1)/2) ’
where C depends only on a, n. We thus obtain

g (t) — ur(s)llass < C(t — 5)°s™

for all 0 < 6 < 1/2, where C is depending only o, 0, n, T, M, Mg.
Moreover, |uk(z,t) — ug(y,t)| satisfies

|uk(x7 t) - uk(ya t)’
< |(e?u(0)) (@) — (¢™ux(0)) ()|

+/0 |(dive(t’T)AG(uk(T))) (z) — (dive(t“T)AG(uk(T))) (y)| dr.

By Lemma 2.2 the first term of the right hand side fulfills the following inequality for
al0<f < 1:

| ("2 ui(0)) (z) — (e ux(0)) (3)]
< M) (1+ [z —y|") (7 + %) | — g

10



where C depends only on a, 8, n. By Lemma 2.2 the second term of the right hand
fulfills for all 0 < 6 < 1:

/0 t |(dive(t’T)A‘G(uk(7)))( ) — (dive 2 G (ux(7))) (v)| dr

IA

t
CMG(x>a+1 (1 + Ix — y|a+1) !x _ y‘()/ (t _ 7_)a+1—0 +(t— T)_o/sz
0

< CMe(@)™ (1+ |z — o) |z — yl? (124270 +¢270P%)

for all 0 < 0 < 1, where C depends only on «, 8, n. We thus conclude that
|'U,k(£L', t) - U’k(y7 t)‘ S Ct'0/2|$ - yloa

for all 0 < 0 <1, z,y € Bg, where C depends only on «, 6, n, T, M, Mg, R.
The proof is now complete. O

Theorem 3.4 (Existence of classical solution of (1.1)). Assume that G € C'**(R; R™)
satisfies bounds (1.2). Assume that ug € BC,. Then there erists a unique classical
solution u € L52 ([0,To); LY) of (1.1).

Proof. By using the Ascoli-Arzela theorem and Lemmas 3.2, 3.3, there exists u €
L2 ([0,Tp); L) N C(R™ x [0,Ty)) and {uy, } C {ug} such that

Jlgrgo luk; — @llzoe(Brx(eT—e)) =0

for all R > 0 and € > 0. Clearly

]ll,r{,lo”e Yok, — € uOI|L°°(BR><(e,T—s))_0'
Moreover,
lim /leC “IAG( (g ( ds—/ dive~ (a(s))ds = 0.
j—oo 0

L (Brx(e,T—¢))

Thus we conclude that @ satisfies

= / dive2G (a(s))ds

[=]

in R™ x (0,7p). We define



then u € L{2 ([0,Ty); BC,) satisfies

loc
t
u(t) = euy — / divet=95G (u(s))ds
0

in R™ x [0,Tp), and u € C(R™ x [0,T})), since {uy} satisfies the integral equation. We
thus conclude u is solution of (1.1).
O

4 UNIQUENESS OF SOLUTION

In this section we prove the uniqueness of the solution of (1.1). Before proving the
uniqueness, we define several energies.

Definition 4.1. Let ¢(z) = e *. We define EL, ES, E:

ER(f) = ()| f () "dz,

|lz|<R

ER(f) = Y(@)|f(2)[*dz,

|z|>R

B(f)= | w@)lf(e)fds.

Lemma 4.2 (Derivative estimate). Assume that G € C'*%(R;R") satisfies bounds
(1.2). Assume that u € L>((0,T); L) is solution of (1.1) for some o > 0. Then
E(|Vu(t)|) € LL,.(0,T).

loc

Proof. The function u is solution of (1.1) so that u satisfies integral equation:
u(t) = e®ug — /t dive®92G (u(s))ds.
0
By the proof of Lemma 3.3 u is Holder continuous function and Vu satisfies
Vi) = | (VG- uli)dy

+/0 /n(Vdith_s)(:ﬂ — 4)(G(u(z, s)) — G(u(y, s)))dyds.

