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Energy Scattering for
Nonlinear Klein-Gordon and Schrodinger Equations
in Spatial Dimensions 1 and 2

Kenji Nakanishi
Department of Mathematics, Kobe University
Rokko, Kobe 657-8501, Japan
FE-mail : kenji@math.kobe-u.ac. jp

1. INTRODUCTION

In this talk, we consider asymptotic behavior of solutions to the nonlinear Klein-
Gordon equations (NLKG) and the nonlinear Schrédinger equations (NLS):

i — Au+u+ [ufPu =0, (NLKG), (1)

i — Au+ |ulPu =0, (NLS), (2)

where u = u(t,z) : R — C and p > 1. For any function u(t, ), denote by eq(u)
)

the left hand side of the equation, denote by eq; (u) := eq(u) — |u|Pu the linear (free
part, and

(u,v/1—A u), (for NLKG)

u:= (3)
u, (for NLS)
We have the following conservation law of the energy:
2 2 2|ufPt?
E(u;t) := |Vul* + |u|* + ——— = E(u;0). (4)
R p 2
Let uy(t, ) and v(t, z) satisfy eq(us) =0 = eq,(v) and
Jim [[v(t) ~ us(t) 2 =0. (5)

Then the wave operators are given by the correspondences W : v(0) — uy(0). Our
main result is the asymptotic completeness of the wave operators, namely that they
are well-defined as homeomorphisms from H' into itself.

In the following, C(-,...) denotes any positive continuous function, whose explicit
form we can write but we will not for the sake of simplicity.

2. KNOWN RESULTS

First we mention the known results on the asymptotic completeness.

1. [6, 7,11, 12] Let n > 3 and 4/n < p < 4/(n—2). Then we have the asymptotic
completeness for (NLKG) and (NLS) in the energy class H'.

2. [18] Let n > 3 and p = 4/(n — 2). Then we have the asymptotic completeness
for (NLKG) in the energy class.

3. [10, 25, 8| Let n € N, p > 8/(v/(n +2)? +8n+n—2) and (n — 2)p < 4. Then
we have the asymptotic completeness for (NLS) in & := {¢p € H' | zp € L*}.

_]_



2 KENJI NAKANISHI
3. MAIN RESULT

Theorem 1. Let n € N and (n — 2)p < 4 < np. Then we have the asymptotic
completeness for (NLKG) and (NLS) in the energy class.

The large data scattering of NLKG for n < 2 was one of the major open problems
in [23, pp. 247]. Here we consider a single power for simplicity, but our proof can
be applied to more general nonlinearity f(u) satisfying

IF R — Rs.t. 2f(u) = F’(lu|)%, F(0) = £(0) =0, (6)
If(u) = (@) < Clu—v|(jul™ + [0 + [ul™ + |v]**), (7)
for some p; < py satisfying (n — 2)p2 < 4 < npy, and
G(u) = f(u)w— F(lu|) 2 0. (8)
In the preceding works [6, 7, 11, 12, 4], it was needed that
G(u) > Cmin(|ul?, [ul**), 3ps > 2. (9)

If we write F(|u|) = V(|ul)|ul?, (8) is equivalent to V' > 0. We remark that if
V(r) < 0 = V(0) for some r > 0, there exist standing wave solutions to (NLKG)
and (NLS) (see [2]), so that the asymptotic completeness does not hold.

4. DIFFICULTIES IN LOW SPATIAL DIMENSIONS

There were two difficulties in proving the asymptotic completeness for n < 3.
The first problem was that we can not prove the Morawetz estimate, which has
been essentially the only a priori estimate for global space-time integral used to
prove the asymptotic completeness. The second problem is on the decay order i
of the free evolution. For n > 3, it is integrable on (1,00), so that we can deduce
only from the boundedness of the solution that the nonlinear interaction in the
distant future or past has little influence on the behavior of the solution . Such
an argument was essentially used in the preceding works, but it becomes invalid
if n < 3, because the decay order is no longer integrable. We overcome the first
difficulty by a new Morawetz type estimate which holds in any spatial dimension
and independent of the nonlinearity, so that we can also improve the generality of
the nonlinearity (regarding (8)). To avoid the second difficulty, we employ a new
idea inspired by Bourgain [5]. Separating localized energy into rapidly decreasing
free solutions, we can reduce the problem to that for small energy data.

5. NEW MORAWETZ TYPE ESTIMATES

In this section, we deal with the equation with the general form of nonlinearity

eq(u) + f(u) =0, (10)
to show how we can replace the assumption (9) with (8). Assume (6) and (7). The
Morawetz estimate is

G(u) )
dzdt < CE(u), (11)
R |2

_2._



Scattering for NLKG and NLS 3

where u is any solution to (10) and n > 3. Our estimate is the following, which has
two advantages. First, our estimate holds in any spatial dimension. Secondly, our
estimate does not depend on the nonlinearity, as long as (8) is satisfied.

Lemma 2. Let n € N and assume (6), (7) and (8). Then, for any finite enrgy
solution w and p satisfying (n — 2)p < 4 < np, we have

t2 lp+2
/ f dz dt < C(p, B(u), (12
where K = {(t,z) | |z| < ||} fo'r [NLKG) and K = RY™" for (NLS).

Any Morawetz-type estimate or conservation law is based on some integral iden-
tities derived by variations of the Lagrangian. We mention a general formula for
such identities. First we have to prepare some notation.

- = B _ ) (=0, V), (for NLKG)
(@) =R(), 9=(@,V), D= {(_z. e e v 6
) —lu + [Vul® + |u]* + F(u), (for NLKG)
)= {(z‘ﬂ,u) + |Vul* + F(u), (for NLS) 39

¢(u) is the Lagrangian density associated to the equation eq(u) = 0. The operator
D naturally appears from the variation of £:
u+ev) — €(u)

&

8,0(u) = 11_133 = (eq(u),v) + 0 - (Du,v). (15)

Using this identity, we can easily obtain the following formula, where h : R'*" —
RY" and ¢ : R — R are sufficiently smooth.

2
(eq(u), h - Du+qu) = =0 (Du,h - Du+qu) + D (hf(u) + luTaq)

+ (Du, (0h)Du) — %‘D -dq+ (2¢ — D - h)l(u) + G(u)g. (16)

Now let

hi= ool gi= R (17)

and integrate the real part of (16) in

{(t,z) | [t|* > |z]*+ 1}, (for NLKG) el
{(t,z) | 1t] > 1}, (for NLS)
Then we have
f (Du, (9h)Du) — |—§RD ¢+ G(u)qdzdt < CE(u). (19)
K
Since ¢ > 0 and |RD - 9q| < C/t?, we obtain
L 2
/ f iV~ Dol 4y o em, (20)
Ky t “E)l

_3._.



4 KENJI NAKANISHI

which comes from the first term in (19). Such an estimate was first derived in [17,
Proposition 4.4] for (NLKG) with n > 3. Now we use the following Sobolev type
inequality.

Lemma 3. Let n € N. Let x(z) and A(z) be real-valued functions. Let p > 0 and
q := np/2. Then for any complez-valued u(z) € H'(R"™), we have

[ P |ulPt2dr < C(p)||el|fa f X\ Vu + i) + [uVx|*dz. (21)
T Rﬂ

We can apply this inequality directly to (20) in the NLS case. In the NLKG case,
we apply it to the function v(7,z) := u(y/72 + |z|?,2) and use the boundedness
of the energy on the hyperboloids. Then we obtain the estimate on K. Indeed,
the estimate on K \ K is trivial from the Hardy inequality: |||z|~%u|| 2 < C|lullg,
where 0 < ¢ < 1 and 0 < n/2.

6. GLOBAL SPACE-TIME ESTIMATES AND ENERGY CONCENTRATION

For simplicity, in this section we consider (NLKG) for n < 3 and (NLS) for any n.
For (NLKG) with n > 3, we have to change the exponents of the space-time norms
below, though the arguments are essentially the same. The asymptotic completeness
means that at time infinity any free solution can be approximated by a nonlinear
solution and any nonlinear solution can be approximated by a free solution. That is
possible because the nonlinear interaction term loses its effect as || tends to infinity,
since |u| decays by the dispersion of wave. However, we can not expect any uniform
decay estimate for the solutions like

Ju(®)]| < C(E ()™, (22)

because our setting is invariant under space-time translations and time inversion.
Since the decay property of the solutions comes from the finiteness of the energy, it
is natural that the decay property is also described in (space-time) integral forms.
We introduce two space-time norms:

lullreiry = Nullecrpe ymnyys Ml == (|l Logrxrn), (23)

where p :=2+4/n, ¢ := p(n+2)/2, 0 = 1/2 for (NLKG), ¢ = 1 for (NLS) and B,
is the inhomogeneous Besov space (cf. [3]). We know from the Strichartz estimates

lollxamy + vl xmy < ClV0) |, (24)
for any linear solution v. Moreover, let w be the solution for the linear inhomo-
geneous equation eq; (w) = —|v[Pv and w(0) = 0. We have also by the Strichartz

estimate and well-known power estimates,
Wl zge sy + lwllixigsry + 1wl < Ivlifxysmyllvllogszy).  (25)

Since ||v||(k;(s,r)) vanishes as S — oo by (24), (25) means that the nonlinear inter-
action loses its effect for linear solutions. It is easy to construct the wave operators
by a fixed point argument using such estimates as (25). Thus, the asymptotic com-
pleteness will immediately follow if we can prove that global space-time norms such
as (24) are finite also for the nonlinear solutions:

lull ey + Iull iy < C(E(u)). (26)

— 4 —



Scattering for NLKG and NLS 5

This can be derived by a standard argument from the following weaker estimate:
lullxry < C(E(u)). (27)

Our objective is hereafter (27). Indeed, it is the hardest step to prove the global
estimate for the nonlinear solutions in the proof of asymptotic completeness, for we
can not approximate the solution by one free solution as in the construction of local
solutions and wave operators or as in the small data analysis. We can divide the time
axis into many intervals such that we can approximate the solution on each interval
by a free solution respectively. But how can we get any asymptotic imformation
from those many free solutions? Bourgain [5] considered instead the space-time
distribution of the energy density of u on each time interval. More precisely, we
have the following lemma essentially due to Bourgain (here the situation is simpler
because we are considering the subcritical case).

Lemma 4. Let eq(u) = 0, E(u) = E < 0o and ||ul|(x;ry = 1 for some interval 1.
There exists a constant g such that if n € (0, ) then we have a subinterval J C 1,
X € R" and R > 0 such that for any t € J and s > 1 we have

/ u*dz > C(E,m, ), (28)
|lz—X|<R

|J| > C(E,n) and R < C(E,n).

Outline of proof. Let v be the free solution with the same data at the top of I. Then,
by (25) we have

lulliny < WWlleny + Cllullixplullin < CE) + CrPllullxuy. (29)

From this, we have ||ul|(x.ry < C(E) if 7 is sufficiently small. By the interpolation
inequality and the Sobolev embedding, we have

n = [lullxy < Cllulliz! Nt < CE)ull 5!, (30)

where we denote (B) := L®(Banl*™®) with a constant & > 0 small enough for the
above interpolation to hold. Thus we obtain ||ul|(g) > C(E,n), which means by the
definition of (B),

2N(L—n{2-—-€)|(wN xu)(T, X)| > C(E,n), (31)

for some —1 < N € Z, T € I and X € R", where {p;}%2_; C S(R") is a Paley-
Littlewood partition of d(z) satisfing ¢;(z) = 2/"p(2z) for j > 0. On the other
hand by the Sobolev embedding we have

2V oy ¢ u(t)||ee < Cllult)llm < C(E), (32)
so that N < C(E,n). Moreover we have by the equation,
lon * (u(t) = w(T)) |l < 202N ||u(t) - u(T)||g-1 < C(B,m)[t—T|, (33)

so that the estimate (31) remains valid for T € J with some interval J of length
> C(E,n). Since |py(z)| is sufficiently small for |z| > C2~, we obtain the desired
result from (31). O



6 KENJI NAKANISHI

Now let I be a finite interval and let us estimate ||u||(x,n. First we divide I into
subintervals {/;}_; such that ||lul[(x,;;) = 70 on each subinterval. Applying the
above lemma on each subinterval, we obtain |J;| > C(E), X; € R" and R < C(E)
such that for any ¢t € J; C I; and any 2 < s < ¢ we have

f lu|*dz > C(E) =: v. (34)
lz—X;|<R

Let T; := inf J;, B; := {(T},z) | |z — X;| < R} and Kj := {(t,z) |t = T}, |z — X;| <
M|t — Tj| + 3R}, where M = 1 for (NLKG) and we take M = C(E) sufficiently
large for (NLS) such that the loss of the L? norm inside K; is at most v/2. We can
choose P C {1,..., N} =: U such that

(). k,5 € P, k% j => B; ¢ K.

