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1 Introduction

1.1 Overview of Mirror Symmetry.

In Superconformal field theory in Superstring Theory, it gives two physical theo-
ries to 3-dimensional Calabi-Yau manifold X. They are called by A-model and
B-model. Mirror Symmetry is a existence of a pair of Calabi-Yau manifolds
X, X° such that A-model of X and B-model of X° are equivalent, via mirror
map ((4]).

mirror map

(A — model theory of X) (B — model theory of X°).

A-model of X depends on Kéhler forms of X, and B-model of X° depends
on complex structure of X°. Roughly speaking, A-model has informations of
symplectic geometry or algebraic geometry such as enumerative geometry. Fur-
thermore, B-model has informations of complex geometry such as Hodge theory.
At a glance, these concepts are different each other, however, Mirror Symmetry
claims that they are very similar theories.

Mirror Symmetry gives a lot of surprising results or conjectures in mathemat-
ics. For example, this theory has been in the limelight since it has computed
enumerative geometric numbers, Gromov-Witten invariants (GW invari-
ants) in terms of Hodge theory (see [2]). Although GW invariants are rational
numbers which relate to the number of rational curves, they are defined by in-
tersection numbers on the moduli space of stable maps. The stable map is a map
from 1-dimensional curve (it is called by semi-stable curve) to variety X, which
some conditions hold. Hence, it may be compute the number of stable maps,
but actually the GW invariant can take on rational numbers. As [2], by using a
equality of the Yukawa couplings of A- and B-model, a generating functions of
GW invariants are computed by solutions of Picard-Fuchs equations for family
of complex structures of X°.

For instance, let us demonstrate it in the case of quintic threefold X and its
mirror variety

5 5
X2 = {[x1 (X9 T3 Ty T | Zx?+¢HIz‘—O}/Zs-

=1 i=1

(2 = 95 is a local coordinate of complex moduli.) In [2], we can see an equality

o= () s (22 (1.1)

T\ ory/—1 vy zdq) ’ '
where ¢ = 2™V~ means a local coordinate of Kdhler moduli of X. Let
<(’)h(9h(’)h)01d be a 3-pointed GW invariant of degree d, which relates to the

number of 3-pointed stable maps of degree d. Then, k¢ and Ky are A- and
B-model Yukawa couplings respectively:

5/(2mi)?

— d T 11552 u0(2)2
Rew = 5+ ) (OnOnOn)g 4", Rupy = (1+5°2)yo(2)?’

d=1

where yo(z) is a solution of Picard-Fuchs equation

4
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for 1-parameter family of X7, which is holomorphic at z = 0. The mirror map

is a map between ¢ and z. It is also computed by Picard-Fuchs equation as
follows:

q = exp (27rx/jy1 (z)) ,
Yo(2)
where y;(z) is a solution of Picard-Fuchs equation which has a singularity of
log(z) at z = 0. The story of Mirror Symmetry is that we can compute GW
invariants by solving Picard-Fuchs equation and Taylor expansion on RHS of
(1.1).

This story is interesting because algebraic geometrical numbers can be com-
puted by Picard-Fuchs equation. In [2], however, there is no strict proof since
this paper based on physics. The main theorem of [2] was proven by Givental
et al ([9, 14] etc) as a generalized statement.

Now, Mirror Symmetry provides stimulus to not only Hodge theory and enu-
merative geometry, but also representation theory, number theory, topological
recursion theory, etc. Therefore, this Mirror Symmetry which computes GW
invariants is also called by classical Mirror Symmetry.

To compute GW invariants has been a centered problem since the beginning
of Mirror Symmetry. Our research is to find some fascinated formulas in moduli
spaces viewpoint.

In Part I, we will consider in the case of projective hypersurfaces PN-1L,
In [10], Prof. Jinzenji provides moduli spaces of quasi-maps Mpg o(N,d). Al-
though it is another compactification of stable map moduli space, it has a lot
of informations of B-model theory. Indeed, generating functions of intersection
numbers w(Opa Opp )o,a 0n Mpg o(N, d) give solutions of Picard-Fuchs equations
or mirror maps. Hence, we can obtain formulas which compute GW invariant
in terms of intersection numbers on Mp, o(N,d). We will research this moduli
space in detail. '

Furthermore, we will show that there is an injective homomorphism from the
Chow ring of Mpy ,(N,d) to Chow ring of Moo(PY~!,d)ind=1and d = 2.
We will compute its Gromov-Witten invariants by using the data of Chow ring of
Mg 2(PN=1 d). This formula is similar to a formula of w(Ope Oy )04 in terms of
Chow ring of ]\%072(]\7, d). It seems that these results lead another formulation
of mirror map.

In Part II"!, we will generalize the moduli spaces of quasi-maps to weighted
projective space P(1,1, 1,3). The background of this study is j-invariant of ellip-
tic curves. In the case of J\?}JQO’Q(N ,d), its intersection numbers are coefficients of
power expansion of mirror maps for projective hypersurfaces, as [10]. Moreover,
it is well-known that the j-invariant is a mirror map of Calabi-Yau surface of
P(1,1,1,3) (see [15]). Therefore, the followings is expected: the coefficients of
power series expansion of inverse function of j-invariant are intersection numbers
on the moduli space Mpg 5(P(1,1,1,3),d). We will prove this interesting claim

by giving a concrete toric data of %072 (P(1,1,1,3),d).

*1This is a joint work with Prof. Masao Jinzenji.



1.2 Moduli Spaces of (Quasi-)Stable Maps.

For a variety X, let us consider some kinds of maps p from P! to X. For example,
when X is a projective space PV ~1, then it forms the following expression:

p([s:t]) = [fi(s,t) : fa(s,t) : -1 fn(s,t)]. (1.2)

where f;(s,t) is a homogeneous polynomial of degree d for all i = 1,2,..., N.
Strictly speaking, p may not be map since if all f;(s,t) are divided by a poly-
nomial @(s,t), then p is not defined on the zero locus of ¢(s,t). For this reason,
the moduli space of such maps is non-compact.

In order to compactify the moduli space, we usually introduce stable maps.
They are maps from semi-stable curves C' to variety X. The moduli space of
them is written by M, (X, 3), where g is genus of C, n > 0 is the number of
marked points on C, and 8 € Hy(X,Z) is degree. Although the Gromou- Witten
Invariants is defined by integrations on M, (X, 3), Mo (X, ) has extremely
complicated structure. Accordingly, there hardly exist results which compute
the GW invariants from the Chow ring of the moduli space of stable maps.

On the other hand, a simpler compactification Mp o(N, d) was introduced
n [10]. It is a space of parameters which come from coefficients of polynomials
fi(s,t) of (1.2). This moduli involves some bad loci which the map (1.2) is not
a map. However, it has important informations for GW invariants of projective
hypersurfaces from mirror symmetry point of view. For example, when we
consider quintic threefolds, then its mirror map can be written by

[e's)
Z Oh00h2 0,d dm
)

where

W( O O Yo = /N VI (h®) A ev3(h?) A crop(E3)-
MP0,2(5’4)

Here, ev; is evaluation map along i-th marked point, £3 is a vector bundle
corresponding that the quasi-maps are contained in quintic threefold. Further-
more, there exist some formulas which compute GW invariants in terms of
w(OhaOpp)o,a.- The merit of it is that Mpg o(N, d) is toric variety, hence it has
simpler structure than MO)Q(PN ~1.d). However, there is no strict proof that
]\A/[;)(LQ(]\f7 d) is a toric variety. In this paper, we will not only give a proof of it,
but also show that ]\A/[;)O’Q(N, d) is a compact orbifold.

Some generalizations of ]\%072(N ,d) has already attempted in [10], for ex-
ample, some toric varieties which have linearly independent two Kéahler forms.
This direction of study is still open. On the other hand, there is a overview of
generalization to weighted projective space P(1,1,1,3) in [10] (we will denote
it ]\,/.};7072 (P(1,1,1,3),d)). It is interesting since the Picard-Fuchs equation of 1-
parameter family of K3 surfaces containing P(1, 1, 1, 3) relates to the j-invariant
of elliptic curves. In the last part of [10] (preprint ver. on arXiv:1006.0607),
there is a conjecture that

1
Wy = iw((%@h)o,d

where wy is a d-th coefficient of inverse j-invariant. In this paper, we will discuss
it in Part II.
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Part 1

The Case of Projective Space
IP)N—I

2 Introduction for Part I.

In this part, we will discuss about J\%O)Q(N ,d) and computing GW invariants
for projective hypersurfaces ([19]). First, we will prove that the moduli space of
quasi-maps ]\%O)Q(N ,d) is toric compact orbifold by providing a concrete toric
data. -

The detailed toric data gives a structure of Chow ring A*(Mp, 5(N, d)) (See
[7], etc.). It is expected that J\’/E)O’Q(N, d) is closely related to the moduli space
of stable maps Mg o(PY 1, d). We will write down this claim more explicitly by
comparing Chow rings, and prove it in the case of d = 1 and d = 2.

Moreover, we will compute GW invariants of hypersurfaces by using the
structures of Chow ring of Mg 2(PY =1, d) in the case of d = 1,2. In order to
compute Gromov-Witten invariants, we usually use classical mirror symmetry
or fized point localization theorem ([4] or [13], etc.) especially when we are
dealing with basic examples such as projective hypersurfaces. Furthermore,
typical proofs of classical Mirror theorem for toric complete intersections were
done by using fixed point localization technique ([4], [9], [14]). Since localization
technique does not need detailed structure of Chow ring of the corresponding
moduli space, it is still unclear how Gromov-Witten invariants are written in
terms of Chow ring of the moduli space.