By Lemma 2.1 the first term of the right hand of (4.1) fulfills following inequality:

(4.1)

< Ct™2|lugla,

a

/ n(VGt)(fv — y)uo(y)dy

12



where C depends only on n, a.
By assumption of G and the proof of the Lemma 3.3, |G(u(z,s)) — G(u(y, s))|

satisfies
|G (u(z, 5)) — G(u(y, s))| < Cs™(|z| + [y))***H |z —y[’,

for all 0 < § < 1/2 where C depends only on a, 8, 8, n, supyccr ||4(t)l|as |Gllp+1-
Thus the second term of the right hand side of (4.1) is dominated by

t

L (VdivGe) (2 = y)(G(u(z, 5)) — G(u(y, 5)))dyds

i‘/|2 (t—s) _ -5 aptatl|, _ 018 dud
< C Gy s(z — y)s™(|z| + |y]) |z — y[’dyds

(t — s5)?

¢ 2 _
= C/ / : ?(Jt| +s§§ )G, o(e — )5 (z] + )M — ol dyds
0 n -

t
B C/ / (tlme"”s‘%iwlﬂtIm—2(t—s)”2z|>"ﬁ+““dzd8
0 n -
t

-0

< af+a+l S d
< Cl) /O s

for all 0 < 6§ < 1/2, where 2z = (z — y)/[2(t — 5)'/?], C depends only on «, 3, 6, n, T,
supg<i<r [|U(t)|las [|Gllg+1- Combining these results, we have

]V’U,(.’JS, t)l < th1/2<x>aﬂ+a+l’

where C depends only on «, 8, 6, n, T, supgc;< ||t(t)||a, [|Gllg+1. Thus we conclude
that E(|Vu(t)|) € L},.(0,T). O

Theorem 4.3 (Uniqueness of classical solution of (1.1)). Assume that G €
C™I(R;R™) satisfies bounds (1.2). Assume that uy € BC,. Assume that u, v €
L. ([0,T); L) are classical solutions of (1.1). If af <1 then u =v in R™ x [0,T).

Proof. We set w = u —v. Since u, v € L2 ([0,T); L) NC(R" x [0,T)) are solution of
(1.1) following identity holds:

/t Yw (Ow — Aw + div(G(u) — G(v)) dzds = 0,

e JR™

for all t < T. By Lemma 4.2, E(|Vu(t)|), E(JVv(¢t)|) € Li,.(0,T) so we have
/ / %at(;bw?) + V(@w) - Vw — V(yw) - (G(u) — G(v))dzds = 0.

13



This yields
l(E(w(t)) — E(w(e))) + /t ‘7,Z)|Vw|2dxd3
2 e JR»

(4.2)

= /t/" wVw - V¢ + (wVy + ¢pVw) - (G(u) — G(v))dzds

for all € > 0.
By assumption G satisfies

|G(r1) — G(r2)| < Cilry = r2|(1 + [r1]? + |ra)?),

where C; = C1(||G'||g). Since |u(z,t)], |v(z,t)] < Mi(z)* for all (z,t) € R™ x [0, To]
where M, depends only on 7. Then we have

|G (u) — G(v)| < Mafw|{z),

where M, depends only on Ty, C;. Then (4.2) becomes

2
< [ [ wlvulvel + Malholl e + [V wluta)dds,

hm<»—Emm»+/ YIVulduds
g (4.3)

The right hand side of (4.3) fulfills following inequalities:

// wl|Vw| V] + Ma(Jw|[Ve| + 9] Vwl)w(z)dods
< // 2<$ |w||VU)|¢+2M2<x>2|w|¢+M2|w}|vw|¢dxds

< / M (z)?|w|*y + |Vw|*pdzds.
Rn

where Mj; depends only on Tp, C;. The estimate (4.3) now becomes

Bw(t) - Bw(©) < My [ E(@)u(s)is

Let € tend to 0, then we have

E(w(t)) < Mg/0 E((z)w(s))ds. (4.4)
On the other hand

B((wyw(s) = Bh((@)w(s)) + BR((ayu(s))
(RY Bh(w(s)) +¢ 72

(R E(w(s) + 0

IAIA
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for sufficiently large R. Thus (4.4) becomes
t
B(w(t)) < e~ 772 4 M(R)? / E(w(s))ds.
0

By using Gronwall inequality
E(w(t)) < o~ |RI?/2+Mat(R)?
Sending R — oo yields
E(w(t)) =0

forall 0 <t < 1/(2M,).
Thus the proof is now complete.
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