(ii). Vj € U, 3k € P, B; C K.
From (i) and the energy propagation estimate, we have £ > #Py/2, so that #P <
C(FE). Using (ii) and the Morawetz type estimate, we have

B2y Jul?
= 5
C(B) 2 mMH—ﬂHRmﬁ

(35)

a1 v|Jjl C(E)log N
- }EXLJ: C(E)(|T; — Ty| +1) — max; |[;| + 1’
so that max; |I;|+1 > C(E)log N > C(E) log ||u||x;ry- Now assume that ||ul|(x;r) is
very large. Then, there exists a very long I; with ||u||(x,s;) = no fixed, which means
that the mean density in I; is very low. Nevertheless, we have (7}, X;) € I; x R",
where exists a certain amount of energy v > C(F) in a fixed radius R < C(E).
Now we want to extract a subinterval where the space-time norms are very small,
without losing the localized energy v. To this end, we divide I; =: (5,7 into
further subintervals as follows. We suppose that T; < (S + T')/2. Otherwise the
time direction should be reversed in the following argument. Let A > 1, S; =
T, — R+ (MA)R, Hy := (Sk, Sk41). Let A € N and assume that for k < 34 we
have Sy € I;. Then, there exists some k < 3A such that ||ul|(x;m,) < 170/AY? and
lull(x.mr,) < C(E)/AY#. By the energy propagation estimate we have

f el Sz > v)2, (36)
o= X, |< R

where e(u;t) denotes the energy density and R’ := R+ M (S —1;) < M(MA)*R <
|Hil/(A = 1). If |I;| is very large, we can take A and A also large. Thus, for
any £ > 0, there exists N' < C(E,¢) such that if ||ul|x,y > N then we have a
subinterval J = (S,7) C I, X € R" and R > 1 such that ||ul|(x,sy + |[ull(x;s) < &,
R < g|J| and jix—X|<Re(”;S)d$ > v/2. Then, we can separate the energy around
(S, X) by a free solution v such that

E(v;S)<Cv, E(u-v8)<E-v/3, diamsuppv(S)<CR. (37)

Using the support property of v(S) and the decay estimate for the free evolution,
we have fort > T,

lo@®lpznss < CUI™2V(S) 1o < CRATNIVS) I < Ce™2/o. (38)

_6._.



Scattering for NLKG and NLS 7

Interpolating with the Strichartz estimate, we obtain ||v||(x;z.0)) < C(E)e¢. By
the energy identity, if £ < /¥ we have E(u — v;T) < E(u — v;S) + C(B)v*t7/2,
We may assume that v is so small that C(E)v!'*?/?2 < v/12, and then we obtain
E(u —v;T) < E —v/4. Now we can reduce the energy level by the following
perturbation lemma essentially due to Bourgain.

Lemma 5. Let eq(u) = eq(w) = eqy(v) = 0 and u(0) = v(0) + w(0). Let
E(u),E(w) < E and ||w||(x,000)) < M. Then there exists € = (&, M) > 0 such
that if ||v|l(x;0,000) < €, we have ||ul|(x;0.00)) < C(E, M).

Now we prove the global estimate (27). It is well-known for the solutions with
sufficiently small energy. We use induction on the energy E. Suppose that for any
solution u with E(u) < E—v(F)/4 we have ||u|/(xgy < M. Let u be a solution with
E(u) < E. Take 7 < 7' such that ||u||(;;-;{_°o,f)) = ”u”(_x;(-r,-,:)) = ||u”(x;{fr'm]). By
the above argument, there exists N' = N (E, M) such that if ||u||xrsy) > N then
we have some T' € (7,7') and a free solution v satisfying E(u—v;T) < E —v/4 and
Nvllxi,00)) < E(E, M) or [[v]|(x;(~00)) < € (in the case where Tj is in the later half of
I;). Then, by the above lemma, we obtain C'(E, M) > ||ul|x.r.00)) > |[@ll(x:(r,00)) OF
C(E,M) > ||ull(xi(~c0,r)). Thus we obtain ||ul|(xg) < 3max(N(E,M),C(E,M))
for any solution u with E(u) < E. Since it is obvious that we can take v(E)
depending continuously on E, by induction we obtain the desired estimate (27).
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CRITICAL SOBOLEV INEQUALITIES AND UNIQUENESS PROBLEM
IN THE FLUID MECHANICS

TAKAYOSHI OGAWAT!

GRADUATE SCHOOL OF MATHEMATICS
KYUSHU UNIVERSITY
FUKUOKA 812-8581, JAPAN

l. INTRODUCTION TO UNIQUENESS CRITERION

In this note, we consider a uniqueness problem for the Navier-Stokes equation

Hu+u-Vu=—-Vp+ Au+ f,

t>0,zeR",
(1.1) div u =0,

t>0z€eR",
w(0, 2) = up(x),

For simplicity, we assume that the external force f = 0. It is well known that energy
class weak solutions (so called Leray-Hopf’s weak solution) with large initial data exist

in L>(0,7; LA(R™)) N L?(0,T; H'(R")). The regularity of this weak solution is based on
the following energy inequality,

()2 +2 ] IVu(t)|2dr < ol

and naturally we obtain interpolated regularity such as

e L°(0, T; IP(R™)), g 2
(12) F

n
2 b |
2n

2<n<
_ﬂ_'n.—i'

On the other hand, it is also known that there is a sufficient condition for the uniqueness

and regularity for the weak solutions. Namely the Leray-Hopf weak solution is unique
under the assumption:

(1.3) ue L0, T LP(RY), 24"

—4+—-—=1 n<pgLoo
0 p

Abstract for the workshop in Sapporoe on Nov.22-24 1999,
T this work is a collaboration with Hideo Kozono and Yasushi Taniuchi,
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See Ohyama [19], Serrin [24], Giga [12]. The conditions (1.3) is closely related to the
estimate for the tri-linear form (u - Vv, w) induced from the nonlinear term.

The problem we would suggest here is to consider the corresponding condition for
vorticity w(t) = rot u(t).

By the Sobolev embedding theorem, the corresponding condition to |V|[*u is

. | . 2
(1.4) |V["u € L°(0, T; LP(R")), gro=1+mn

- I

2 n
Hence the corresponding condition to Vu is in the class L¢(0, T'; LP(R")) with 7 + e = 2

Since rot w = rot (rot u) = —Au + V(div u) = —Au, the Bio-Savaurt law gives,
(1.5) Viu = V;(—A) 'rot w

which involves the singular integral operator. Therefore if p < oo, the condition to the
vorticity w immediately follows from the condition to Vu . However, the limiting case
p = o¢ ( and hence 6 = 1) is not the case.

On the other hand, from the observation of the break down condition to the Euler

equation (1.6).
Ou+u-Vu=-Vp, t>0,zeR",
(1.6) div u =0, t>0reR",
u(0, 7) = uo(x),

it is desirable to control the situation by term of the vorticity of fluid, rot u(¢). In the
well-known result due to Beale-Kato-Majda [2], the solution of the 3-dimensional Euler
equation is shown to be regular over [0, T] under the condition rot u(t) € L'(0.T;L>).
This result is extended into a slightly larger class of solution by Kozono-Taniuichi [16].
(They also find the related uniqueness condition to the Navier-Stokes equations in terms
of velocity u (c.f. [16]).)

Those results are based on the Sobolev inequalities of logarithmic type. For example,
Beale-Kato-Majda [2] used the following type of inequality; for f = (fi, fa, fs) € W*?
s > 1+n/p with div f =0,

(L.7) IV£llse < C(L+ IV £ll2 + llrot s floo(L + log™ [|fllws»)))-

To handle the singular integral operator, it is needed to introduce some sort of semi-norm
which allows those operator bounded. Kozono-Taniuchi derived a related inequality of
BMO function ([16]); for f € W*P(R") with div f =0,

(1.8) 1 fllee < C(1+[Ifllzmo(1 +1og™ | fllw=e))), s>n/p+1.
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Here BMO is a set of L},.(R") functions such that

1 _
sup —— lu(z) — Gpy(a|de < 0o
R lBR| Bprlz)
where @i, () is the average of u over Bg(z).

Our first aim is to extend those type of the Sobolev inequalities in terms of homogeneous
Besov spaces where the singular integral operators are bounded.

The uniqueness condition for vorticity still have another difficulty. More specifically, in
the case of regularity problem of the Euler equation, the solution is assumed to be regular
until ¢ < T Then the question is if the solution is regular when ¢ > 7. Thanks to the
logarithmic Sobolev inequalities ([2]), it is proved that the Euler equation can be continued
to be regular after ¢ = T' (see also Ponce 23] for the condition on the deformation tensor).

While the uniqueness problem to the Navier-Stokes equation is in slightly different
situation. If w and @ are both weak solutions to the Navier-Stokes equation, we would
assume some extra condition on one of solutions but not to to ont the both usually. Then
there is a difficulty to handle with the term appearing inside of the logarithm function of
the Sobolev inequalities (2.5) and (2.6). One possibility to avoid this ruck of regularity is
that we may involve the term stems from the viscosity in the energy inequality. Then it is
positively shown that the uniqueness criterion holds if we replace to the time regularity to
Llog L instead of L' but keeping the space regularity as the limiting case to the vorticity
w =rot u in BMO.

2. BESOV SPACES AND CRITICAL SOBOLEV INEQUALITY

Before presenting our result, we recall some notations and definition of the Besov spaces
(c.f., [26]). Let ¢; j = 0,%1,£2,43,--- be the Littlewood-Payley dyadic decomposition
o

satisfying (f)_.,-(E) = ¢(277€) and Z ¢;(€) = 1 except £ = 0. We put a smooth cut off to

j=—co

fill the origin ¢ € S(R™) with (&) € C3°(B,) such that ) + Zcfg({) =1
=0

Definition. The homogeneous Besov space B;,p ={fed;

fl

5 < 0o} is introduced
g
by the norm

1fllgy, = (S 1127, = £l
J=—00
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for s € R, 1 < p,p < oo and the inhomogeneous Besov space BS , = {f € 8| fll5;, <

oc} similarly defined by

o
£ 1y, = (e * £+ D 12505 = FlI)e.

j=0
We use the non-negative logarithmic function log™ r which is
log v, e <,
logtr = 8
i 3 0<r<e.

Here we give some generalization of the logarithmic Sobolev inequality originally due
to Brezis-Gallouet [4], Brezis-Wainger[5] and Beale-Kato-Majda [2] (see for some gener-
alization [10], [25], [22], [16], [15)).

Theorem 2.1 ([15], [21]). Let 1 < v < p < oo and k > 0. Then for q € [1,0q],
v < o, there exists a constant C' which is only depending on m q and o such that for
fe B4 BY9F e have

" ||f”3;lgi+~ + ||f||33.{§—~ ) l;’u—ls’ﬂ).

(21 Ifllgg, < C”f”B.‘L.ﬂ(l ¥ (%k’g 1£ 11

1

Remark 1. By the embedding estimate || f]| 0 L | f[| gnsa » the term in the right hand
oay n/g.p

side can be changed into || f|| ;o for 1 < g < co. Furthermore, it can be generalized the
Q.0
right hand side into the general Besov exponent such as || f|| B9,

The above inequality is a sort of the interpolation inequality for functions in the Besov
space. In fact the embedding

= 0 i - -4 ! —

B & B oy BraF
is well known. The advantage of the above inequality is at the logarithmic order from the
higher order norms. If p < v, then the inequality

||f||f',~9le < CHfHBEQ‘p

always holds since I? C 1. To compensate the deficiency for the second summability
exponent v to p, we need a higher regularity which is shown by the logarithmic term. The
extra regularity f € B;};m is devoted for the regularity of f around the low frequency and

fe BS  for high frequency. In fact it holds that

1401

+ Hf+||3;=r{ﬁ-+-~ + ”f—||3;:;q—n)uu_1;p)

1
(22)  Iflly, <Clifllag, (1 + (5 log 175
' B).;,p



where f, = " ¢; fand f_=f — f,.
>0
Theorem 2.1 is a generalization to the known logarithmic Sobolev inequalities. Brezis-
Gallouet [4] firstly presented this type of inequality. That is for f € H'(R?),

(23) 1 lloo < CIVFll2(1 + (log™ || fllw=2)) "
and more general version is discussed by Brezis-Wainger [5]: for f € W**(R"), s > n/p+1
(2.4) 1£lleo < CUV Il (1 + (log* (1 lwsn)) ™"

Some more generalization was done by Ozawa [22] (see also Englar [10]). On the other
hand, for the divergence free vector field f = (fi, fo, f3) div f = 0, the logarithmic Sobolev
type inequalities is observed by Beale-Kato-Majda [2], that is for f € W (RR?)

(2.5) IV flloe < C(1+ |V £lz + [lrotflloo(1 +log™ || fllwsr)))
or Kozono-Taniuchi inequality in term of BMO function ([16]);
(2.6) [flle < C(1+ [ fllamo(l +log* || fllwsa))), f € (WP(R")).

Theorem 2.1 shows a contrast to those previously obtained inequalities (2.3), (2.4) and
(2.5), since the power of the logarithmic term is determined by the second exponent of
the Besov semi norm but not the normal L exponents. We should emphasize that (2.6)
is also included in (2.1) by BMO c B°, .

3. UNIQUENESS CONDITION BY VORTICITY

Definition. Let X denote a normed space. For a > 0, a class of function u(¢) is in
L(log L)*(I; X) for an interval I if

[ ()] x (g™ [[6(®) 1) dt < oo.

Especially Llog L(I; X) stands for a function u(t) with

[ () 1x log* [lu(t) | xdt < oc.
ST

Theorem 3.1 (Uniqueness[21]). Let u and @ be the Leray-Hopf weak solutions for the
Navier-Stokes system with the same initial data uy. For 1 < p < oo, we suppose that
the vorticity w for one of the solution satisfies rot uw = w € L(log L) ([0, T]; Bgo_p) with
1/p+1/p =1 and the other solution % satisfies the energy inequality

i
()2 + 2 f IVa(r)|Bdr < [luolls-
8]

Then v = .
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Note that for s = n/p, it holds || f|| 50 < CIFI By, Besides, since we are considering

a weak solution, functions are restricted into the subspaces of the Besov spaces. In this
case the following inclusion is holds: BY ,(R") c L*(R") ¢ BMO(R") C BY (R™).
Therefore we have the following as a corollary.