2.1 On the Chow ring of M,(PV~1, d).

In order to accomplish our program, we need to know detailed structure of the
Chow ring of M 2(PN~1 d). We mainly refer to Mustatas’ results [16, 17], and
Cox’s results [6] to obtain information we need.

In [6], Cox computed Chow ring of Mg 2(P!,2). Its structure is described
by using natural basis Dg, D1, Do, Hy, Ho,11,%2. Hy and Hs are pullbacks of
hyperplane class with respect to evaluation maps evy, evy : Mo o(P,2) — P
11 and 1o are so called w)-classes of universal curve C — ﬂog(ﬂ”lﬂ). D;’s
are classes that correspond to loci which parametrize stable maps from nodal
curves. The stable maps that belong to each D; are represented by the following
graphs.

In [16], Mustata and Mustata determined A*(Mg 1 (PY~1,d)) in general case.

They constructed intermediate moduli spaces M 071(]P’N ~1.d, k) and their sub-
strata M’;, and computed extended Chow rings B*(Mg1(PY 1, d)). Ml; is de-



fined for integer k (0 < k < d) and nested set I C P\{), D}, and it parametrizes
k-stable maps of I-split type (where P is a power set of D = {1,2,...,d}).
The extended Chow ring B*(My 1(PN~1,d)) is generated by classes associated
with M’;’S, and A*(Mo1(PV~1,d)) is given as a subring of B*(Mg 1(PV~1,d))
that are invariant under action of symmetric group Sy. In [17], they extended
their strategy to compute A*(Mg ,(PY~1,d)). For example, generators of
B*(Mo2(PN~1,2)) are given by H, 1, Ty Teenys Tap 2oy Tap,2ay and
Ti2p 203 H is a pullback of hyperplane class via evaluation map ev;. 9 coin-
cides with the 1, used by Cox. The others correspond to the following graphs:

1ar 1p 1y 2p  lar 1p
QM 2M
2p T{ID} 1p T{QD} 2 T{ID.QD} 2p
1ar 1p 1y 2p
2p T{ln,Qu} 2y 1p T{2D~2M} 2y

Ti1,y and Typ,y correspond to Dy which was used by Cox. Similarly,
T(1,,25y corresponds to Do, T(1, 2,1 and Ta,, 2,3 correspond to Da.
Then, basis of A*(Mg(PV~1,2)) are given by,

H, ¥, So =T, 25y S1:=Tpy +Ti2pys S2 =T, 20 T T2p 201
P = T{lD}T{QD}7 Py = T{lD,QM}T{QD,QIW}’ P3 = T{QD}T{lDaQM} + T{lD}T{QDvQM}'

2.2 Main Result 1 of Part I: Comparing M,,(PV¥~! d) and
Mpo,z(N ) d)-

Our study is influenced by concept of the moduli space ]\7;)072 (N,d) of quasi-
maps from P! with two marked points to projective space PV~! which was
introduced by Jinzenji ([10]). This moduli space was also constructed rigorously
by Fontanine and Kim [3]. In [10], he presented outline of construction of the
moduli space J\A/[;?O’Q(N ,d), implied that it is a toric variety and conjectured
generators and relations of its Chow ring. Although he mentioned the fact that
the moduli space Mpy o(N,d) is a toric variety, no explicit proof was given. So,
in Section 3 of this paper, we prove the following proposition:



Proposition 2.1 The space ]\//.};7072(N, d) is a simplicial complete toric vari-
ety, and its Chow ring is isomorphic to a quotient ring of polynomial Ting
C[Hy, Hy, ..., Hg) modulo an ideal generated by

HY , HY (Ho—2H,+Hs), HY (Hy—2Hy+Hs),...,HY |(Hy o—2H, +Hy), HY .
(2.1)

We prove it by giving a concrete toric data and using standard theory of toric
variety. -

From early stage of our study, we have been interested in bad loci of Mp, 5(N,d).
Although ]\%072 (N, d) parametrizes degree d holomorphic maps from P! to PV 1
with two marked points (see section 3 of this paper, or [10]), it has some loci
which do not correspond to holomorphic maps. It is given as follows: let us
consider a “rational map” p : P! — PVN~! given by

d d d
p([s:t]) = [Z a?sd_jtj : Za;sd_jtj RRR Zaévsd_jtj].
§=0 j=0 j=0
If all the polynomials Z;‘l:o a%5%7t) are divisible by one polynomial f(s, ),
then image of p at zero points of f(s,t) cannot be defined. However, we thought
that Mo 2(PY !, d) can be constructed from Mp o(N, d) by successive blow up

along these bad loci. In the d = 1 case, it is well known that Mg o(PV =1 1) is
isomorphic to blow-up of PN=1 x PN=1 along its diagonal subset A. Moreover,
it can be shown that Mpg 5(N, 1) is isomorphic to PN-1 x PN-1 and its "bad
locus ” is given by the diagonal set A. In this case, Mo 2(PN =1 1) is blow-up
of ]\//.71/)0’2(N, 1) along its bad locus.

Also in general degree d, similar claim may be true, but we haven’t obtained
rigorous proof of this kind of result. However, we show that Chow ring of
Mpg 5(N,2) is closely related to Chow ring of Mg (PN~1,2). To state our

result, we transform the basis of A*(Mg2(PV~1,2)) as follows:
Definition 2.1 (Key transformation)
ho:=H, hy == H +, hg :=H + 2y + 5.
Then, we prove the following lemma:
Lemma 2.1 In the ring A*(Mg2(PN~1,2)), the following relations hold.
Y =0, h¥(ho—2hi +hy) =0, hY =0.

These relations are nothing but the relations of the Chow ring of J\’/EDO’Q (N,2) !

2.3 Main Result 2 of Part I: Computing GW invariants.

For degree k projective hypersurface MY < PN~1, the Gromov-Witten invari-
ants (OpeOpp)g 4 is defined by the formula:

(One O o0 = / evi (h™) A evi(h?) A crop(ROT.eviOpn 1 (K)), (2.2)

]\/[012(]}»N717d)



where a, b are nonnegative integers, ev; is the evaluation map at the i-th marked
point, m : Mo3(PN~=1d) — Myo(PV~1, d) is the forgetful map, and h is a
hyperplane class of PN~1,

To study GW invariants, Jinzenji introduced intersection number w(Ope Ops)o.q
of
Mpg 5(N,d) defined as follows.

Definition 2.2

W(Oha Oy 0,4 := /N evi(h®) Aevi(h®) A ctop(éf),
MPo,z(N»d)

where h is a hyperplane class of PV~ and £ is an orbi-bundle on %0,2(N7 d),
which corresponds to the condition that the images of quasi maps are con-
tained in degree k hypersurface M#%. This orbi-bundle is constructed in [10].
In [10], he obtained the result that mirror map of hypersurface M#% used in
mirror computation of Gromov-Witten invariants is reconstructed as generat-
ing function of these intersection numbers, and generalized this framework to
the case of toric manifolds with two Kéhler forms. He also obtained a for-
mula that represents w(OpeOpp)o,q in terms of Chow ring of Mpg o(N,d). Let

eb(z,y) = Hfzo(jx+(k—j)y). Then w(Ope Ops)o.q has the following expression.

d—1
w((’)haOhb)o’d = /N H(t)sz leo € ( +1) .

K — (2.3)
Mpy 5 (N,d) H;lzll(kHJ)

In [12], he proved mirror formulas that express Gromov-Witten invariant (O« Ope), 4

of hypersurface M¥ in terms w(OpaOps )0, ¢ (f < d) and Gromov-Witten invari-
ants of degree lower than d in the d = 1,2,3 cases. For example, in d = 1,2
cases, GW invariants (OpeOpp), 4 of degree k hypersurface M 5 c PN~! have
the following expression.

(OhaOps )1 = w(OneOpp)o,1 — w(OpatvOpo)o,1, (2.4)
(where a,b > 0,a+b=2N — k — 3),

<Oha Ohb>072 = w((’)ha Ohb)o’z - w((’)hﬁb@ho)og
1
-z <Ohaohb0hl+k—N>071 wW(Opa+v—n+5Opo)o,1, (2.5)

(where a,b > 0,a +b=3N — 2k — 3).

We use these formulas to prove our main theorems.

We expected that the equation (2.3) can be extended to formulas that express
the Gromov-Witten invariant (OpeOpp ) 4 in terms of Chow ring of Moo (PN=1 d),
because Chow rings of Mo »(PN =1, d) and 1\7}072(N, d) are closely related to each
other, as can be seen in Lemma 2.1.

In Section 5 of this paper, we first review the structure of the Chow ring
A*(Mo2(PV=1 1)) presented in [17], and show that three classes hq, hi,t are
generators of A*(Mg2(PN¥~1,1)). Then we prove the following theorem:



Theorem 2.1 For the Gromov- Witten invariant (OpeOpp), | of a hypersurface
MY, the following formula holds:

/f hghhe® (ho, hy + 1) = (OpaOpp) g -
Mo 2 (PN—1.1)

In Section 6, we review the structure of the Chow ring A*(Mgo(PV71,2))
presented in [17] again, and show that it is generated by five classes hg, h1, ha, So, S1
of degree 2 and a class P; of degree 4. Furthermore, by using the ring structure
in detail, we prove the following:

Theorem 2.2 For the Gromouv- Witten invariants (Opa Ohb>0’2 of hypersurface
MY, the following formula holds:

ek (ho, h1 + So)e¥ (hy + So, ha + 280 + S1)
h§ — (b1 + So)*)hs ’ :
/Mo,z(]P’Nl,Q)( 0 ( ' O) ) 2 k(h1+50)

= (OneOpp >072 :

Comparing our results with the definition of GW invariants (2.2), Theorem
2.1 seems to be satisfying to us but Theorem 2.2 includes somewhat strange
factor —(hy + Sp)®. In fact,

fi hapb " (ho,h1+S0)e” (h1+S0,ha+2S0+51)
Moo (PN—1,2) 0°%2 k(h1+So0)

t0 (OpaOpp ) 9. but does not coincide with it. In this case, there might be some
possibilities to obtain more satisfying formulas.

gives us the value quite close

3 The Moduli Spase mo,Q(N7 d)

In this section we construct toric data of J\%O’Q(N, d) and prove Proposition
2.1. First, we discuss what ]\%072(N, d) is (see Section 2.1.1. of [10]).

Mpg 5(N,d) is a compactified moduli space that parametrizes degree d poly-
nomial maps from 2-pointed P' to PY~1. A degree d polynomial map is given
by,

p([s:t]) = [ags? + a;s? 1t 4 - +agt?],
where a;’s are vectors in C. Then we introduce uncompactified moduli space
Mpo2(N,d) defined by,

Mpo2(N,d) :={ (ag,a1,...,aq) | ag,ag # 0 }/(C*)*.

We set the 2-marked points in P* as 0 := [1 : 0] and oo := [0 : 1]. Then
the condition ag,ag; # 0 comes from requirement that images of these two
marked points are well-defined in PY~1. The (C*)? action is induced from the
automorphisms of P! which fixes 0 and oo, and equivalence relation used in the
definition of projective space PNV ~1, and it is explicitly written as follows.

(1, v) - (ag,a1,...,aq) = (uag, pray, ..., uw* tag_1, way). (3.1)

Note that with g = (/)¢ and v = (p/)~1(v')?, the action (3.1) is equivalent to
(1',v') - (a0, a1, . .., a4)

= ()20, (W) ()an, ..., (W) () Fag-1, (V') aq).. (3.2)

10



In order to compactify Mpg 2 (N, d), we should add infinite loci corresponding
toa; = 00, (1 <4 < d—1). Thus, we should introduce coordinates u;’s which sat-
isfies that the locus a; = oo is described as zero locus of u;. Since we added the
parameters uy,...,uq_1, we need to make (C*)? !-action. This action should
reproduce the action (3.2) in the case of u; # 0 for all i = 1,2,...,d — 1. In

order to reproduce this action, we should define the moduli space mOVQ(N ,d)
as follows:

Definition 3.1

mO,Q(N?d)
={(ag,...,aq,u1,...,u4-1) € CN(@d+1)+d—1

lag #0, (ai,u;) # 0 (1 <i < d—1),a4 # 0}/(C)*,

where the (C*)¥*1-action is given by

(/\0,...,/\,1) . (ao,...,ad,ul,...,ud_l)
= (Xoag, A4y, . .., Aqaq,
Ao AIAS T, ATIABAS Py A AT A Pug). (3.3)

In fact, if u; #0 for all i =1,2,...,d — 1, then we can set

() ) () () ()

where the matrix (z; ;)5

11 is an inverse matrix of Cartan matrix Ag_1 =

ij=
2 -1 0 0
-1 2 -1 0
0o -1 2 0
0 0 -1 0
0 0 0 -1
0 0 0 2

Note that z;1 = (d —i)/d, z;4—1 = i/d. Therefore, let \g = (/)¢ and \g =
(v")4, then

(AO,...,)\d)~(a0,...,ad,u1,...,ud_1)
_ nd nd—1/. 1\ / nNd—1_/ /\d 1.1 1
—((M)aoa(ﬂ) (V)alﬂ"'7(ﬂ)(y) ad717(y)ad7 Yy )7

where a is

1 1 1
Ti1 | Ti,2 Ti,d—1 <0
Uy " Ug Ug_1

We also note that x; ; > 0 for all 4,5 =1,2,...,d — 1.

In order to see that it is compact orbifold in explicit, constructing a fan
corresponding to Mpg o(N,d) makes short work of its proof. In addition, we
can easily compute Chow ring of ]\7;)0,2 (N, d) and its orbifold Euler character
and Chern classes from the toric data. In this manner, writing down the toric
data will give some benefits.

11



3.1 Construction of Toric data of ﬁpm(]\f, d)

In this subsection, we will construct a fan ¥y 4 and prove that it corresponds

to %0)2(1\7 ,d). Especially, we will introduce Xy 4 as it realizes the action (3.3)
in homogeneous representation of toric variety.

Let
p17p27"'7pN€ZN71
be column vectors which are the 1-skelton of the fan of PN =1 i.e.
100 --- 0 -1
o 10 --- 0 -1
(p1,p2,-pv—opn) = | 0O 1 O =1 e My v(2).
000 -~ 1 —1
Next, we introduce (d 4 1) column vectors
vh, VY, .. vl € 24T
defined by,
-1 2 -1 0 0 O
0o -1 2 -1 0 0
0 0o -1 2 0 0
(V0 Vs ey Vg, V) = o 0 0 -1 0 0 € My—1.4+1(Z).
: : : : IR 0
o o o0 o --- =1 0
0 0 0 o --- 2 -1

The (d — 1) x (d — 1)-submatrix in center of this matrix is Cartan matrix A4_;.
Finally, we define column vectors,

vij (0<i<d1<j<N), w (1<k<d-1)

as follows:
for j # N,
On—1

vy = € ZUHDN=1)+(d=1),

for j =N,

e Zd+D(N=1)+(d-1)

12



and for k=1,...,d—1,
On-—1

I (d+1)(N—1)+(d—1)
Up = On_; eZ

—ex

where Oy _1(resp. 04_1) is the zero vector in ZV~1 (resp. Z?~!) and ey, is the
k-th standard basis of Z41,

Example 3.1 (N =2, d=2.)

1 -1 0 0
0 0 1 -1
vo,1 =| 0 yVo2 =1 0 yV1,10 = 0 yV1i2 =1 0 )
0 -1 0 2
0 0 0
0 0 0
V21 =11 yV22 =1 —1 yur =1 0
0 -1 -1

We want to construct a fan corresponding to m072(N ,d) with cones gen-
erated by {v; ;}i=o,. .4, j=1,..~ and {ux}r=1, . .a—1. Note that cones should be
strongly convex, i.e. the cones contain no linear subspaces. Therefore, we do
not consider the cone generated by vectors which are linearly dependent. Let
us detect linear relations among {v; ; }i=o,....d, j=1,....~ and {ug}r=1,. a—1: Since
we have the relations,

p1+p2+---+pnv=0pn_1,
and

vy = —er,
v) = —2(—e1) + (—e2),
P = (—eim1) = 2(—ei) + (—eip1) 2<i<d—2),

we obtain the following relations among the vectors in X(1):
Z;-V:lvo’j =u
SN v = —2uy + ug,
Eé\levi’j =i —2u; +uip1 (2<i<d-2),
Eéy:1vd—1,j = Ug—2 — 2Uq_1,

N
Ej:f”d,j = Ud—1-

13



We can unify these relations into the form:
Zj'vzlvi,j = Uj—1 — 2U; + Ujt1 (O <1< d) (34)

by setting u_; = up = ug = ug+1 = 0.
These relations are necessary and sufficient. In fact, it is clear that they are
linearly independent. Furthermore, let us assume,

d N d—1
Z Z @;,jVi,j + Z brug = 0.
k=1

i=0 j=1

Then a;; = a;2 = -+ = a;y holds for all ¢ = 0,1,2,...,d since the equations
a;; —ainy =0 (1 <j < N —1) follow from comparing the ((N — 1)i + j)-
th element of both sides. Moreover, by comparing the ((N — 1)(d 4+ 1) + k)-th
element of both sides, we obtain the equation —ay_1 n+2ax, N —ar+1,8n —br =0
forall k =1,2,...,d — 1. Hence we obtain,

d N d—1 d
N
E E @i V5 + E bruk = E ai, N (35205 — wio1 + 2u; — uit1),
=0 j=1 k=1 =0

which means that any linear relation among {v; ; }i=o,....d, j=1,...,nv and {ug fx=1, . d—1
is written as linear combination of the relations presented in (3.4).
Let us go back to the definition of cones.

Definition 3.2 Let

Py :={vo1,v0,2,-..,v0,N},
Pi={vi1,v1,2,..., 01N, U1 }
Py :={va1,v22,...,02 N, U2}
Py :={v4-1,1,Vd-1,2,--,Vd—1,N, Ud—1}
Py :={v41,vd,2,-.,V4,N}-
Then, we define
YN,

is a set of cones generated by the union of proper subsets (involving empty set)
of Py, Py1,...,Pq. (A cone corresponding to empty set is {0}).

Forl=0,1,...,N(d+1) — 2, let
Yn.a(l) := {0 € Ty | o is generated by [ vectors}.