Corollary 3.2 (limiting vorticity condition). Let u and @ be the Leray-Hopf weak solu-
tions for the Navier-Stokes system with the same initial data uo. Suppose that the vorticity
of the one of the solution u satisfies w = rot u € Llog L([0,T); BMO) and the other so-
lution @ satisfies the energy inequality

t
a2 +2 / IVa()|dr < fluoll
JO
Then u = .

As is stated in the introduction, Beale-Kato-Majda [2] showed that the solution of
Euler equation is regular if rot u € L'([0,T]; L*). In this case, the vorticity rot u = w
can dominate ||Vu||o via the Bio-Savaurt law with aid of extra regularity assumption. (
see also Ponce [23] and Kozono-Taniuchi [16] and Vishik [27]). In our case, however the
regularity can be covered by the viscosity of the equation.

Proof of Theorem 3.1 . Set w = u — ii. We note that w € L=([0,T}; L2 N H}) N
L2([0,T): H}). Since w satisfies

ow+ Aw —w-Vw+w-Vu+tu-Vw+ V(p—q) =0, t>0,z€R",
(3.1) divw =0, t >0,z € R,
w(t,0) =0,
in the sense of distribution, we have the following weak form
d
(3.2) T lw®)llz + 2] Vet )Mz = (w(t) - Vu, w(t)).

integrating over [0,¢], we have the starting inequality,

(3.3) ()2 +2 f IV u(r) |2 = 2 f (w(r) - Va(r), w(r))ldr.

This process can be justified by the following argument.

Under the assumption w = rot u € Llog L([0,T]; B&'p), it is possible to show that u
belongs to C1((0,T); H®) for any s > 0, i,e, u is smooth except ¢t = 0 , and hence satisfies
the energy equality:

t
(3.4) @1 +2 [ 1Vur)dr = ol
JO
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(see Kozono-Taniuchi [16] and Kozono-Ogawa-Taniuchi [15]). We note that the energy
equality guarantees strong continuity of u(t) for ¢ in L? on [0, T]. On the other hand, by
assumption, @ satisfies the energy inequality:

1
(3.5) ()3 + 2 f IVii(r) |27 < [luol2
0

Combining (3.4) and (3.5) we have (3.3).
Now we decompose the smoother solution u into the three parts in the phase variables
such as

'u(:r)-:z i *ou: -I-quj*u(,r +Zqﬁj*u

(3.6) j<-N g1 e
=uy(x) + U (x) + up()

Then by the Hausdorff-Young inequality, the low frequency part is estimated as

|(w -+ Vg, w)| =|(w - Vw, w)|
<|lh-n * V(w @ w)|l2]|ull2
<CIVY_plallwll3llwll2
<2~ mINE |13 w2

The second term giving a core part of the solutions, can be bound by the logarithmic
Sobolev inequality that for small £ > 0,

(W Vitmw)| < w3V ¢ % u)leo
7)<V

: 1
<Cllwl3IVunll g, {1 + (08"

IVutllse + ||Vu;.||3;f,,)lr_’ﬂ’}
[Vallay
2| Vutl g, +26Nrtvu,;||ggc,,,)w}

<C
||VU||sg;‘,,

1
w3Vl gy, {1+ (< log*

SC.‘]\.'UP’||u!||g||r0t u”ggo_p 3



where we decompose u,, = u,, + u,, = Z bj * Um + Z @; * up,. While the last term is

J=0 J<0
simply estimated by the Hausdorff-Young inequality that
|(w - Vuy, w)| =|(w - Vw, ug)|
<[wllaf Vell2|D F 1 = ) * @5 % u)lloo
>N
_ ~1,,
(3.9) <[lwll2ll Vw2l (=A) *rot FH(1 — tx) Z ¢, * rot )]s

=N

<Jlwllal| Ve ll2ll(=A) " F (L = )l go lirot ullgg
<C27N|w|2|| Vaw|2||rot '”'”32:.9'
Gathering the estimates (3.7)-(3.9) with (3.6) we have

(w - Va,w)| <C27N2||wl|2||ull,

(3.10) g o
+ CNY [[w]3llrot ull sg_ +C2 wllal| Veolallrot ullgg

Then choosing N properly large satisfying 272|jul]; < 1 ,27V||rot ul| By, = 1, we see
that

(3.11)  |(w- Vu,w)| < Cllw||5(

13(1 + ||rot ull gy (14 (log* ||rot 'u||3um_p)””’) + ||V |f3.
Hence we obtain from (3.3) and (3.11) that

(3.12) |

|w(t)|3 + ‘2’/: |Vwl|3 _<_C']Ot{||u.r(’r)||§(1 + [Irot u(r)| 5 (1 + (log™ [|rot IUI(T)“B&_,,)U'{)’)

or

t
(3.13)  [w(®)]z < Cf {{ho()II3(1 + [[rot u(T)l|go, , (1 + (log™ [[rot u(r)l 5y )"*) bdr
0
Now the Gronwall argument gives
t
314) (13 < CluBexp( | {(Irot ulrlsg, Gog" Irot u(r)lsg, )" }ar).

The right hand side is 0 under the condition rot u € L(log L)"/# (0, T; BS, A

B
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Stability of Standing Waves for Nonlinear
Schrodinger Equation with a Unbounded Potential

Jian Zhang

Department of Mathematical Sciences
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3-8-1 Komaba, Meguro-Ku, Tokyo 153, Japan
(e-mail: jianz@kronos.ms.u-tokyo.ac.jp)

This note is concerned with the nonlinear Schrodinger equation with a unbounded
potential,

(1) iy = —%Aw +V@W— [pPe,  t>0,z€RY,

where 9 = (¢, ) is a complex function of (¢, z) € R* x R, the potential V' is bounded
below and satisfies V(z) = oo as |z] 2 0o. 1<p<oofor N=1,2and1<p< {xfg)
for N > 3.

When V(z) = |z|?, the model equation (1) describes the Bose-Einstein condensate
with attractive interparticle interactions under magnetic trap (see Tsurumi and Wadati
[10] as well as Dalfovo etc. [4]).

When |D°V| is bounded for all |a| > 2, in terms of the smoothness off the time 0 of
Schridinger kernel for potentials of quadratic growth provided by Fujiware [6], Oh [7]
established the well-posedness of (1) in the corresponding energy space. Since Yajima
[11] showed that for super-quadratic potentials, the Schrodinger kernel is nowhere C Y,
we see that quadratic potentials are the highest order potential for local well-posedness
of (1) .

Let w satisfy inf V +w > 0 and u be a solution of the equation

(2) v-;—Au +V(z)u+wu— |uff~'u=0, z € RY,
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then , ¥(t,z) = exp(iwt)u(z) is a standing wave of (1.1). Rabinowitz [9] showed the
existence of the above standing waves (also see Ding and Ni [5]).

We study the orbital stability of the standing waves of (1) in terms of the argument
of Cazenave and Lions [3](also see Cazenave and Estaban [2]).

First of all, we need refer to the global well-posedness of the Cauchy problem for

(1).

Suppose that the initial data are that
(2) ¥(0,x) = yo(x), r € RY.

Let
H = {¢ € H'(RY), fRN V(z)||*dz < oo}.

H becomes a Hillbert space, continuously embedded in H'(R"), when endowed with
the inner product

<dp g fR [VéVe + (V —inf V)pp + peldz,

whose associated norm we denote || - || 4.
In H, we define the energy functional

B(@) = [ [ZIV6 + V@IeP — —<loP*ldz,  pe H.

From the Sobolev’s embedding theorem, we know that E is well defined. From the
point of view of Hamiltonian systems, F is the generating Hamiltonian of (1) .
From Oh [7], we have

Lemma 1 Let V' satisfy that infV > —oc and for each |a| > 2, |D*V| is bounded ,
1<p<l++ and Yo € H. Then the Cauchy problem (1), (3) has a unique bounded
solution (t,-) € C([0,00), H). Moreover v(t,) satisfies the following conservation

laws.
[ wtafda= [ po@)fdz,  telo,0),
E(p(t, ) = B(o(-)), 1 €[0,00).
Then we state a compactness lemma (also see Omana and Willem [8]).

Lemma 2 Let V(z) = o0 as |z| = 00,1 < g < »ﬁ% when N > 3 and 1 < ¢ < o0
when N = 1,2. Then the embedding H < L9 is compact.

2



Now for p > 0, we define a variational problem as follows.

d, := inf E(u).
{uEH,fRN [u|2dz=p}

Theorem 1 If V(z) — 00 as |z| = o0 and 1 < p < 1+ & , then we have

= min E(u).
{ueH, [,y |u|2de=p}

For any p > 0, we denote the set of the minimizers of the above minimization
problem by S, .Then for any u € S, , there exists a Lagrange multiplier A € R such
that u is a solution of the elliptic equation

1
—§Au + V(z)u + Au — ulu|f~! = 0.

It follows that (¢, z) = e"Mu is a standing wave solution of (1). Thus e**u(-) is the
orbit of u. It is obvious that for any ¢ > 0, if u is a solution of the above minimization
problem , then ey is also a solution of this minimization problem, that is e'u € S,.
Now in terms of Cazenave and Lions’ argument, we have the following orbital stability
theorem .

Theorem 2 Assume that V satisfies that inf V > —occ, V(z) — o0 as |z| — o0 and
for each || > 2, |[D*V| is bounded .Let 1 < p < % 1> 0. Then for arbitrary € > 0,
there exists o > 0 such that for any ¢ € H, if

3t 0= ulla <o
then the solution v(t.xz) of the Cauchy problem (1) - (3) satisfies

inf ||¢(t,-) —u(-)|lg <&, for all t=0.
HESp

Inaddition,whenl%—% §p<oot.oN=1,2and1+%§p< (—g%%toNz.‘},
for the important case V(z) = h*|z|* (h > 0), we state the following instability result
for the standing waves as a remark.

For u € H,w > 0 and the above p, we define the following functionals .

1 2 Lyg o0 1 2 ! Pl
e i L L wlul? - is.
I(w) /4|Vu| + Sl ul? + qulul? ~ gl da
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1 ;
S(u) ;= f SIVul + Rl luf? + wlul® — ufPda.

. —1
Q(u) == f Vul? — 212|a | |ul? — hMuP’“dn

Since the Sobolev embedding theorem, the above functionals are well defined.
Then we define two constrained minimization problems.

o inf I(u),

T (ueH\{0},S{u)=0}

and
dyy = 1i1{f I(u),

where M is a cross-region as follows
M :={ue H,5(u) <0,Q(u) =0}.
It is known that d,, is attained. It follows that there exists u € H\{0} such that
I(u) = d* and

1 ") .
—§Au+hz|x|2u+wu—u|u|P_1 =0, =zeR".

Thus exp(iwt)u(x) is a standing wave. We have the following strong instability of the
standing waves with some frequency w.

Theorem 3 For 1+ 4 <p<ootoN=12and1+ 4 <p< % to N > 3, let
w such that dyy > dy, . Then for the minimizer u of d,, and any € > 0, there exists
Yo € H with ||1h — u||p < £ such that the solution 3(t,z) of the Cauchy problem (1) -
(3) blows up in a finite time.
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Small solutions to nonlinear Schrédinger

equations in the Sobolev spaces *

M.NAKAMURA

Graduate School of Information Sciences( GSIS), Tohokn University,
Sendai 980-8577, Japan

1. Introduction

In this talk, we consider the Cauchy problem for nonlinear Schrodinger equa-
tions in the Sobolev space of fractional order. The problem is given by the
form

(NLS) { idpu(t,x) + Au(t, ) = flu(t,z)), (t.z) € R x R",

w(0,-) =¢ € H¥(R"), 520, n>1,

where u and [ are complex-valued functions, A is the Laplacian in R".
We show the global solutions of (NLS) under the following assumptions.

(1) For 0 < 5 < n/2, the nonlinearity f is given by f(u) = eluP~tu with
c€ Cand 14+4/n < p < 1+44/(n—2s). And ||¢; H*/2-2/(p=1)|| is sufficiently
small.

(2) For s = n/2, f(u) behaves as a conformal power clu|*/™u near zero

and has exponential growth rate such as cexp(rclu|2_) with & > 0 at infinity.
And |u; L?| is relatively small with respect to ||¢; H™/2||.

(3) For s > n/2, f(u) behaves as a conformal power ¢|u|"/"u near zero
and has an arbitrary growth rate at infinity. And |u; L?|| is relatively small
with respect to ||¢; H?|| for any fixed o with n/2 < o < s.

Our motivation is based on the scaling argument for (NLS) with f(u) =
¢|u[P~'u by which p is restricted as

p<1+4/(n—2s) (0.1)

for 0 < s < n/2. Here it is natural that we have conjectures from the form
of (0.1) that the growth rate of the nonlinearity is not restricted in the cases

. Joint work with Tohru Ozawa (Hokkaido University).
This work was partly supported by Japan Society for the Promotion of Science.
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s > n/2. Our results (2) and (3), above, relate to these conjectures and (2)
seems to be optimal in terms of Trudinger’s inequality.

Among a large literature on the problem (NLS), we must refer to the
paper [3], in which T. Kato has already obtained the analogous results to
ours. One of the main improvement compared to [3] is that on (2), in which
we eased the restriction on the behavior of f(u) at infinity to the level of
exponential growth rate from the polynomial growth rate which is assumed
in [3].

The key estimates in our proof are estimates for the nonlinearities in the
scheme of Besov spaces, which gives us sharp estimates for nonlinearities of
power type such as |u|P~'u by use of its property

[0 f(2) — ¥ fw)] < €z —wfP™M, zweC

for s < p < [s] + 1 with the equivalent norm

£ Cu)s B (R
« {f v e 1ot () — O (FCule +u))s 7 e/}
y{':l'

for 0 < s ¢ Z, 1 <r,m < oo, while the estimates are done in the scheme of
Sobolev spaces in [3]. For simplicity, we write B} ,(R") as B;.
2. Estimates for nonlinear terms

The nonlinearities in our results are characterized by the following as-

sumption (N),p with 0 < s < o0 and 1 < p < oc.

(N)sp fE C¥(C; C) and there exists a nonnegative, nondecreasing
function M on R such that for all & with 0 < & < [s]
f*) satisfies the estimates

|f 8 (2)] < |2]PR+ M(|2]),
£ (z1) — flsD ()]
< { 21 = 2P~ M(|21] V|2 if s <p<[s]+1

|21 — zo|(|z1| V |22|) P~ 1=+ M(|21] V |22])  otherwise

for all z,z;, 22 € C, where let M(-) = 1 for (1), M(z) = exp(r
with £ > 0 for (2).

:::|2)

Here f(*) denotes any of the k-th order derivatives of f with respect to z
and z and |f®)| denotes the maximum of the moduli of those derivatives.
For a,b € R we denote by a V b the maximum of a and b.



The main estimates are following. We use (0.2) for (1) and (3), (0.3) for

(2).

Proposition 0.1 Let 0 < s < 00, 1 < p < oc. Let [ satisfy (N)gp. Let
1<rF<o0,2<r* <00, 2<ry < oc satisfy

1/F = (p—1)/r* + 1/ro.

Then
17 s BRI < M (s L 0 B Dl L7 0 BRAP s B, (0.2)
[s]+1 ec ¢ _ N w )
7w B3l < € 2 > il 7O 0 B, PR s B, (03)
=1 =0

where v1.(¢) is given by 1/ = (pV k — 1+ 20) /ri(€) + 1/r.

3. Sketch of the proof of (2)

Let 1/qo = 1/rg = n/2(n+2), by which (gg,7¢) forms an admissible pair
for the Strichartz estimates for Schrodinger equations. Let pg be a number
with

1<pg<(1+4/n)Vp.

Let w, 7, ¢ be numbers defined by
w=1—(py—1n/4, 1/F=po/ro, 1/§=w+ po/qo-
Then putting 1/r;(¢) = (po — 1)/(pV k — 1 + 20)ry, we have
1= (pV k= 1+ 20)/mi0) + Lo,
Let f satisfy (N)sp. Then by Proposition 0. 1, we have
‘H]-i-l o0 _f
I B < 0 3 EZU s 7O 0 B, [P B (0.4)

Lemma 0.1

b, Lemma 2.2| The following estimates holds.

“u Lr” < (1, ].f2-{{ru—2)f27'“u f}rn,’?”l—mx‘r” Lfo”?‘w’f“
I|H, Bl)" <( A /24 (rp— 2)/2r“u Hﬂ.f?”] 'r'm'r”“ B 11‘(1,/'?'

for any ro,r with 0 < 1/r < 1/rg < 1, where the constant Cy is independent
of v, but may be dependent on r.



Applying the above lemma to (0.4), we have

I1f (w): BE|
[$]41 oo ' |
< C) Zﬂ-k(f’)ﬂu;h’"-f2|]p'»fk—1+2e_(m )|

k=1 £=0

ws B P s B |,

where g
ar(f) = %(rg"k" P20, (0)(PVE=1420)/2+(po—1)(ro=2)/2ro

Applying the Hélder inequality in time variable to the last inequality, we
have

[Lf(w); LT Bl
< P(u L5 ) ) g L1 B

PP s L (1 By )| (0.5)
for any interval I C R, where
[5]41 oo )
Plx)=C Z Zak(!f};r:wk_lHI““""_”, x> 0.

k=t {=0

By (0.5), Strichartz estimates and the standard contraction argument, we
can conclude that there exists P’, which is £ multiplied by a constant, such
that if the initial data ¢ satisfies

P'(||g; H™2|)|1)°||1p; L2~ ' < 1, (0.6)

then there exists a solution of (NLS) in C'(/; H*). In above, if p satisfies
p = 1+ 4/n, then we can take w = 0. So that the solution is global with
||p; L2|| sufficiently small compared to ||¢; H™/?|). 0

Remark. Corresponding to (0.6), the sufficient conditions on the initial
data for the existence of the solutions of (NLS) are given by

C|i|t D) Aig frofPt <1 and 0< sp <
for (1) with a constant C' > 0, and
M(|lg; HO DI Nls L2~ < 1

for (3) with a nonnegative. nondecreasing function M(-).
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GAIN OF ANALYTICITY FOR SEMILINEAR SCHRODINGER EQUATIONS

HIROYUKI CHIHARA

This talk is concerned with gain of analyticity of solutions to the initial value problem
for semilinear Schrédinger equations of the form

Oou — iAu = f(u,0u) in R x R", (1)

u(0, z) = up(x) in R", (2)

where u is a complex-valued unknown function of (t.z) € R x R", x = (ay,...,2,),
i=+/—1,0,=08/0t,d; = 0/0x;,0 = (bh,...,0,), A =} +---+0;, nis the spatial

dimension. Assume that the nonlinear term f(u,v) is a cubic and smooth function on
R? x R?", has a holomorphic extension on C? x C**, and satisfies the gauge invariance:

fe™u, ev) =™ f(u,v) for ¥ €R, (u,v) €CxC".

We here recall Sobolev spaces. Let 6 be a real number. H? is the set of all tempered
distributions on R" satisfying

1/2
||ue]|p = (/ (1 - A)W"z-r.t(:zr)|"’d:r) < 00,
Rﬂ

C'(I; H?) denotes the set of all H?-valued strongly continuous functions on the interval /

Recently, the author proved that if uy = o(|z| ) as |z| — oo withsome / = 1.2,3, .. .,
then the unique solution u to (1)-(2) gained extra smoothness of order [ in x for £ # 0.
More precisely,

Proposition 1 ([1]). Let @ be a real number greater than n/2+ 3, and let | be a nonnega-
tive integer. Then for any uq satisfying x*uy€ H® for |a| < I, there exist a positive time T
depending only on ||uy||s and a unique solution u to (1)-(2) belonging to C([—T,T; H”).
Moreover u satisfies

(z)~llgeu e C([-T, T\ {0}; H?)

for |a| < I, where 3* = 0" -+ - 05~ and |a| = oy + ++ - + ap for a = (a, ..., ay), and
() = /14 |z|%

More recently, Hayashi, Naumkin and Pipolo proved the infinite version of Proposi-
tion 1 for the one-dimensional equations. Roughly speaking, if ug = o(e™**1) as |z] — >0
with some & > 0, then the unique solution u to (1)-(2) becomes real analytic in z for ¢ # 0.
See [4]. Reconsidering the method developed in [1], we here present the infinite version
of Proposition 1.

1991 Mathematics Subject Classification. Primary 35B63; Secondary 35G25, 35Q55, 35505,
1
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Theorem 2. Let 0, s and = be real numbers satisfving 0>n/2 + 3, s > land = > 0
respectively. Then for any uy satisfving 5@ uoeII®, there exist a positive time T de-
pending only on ||u||p and a unigue solution u to (1)-(2) belonging to C([-T,T]: H 9),
Moreover, there exist positive constants M, x and p such that

[(z) "2l @maeu(t) s < M(sA()) 2™ (pA(t))”1*m!2al,

for any t € [=T,T]\ {0}, nonnegative integer m and multi-index v, where \(t) =
1/[t)M2 + 1/[t].

We would like to emphasize that the existence time 7" in Theorem 2 is independent of
the weight e5""* . So, we can say that the solution to (1)-(2) gains Gevrey-s smoothness
according to the exponential decay of the initial data.

Let 7 be a positive constant, and let .J = (Jy. ..., J,,) be an operator defined by

Jru = xpu + 2itopu = e"’"i‘"Ig’q"Qifak(tr“”""'?/””-u).

To prove Theorem 2, we see (1) as a system for

rlal oy, plaljoy
wy = . 5
la|<!

al® ols

and obtain the uniform energy estimates for {w; }i=1 23, . step by step provided that r is
sufficiently small. Doi-type operator discovered in [2] and block diagonalization of the
system apply to getting the energy estimates. Note that the ellipticity of the principal part
of the equation (1) is essential for the block diagonalization. About the initial value prob-
lem for semilinear Schrédinger equation with nonelliptic principal part, see [5]. Finally,
we remark that from the view point of the Gevrey exponent s, our Gevrey estimate of
solution is not optimal. Indeed, Hayashi and Kato studied the case s = 1/2 for the gauge
invariant equation of the form

S — 1A = f(u),

and proved that the unique solution was real-analytic in (¢, z) € ([=7,T]\ {0}) x R".
See [3] for the detail.
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Scattering theory and self-similar solutions

for the nonlinear Schrédinger equation
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We present some results in collaboration with F.B. Weissler concerning thesolutions

of the model nonlinear Schrodinger equation
ity + Au+ ~|u|*u = 0, (1)

where u = u(t, ) is a function (0,00) x RV — C, @ > 0 and 7 € R.

It is well-known that if o < (v < o0 if N = 1), then the Cauchy problem is

locally well-posed H'(R™Y). Moreg\rrer,:zthere is conservation of charge and energy. If, in
addition, the initial value belongs to L2(R”Y, |z|?dxz), then the solution stays in that space
(see [6]). If 4 > 0, or if @ < 4/N, or if the initial value has small /' norm, then the
solution is global and uniformly bounded in H' as{ — oo (see [6, 9, 1]).

The asymptotic behavior of the solutions as ¢ — oo is often described by the scattering
theory, at least if the initial value is small. More precisely, if @ > 4/N and if the initial value
has small /7! norm, the there exists a unique ut € H*(RN) such that e~ *Au(t) — ut in
HY(RN) as | — oo, where (¢*2),ce is the Schrodinger group (see [7] and (8]). The lower
bound on « can be improved if one is willing to work in a smaller space. More precisely, if
N: 7 (a > 2if N = 1), and if the initial value is small in H*(RN) 1 L2(RN, |z|2dx),
then there exists a unique ut € HY(RV) M L2(RV,|2|2da) such that e *Au(t) — u* in

HY(RN) N LRV, |2|2d2) as t — oo (see [2]). This last property implies easily that

oy >

a(t) |tz ~ T D (2)

as { — 0o. (If 4 < 0, some of these results hold for large data, see (7, 14, 2|.)
We will study the asymptotic behavior of the solutions from a different point of view,

and obtain different behaviors from (2). The main ingredients are only estimates for the



solutions of the linear equation with hmogeneous data and the elementary estimate
el vz < 47T lp]| gz, 3)

which holds for all 0 < p < 0o and all ¢ > 0. The estimate (3) is sharp in the sense that if
p € S'(RY), ¢ # 0, then ﬁggfﬂf‘%f 2| Lotz > O (see [10], p.228). In particular, if
o has sufficient decay || — 0o, then [[¢"®p||ppr2 & T as t o0,and for all p > 0.

It turns out that there are other decay rates. Indeed, consider v(z) = |z| P with
0 < Rep < N, so that ¢ € LL_(RY) N S'(RVN). If u(t, ) = [e*Ap](x), then by uniqueness
u(t, ) = APu(N2t, Az) for all A > 0; and so, letting A = =2,

; N___Rep .
e84 ||ura = (TP 2" [[#4h]| posa. (4)

It turns out that ||| .12 < oo if

N N }

2 > min{
£ e Rep’ N — Rep

(5)

The same property holds if, more generally, (x) = w(x)|x|”P with w homogeneous of
degree 0 and sufficiently smooth (see (3, 4, 11, 13, 12]). Now, fix 0 < p < oco. Given
N ;

P let y(z) = || "2~ 2. It follows from (4) and (5) that [|eAy|ppi2 =

2(p+2)’
('t=¥. In particular, all possible decays up to the maximal one (3) are achieved.

OD<wr<

The functions ) considered above are not in any L9(R"). We now consider smooth
functions ¢ that behave like 4 for || large. For example, fix a function # € C®(RV) with
6(x) =0 for || < 1 and #(x) =1 for |x| > 2, and let p(x) = 2|2 HL-‘JF)(:;:) with p and v
as above. We have p € C®°(RN), ¢ € H®(RN) if v > I(-,i_vf—Z)’ and ¢ — 1 € A2 (RN if

<v< ul
4(p+2) 2(p+2)

v < N/2. Therefore, if , then

. . N
16 pll otz — €485l gors| < T —s 0,
—0Q

so that

Al pors 51,

N
as { — oo. In particular, all the possible behaviors between ¢~ #»+% and the maximal one
N
[~ 712 are achieved with initial values ¢ € I/°°(R"). Note that the lower bound on the

(p<ooif N=1,2).

decay rate is optimal by Strichartz’ estimate if p < N3



We now turn to the nonlinear problem (1). Consider p € C, Re p = 2/a. Ifuis a
solution of (1), then uy(t, ) = APu(A%t, Az) is also a solution for every A > 0. A solution
u of (1) such that w = uy for A > 0 is called a self-similar solution. If u is a self-similar
solution, then letting A = =%, we see that aft,z) = !,_%u(l, —J\/_-?) flz) = u(l,z) is
called the profile of u. We see that |Ju(t)||r = 3= f|| L, for ali r > 1. In particular,
le(t)|| 2 = t% = | f||z2. Therefore, by conservation of charge, if u is a self-similar solution
in the classical H! sense and if @ # 4/N, then « = 0. Therefore, the energy space is
not appropriate for the study of the self-similar solutions. It turns out that self-similar
solutions can be studied in another space, which is also quite natural. Suppose the profile
[ belongs to LeT2(RN). It follows that |[u(t)||ge+2 = ¢t~? with

4—(N-2)a
S =
' 2a(a 4 2)

Therefore, a self-similar solution with profile in 7.2*2(R"Y) must belong to the space
X, = {u € L&.((0,00), L**2(RN)); ||u||x,, := sup (8| u(t)|| o2 < 00},
>0

with 3 given by (6). That property suggests to solve the Cauchy problem for the equa-

tion (1) in the space X,, with initial values in the corresponding space
Wo = {p € S@®RY); llellw. := sup t?|e*Ap| pata < 00}
>

The consideration of these spaces introduces limitations on a. Indeed, if (N — 2)a > 4,
then 3 < 0 so that W, = {0}. On the other hand, if & < e, where g is the positive
root of the polynomial Na? + (N — 2)z — 4, then 3 > é—(%, so that again W, = {0}.
Note that the exponent ¢y also appears in the scattering theory, see [14, 2|. Using the
estimate (3), one shows by an elementary fixed point argument the following existence

result (see Theorem 2.1 in [3]).