In the following, we show that this set Yy 4 is a fan. For this purpose, we
have to check the following two conditions.

(i) dim(o) = N(d+1)—2forall o € ¥y q4(N(d+1) —2).

(i) fo#7 (0,7 € En,q), then 0 N7 is a face of o and 7.

14



First, we show that for all v € RN(4+1)=2 there exists o € Y n,qa such that v € o.
Namely, we prove the following lemma:

Lemma 3.1 For all v € RNHD=2 there uniquely exist a;; € Rand b; € R
that satisfy the following conditions.

(a) ZzaszZJ+ZbUz,

=0 j=1
(b) mmq%ﬂyszanpzou:Q@,
(¢)  min({a;;|j=12,...,N}U{b;})=0 (i=1,2,---,d—1).

Proof: It is clear that v € RV(4+1)=2 is uniquely expressed as

d N-1 d—1
Z Q; V55 + Z biu; (3.5)
=0 j=1 i=1

for some a; ; € R and b; € R. Of course, a; ; and b; can be negative. Our goal is
to construct an expression of v which satisfy the claim of this lemma by using
relations (3.4).

Fori=0,1,...,d, let

a; ==minf{a;; | j=1,2,...,N},

where a; n := 0. If we consider

N N
v=10v— GO(Z Vo,j — U1) — ad(z Vd,j — Ud—1), (3.6)
j=1 j=1

by using the relations (3.4) for i = 0, d, then coefficients of vy ; and vg4 ; become
ap,; — Go, ad,; — a4, respectively. These numbers satisfy,

min{ap; —ao | j=1,2,...,N} =min{aq,; —aq¢|j=1,2,...,.N} =0,

by definitions of ag and a4. Then, coefficients of w1 and ug_1 turn into by + ag
and bg_1 + ag4, respectively. At this stage, we introduce the notation:

o ai,j (Z 7& O,d)
aij—a; (i=0,d)

b1 + () (Z = 1)

b, = b, (i#1,d—1)

bi—1+aq (t=d-1),

then

N N
/
ZCL V0,5 + Zad,jvdaj
Jj=1 Jj=1

d—1N—-1

/ E : /

+ ai,jvi,j + bzul

i=1 1 =

2

<.
I
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Fori=0,1,...,d, let

!
a;

= min{ag,j |i=1,2,...,N},

again, where a; y = 0if i # 0, d.
To finish the proof, we have to show that there exist ay, as, ..., aq_1 which
satisfy

min({agd + | 1=12,..., N} U {b; — i1+ 205 — Oéi+1}) =0 (37)

forallt=1,2,...,d — 1, where we set ag = ag = 0. If they are found, then by
using relations (3.4) of i =1,2,...,d — 1,

d—1 N
v:v—&-Zai(va —Uj—1 + 2u; —ui+1) (38)

i=1  j=1

gives the expression we need. In fact, the coefficient of v; ; of right hand side is
a;’j + «;, and the coefficient of u; of right hand side is b} — a;—1 + 20; — Qi41.
By definitions of a/, a5, ..., a/,_,, the condition (3.7) can be replaced by simpler
condition:

min{a; + oy, b, — ovi_1 + 20 — Oéi+1} =0 (39)

K3
foralli=1,2,...,d—1, where ay = ag = 0. The problem at hand is equivalent
to existence of unique solution of piecewise linear equations (3.9) for variables
Q1,Q9,...,0aq9_1. Now, we introduce the following piecewise linear functions

Fi(al,ag,. .. 7ad,1) = min{a;+ai7 b;—ai,l—i—Qai—aHl} (Z = 1,27. .. ,d—l)

over Rdil = {(011,042, ceay ozd_l)}.

In order to show existence and uniqueness of solution of the piecewise linear
equations F; = 0 (i = 1,--- ,d — 1), we only have to prove that the piecewise
linear map:

F: R S RIL o (Fi(a), Fa(a),. .., Fy1()) (3.10)

is bijective.

Case of d = 1: In this case, ¥ 4 becomes a fan corresponding to PV~1 x
PN—1 by definition 3.2. This fan clearly satisfies this lemma.

Case of d = 2: In this case, the equation we have to solve is min{a} +aq, b} +
2ai1} = 0. The solution is given by max{—a/, —%}

Case of d = 3: In this case, let us transform o := a;+a;. Then F is bijective
if and only if the equation:

min{a, By + 20 — a4} = C4,

min{a), By — o) + 2a4} = Ca,

has unique solution for arbitrary C; and C5. But this equation is explicitly
solved as follows.

Ci+Cy— By 201 +Cy — 2By — By
; }

2 3
Ci1+4+Cy — By C1+2027B17232}
2 ’ 3 ’

/
o) = max{C,

o = max{Cy,
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Case of d > 3: In this case, it might be too difficult to solve the system of
piecewise linear equations explicitly. Therefore, we refer to [1] which studies
solving piecewise linear equations in abs-normal form. In [1], Griewank et al.
proved the following proposition. Let F': R” — R" be a piecewise linear map.

Proposition 3.1 (Proposition 4.1. of [1]) If F is simply switched in that
L = 0 and its kinks satisfy LIKQ then F' is bijective if and only if it is coherently
oriented.

Abs-normal form means piecewise linear equations which can be represented by
the absolute value function. Our system of piecewise linear equations can be
rewritten in abs-normal form since we have the following identity.

, 1
min{z,y} = Sty - lz —yl).

Let Zi = b; 70,; 7051',1+ai701i+1. Then Fl = %(a;+b; — Q1 +30él — QG411 — |Zl|),
and the abs-normal form representation of the equation is given by,

[ z1 T [ b/l —a/& ] [ (651 1
29 by, — ab Qo
Zd—1 b, —a,_, Z L Q-1
= A1
F e I I R N T (3.11)
Fy z(ah +b5) |22]
[ Fa—1 | L 3(agy +05) | L lza—1] |

where Z = Ay 1 — Eg1, L=0,J = 3(A4-1 + Eq_1), Y = —32Eq_1. (Ag_1 €
Ma—1,4-1(R) is the A4_; Cartan matrix and Eq_1 € Mg_1 4—1(R) is the identity
matrix.)

In the abs-normal form (3.11),

L=0

means simply switched.

Kink is union of hyperplanes {a € R?7! | z;(a) = 0}. On simply switched
abs-normal form, the kink satisfies linear independence kink qualification (LIKQ)
if the normal vectors of the hyperplanes intersecting at some point « are always
linearly independent. In our case, it holds since the matrix Z = Ag_1 — Eq_1
is nonsingular whenever d > 3.

A piecewise linear map F' is coherently oriented if for all region on which
F becomes affine, its Jacobians have the same nonzero determinant sign. Note
that on a region where F' becomes affine, there exists I := {iy,42,...,%,} C
{1,2,...,d =1} (0 < iy < ip < --- < i, < d) such that F is represented as
follows.

F(a) = Aja+c.

17



Here, ¢ is some constant vector and A; is given by,

P 0 | | | |

oL | | | |

o | | | |

| | | | | |

A“_l [ 0 [ [ [ [ [

=1 | | | |
’6 777777 0 777\76 7777777 6\7707\7777\777 777777
77777777 T

=1 0 | |

| | | | | |

Q! | | | |

| | | | | |

Lo ) | | | [

L AZ2*’1*1 [ 0 [ [ [

0 =1 | |

0 0"0"'o o"1'0---" !
77777777 e

| | =1 | |

| | | | | |

| | | | | |
******** T e el e el S
,,,,,,,,J,,L,,,,,,,,,L,,L,,J,l,i ,,,,,,

I I I I =11

| | | | | |

| | | | | |

| | | | (I

[ [ [ [ [ \Ad—i,—l
| | | | L.

(blank boxes are zero matrices.)
We can easily compute determinant of its Jacobian A; as follows.

detAI = (detAil_l)(detAiz_il_ﬂ cee (detAd_iT_l) = i1(i2 — il) s (d — ir) >0

Hence F(a) = (Fi(«a), Fa(a),. .., Fy_1(a)) is coherently oriented.

By the proposition 4.1. of [1], F is bijective, and there exists unique solution
of the system of piecewise linear equations (3.9). O

Existence of a;;, b; in Lemma 3.1 implies that dim(c) = N(d +1) — 2
whenever o € ¥ 4(N(d + 1) — 2). This fact can be also shown by computing
determinants of matrices Ay of (3.12). Uniqueness of a; ;, b; means that for all
0,7 € ¥n,4, 0 N T is a face of o and 7. Hence the conditions (i) and (ii) are
satisfied and we can conclude that X 4 is a fan.

The lemma 3.1 also means that the fan Xy 4 is simplicial and complete
since all maximal cones ¥ 4 is spanned by N(d + 1) — 2 vectors and Sy 4] :=

U s o= RN(d+1)_2.
0EXN,4

In this way, we have proved the following theorem:

Theorem 3.1 The set ¥ 4 in Definition 3.2 is a simplicial and complete fan.
Accordingly, the toric variety Xs, , corresponding to the fan ¥y 4 is complete
(i.e. compact) orbifold.

Let us show that toric variety X corresponding to the fan ¥ := Xy 4 realizes
the variety Mp, (N, d). To see it, we use a standard fact of general theory of

toric variety, which describes Xy, as a quotient space of an open subset, of C>(1)
We review here some facts on general fan ¥ in lattice set N = Z"™ (see Chapter 3
of [4] or [7]). Let ¥(1) be a set of 1-skeltons of 3. Although p € 3(1) is a ray on
Ng := N ® R =R", we identify this ray as generator vector v, of a semi-group
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N Np. Let M := Homy(N,Z). We have the following exact sequence for the
Chow group A, _1(Xx):

0—=M—7Z"V 5 A, (Xg) = 0. (3.13)

where M — Z*W is defined by m — ((m - v,))esy(1) ({(m - v,) is standard inner
product),

and Z¥W — Ay (xy)-1(Xx) is defined by (m,) — >, mp[Dp] ([Dy] is a
divisor class associated to p € ¥(1)). Next, we define a closed subset Z(3) of
C*W). The primitive collection S is a subset of ¥(1) which is not the set of 1-
dimensional cones of some cone ¢ € X but every proper subset of S is contained
in some cone in the fan. Then, let

Z£) = |J V),

S:prim.coll.

where V(S) = {z € C*W | 2, = 0,p € S} ¢ C*Y. Finally, let G :=
Homy (A,—1(Xx),C*). The group G acts on C¥) — Z(%) as g - (z,) pex1) =
(9([Dp])x,). Then the following theorem holds:
Theorem 3.2 If thel-dimensional cones of ¥ span Ng, then:

1. Xx is the categorical quotient of C*(V) — Z(X) by G,

2. Xy is the geometric quotient of C¥V) — Z(X) by G if and only if Xx is
simplicial.

See [5] for more detail.
We use this theorem in the case of ¥ = Xy 4.

Lemma 3.2 The primitive collections of the fan ¥ = Xy q are
Py, Py,..., Py

Proof. By Definition 3.2, it is clear that they are primitive collections of ¥ 4.
If P is a primitive collection of ¥ 4, then since P does not generate any cone
of X n.,q4, P has to contain F; for some ¢ =0,1,...,d. If P; is proper subset of P,
then P; does not generate any cone of ¥ 4, thus P should not be a primitive
collection. Therefore, P = P;. O

We introduce the following notation,

(Cz(l) = {JJ = (ao,al,...,ad,ul,ug,...,ud_l) ‘ a; € (CN, u; € (C},

where a; and u; represent (x,, ,, -, %y, ») and z,, respectively. Then we can
easily see that

Z(X)={zxecC®Y ay=0,a,=0, (a;,u;) =0(1 <i<d—1)}.

Let us check the G = (C*)4*!-action on C*() (note that |X(1)| — rank(M) =
d+ 1. then we can see rank(Agim(xy)—1(Xx)) = d + 1 from the exact sequence
(3.13)). Let [D; ;] (resp. [Ux]) be a divisor class that corresponds to 1-skelton

19



v;,; (resp. wuy). By the exact sequence (3.13) and definition of v; ; and uy, we
obtain the following relations on a Chow group Agim(xy)—1(Xs):

[Dia] =[Dig] = =[D;n](0<i<d),
[Uk] = =[Dg—1,5] 4 2[Di, N] = [Drp1,n] (1 <k < d —1).

Let \; := g([Di1]) (g € G). The above relation tells us that g([Ux]) =

AoliAZAL L, and the (C*)4+l-action turns out to be,

(Xo,---,Aa) - (ag,ar,...,aq, ut, Uz, . .., Ug—1)

_ —1y2y—1 —1y2y—-1 —1 2 -1
—()\0&07)\13.17...7>\dad,)\0 )\1>\2 Ul,)\l )\2)\3 u27"‘?)\d—2>\d71>\d ’U,dfl).

This action is the same as the (C*)?*!-action (3.3) in Definition 3.1.

By combining Theorem 3.1 and the fact that ]\%O’Q(N ,d) is the toric variety
corresponding to the fan ¥y 4 of Definition 3.2, we obtain a strict proof of the
following theorem:

Theorem 3.3 The toric variety ]\%072(]\7, d) is complete (i.e. compact) orb-
ifold.

3.2 The Chow ring of Mp,,(N,d).

In this subsection, we prove Proposition 2.1.

The Chow ring of Mp (N, d) is computed by its toric data. To illustrate
the recipe of computation, we review general theory of toric varieties (Chap.3
of [4] or [7], etc.). Let ¥ be a simplicial complete fan on a lattice set N, and

E(1) = {p1,p2:--- pr}

be an 1l-skelton (i.e. a collection of 1-dimensional cones of ¥). We identify
p; with the generator of semi-group p; N IV in the same way as the previous
subsection, and we denote it by v;. We define two ideals of Clxy,xa,...,2,].
First one is given by,

r

I(%) = (Z(m,vi>~mi | meM).

i=1

The other one is the ideal called Stanley-Reisner ideal of the corresponding fan
Y. and is defined by,

SR(X) = (i, @iy -~ xi; | {viy, Vi, ..., 03, } €S),

where S is the primitive collection of the fan ¥ (see the previous subsection).
Chow ring of a toric variety Xy is isomorphic to the following quotient ring:

A*(XE) = (C[.’I,‘]_,ZL‘Q, ce ,LUT]/<I(Z) + SR(E))
This isomorphism enables us to prove Proposition 2.1:
Proposition 3.2 A*(Mpy ,(N,d)) = C[Ho, Hy, ..., HJ)/Z,
where I = (H(ﬁv,HCJlV,HéV(—H}C,l + 2H;, — Hk+1))
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proof. Let z;; (resp. yi) be a variable corresponding to a cone v; ; (resp.
uy) of the fan Yy 4. Let {ea}iﬁfoz be standard basis of Z4V+tN=2 When
1< a< N -1, we have,

1 (i=0,j=a)
<6a,’0i1j> = -1 (2207]:]\7)

0 (otherwise)
(e, ur) =0 (for all k).

Hence we obtain zg, — xzo,n € I(X), and we can identify zg, with zon in
A*(Mpg o(N,d)). In the same manner, when /(N —1)+1 < a < ({+1)(N —1)
(where 0 < ¢ < d), we have,

1 (i=¢j=a—¢N-1))
<6aavi,j>: -1 (’L:Z,j:N)

0 (otherwise)
(eq,ur) = 0 (for all k).

Therefore, x4 o_gn-1) = T¢,n in A* (]\A/[;)O’Q(N, d) for0 <l <d, ¢(N-1)+1<
a < ({+1)(N —1). Consequently, if we denote z, y by Hy, we obtain the
relation xp; = Hpfor 0 < /¢ <d, 1 <j<N-1L If(d+1)(N-1)+1<a<
(d+1)(N —1)+ (d — 1), we have,

1 (i=a—(d+1)(N-1)—1,j=N)
(eavi) =42 (i=a—(d+1)(N-1),j=N)
G 1 l=a—(d+1)(N—-1)+1,5=N)

0 (otherwise),

( )= -1 (k=a—-(d+1)(N-1))
ot/ = (otherwise).

Hence we obtain the relation —Hy_1 + 2H, — Hpy1 — yr = 0, which yields
yr = —Hg—1 +2H, — Hiq1 (1 <k <d—1). Accordingly, we have shown that

Clz, | p € Bna(1)]/1(EN,a) = C[Ho, Hy, ..., Hg).

Next, we compute the Stanley-Reisner ideal SR(Xn q). It is clear that SR(Xn q)
coincides with Z = (HY', Hév, Hév(fHk_1+2kaHk+1)) since we have obtained
the primitive collection S in the previous subsection. [

3.3 The (Top) Chern Class of ﬁpw(]\f, d).

In this subsection, we will deal with a result for Chern class and orbifold Euler
characteristic of Mpg 5(N,d). We will compute orbifold Euler characteristic of

A%o,z(Na d) as intersection number of the top Chern class.
In general theory of toric varieties ([7]), the total Chern class of toric variety
with respected to a fan X is

11 a+D.),

oceX(1)
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where [D,] € A*(Xy) is a class corresponding to a divisor with respected to
1-dimensional cone o € X(1). In the case of ¥ = Xy g4, it is written by

C(Mpo 2(N, d))
d dfl

=11+ H,) N ox
0

l:l

d d—1
=[[a+NH; +-- + NHY '+ HY) < [[(1+ [U]),
0 i=1

where [U;] = —H;_1 + 2H; — H; 1. By proposition 2.1, we obtain
c(Mpg (N, d))

=(1+NHy+ -+ NHY " )YA+NHy+---+ NH) ™)
d—1
< [[A+NH; +--+ NHY "+ HY)(1 + [U3])
=1
=(1+NHy+ -+ NHY")YA+NHg+---+ NH)Y ™)
d—1
< [J[AQ+NH; + -+ NHN "'+ HN) + [U;](1+ NH; + -+ NHY 1)}
i=1

Let us compute the top Chern class. Note that the dimension of %072 (N,d)
equals N(d + 1) — 2. Hence, it is given by

Ctop(mo,Q(Na d))
d—1
SNHY T NEY TN N )
i=1
d—1
=N*H) ' HNHY - HY  HY T [+
i=1
=N*{y'HNHY - HY (HY !