THEOREM 1. Assume

1
N -2

(7)

g < @ <



There exists & > 0 such that if p € W,, and ||p|lw, < &, then there exists a solution
u € Xq with ||ul|x, < 2p of the equation (1) with the initial condition u(0) = ¢ in the

sense that

t
u(t) = e + iy / e UE=3)8 yy(5)|%u(s) ds, (8)
0

for all t > 0. u is unique in the class {||u| x,, < 2p}.

We now may apply Theorem 1 to homogeneous initial values (see Proposition 4.3

in [3]).

COROLLARY 2. Assume (7). If () = ¢|x|™? with Re p = 2/a and ¢ sufficiently small,

then the solution v of (8) with the initial value ¢ given by Theorem 1 is self-similar.

As observed above, the self-similar solutions constructed in Corollary 2 cannot in
general be classical /' solutions. However, we can use them to describe the asymptotic

behavior of certain finite energy solutions (see Propositions 4.7 and 4.8 in [3]).

THEOREM 3. Assume

<< 4
(Yp iy o
N

Let )(x) = clz|™” Re p = 2/a. Let 6 be a (' cut-off function and @(x) =
cO(x)|z|~P € H®(RYN). Let u be the classical H' solution of (1) with the initial value
@. If ¢ is sufficiently small, then ||u(l) — v(1)||paiz = ()(f.ﬁﬂm—‘ﬂ“) for any € > 0, where
v is the (self-similar) solution of (8) with the initial value 4! as given by Corollary 2. In

particular, ||u(t)||p~i2 = (7P as t — oo.

One can interpret Theorem 3 as follows. If (x) = ¢|zz|™? for x large, with ¢ small,
then [|u(l)| ;~+2 behaves like t~#. One may wonder what happens if ¢(z) = ¢[z|7P for =
large, with Re p > 2/a. (We already know by the scattering theory that if Re p is large
enough, then [[u(t)|| -2 behaves like l_%.) An answer to that question is given by

the following result (see Proposition 7.7 in [5]).



THEOREM 4. Assume (7). Let p € C satisfy

mdx{g g} < Rep < N

a’

o+ 1
a+2’

and set

Rep N
= = >
2 2(er + 2)

Let () = ¢|x| =P, let @ be a (' cut-off, and set p(x) = cf(x)|z|"P € H>(RN). Let

.

u be the classical H' solution of (1) with the initial value ¢. If ¢ is small enough, then u
is global and there exists € > 0 such that t¥|ju(l) — €*®4)||pas2 = O(t™%). In particular,

(L) || pote = 7" as t — o0.

Note that u(f) behaves like e'*21), which is a self-similar solution of the linear Schro-
dinger equation. In view of the assumptions of Theorem 4, the range of decays that are

achieved is given by

Na 1
) C— g < < —
<u(2(”+2) if f10<rr§N, (9)
and
Na Nao £l -
= B e T 1 s . l
4(a + 2) e 2(x + 2) 4 N < N -2 )

The upper bound in (9) and (10) is optimal and it is achieved for small initial values in
HY(RN) N L2(RN, ||2dx). The lower limit in (10) is never achieved because of Strichartz’
estimate. The lower limit in (9) is probably not optimal.

Note also that in the scattering theory, the mapping ¢ — u* is one to one. In
Theorems 3 and 4 we see that, by taking different cut-off functions #, many solutions
of (1) are asymptotic as { — oo to the same self-similar solution of (1), or of the linear
Schrodinger equation in the case of Theorem 4. That may look surprising. However,
it seems that the scattering theory cannot be applied to the initial values considered
in Theorem 3. Indeed, the H' scattering does not apply because o« < 4/N and the
scattering in [/1(RN) N L2(RN, |x|2dx) does not apply because ¢ ¢ L2(RY, |z|2dx). On



the other hand, one may apply the H' scattering theory to the initial values considered

in Theorem 4 in the case & > 4/N. What happens is that, with respect to the scattering

theory, Theorem 4 provides information of different nature (i.e. the fact that ||u(t)|pa+2

behaves like {77).
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GLOBAL EXISTENCE FOR A CLASS OF SYSTEMS OF
NONLINEAR WAVE EQUATIONS

SOICHIRO KATAYAMA

1. INTRODUCTION

We consider the Cauchy problem for systems of nonlinear wave equations of the
type
(1.1) O;u; = Fi(u, Du, D,Du) in (0,00) x R" (i = 1,-++ ,m),

' w(0,z) = ef(z), w(0,2) = eg(z),

where O; = 82 — A, (1 = 1,---,m) with ¢ > 0, u = (%)=t m
Du = (0,u)i=1,.,m and D,Du = (0;0,u;)i=1,--m. Here we used the notation
ﬂ_:(),,,_ T _1':1‘.._ e
a=0,-n
dy = 0 and 0 = 0y (j = 1,---.n). Without loss of generality, we may assume

¢ S S S Cpye
We suppose that F' = (F})i=1 ... ;m 1$ a smooth function around the origin, satisfying

(1.2) Fu,v,w) = F | (imtems (Via)izpemy (Wiga)ite m
a

= O(|ul? + v + |w]”)

around the origin in R” x R™"+1) x R™n+1) - with some integer p(> 2). We also
suppose that f, g € C§°(R") and that < is a small and positive parameter.
In order to ensure existence of local solutions to (1.1), we always assume

(1.3) ¢ (u,v,w) = ¢ft(u,v,w) (i,5 € {1,-++ ,m}, k€ {1,--- ,n},a € {0,--+ ,n})
for any (u,v,w) € R™ x R™+1) x Rmrn+l) | where
JF;

1.4 ci:f U, W) = u, v, w).
[ ) kﬂ( ) 8?_(,’3'.}:3(' » )

Without loss of generality, we may also assume
(1.5) (:ﬂ = c:i (a) e{l,---,m}, k,le {1, ,n})
in addition to (1.3), because we only consider classical solutions.

In the following, we say that (GE) holds when for any f, ¢ € Cg°(R"), there
exists a positive constant gy such that (1.1) admits a unique global solution u €
> ([0,00) x R") for any & € (0,=).

1



2 SOICHIRO KATAYAMA

We want to recall some known results briefly, restricting our attention to the cases
n=2and n=3.

First we assume that ¢; = ¢y = - -+ = ¢,(= ¢). In this case, it is known that (GE)
holds if we assume p > 3 when n = 3, or p > 4 when n = 2, respectively. On the
other hand, (GE) does not hold for general nonlinear terms ¥ when (n, p) = (3,2) or
(2,3). Hence we need some condition on F' in order to get (GE) when (n,p) = (3,2)
or (2,3).

Here we introduce some notations. For a given function G = G(u,v,w) and a
positive integer k, we define a function G*) by

a7
GPuw)= Y. 820093G(0,0,0) ”;l !‘5!:! ,

o +B]+|vI=k
where % = g2 -+ - 9¢m, u® = uf" - up and so on. We also define

u”‘bﬁu,""

al gyl
— — . . 8 _ ap N P
where v; = (Via)a=0,- 1> Wi = (w,-@)gzé,:: s and 8;?1, = oo i D{,{_’:H for a multi-index

B=(Bo,- »Bn). 0y, is defined similarly.
For a positive constant ¢, we define

X3—-c) X;=0},

g=i
L(e) ={(u, v, w) | there exist u = (;),v = (v;) € R™ and X € N(c) such that

V= (ﬂjxa)jil s W= [UJ‘X’CX )

1
W k
a

GO (y, v, w) = Z 920587 G(0,0,0) ———-
a+|3|+ly|=k

N(c) ={X = (Xo,-+ , X) € R"*!

:‘f,:::f::}'
:0‘...'“
Theorem 1.1 (Klainerman [10], the author [8]). Let ¢ = -+ = ¢ = ¢. Suppose
that (n,p) = (3,2) or (2,3). If F® =0 on L(c), then (GE) holds for (1.1).

See also Christodoulou [2], Godin [3], Hoshiga [4] and the author [7].
The above condition, F'®) = 0 on L(c), is known as the “Null Condition™.

Now we consider the general case ¢; < ¢z < -+ < ¢,. For simplicity of exposition,
we assume ¢; < € < -+ < ¢y here.

When F = F(v,w) (namely F is independent of u), Agemi — Yokoyama ([1])
introduced the Null Condition for systems with different speeds of propagation.

Theorem 1.2 (Agemi —Yokoyama (1], Hoshiga — Kubo [5], Yokoyama [16]). Let
ey < +++ < em. Suppose that (n,p) = (3,2) or (2,3). Moreover we assume that
F is independent of u, namely F = F(v,w). If

F;p‘“ =0 on L(c;) for each i € {1,--- ,m},
then (GE) holds for (1.1).
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Now we want to consider the case where F' = F(u, Du, D, Du).

In general, estimates for u are not so good as those for its derivatives Du and
D, Du. Especially, we note here that the energy inequality does not give a natural
estimate for u itself in general. These facts make the analysis complicated.

However, for the special case where F' has a divergent form, the situation is much
simpler. Roughly speaking, the solution u for this case can be written in terms of
solutions to some wave equations. Hence the necessary tools for the analysis are no
more than those necessary for the case where F' depends only on derivatives of w.
From this observation, we can see that a similar proof to that of Theorem 1.2 gives
us the following result.

Theorem 1.3. Let ¢; < +++ < ¢,,. Suppose that (n,p) = (3,2) or (2,3). Assume
that there exist functions Gq(u,v) = (Ga,i(u,v)) (@=0,---,n) such that

t=]1, m
n
F(u, Du, DyDu) = Z 0a{Galu, Du)} for any u € C*.
a=0
If Gﬁf;i) =0 on L(c;) for any a € {0,--- ,n} and any i € {1,--+ ,m}, then (GE)
holds for the Cauchy problem (1.1).

Note that nonlinear terms of order greater than p + 1 is also assumed to have a
divergent form in Theorem 1.3.

Our main purpose is to show that we need no restriction on terms of order greater
than p+1 in order to get (GE) when (n,p) = (3,2). More precisely, our main result
is the following:

Theorem 1.4. Suppose that ¢; < --- < ¢, and (n,p) = (3,2). Assume that there
ezist functions Gu(u,v) = (Gou(u,v)) a=0,1,2,3) such that

=1, (

3
F®(u, Du, D,Du) = Z 0.{Ga(u, Du)} for any u € C*.

a=0

If G{fg” =0 on L(¢;) for any a € {0,1,2,3} and i € {1,--- ,m}, then (GE) holds
for the Cauchy problem (1.1).

‘In order to prove Theorem 1.4, we need some estimates for L*- and L?-norms of
u in addition to estimates used in the proof of Theorem 1.2, because F — F? does
not necessarily have a divergent form.

2. L2-ESTIMATES

Let f and g be functions in .%, where . denotes the class of rapidly decreasing
functions, and ¢ a positive constant. We define a mapping U*[f, g; ¢] by

(2.1a) U*f,g:c](t.x) = u(t,z) for t > 0 and z € R?,
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where u is the unique classical solution to

(2.1b) (07 — *Az)u(t,z) =0 for (t,z) € (0,00) x R?,
' u(0,z) = f(x), (Ou)(0,x) = g(z) for z € R®.

For a given function ¢ = ¢(t, ), we define another mapping U[¢; ¢] by
(2.2a) Ule; €)(t, z) = v(t,z) for (¢t,z) € (0,00) x R,

where v is the unique classical solution to

(2.2b)

(02 — 2A,)v(t, x) = ¢(t,z) for (t,z) € (0,00) x R?,
v(0,z) = (Ow)(0,2) =0 for z € R3.

To estimate L?-norms of U[F; — Fi(g}; ¢;], we use the following.

Lemma 2.1 (von Wahl [15]). We have

(2.3) U161t )| o < cfu' lo0r, Jllgoisdr  forts0,
and
(2.4 10105t o < COINee + gllos)  fort > .

For the estimate of L2-norms of U[F”; ¢;], we can make use of a better estimate
because F?) =3 9,G,.

Since

(2.5) U[0.0; ¢] = 8.U[¢h; €] — 00,Us[0, 9(0,-);¢], a=0,1,2,3

T =3
g 4
0, i+#j],

the energy inequality and (2.4) imply the following:

with Kronecker’s delta

Lemma 2.2. Let a € {0,1,2,3}. Then we have

&
(2.6) |U18ag; ](t, )|z < C© (/n [6(7, )l 2dT + cio,u||¢(01-)||z,ws)

fort > 0.
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3. L®°-DECAY ESTIMATES

We introduce some weights which are concerned with decay of solutions to wave
equations. Let ¢ be a non-negative constant. We define

(3.1) wh(r, pic) = (1L + p)*(1 + |er — p|)”

(3.2) wh (T, pre) = (1 +7+ p)*(1 + |er — p|)” for 7 > 0 and p > 0.
For given positive constants ¢,,-- - , ¢,,, we define

(3.3) W(r,p)=W(r,p;c1,** ,Cm) = j:rﬁ_i_p}mwl’l(ﬂ pi ;).