+ NHY ' HYHY - Hy  HY ™ 12 > H
J=10<d1<d2<-<d;<d k=1

N[U;]

Hd,c
We have to compute the following class

Udk]

14
T (3.14)

HYPHNHY - HY HY 1H

In order to compute it, we have to decide a volume form. From the fan ¥y g4,
the appropriate class is

Definition 3.3

N-1 N-1 N-1
VOIN}d = H [D()’j} H Dlj H de U1 UQ] [Ud,ﬂ
j=1 j=1 j=1

=Hy 'H{ "' HY T U0 [Us] - [Ua-a]
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since determinant of matrix which is obtained by {Ui,j |0<i<d 1<j<
N -1} U{up |1 <k <d—1} equals +1. 2

We have to compute (3.14) in terms of Voly 4. First, let us prove the fol-
lowing lemma:

Lemma 3.3 1
d

Proof. We use mathematical induction along d. Let

aY*ENHY - Y HY ' = -Voly 4.

[=HY"'EN gy
then the LHS of this Lemma is
I-HiHy---Hy_;.

Since [Ug—1] = —Hg—2+2Hq—1 — Hy, we substitute Hg_1 = % ([Ug—1]+ Ha—2 +
Hd) to I - H1H2 cee Hd,1 then

I-HHy---Hy 4

1
251 -H\Hy---Hgo([Ug—1] + Hq—2 + Hq)

1 1
251 -HiHy---Hg2[Ug—1] + 51 ~H\Hy---Hj_9-Hg_s.

(Note that I is divisible by HY ™! and HY = 0.)
The term I - HyHy -+ Hg_3[U4—1] can be applied the induction hypothesis,
thanks to the divisor H} ~'[U4_1]. In fact,
H) " Uy] - A*(Mpg (N, d))
:Hév_l[Ud—l] : (C[H07H1’ S 7Hd]/(H(])v7 HfV[UlLHéV[Uﬂ’ s aHtjiv—l[Ud—l]7H¢JiV)
=~C[Ho, Hy, ..., Hgal/(Hg  HY [U1), Hy' [Us), ..., Hy 5[Ua 2], H}' 1)

Accordingly,

I-HiHy---Hg2[Ug-1] = I-[h][Ua] -+ [Ua—1]

L
d—1

1
= d_ 1V01N,d

by induction hypothesis.
We should compute the other term [ - H1Hs--- Hg_5 - Hq—5. The following
holds:

- 1
:TI “HyHy-- Hy o-Hy j 1+ 31 CH Hy - Hy ;. (3.15)

for 2 < j < d—2. We are going to prove it below.

*2In general theory of toric variety, a maximal cone which generated by such vectors corre-
sponds to a smooth point on toric variety. [7], etc.
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Now,
I'HlHQ"'Hd o Hy

51 HyHy-- Hy o Ho.
If (3.15) is proven, then
I-HHy---Hy o H;
d—3

=71 -HiHy---Hq o -Hy +

1
2(d—2) 2(d - 2)

Therefore,
1
I-HiHy---Hy 5-Hy :ﬁ].HlHQ...

Finally, by using (3.15) repeatedly, we obtain

I-HiHy---Hy 2-Hy 2

1 1
=5lH1Hz - Ha—2 - Hys+ 5IH1Hz -+ Hy

3

1 ) — 1
:;IHlHZ"'Hd72'dejfl'i‘JTIHlHQ"'

1
d—2

1 d—3
((d—2 + )I'HlHQ"'Hd_l

Yd—1) " d—2
d—2

7d7] HiHy---Hy ;.

Hence

I~H1H2-'-Hd 1
1

I-HyHy---

1 2
=gl Hy - Hyp - Hy—y+ gIH 1 Hy - Hay

! HH,HyooH 4 %Iﬂlﬂg .

Hy ..

Hi

Hy

VOlNd-i- I HHy---Hg5-Hq_»

2d
1 1 1d2

=——Voly g+ = I H{Hy---Hy 1.

Therefore,
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Proof of the equality (3.15) : If j = 2, then
I-H\Hy---Hg o-Hy o
1

:ij -H1Hy---Hyo - ([Ug—2] + Hy—3 + Hq_1).

Note that we can regard [Ug—2] as zero with the divisor I - Hy_o, hence
I-HiHy---Hq o -Hq 2
:%I-Hngn-Hd,g-Hd,3+%I-H1H2-~-Hd,1. (3.16)
If j = 3, then
I'-HHy---Hq o Hg3
=T HHy Hy oo Hy st o1 HyHy Hy - Hyo.

By substituting (3.16), we obtain
I-HiHy---Hy 2-Hy 3

2 1
=§I -H\Hy---Hg_9-Hg_4+ §I -H\Hy---Hg_;.

Inductively, we obtain the equality
I-HHy---Hy 5 Hy j

-1 1
=TS LMty Hay Hagoy + ST HyHy o Ho .

for2<j;j<d-2.0
Let us calculate the class

N[Udk}.

Hy,

J
B Y Y Y Y]]
k=1

Let J4, d,,...,a; be an ideal of C[Ho, Hy, ..., Hg], which is generated by
HY (fork =0,1,2,...,54+1) ,HY [Us] (for a # dy,).

(Here, we put dy := 0 and dg41 := d.) Then, the following isomorphism holds:
j —_—
[11Ua,]- A*(Mpy 5(N,d)) = C[Ho, Hy, ..., Hal/ Ja, ds.....a, (3.17)
k=1

This means that we can apply Lemma 3.3 to

N—-11yN N N N—-1
Hdk Hdk+1Hdk+2 e Hdk+1*1Hdk+1

for 0 < k < j (note that dy := 0, d; 41 := d). Therefore, we obtain

j j
_ _ Uy 1

aY*ENHY 7Y "7y 1||[ k}:”d — Vol

k1 Hdk k=0 k+1 k
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Accordingly,

CtOp(Mp(),Q(N7 d))

N2 d—1 J N
=—Vol N? Y Vol
d OlN.d + z_; Z | 1:[ dk+1 — dk OlN.d
J= 0<d; <d2<-+<dj<d k=0
d—1 7
N
=) N? - Voly 4.
SECND D | PR S

7=0 O<d1<d2<“'<d]‘<d k=0

This provides orbifold Euler characteristic. Since Voly g corresponds to

smooth point,
/N VOIN’d =1.
]\41)0,2(]\77’1)

Therefore,

Theorem 3.4

d—1

- J
Xorb(MpO,2(N7 d)) = ZN2 Z H W]\f_dk

7=0 0<d1<da<--<d;j<d k=0
where dy =0, dj41 = d.

This is not integer in many case. We should receive it as an effect of orbifold
singularity.

4 The Gromov-Witten Invariants of M¥..

In this section, following [10, 12], we derive numerically explicit formulas of
the two pointed Gromov-Witten invariants of degree 1 and 2 of M%. In the
beginning, we define constants which play important roles in the remaining
part of this paper.

Definition 4.1 Let ¢¥ be the coefficient of x*~iy' ! in e¥(z,y) = H?ZO(jx +
(k= 35)y).
Then, e*(z,y) = Zi:ol ¢k xk=iyi+1 Note that £F = ¢F |, and £F =0 for i <0,

k < i. We describe <Ohaohb>0,d as a polynomial of £¥ in order to prove our
main theorems with the aid of the formula (2.3) and Proposition 2.1.

4.1 The Case of d = 1.

Note that mo,z(Na 1) =2 PN-1xPV~1 We can compute degree 1 GW invariants
of M% with the equation (2.4) in Section 1. We can compute w(OpeOps)o.1 by
using (2.3).

k—1

W(OhaOps o1 = /H(‘}erk(Ho,Hl) = /HngZ&Hg“Hf—"
=0
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k—1
_ k rra+i+1 ppb+k—i __ k N—1ryN-1
= [Samgratei = [l ]
i=0

_ gk
- £N7a72'
Then we obtain
k k
w(oha+boh0)0,1 =lN_ap—2= ek—N-ﬁ-l’

(where we used a +b = 2N — k — 3, and shortened [z ) to [). Therefore,

we have
<Oha(’)hb>0’1 = U}(Ohaohb)()’] — w(@hwrb@ho)o’l

= é?vfafz - EII:—NH- (4.1)

4.2 The Case of d = 2.

We first present the following formula:

Lemma 4.1

Srr(y o) (NSB<3N-20<a,y<N-1)

/ HaHBH’y: 2B—N+T
Mpy 5 (N,2) 0 0 (otherwise).

We omit the proof of it because it is easily done by using the relation H¥ (Hg —
2H, + Hy) =0 HY T = JHN(Ho + H,) and HY = HYY =0.
W(Oha O )o,2 and w(Opa+sOpo)o 2 are computed as follows:

e*(Hy, Hy)e"(Hy, Hy)

W(Ohaohb)og Z/HgHg

kH,
1 k—1k—1 S )
= / HEHy 2> Y G Hy ™ Hy VT ™
i=0 j=0

1 k—1k—1 o ]

:/E SN gk pa e
i=0 j=0

71’“*“56,% 1 i+j-N+1
N s Pt -Nt2\ N —a—k+i—1)’

k—1k—1 . .

1 1 i+j—N+1
O a O == - fkgki
W(Ohe+2Ono o,z k;; Y5 Qitj—N+2 (N(a+b) k+i1>

IR D i+j—N+1
B kg g 2N 2N kit 2)

To compute (OpaOpp) , from the equation (2.5) in Section 1, we should
evaluate
W(Opato-n+1Opo)o,1 and (Ope Opp Oprik-n)g ;. The former is already computed
in the previous subsection. Since a +b = 3N — 2k — 3 in this case, we obtain,

w((’)haerfNM OhO)O,l = ££7N+1.
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The latter can be computed by using Theorem 1 in [11] which computes n-
pointed degree 1 GW invariants of M¥. If we apply this formula to the case of
n = 3, then

<Oha Ohb Oh1+k—N >0,1

Hb Hb Hl-l—k—N _ Hl-He—N
= H, — Hy) - e*(Hy, Hy) - H? 0 1
k—1 b—1
_ /(H11+k7N o H&+k7N)H0a Zeng ]Hj+1 ZHOHb 1—14
7=0 i=0
k—1b—1 o o
_ /(HllJrlch _ H&‘Fk*N ZZ@HSMH_]HTW
7=0 =0
k—1b—1 k—1b—1
o a+k+z J rrk—N+b—i+j+1 k; a+2k—N—+i—j+1 y7b—i+j
= / ok H H / > v H; Hy
=0 =0 7=0 =0

T
o

k k
(‘€i+a+k‘7N+1 - gibeerl)

I
o~ .
7 M
= o

k k
(€i+a+k7N+1 - giJrkaJrl)‘

[}

7=

In the last line, we used the symmetry relation ¢; = £;_1_; and inverted the
order of terms. Combining these results, we obtain the following formula.

(OhaOpo)g o
1
= w(ohaohb)o_g - U)(OhaerOho)Og - E <Oha Othhl+k—N>071 w(oha+b71\r+k0ho)071
7’“2““21,% i+j-N+1\ [ i+j-N+1
1ojo”2z+] N+2\\N-a—k+i—1 —2N +k+i+2
b—1

k E k k
- Egka%»l (€i+a+ka+1 - €i+ka+1)
=0

kzjlkz:lfkfk itj—N+1 1\ [i+j-N+1
k10JOZJ2z+j N+2 N—-a—-k+i—-1 N-k+j-1
b—1

1
- %fﬁ—NH Z(€§+a+k—N+1 - £f+k—N+1)~ (4.2)
i=0

5 Proof of Theorem 1.1.

In this section, we will prove Theorem 2.1 of this paper. From now on, an
integer n is sometimes used as N — 1:

n: =N —1.
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In order to prove the theorem, we use the results on Chow ring of moduli space
Mo.m(P™, d) of stable maps of degree d from genus 0 stable curve to projective
space P".

5.1 Review of the structure of A*(M,,(P", d)).

Theorem 5.1 (Theorem 5.1. of [17]) Let M = {1r,2p,...,mym}, D =
{1D, .. ﬁp}, M = M\{l]y[}, D'=MUD andd = |D/| =d+m—1.
B*(Mo,m(P™,d)) is a Q—algebra generated by divisors

Hu¢aTh

for all h C D" such that h # 0 or {ip} for ing € M'. Let Ty = 1.
The ideal of relations is generated by:

1) H
(2) TpTh unless hnh' =0, or O£ h Ch or®#h Ch;

(3) o (m>1) T (¥ + Syoy Tir) for all h# ' nonempty;
o (m=2) Th(Y+ X piginycn Tne) for all b # 0 and iy € M'\h;
° (m > 3) P+ Z{iM,jM}Qh Ty, for all iy, jav € MI,'

(4) (m>1) (HA+dp+3, ep b0 M|Ty)"

(5) Tn (g zn Pltw)

where

ii:zOT” + ¢~ (H + [hp|Y)™ ) for all h,

P(ty) =+ Z Ty + )~

=Y %
[(H + [hpl+ > [Rp\hp|Twr + [Rp\hptw)" 1~
h/IDh/
(H + °hp 0 Bp o+ S W\ (hp U Rp) [T )" 1],
Y%

Here for any h C D', hp := hN D and °hp := D\h.

(We will also use this theorem in the following section, i.e. in the case of degree
2.) To obtain the Chow ring A* (Mg m(P", d)) from B*(Mg (P, d)), we have
to consider a Sy x S,,—action on B*(Mg,,(P",d)). This action is realized as
permutation of D U M. It is visualized by using the graph that corresponds
to T}, in Section 1. The Chow ring A*(My,,(P",d)) is an invariant ring of
B*(Mg (P, d)) under this action (see [17]). In the case of B*(Mg (P, 1)),
A*(M (P, 1)) coincides with B*(Mg(P", 1)) since this action is trivial. Its
generators are

Ha 11[}5 T{ID} .
Let T':=T(1,- Then its relations are the following:

wer (4 Tyt -

H™ ' Ty, (H+ ) o T
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Of course, these relations do not contradict the fact that Mg o(P", 1) is isomor-
phic to blow-up of P™ x P™ along its diagonal subset A. To see it, we define the
following transformation:

Definition 5.1 (Key transformation)
ho:=H, hy :== H+ 1.
Then, the above relations change into the following:
hytt T (hy — ho), BT,
and

(hy + 7)™ — Ayt
hi—ho+T

(5.1)

At this stage, we introduce a symbol h which satisfies hT = hoT = hT (we
have the relation T'(h; — hg)). Let us expand the last relation:

(hy +T)"" — hg*!

hi —ho+T

=Y hgT (i +T) =) by (;) hy T
i=0 i=0 j=0

SIRIED 3 S (IEZE SITRTIED 90 o (Tl
1=0 =0 j=1 J =0 j=11i=j J
- n—ipi - +1 n—jmj

In the last line, we used an identity Z?:j (;) = (?1_11) It can be shown by using
(;) + (j erl) = (iﬁ) and Pascal’s triangle. If we regard T as exceptional divisor
of blow-up of P x P™ along A, we can see that these relations coincides with
those of the blow-up (see [8]). Hence we identify T" with the exceptional divisor

of the blow-up.

5.2 Proof of Theorem 2.1.

In this subsection, we prove the following theorem on degree 1 Gromov-Witten
invariants of a hypersurface M} :

Theorem 5.2

hahber (ho, hy + T),

MO,Q(IP)",l)

(OO, = |

where *(z,y) = [[}_o(jz + (k — j)y) == Yi—g Fat=iyi+L,

First, we prove the following lemma.
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Lemma 5.1

1 (a=n,vy#n)
/* hghi(h +T) =1 (a#n, y=n)
Mo > (P",1) 0 (otherwise)

where a, B,v >0, a+ 8+ v = 2n.

Proof of lemma 5.1.
Note that [h{h} = 1. If « = n and v # n, then ¥ = n — § < n and
B =mn—~>0. Hence o + 8 > n. By the relation T'(hy — hg) = 0, the
terms that contain T in h¢h?(hy + T)Y vanish. Therefore, hgh’ (hy + T)7 =
hahitY = hph?. If a # n and 4 = n, then 8+ v > n as above. Therefore,
hgh2 (hy + T)Y = hShPT™ = h"T™. We obtain the relation AZhT + h"T™ = 0
by multiplying the relation (5.2) by A, and hg‘hf(hl +T)Y = —h{h?.
Hereinafter, we consider cases when hgh? (hy + T)7 vanishes. If a = v = n
and 8 = 0, then A¢h? (hy + T) = hit(hy + T)" = hh? + h"T" = 0. If y < n
and n—fB+1<a <n-—1, then a+ S > n+1. Hence hgh} (hy +T)Y = hgh?™.
However, 8+~ =2n —a > n+ 1, and it vanishes. Finally, we have to consider
a case of v > n. We multiply the relation (5.1) by hy — hg + T, and obtain the
relation (hy 4+ T)™** = 0. Therefore hh? (hy +T)" = 0. O

Proof of Theorem 2.1.

k—1 k—1
hgheF(ho,hy + T) =Y CERET (hy + T)F" = > " UFhGTH AL (hy 4+ T)F
i=0 i=0
= (Efzfafl - gllzfn)hgh?
Therefore, fMo S(P7 1) hahbek (ho,hy +T)=CF_, -8 _ = (OnaOps)g,- O

6 Proof of Theorem 1.2.

In this section, we prove Theorem 1.2 of this paper. First of all, we have to
apply Theorem 5.1 to determine the structure of A*(Mg2(P",2)). In this case,

M = {1m,2m}, D={1p,2p}, M'={2y}, D' ={1p,2p,2m}.
Therefore, the generators of B*(Mg 2(P",2)) are
H, o, T :=T,, Ty:=T,, U =T,2,, Us:=Ts,2,, So:=Ti,2,-

Then, the relations are given as follows:

H™ L (6.1)
SoUr, SoUsz, UrUs, (6.2)
T To(v + Sy) ThU, ToUrw, (6.3)
Ti(p 4 Ur), To(yp+Uz), Sov, (6.4)
(H +2¢ + Uy + Us)" T, (6.5)
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and the relations (5) in Theorem 5.1. We take a close look at the relation (5)
individually since they have quite long expression.
The case of h = {:

(H +2¢+ 28y + Uy + T1)" T — (H + ¢ + Sp)" Tt
v+ So+ U+ T
(H + 24 + 250 + Up)" ™ — (H 4 1) + Sp)" !
Y+ Sy + Uy
+(H+2w+2So+U2+T2)”+1 — (H + 1+ Sp)ntt
Y+ So+Us+To
(H + 2 + 25 + Uz)" ™ — (H 4 1) + Sp)" !
Y+ S+ Us
+(H+21/) + U = (HA+9)" T (H+29)" " = (H + )"
Y+ U (0
+(H + 20 + Up)" ! — (H + )"+
P+ Us
(H +2¢)" ! — (H )" !
(0
(H + 2¢p + 25p)" 1 — HHL
¥+ So
(H + 21/))71,4-1 _ Hn+1
0
(H +2¢)"*!
- ; .