For functions ¢ = ¢(t,z) and w = w(r, p) which are defined on R, x R and
R, x R, respectively, and for a non-negative integer k, we define

(3.4) 6B = 3 sup sup{ jylw(r ly]) [0°6(r. )] |
jaf<k ISTEUERD
We also define
(35) |I¢'“w;k,t = Z sup “‘tU (T |)8QQ£’¢ ‘le{[g‘i}1
laf +18l<k OSTS!

where 0 = Q i Q with Q;; = z;0; — z;0;.
First we state known decay estimate for homogeneous wave equations.

Lemma 3.1. Let ¢ be a positive constant. Suppose that f, g € .#(R*). Then there
exists some constant C, depending on ¢, f and g, such that

(3. wh (ol U 1f, gsel(t, )| < €
fort >0 and x € R3.

Since F?) = ¥~ 8,G,, we can apply the following estimates due to Yokoyama
[16] to estimate L* norms of U[F\”; ¢;], according to (2.5).

Lemma 3.2 (Yokoyama [16]). Let ¢y be a positive constant and ¢ be a non-negative
constant. We define

) log(2+1t), when 8 =0,
(37) alt) = {l, when 6 > 0.
(1) If ¢ # ¢y, we have
(3.8) 0.U[¢; co](t, )| < Cw™ (2, |2]; €0) Bu—1 ()Pl (. 001

Jor y>0andv > 1,
(ii) We have

JBQU[(I); CU](t: 1)| Scrw-l (f ’J| {'0) |||¢|[|w ica )Lyt

(3.9) —u
+ Cuw™" (t1 |3'I! LU)(I)#—-l |||¢|”w£""(-.-;m];l,t

foru>1andv > 1.
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Here the constant C' may depend on ¢y and ¢, but is independent of other quantities.
As a corollary of the above lemma we have the following.

Corollary 3.3. Let ¢ and ¢y be positive constants. Then for > 1, we have

(3.10) Wt Jo; 010U [3 col(t, )] < OBy (Bl icnn

where ®y was defined in Lemma 3.2.
Corollary 3.3 and a kind of Sobolev’s inequality (see [11]) imply

(3.11) W, ]2l; ¢0)]0uU 65 col(t, 2)| < Clog(2 + )| llwiae

where ¢; > 0 and W(r,p) = W(r,p;c1,-++ ,m) With 0 < ¢ < -+ < .

To estimate L=-norms of U[F; — F'¥); ¢}, we need a new estimate.
Theorem 3.4. Let co >0 and 0 < ¢; < -++ < ¢ be given. Then we have
(3.12) w, (¢, s o) [U[¢; ol (t: )] < Clldllwaiaz
where W(t,p) = W(r,pic1,- -+ ,cm) as before.

Outline of proof. We may assume ¢; = 1. After elementary but complicated
calculations, we have

}_ L rtd—y d{) _§ e
(3.13) ?'/o a!sﬁ'_tﬂl (1+p)2(1+|cs—p])2SC(I—HH_r] (1+t—r]) .

As a consequence, by writing the solution explicitly, we obtain
(3.14) 'wi'l(t: ||; CU)‘U[‘?S; co) (t,:r)' < C|||¢,||wz-3f'.-;r-}:0,£'

Now the result follows from appropriate partition of unity and a kind of Sobolev’s
inequality.

4. OUTLINE OF PROOF OF THEOREM 1.4
We introduce some vector fields:
3
w1) To = t8; + ;.rjaj, Ty =8, Ty=0), D3 =0, [y=0,
I's = Qg, Tg = D3, Tz = oy,

where (;; = 1;0;—2;0;. I'q is introduced to treat the null forms, which are associated
with the Null Condition.
We write I'* for I'f* -+ - ['§® using a multi-index a.
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For a non-negative integer s and a function v for which the following definitions
make sense, we define

(4.2) lu(t, x)|s = Z [T*u(t, z),
laf<s
(4.3) ”'U(t, ‘) ls'P = HI‘U(!‘., ')lJHLp(Rs}a (1<p< o).

Because of the classical local existence theorem, it suffices to get some a priori
estimate to prove global existence of the solution.

Let T'> 0 and u; = (e, , U ,m) be the solution to (1.1) for 0 <t < T, where
£ is the parameter appeared in (1.1).

We define
44) (%) _oiligtzem
where
(4.5) ei(t) = le |- s ea) Jusalt, IK+2”Lm{Ra)
+(L+8)7 (““’6:? (t, ')”21(,2 + || Duesi(t, ')”2’(-2)
- H,wl—%,l—?)\(t, |- |;¢) \ug,i(t, -)|2K_4'|me3)
= ‘ wl‘l_zA(t | N |rc?) |ufsi(t’ ')‘QK_BHL'”_{H‘?'] ” EI H2K 6,2°

In the above, K is a sufficiently large integer and A is a positive and sufficiently
small constant.

Applying the estimates in Sections 2 and 3, we can prove the following.

Proposition 4.1. There exist positive constants My and Cy, which are independent
of T' and of small €, such that E.(T) < My implies

(4.6) E.(T) < Cy(s+ EA(T)?) .

By Proposition 4.1, standard arguments imply Theorem 1.4.
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1. INTRODUCTION AND MAIN RESULTS

In the present paper, we treat the coupled system of wave equations with different
propagation speeds:

(1.1) (07 —A)f =F(f.0f,9,09), =z€R"teR,
(1.2) (82 — $2A)g = G(f,08f,9.09), =zTeR"teR,
(1.3) f(z,0) = fo(z) € HY,  0,f(z,0) = fi(z) € H*!, zeR"
(1.4) 9(z,0) = go(2) € H*,  9y9(2,0) = g1(z) € H*', 2z €R",

where @ = 0;,(1 < j < n) or §; and s is a propagation speed of (1.2) with s > 1. The
nonlinear terms are as follows:

F=X}_a;F;, a;€C,

G =X, 8;G; B; € C,
Fy =g0g, F,= fog, F;=gof,
G, = fof, Gi:=fdg, G3=gof.

Our aim is to prove the time local well-posedness with the low regularity initial datas.
Physically, this system describe the Klein-Gordon-Zakharov equations (K-G-Z) and the
coupled system of complex scalar field and Maxwell equations (C-M). we can derive the
time local well-posedness of (K-G-Z) and (C-M) from the time local well-posednwss of
this systemn.

In the case of n > 4, we can prove the time local well-posedness with a > (n — 1)/2
by the Strichartz estimate. This proof is indepent of the difference of the speeds. In the
case of n = 3, we can prove the time local well-posedness with a > 1 by the Strichartz
estimate. To prove the time local well-posedness with @ = 1 in this argument, we need the
limiting case of the Strichartz estimate, which fails. But, Ozawa, Tsutaya and Tsutsumil[5]
proved the time local well-posedness in the case of F' = F},G = G5 with a = 1 by using
the difference of speeds and Fourier restriction norm method. By this result and the
energy conservation, they proved the time global well-posedness of (K-G-Z). By the same
argument, T[7] proved the time local well-posedness in the case of F' = Fy, F' = F3,G = G}
with @ = 1. By this result and the energy conservation, we had the time global well-
posedness of (C-M).

Fourier restriction norm method was developed by Bourgain [1] and [2] to study the
nonlinear Schrodinger equation and the KdV equation, and it was improved for the one



dimensional case by Kenig, Ponce and Vega[4]. The related method was developed by
Klainerman and Machedon [3] for the nonlinear wave equations.

In the case of n = 2, it seem to be difficult to prove the time local well-posedness with
a < 3/4 by the Strichartz estimate. But, in the present paper, we have the time local
well-posedness with a > 1/2 by using the difference of speeds and Fourier restriction norm
method.

Before we state the theorem, we give several notations. For a function u(¢, z), we denote
by u(r,£) the Fourier transform in both z and ¢ variables of u. For a,b € R,s > 0 and
| =+ or —, we define the spaces X‘f‘}b as follows:

Xy7 = {u € §'(R®)||ull xap < oo}
lullxos = | < & >* PAy(r, €17
where Py (r,&) = (1 + |'r + sl|§||), <&>= 1+ |fand | | =" ||L3‘£. For T > 0, we
denote the cut function x(t),xr(t) € C§° as follows:

_J 1 for|t| £1/2,
X“)—{ 0 for [t|> 1,

xr(t) = x (¢/T).
For s > 0, we define W, . (t) = eT*", where w = /1 + A. We put

(fig) = .[Ra f(t,z)g(t, z)dtdz.

Theorem 1.1. Let s > 1 0r1> s> 0,a>1/2 and 2a — 1/2 > b > 1/2,then there exist
T > 0 and problem (1.1)-(1.4) has time local unique solution satisfying

(1.5) fr9 € C([-T,T] : H*(R?)) N C*([-T,T) : H*'(R?)),

xr(t)(f £iw™'8.f) € X721,
xr(t)(g £ i(sw)'d,g) € X2L.
Furthermore, this solution depends continuously on initial datas in the topology of (1.5).
2. THE PROOF OF THE THEOREM
We first put
fe=f+iwa,f,
gs = g % i(sw) " Org.
Then, (1.1)-(1.4) are rewritten as follows:

(2.1) (10, F D) f+ = Fw 'F F (D — w) fx,
(2.2) (10, F sD)g+ = F(sw)'G F (D — w)gx,
(2.3) J£(0) = fro,  9+(0) = g0,

where

fro= fotiw™ ' f € H®,
gxo = fo £ i(sw)1f; € HO.



We try to solve (2.1)-(2.3) locally in time. For that purpase, we consider the following
integral equations associated with (2.1)-(2.3):

(24) f1(t) = x(O)Wh £(t) fro F ix:r(t)jl; Wis(t —s){w™ ' F + (D —w) fy}ds,

(2.5) g+(t) = x(t)Ws +(t)g+0 F ixr(t) -/; W s(t — s){w™'G+ (D — w)gs }ds.

If we try to apply the Fourier restriction norm method to (2.4)-(2.5), we have only to
prove the following estimates:

(2.6) 1F3 | xar-rte < CTjkllgill o llgll xoes
(2.7) [1F2ll xagroite < CBjul fill xa lgkll o
(2.8) 1F3l o ra-14e < CZjkllfill xo 19kl o
(2.9) Gl yo-r-14e < CZiill Fill ol fill e
(2.10) 1Gal gamro-14e < Ol fill xo llgkll ez
(2.11) [|G'3| pEa L < CEj,k”fJ‘“xf";”Qka:'-:,

where a > 1/2,2a — 1/2 > b > 1/2 and € > 0 which is sufficiently small and j, k and /

denote either of 4+ or — sign. Without loss of generality, we can assume f; and gp > 0.
Here,we note that

f=1/2(f+ + f-),

0uf = 5i(f+ = f-),

9=1/2(g+ +g-),

Oy = %L;f)(m - 9-).
Therefore, the left hand side of (2.6) is bounded by
(2.12) Zjnllgiwgn | ya-re-ite.
To prove (2.6), we have only to prove

56098l o1-15 < Cllgsl asllgell e
which is equivalent to
(919K, h) < C||5'j||x:.§|lgk||x;'.;1‘*'||h“x1‘;“~“5-'

by duality argument.We obtain this inequality by interpolating between (2.13) and (2.14).
In the same manner, we obtain (2.7)-(2.11) from Proposition 2.1.

Proposition 2.1. Assume that a > 1/2,b > 1/4,4a+2b >3 and s > 1 or 0 < 5 < 1.
Then the following inequalities hold.

(2.13) [{fs g < Cllfllx;asllgllxopliBll xoo
(2.14) (f, 91| < CllfllxzeellgllopllBll xep
where j,k and | denote either of + or — sign.



Remark 2.1. This inequalities hold with a = 1/2,b > 1/2.But, because of b > 1/2, we
can’t apply Proposition 2.1 to (1.1)-(1.4).

Before we prove Proposition 2.1, we mention an essential lemma.

Lemma 2.1. Assume that a > 1/2,b > 1/4,4a+2b >3 ands > 1 or 0 < s <1. Then,
there is a positive constant C and the following inequalities hold.

sup < & >% P 2b( ) (<E>"" P ) ke 2 £ 57 PP 8)) €€
7€

where j,k and | denote either of + or — sign.

Proof of Proposition 2.1. Without loss of generality, we can assume f ,g and h > 0. We
first prove (2.13). By the duality argument, (2.13) is equivalent to

I < &> P(r,&)ghlle. < Cll < &> PLu(r. &)dllll < &> Bu(r, &)hll
which is equivalent to
(2.15) || < €£>° PLi(r,€)( < € >7" Po(r,£)g*rg < € >~ PR(1,6)h)|| < ClIg11%|IR |12,
By the Schwartz’s inequality and Lemma 2.1, the left hand side of (2.15) is bounded by

/ < £ > Pfg-(r, f)( ok > P“gb(T, Jre <& %8 Pafb(r,{)) (ff *or g RQ)dTaLf
He:i

£C f 7 %pe R2drdE

2]
< Ol IIR?

< CglllAll-
We next prove (2.14).From (2.13), we have
(f, gh)| =|{w ™™ f,w**(gh))]

<|(w?g, (W f)B)| + [(w**h, (w2 F)F)|

<Cllgll oo |l zoollll o

1
L"'.E
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Generalized Broadwell models for the discrete Boltzmann equation with lin-
ear and quadratic terms
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Summary. A generalization of the Broadwell models for the discrete Boltz-
mann equation with linear and quadratic terms is investigated. We prove that
there exists a time-global solution to this model in one space-dimension for lo-
cally bounded initial data, using a maximum principle of solutions. The bound-
edness of solutions is established by analyzing the system of ordinary equations
related to the linear term.



1. Introduction

In this paper, we are concerned with the global existence and sharp estimate
of solutions u = (u;)¥, to the following equations:
s 6'&2;‘ ¥ ;
E‘ o = Qi(u) + Li(u) in R x (0, 00) (1.1)

| ui(z,0) =ud(z) in R (1.2)

Here ¢; is a constant, Qs(u) and L;(u) are following:

Qi(u) = Z(Affukug — Auiug); A}, are non-negative constant,
Ik E

Li(u) = Z(afuk — aju); of are non-negative constant.
k

This system of equations describes the motion of particles of a rarefied gas
in a thin infinite tube. The discrete models of the Boltzmann equation con-
sists in discretization of the velocity of molecules, that is, the molecules take
only a finite number of velocities C; € R®. The solution u;(X,t) represents
the distribution function of the molecules animated with the velocity C;, that
is, ui(X,t) is the density of molecules with velocity C; at time ¢ and at point
X = (z,y,z). We consider only binary collisions between molecules, which are
represented by the nonlinear collision term Q,;(u). The coefficients A}, of Q;(u)
are the proportion of collisions which transform the molecules with velocity Cj
and the molecules with velocity Cy into the molecules with velocity C; and the
molecules with velocity C;. We take also into account of the reflection over the
wall of tube, which can be represented by the linear term L;(u). Like coeffi-
cients A}, the coefficients o, are the proportion of reflection which transforms
the molecules with velocity Cj into the molecules with velocity C;. By the
virtue of the thinness of tube, we can assume that the function u;(X,t) is ho-
mogeneous with respect to the variables y and z where we take r—axis as a
variable along the axis of tube. Let ¢; be 2—component of the velocity C;. For
the above-mentioned considerations, the solutions v = (u;(z,t))Y, satisfy the
system of equations (1.1). Here we study the initial value problem (1.1)-(1.2)
with the initial data ul(z) > 0.

Taking into account of the physical theory, we impose on the coefficients A},
and aj, the following assumptions: for any (i, j, k, £), we have

A, = A, = A, > 0, Afl(ci+¢j —cx —ce) =0 and o} >0, (1.3)

The Broadwell model [3,4] of the discrete Boltzmann equation is a special case of
the discrete models of the Boltzmann equation and its coefficients A}, are given
in explicit form (See [6,8]). In [11], it was shown that there exists a time-global
solution to the Broadwell model in one space-dimension. In [13], the global ex-
sistence of solutions to the Broadwell model in two space-dimension was proved



with the intervention of the H-theorem. In [12], under the assumption of the
microreversibility of the collisions: Ay, = Aff for any (i, j, k,£), it was shown
that there exists a time-global solution for initial data sufficiently close to the
stationary solution. When the initial data are arbitrary in L' N L%(R), in [1],
the global existence of solutions to the Broadwell models in one space-dimension
was proved under the restriction that the ¢; are mutually different. Moreover,
in [2], the above restrictions were eliminated in order to show a global existence
of solution to a generalization of the Broadwell model, in one space-dimension.
In [6] and [8], the system including only the quadratic terms were systematically
studied. The system having both the quadratic term and the linear term is a
classical object in physics but it has less studied in mathematics.

Our purpose of this paper is to study the generalized Broadwell models for
the system having both the linear term and the quadratic term. The generalized
Broadwell models were introduced as the right-left models in [2] for the system
including only the quadratic terms. Both the Broadwell models [3,4] and the
Cabannes’ 14 velocities model [5] can be considered as a special case of the
right-left models. According to [2], we shall formulate the right-left models for
our system. Let E = {1,---,N} be a disjoint union of two subsets R and L
such that i € R [resp. L] = ¢ > 0 [resp. < 0]. We suppose the following
assumptions:

i £0= (i,5) and (k,£) € (Rx LYU(L x R), (1.4)

ah #0= (Rx R)U (L x L). (1.5)

The condition (1.4) means that the collisions occur between molecules which are
animated in different directions along the x—axis. The condition (1.5) means
that the sign of z—component of the velocity does not change by the reflection.
We prove the time-global existence of solutions for locally bounded initial data
to the generalized Broadwell models and we show the explicit estimate and the
boundedness of solutions under the assumptions which are weaker than the ver-
sion of microreversibility of the reflection and which will be explained later. It is
remarkable that we do not assume the microreversibility condition: Ay, = Ak
and that we do not use the H-theorem. In fact, in the mesonic process, the
break effect does not imply the microreversibility of the collisions (See [9]), and
hence we do not have any necessary reason to assume this condition.

For the later use, we define a terminology for the coefficients of the linear
term. The subset J C E is called strictly diffusive if j € J and a_’; > 0 imply

k € J and if there exists j € J and k ¢ J such that ai > 0. The condition
aj-‘ > 0 = aj, > 0, weak version of microreversibility of the reflection, implies
that there exists no strictly diffusive subset.

2. Statement of Main Results

The followiing theorem is our main result.



Theorem 2.1. For non-negative initial data u® = (u?) € L' n L*®(R), there
exists a unique time-global solution to the generalized Broadwell models of the
discrete Boltzmann equation satisfying the following:

(8}l < [luf]] oo e+ (2.1)

where C dependq only on the system and u represents the total mass:
p=3; [g ud(z)dzr. Moreover, if we suppose that there exists no strictly diffu-
sive subset, then we have the boundedness of solutions and its estimate:

sup [lu(:,t)|| e < ||u’] Lot (2.2)
€000

where C'y depends only on the system.
Taking account of the finite-speed propagation, we have the following:
Corollary 2.2. For non-negative initial data u® = (u)) € L§S,(R)[resp.L(R)],

there exists a unique time-global solution u € L*(R x [0,00)) to the general-
ized Broadwell models of the discrete Boltzmann equation [resp. satisfying the
following:

w(z,t) < pCs(l+t)

where C3 depends only on the system and on the |[u°||;=].

3. A Proof of Theorem 2.1

It is easy to see that it is sufficient to prove Theorem 2.1 for the initial data
0 € Cg°. According to the method in [2], we define the quantity

r(z,t) f Zu, (y,t)dy. Then we have 0 < r(x,t) < p and i Zu,

X ieR ieR
By virtue of the assumption of the generalized Broadwell models, we have

[l

ar *
Il DD

iER

+ ) (afuk — aju)

RxR

= —S Cilty.

iER

( ) ( Z + Z )(Akell.ku,g APyuiuj)

RxLxRxL RxLxLxR

For K > 0 which will be determined later, we put

S0 = spmax Y w@hepK@o-0) (1)
TER PE kick=cp

We will show that Sy(t) is a decreasing function. It will follows thereby that

e sup max uk(z,t) < Si(t) < $1(0) < eX# sup iy Z up(z).

tER PEL zER PE

kicp=c, k CR=Cp



By the same argument for p € R, we will have

g s () e < NeX O+ max Ju o=

which implies the estimate (2.1).
To prove that S)(t) is a decreasing function, it is sufficient to show that

% Z ug(z, t)exp{ K (r(z,t) —t)} <0 for any (z,p) where the value S)(t) is

k5Ck=c_,,
attained. Let (z,p) be a such point and we put P = {p'|cpy = ¢,}. We have
then

E;Zt Z uy (z, t)exp{ K (r(z,t) — t)}

p'eP

0
= ("E}t— ) Z ug (z, t)exp{ K (r(z,t) — t)}

p'eEP
= exp{K(r(z,t) =)} {K Y (e — ci)uyug + D (Afurty — AP 2upu,)
iERpEP ExRxLxR
+ 3 (apur—auy) — K Y up} = exp{K(r(z,t) — 1)} - a(x,1)
ExL p'EP

If e, < 0, we have ¢, —¢; < 0 fori € R, Z Ap‘quru, < 0% Z Ut U

ExRxLxR iERp'EP
andZ(a Uy — cru,, KZup<{C’—K Zup'((}foraiargeff
ExL pEP p'eP
because we have, for r € L, z Upr < Z uy . Hence the function i (x,t)
ricar=cp pEP

is non-positive for a large K.
If ¢, = 0, putting Ro [resp. Lg] = {i¢ € R [resp. L] |e; = 0}, we have P = Ly
and, by the same argument,

pi(z,t) = -K Z Cillp Uy -+ Z (Ap urs — AR Tupug)
iER, p'ELu LUKRXLXR
+ Z apy —af up -K Z Upy
LoxL pEP
< -K Z iUyt + Z (AL urs — AR Jupug) <0
tER,p'ely LoxRx Lx(R\Ra)

for a large K, where we used AYy(ci +¢j — ek —¢) = 0.

Therefore we showed }% z wye (2, t)exp{ K (r(z,t) —t)} < 0 and then the esti-
p'eP
mate (2.1).

For the rest of proof, we use the following:
Lemma 3.1. Suppose that there exists no strictly diffusive subset of E. Then



there exists a vector (A;) in the kernel of the matrix £ whose all components
are positive where the matrix £ = (o — 6;; ¥, ad)i ;.

By the virtue of the classical theory (for example, see [7]), the real part of any
eigen-value ¢ of £ is negative unless ¢ itself is equal to 0.
Let us define f = (fi(t))icr as a solution to

Y s 1= >0 (32

Then, by the form ah + (Z al)fi = Zcxﬁ‘fk, the fi(t) is positive for any
e k R
t > 0. It is clear that

n1

filt) = Zafﬂtu 3 Zb[')t“ect (3.2)

(Rel<On=

where af! and b( ! are some constant. The boundedness of any fi(t) follows

I't

from the fact that < £ 37 fi(t) = 0 and that fi(t) > 0. Hence a) =0forn>0
and each function fi(t) converge exponentially to a constant A; > 0. Cleary the

vector (A;)ieg is in the kernel of L. Let J be a set of j € E such that A; = 0.

It is easy to see that ZZQ?/\& =0 and that of = 0forj € Jand k ¢ J.
JEJ kEE
This means that j € J and a > 0 imply k € J. By the assumption, we have

then o, =0 for j € J and k e’ J. Hence we have

%Zij(ﬂ =3 aff(t)— > alfy(t)

jeJ jked i k€

i.e. 30  fi(t) is a constant and it cannot converge to 0. This is a contradiction.
Therefore J is a empty set and any A; is positive. It completes the proof of
Lemma 3.1.0

Now we give a proof for the rest of Theorem 2.1. We put, for a suitable
constant K' > 0,

Sy(t) = sup m::\,xM exp{K'r(z,t)}. (3.3)
sER PEL A]_'a

If we show that S;(t) is a decreasing function, by the similar argument, we will
have the estimate (2.2). We want to show, for any (z,p) such that the value

Sy(t) is attained, g @ exp{K'r(z,t)} <0. We have
p

9 up(,t)

5 s exp{ K'r(z,t)}



¥ S, — APy u
= exP{K"r(a:,t)}-{K'Z(cp_q]u;:ﬂ‘ +Z pagr sA Falplg
i€R P RxLxR P

alu, — afu ’
5> p—,\,,—z} —: exp{K'r(z, )} - palas)

If ¢, <0, we have ¢, —¢; <0 for i € R, Z Ajqurus < c* Zupui
RxLxR iER

alu, — afu u
and Z s i Z L (afAr — af),) = 0, because we have, for r € L,
L A E Ap

U 1 e ; .
,\_r < ;ﬂ and the condition (1.5). Then the function gs(x,t) is non-positive for
r P
a large K'.
If ¢, = 0, we have, by the same argument,
_ s Uplli Alqurus — ARTupu,
wo(z,t) = KZC-; ; +Z "
iER RxLxR
alu, — ofu
Y MR e
> %
< K'Y Uplhi A;gur“s; APfuptq <0
ER P RxLx{R\Ro) P

for a large K', where we used Afé(c, +e¢j—ep—eg) = 0.
0 uy(z,t)

Therefore we showed ————=
at Ay

(2.2). It completes a proof of Theorem 2.1.

exp{K'(r(z,t))} < 0 and then the estimate
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THE NONRELATIVISTIC LIMIT OF THE
NONLINEAR KLEIN-GORDON EQUATION

SHUJI MACHIHARA
DEPARTMENT OF MATHEMATICS, HOKKAIDO UNIVERSITY
SAPPORO 060-0810, JAPAN

October 23, 199D

ABsTRACT. In this paper we consider the nonrelativistic limit of the nonlinear Klein
Gordon equation. We study how the solutions of the nonlinear Klein Gordon equation
converge toward the corresponding solutious of the nonlinear Schradinger equation wlien
the speed of light tends to infinity. Espectally we consider the rate of convergence. We
use Strichartz’s estimate for the Klein Gordon equation.

1. INTRODUCTION
We consider the noulinear (and linear) Klein Gordon equation in space-time R

\ o, K e’ i )
(1.1) —— " = —ANu~+ ——u+Mu|" u =0, reR" ek,
2me” 2 2
where B is the Planck constant, m is the mass of particle. ¢ is the speed of light, and o”
is the second time derivative. and A > 0. When n = 3 and 7 = 3. the equation (1.1) was
introduced by Schiff [1] as the equation of classical neutral scalar mesons. If N = 0, the
equation (1.1) is the lincar Klein-Gordon equation.
Substituting

= fw,——mu--'r-h

we obtain from (1.1) the following nonlinear Klein-Gordon equation for o:

hi I cx ﬁ’ =il
o — il = ——Ne Al e = G
RIDITE 21

The aim of this paper is to study this equation, partiendarly in the limit ¢ — o0, We
regard the procedure of taking limit ¢ — oc as “uenrelativistic limit.” Formally, the limit
equation is

2
—he' — ‘,—._l{ -+ ;\l("-’_! b =10.

2m
This is the nonlinear Sclirodinger equation. So we expeet that solutions of the nonlin-
car Klein-Gordon cquation converge as ¢ — ~x toward the corresponding solutions of

the nonlinear Sehrodinger equation. We may thuk of the Kleine Gordon equation as a
relativistic generalization for the Selirddinger equation. From this relation, we have a par-
ticular interest in the convergence of solutions of twe equations. In this paper we study



this problem in detail. For simplicity, we set 4 = —=A, = 1/¢%, f(v) = Mo v, and
hv=2m = 1. Given initial data, we rewrite the equations in question as

(1.2) st — i 4 Av 4 fe) =00 e(0) = vge. (D) = 0y,

(1.3) —iv' + Av =+ f(e) =0. 0(0) = vgp.

We denote by v and vy the solution of (1.2) and { 1.3}, respectively.

We investigate how 1. converges to vy as = — . There are a fow results on the probleny.
The convergence in several modes has been proved. see [2] [3]. In [15], we have proved
the convergence in L>(0.T: L?). Iu this paper, we consider the rate of this convergence.
When = tends to 0. how rapidly does ¢. converge toward 1y 7 We show in Theorem 1 the
upper bound of the order for nonlinear case. For linear case, we give the upper bound as
well as the lower bound in Theorem 2.

This paper is constructed as follows, In Section 2, we state the main theorem. In Section
3, we give Strichartz’s estimate for the Wlein Gordon equation. Using this estimate, we
prove the main theorem in Section 4.

We close this section by giving several notation. We abbrevitate LY(R"™) to L? and
L'(1: LY(R")) to L"L? . where [ is a time interval. We denote by H*? and B;, the
Sobolev space and Besov space of order s, respectively. For any p with 1 < p < oo,
stands for its Holder coujugate, i.e. p' = p/(p— 1.

2. MAIN THEOREM
We state our main thicorem.

Theorem 1. (Nonlinear Casc)
Let n =3. A>0and 1 < 5 < 21/5. We assnme that

(2.1) e € H'. wy. € L2,

(2.2) voo € H',

(2.3) *:ggfﬂf'oe L+ ' 2]l ) < o0,
(2.4) llvge — vopllpe < ezt

Then for every T > 0. there exists ¢ sneh that
Dy =t A . =t
(2.5) e = voll z=qopp2y € et

Remark 1.
In [15], we have shown only convergence of the LHS of (2.3) without specific rate.
Theorem 1 gives au upper bound of the rate of this convergence.



Theorem 2. (Lincar Casc)
Let A = 0. We assume (2.1),(2.2).(2.3). and (2.4).
Then for every T > (), there exists ¢ such thm

(2.6) e

Moreover, for any « > 1/4, & > 0, there exist v and vy such that

_I,JI_

Lacfosne) = 62

(2.7) ”“05 = f‘l_m||!,'-' < es”,

(2.8) “’ - 'f-‘l.l||1.*&[1_1.?‘-:;!J > t":‘” o

3. STRICHARTZ'S TYPE ESTIMATE FOR THE KLEIN-GORDON EQUATION

In this section we study the space-time integrability propertios of sohitious of the free
Klein-Gordon equation for the proof of Theorem 1. To this end we construct Strichartz’s
estimate involving the parameter = for equation (1.2).  From Duliamel principle, the
solution v, of (1.2) satisfies the integral equation.

{

(3.1) () = L)oo + Tt)ere =+ [ L0t =) f(eels))ds,

JU
where

L() = c%(costA. — =-AT' sint A, ),

J(t) = "_"4 PeinfA.,

.4;.:3( 4+4)”

We investigate the operator J.(1).

Proposition 3. For any interval I € R with 0 € 7, n € Cy(L x R") and pawr (¢, ") such
that

1 1,1 1 1 1 2
(3.2) 1——,=ﬂ(——1) L gy

r 2\ 2 27 ¢ T2 n+2
the following estimate holds :
(3:3) “/ -:f t— s)u s}r!a" < elfell v e ghye

0 e

where ¢ is independent of u, /, and =,

Key estitnate for the proof of Proposition 3.
We introduce the results on decay of solution of Klein-Gordon equation. {see [13]). For
any 1 < ¢ €2 < g < x. the following inequaldity holds :

(34) “ '-;111 f A) “Il!‘i(lR"} <t - f”“!'-'“,m,:rtn-i- INVER NI TR



4. PrOOF Oor THE MAIN THEOREM

At first, we recall some properties of the solutions of nonlincar Kleim-Gordon equation
and nonlinear Schrodinger equation. From the assumption (2.1), there exists @ unique
solution v, of (1.2) such that (sec [14])

v € L*(0,T: H') N L0, T; B,5""),
with

20(q) 2 1

1
n+1" r(g)n-1) 2 4y
Morcover by the assumption (2.3) and the energy conservation for (1.2), we obtain

(4.1) sup( || e
>0

2<g<sx., n<d

10T F ““*’“-'."-'f'm.'r;n":"‘"")) 90
e

For the case of equation (1.3) . there exists a nuigue solution (sce [8
| |

g € L=(0,T: H') N L0, T: W),

2 1 1 9 < e 2n
=M= — ) T B .
s(p) 2 p =S50

From the conservation laws of energy aud charge for (1.3) . we obtain

with

(4.2) ol <oy + lvall pigo rapia, <

Proof of Theorem 1.
We consider the case of space dimension 3. The solution ¢ of (1.2) satisties (3.1 . The
solution ny of (1.3) satisfies

!
(4.3) volt) = To(t)vgy — 1 [u Io(t — ) flrols))ds,

with
Tolt) = ¢,
We study ¢, — oy, Subtracting (4.3) from (3.1) vields

(4.4) te(t) — voft) = 3 P,
=1
with
(4.5) Pt = (I(t) = Io(t))voo.
(4.6) P2(t) = L(t)(1. — von).
(+.7) PR = Je (o
_ t 1
(4.8) Pty = / (edo(t — s) — —J-(t — ) flegls))ds,
JU :
. 1 g } _
(4.9) PPt} = = 4 Fo{t — s fiegls)) = flods))ids.



We investigate ||o: — voll <0121

(4.10) [

5
e — f’nllw-.:o.?*::.—‘] < Z |‘P:—m||!.xru.'r':r.ﬂ:-
=1

With respect to PP | we use Proposition 3 to have

(4.11) WP = qoraazy S cllf (e = ool oo ponat
where
1
los(iny 119
o 2Ny 2 27 ¢ 10

The Holder inequality nplies
(4.12) £ = Fleoll e par < ellleellfm e + NealGo g lle: = vall o2,
where
g i I =1 1 |
(4.13) q b +1? "
We use the following embedding results,

1 1l 1-—-0

Br:;” C Lh~ - =0T
1% h g n
1 1 1
Hr'l.q C Lb. T =

b g n
From this results and (4.1),(4.2), we estimate
(4.14) .su%m o=l rers 4+ [l eoll s < x.

£20

Considering (4.13), if 7 < 21/5, we can take o < 3 . and

(415) ”'f‘:-! Lors < TH'”'_”5!"|.":.|‘!_5“ -+ ”r‘“HLH [F}.

rers =+ ||vo
Thus we obtain
| P\ e goinzy < €T VE D iy — voll = ooy
We have from (4.10),
¥ 8 I X
(4.16) (1 = TGN — iyl oy € 30 NP pean
i=|

For sufficiently small 7. we have

A
(4.17) s = volin= o2y < f'z :|P.E*]||!.“-1:1,T:r.~'b-
i=1

So we have to study the rate of convergenee for P i = 1,2,3.4.



For PE[”. we rewrite costA.. sintA. with e, ¢~ and rearrange,
I(Z(t) = To(t))voo| |z pe < [ {(1/2)(1 + (44 + 1)71%)e femitte o= Y ool per
(‘-118) -+ || 1/2 ] - {".l:'l'l'l) u)f"-'=+ ’”UUHLG‘:LB

< ” _-—n’l L J 3’011”1""-"‘

+ (1 = (42 A 4+ 1)) gyl 12

th

=|[(e" = V)vool z~ 2 + |b=vool] 12
here we have set
ae = 1/(22) = A + A,
b =1 — (44 41,72
We study the operator a., b. . From the Parseval relatiou. we have
| Aull e = NIl
We set . = 1/(22) — 1/(22)(4]¢]2 + 1)'/2 + |€]? and estimate

| n'ﬂ 1| < 2
4
Lyl
1 — / n‘ I’Ig ]

le | |m . |
< |u_.~f|
= tlaclel ke + 1) 4 12
< 4telg|.

Thus
e — 1] < 2'-0(4t20¢)")” 0<f<L.

Considering assumption (2.2) , we set § = 1/4,

("% = Lyvgol| ez < cflt '€ voull o p2
T 1 Lol 12

1/
{3 ‘

(4.19)

IVAS
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Stinilarly, we have
11— (el +)73 < 2,
1 — (4|6 + 1) 712 = He|€P /4l + 1712 + 1)(el¢P + 1)
< def¢)?

then
be] = |1 = (de|€2 +1)""2) < (4z]¢|2) /2272,

From this, we Lhave

(4.20) 6. voo|| e <= €22



Thus we have from (4.18).(4.19) and (4.20).
(421) [Pl < eV,

From (2.4) and  sup ()|l g2y < o0, we have

tE[0.7).2>0
(4.22) | P2 e e < F||f’(;- — vgo]| £
< M

The assumption (2.3) especially for vy nuplies
(4.23) | P3| x e = ||20% sint A, =(424 + 1) 20| 1o

= ||2s(4e A+ 1)7" 0|

< el

< ¢s'2,

In order to estimate P!V | we show that f(ug) = AMue|"'vg € L'H' .
From |V f(up)] < r]r“|’ V| . we have

(4.24) “f "o ||!f' < (‘(”.f o ”,f—' + ||Vf(f’u)||f,9}
< elfleall s + 1V eollz) eoll7 <"

From (4.2), vy satifics

(4.25) vy € LMW e ¢ L= q>3.

We continue the estimate as

ol
(4.26) I f (el rra < e ]u leollze 4+ 19 voll o) [leollj='ds

! B
lllvll gz + 19 ol [ ool s

< cllvollrre + 1V eoll = r2) leull irr <

IA

AN

provided

Considering ¢ > 3, we have for 1 <~ < 5
(4.27) o)l om < o

We rewrite P4 as

i .
(4.28) P = [ (i)~ ifaed 4 1) 21N f )l

t o
+ ff‘/(' (44 + 1)_1-3‘2'__:(:,'; “""’]”_'”’_f("f-'u(h'))n"s
)

(4.29) =I, + il,.
Regarding ) |, the same arguement with PV and (1.27) proves
(4.30) M| e < e



The convergence of ||I1]|z=y: is obtained by a techuique from the Riemann-Lebesque
Theorem. We define, with the characteristic function Xy (),

g(s) = Xpg(s)(4c4 + 1)~ 125 HAD Flug(s)).
We have
(4.31) I3 :/ pmitd A g gyl
i / f(ﬁ%ﬂ](-‘;ﬂ-r:‘ly(ﬁ_}_ we)ds
2[ q '? § 4 7= ) f(LTlg i-.\.]rr.-‘)(.,—-i"f.—_,!s—+.-’l,}3d$
r.
—.‘{/ (g(4) — g5 + mz))e~atAd gy
+/ e P },+1,.1w:-),,—s{%+ beds 1)
= §{fg\| + I)).

For Iy5, we have

‘1 £ ¢ —ﬂ'(§|?+il;f-15|f|"'4I‘.”"-'Hrs < f‘f|{|2.
then
(4.32) Lol x e < 02

We utilize Proposition 3 for [,

(4.33)
XYV EST,

= " j (de A+ 1) M2zt i-"'”"'](.\'i,;._;i( s1flrols)) = Xjog(s +72) fleals + .;'.'c')))r.f.e-' |

|
| Xpats)frols)) = Xignls + me)fleols + 70| o
= c|[fleo(s)) = fleols + 7)) 1o oumreirets + <l flrols))]

= Iy + Iy 2.

IA

L (t=meiiiln'y

Concerning Iy ». we estimate

f bpe!
Ls = (f;—r ||r'u{‘f}||.m)
< ol oy

Considering (3.2), we have 1/07 > 1/4. For arbitrarv 1 < & < 3. there exists ¢' such that
2 < ¢’ < 6. Therefore we obtain

(4.34) [y0 <o

By the Holder inequality. we have

(435)  Doaa < elllools)| 3 =+ leols + w2 )70 o)l vals) = vols + 72)

A AD



where
(4.36) Dag=h 1 bo i1
q 10 b 10 «
with a = 4(7y + 1)/(7 = 1), b= 3(7v+1)/(7 +2). Tuvestigating under (5.2), there exist
(¢, "), for 1 < 4 < 3. satisfying (4.36). From (4.2) and embedding results, we have

(4.37) Ly < elfegls) = vols + ?‘T-")”!." A

We now introduee another property of the solution of the nonlinear Schrondinger equation
(see [12])

(4.38) € B>+ FY.
An equivalent norm of the space is
—1f20.
(4.39) ell o ppny = sup 77/ Ffluls) = uls + W irirreys
= ' D<r<h

where & and & are sufficiently small and
Iy = {s]| s.s + TE I'}.

Therefore we have obtained

(4.40) Iy, < oeth?,

and therefore

(4.41) [PE g 1
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