The cases of h ={1p} and h = {2p}:

T ((H+¢+SO+UQ+T2)"+1—H"+1 T2<(H+¢+SO+U1 +Ty)ntt — g tt
! Y4 So+Us+ 13 Y+ Sy + U +Th

(H Y+ S+ Up)" — gt C(H+Y+ S +U) " — gt
¥+ S+ Us Y+ So+ Ur
L 44 Uy - H LH A+ U) " —H
P+ Us Y+ Uy
(H+y o _(H ) - gt
() ()
+(H+¢+SO)“+1 — Ht! +(H+¢+So)"+1 — H"!
P+ So Y+ So
B (H + ¢)n+1 _ Hn+1 _(H + w)nJrl _ Hn+1
() (0
(H+¢)n+1 (H+w)n+1
SUESDis SUESLA)
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The cases of h = {1p, 2} and h = {2p, 2y }:

Ul((H+w+SO+U2+T2)"+1—H"+1 U2<(H+w+SO+U1 +Ty)ntt — gttt
Y+ Sy +Usx+ 15 v+ Sg+ U + T3

(H+Y+ S+ Up)"t — gt (HAY+ S+ U =t
Y+ So + Us Y+ S0+ Uy
+(H+1/1+U2)"+1 — Ht! +(H+¢+U1)”+1 — H"!
P+ Us Y+ Uy
_(HAg) - H _(HAg)m - H
¥ ¥
+(H+¢+SO)"+1 — H™t! +(H+¢+So)”+1 — H"!
P+ So P+ So
_HA ) - H _(HAg) - H
¥ ¥
(H+¢)n+1 (H+7/J)n+1
MURSIES) ]

The relation of h = {1p,2p} is trivial.
We can simplify these relations by using the relations from (1) to (4). We
write down the simplest form:

n

D (H A+ ¢+ So)" " ((H + 20 + 250 + Uy + Th)’ + (H + 20 + 250 + Uz + )’
=0
— (H +2¢ + 280+ Up)" — (H + 21 4+ 25 + U)")

Y (H+9)" " ((H + 2+ S2)" — (H +2¢)")

M=

H" "(H + 29 + 2Sp), (6.6)

+
[\
-

N
I
=)

len:H"‘i((H+Uz+T2)i+(H+w+So)i—Hi>, (6.7)
=0
TgiH"‘i((H—kUl + 1)+ (H + 1+ So)' — HY), (6.8)
=0
ULy H'"((H+Ty) — H' + (H + )", (6.9)
=0
UgiH”_i((H—le)i—Hi+(H+w)i). (6.10)
=0

Generators of A*(Mgo(P",2)) are given by,

H, 9, Sy, S1:=T1+1T5, S :=U+ Uy,
P =TT, Py:=U Uy, P3:=TU;+T5U;.
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But we don’t have to use P, and Ps. P» = U;U; vanishes by the relation (6.2).
On the other hand, by using the relation (6.4), we obtain,

0=T1(¢+Up) +T1(yp + Uy) = S1op + 5152 — Ps,

Hence Pj; is represented in terms of ¢, Sy and Ss.
We can derive some useful relations from them by applying the following
transformation:

Definition 6.1 (Key transformation)
ho = H, h1 2=H—|—1l), hg :H+2¢+SQ
Then the generators of A*(Mgo(P",2)) turn into hg, ki, he, So, S1 and P.

Lemma 6.1
hgtt =0, Ryt =0, APt (ho — 2k + he) = 0.

Proof. The first two are clear from (6.1) and (6.5). If we multiply by ¢ the
relation (6.9) and (6.10), and add the resulting relations, then we obtain the
third relation as follows:

Y- (6.9) + v - (6.10)
=pUy Y H"'(H + ) + Uz Y H" '(H + )’ (by (6.3))

1=0 =0
=So((H + )" — H™*Y)
=(ho — 2hy + ho)RT L. O

These relations are interesting since they are the same as the ones of A* (1\71190’2 (N,2)).

Hence we use the same volume form as the one of ]\7@072(N ,2).

/ 2h5RTTRY = 1.
MO’Q(P",Z)

If there is no room for misunderstanding, we abbreviate [5; | a5 as [. We
write down the relations from (6.1) to (6.5) in terms of new generators.

Lemma 6.2

P3 = Si(hy — hy), Pi(ha —ho) =0, Pi(hi—ho+ So) =0,
SO(hl — ho) = 0, So(hl — hg) = O7 Sl(hl - ho)(hl - h2) = 0.

We have to compute the following intersection number in order to prove of
Theorem 2.2:

/hg(m + 50)% (ha + 250 + S1)h3. (6.11)
For this purpose, we set
go :=ho, g1:=h1+ S0, g2 :=ha+ 25+ 51,

and derive relations among gg, g1, and gs.
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Lemma 6.3
n

g6 =0, 97 (90-201+92) =0, (91-00) D_(9+92)97 ™ =0, (91—g0)g5™" =0,
1=0

Proof. The first relation is trivial. The second relation is equivalent to
Sl(hl + So)n+1 =0

by lemma 6.1. It is shown by adding (6.7) and (6.8), and by multiplying the
resulting expression by (¢ + Sp).

0 =(v» + S0)((6.7) + (6.8))

n

=W+ So)(Ty Y H" "(H+4+So) + T2 Y H"'(H+¢+S)") (by (6.3))
i=0 i=0

:Sl((H+w+SO)n+l _Hn+1)

=51 (h1 + So)" 1,

where we use the relations, T1(¢¥ + So)T2 = 0, T1(¢ + So)Us = 0 and To (¢ +
So)Ur = 0. The third relation is obtained from multiplying the relation (6.6)

by (¢ + So).

0=(+So) - (6.6)

= +S0) -y (HA+14So)" " H((H + 2 + 2S¢ + S1 + S2)" — (H + 21h + 25 + So)?)

v

I
o

?
n

+ (0 + S0) - D (H + )" ((H + 20+ 8)' = (H +2¢)’)
+2(¢ + So) - Y H™(H + 29 + 280)"
=0

=¥+ S0) - Y _(H + ¢+ S0)""((H +2¢ + 250 + S1 + S2)" — (H + 2 + 250 + S2)")
=0

(H + 1+ So)" " *((H + 2¢ + 25y + S2)" — (H + 20 + 255)")

M:

+ (¢ + So) -

i
3 ©

+2(p 4+ Sp) - Y H"'(H 4 21 + 25p)"

-
Il
o

M:

=(p+S0) - Y (H++8S0)" "(H +2¢ +2S5 + S + S5)°

M- s

%

—(p+80)- Y (H+v+So)""(H + 2¢ + 25)°

T
E =

+2(p 4+ So) - Y H"'(H 4 21 + 25p)"
1=0
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n

=¥+ S80) - Y (H+ ¥+ So)" "(H + 20 + 25 + 51 + Sa)’
i=0
+(H 4+ So)™+t — B

=)+ S0)- ¥ (H+v+80)" "((H+ 2 +25+ 51+ S2)" + H')
=0

=

=(g1—90) Y g7 (g% + gb)-

NE

1=

(=)

On the second equality, we used (¢ + So)(Ur + T1)(Ua + T2) = 0 which comes
from (6.3), and U;Us = 0. On the third equality, we inserted Sy and 2S5y to
(H + )" (H + 2+ S2)?, and (H + 2¢)? since (H + 2t + So)" — (H + 21)*
is divisible by Ss, and S¢Sy = 0.

The last relation is shown by multiplying the third relation by (g1 — g2) and
by applying the second relation to the resulting expression.

n

n

(91— 90)(91 — 92) > (g6 + gb)gr " =(g1 — go) (g7 — g5 + (91— 92) D _ gbgy ™)
i=0 =0

=(91 = 90)97"" — (91 — 90)g5™ + (91 — g2)g1 ™+

= (91 - go)gS“. O

Next, we compute some intersection numbers on M o(P", 2).
Lemma 6.4

/S{lhghfhg:O(for a+b+c+d=3n+1, 0<a<n).,

/S{thhghg = 1.

Proof. Let us discuss the first equation. If c=0, thenb+d=3n+1—a >
2n 4 1. Hence S¢hlhg = 0 by the relation hftt = AT = 0. If ¢ # 0, then
thanks to the relation Si(h1 — ho)(h1 — h2) = 0 in Lemma 6.2, we have only to
consider the case of ¢ = 1. Then b+d = 3n—a > 2n, and S{h§hi1hd = 0 as above.
As for the second equation, we compute H™(H + 2¢ + S2)™ - ((6.9) + (6.10)):

0=H"(H+ 2y + S2)" - ((6.9) + (6.10))
=H"(H 4 2¢ + S2)" (U1 T3 + UsT + (Uy + Uz)(H +4)")  (by H*"' =0)
=hyhy (U1 T + U TV + (hg — 2hy + ha)hY)
=ho R (UL TS + UsT1) — 203 h i hg.
It is clear that Uy T3 + Uy TP — S~ Py = UyTR + Uy T — (Ty + To)" L (Ty U, +
ToUy) is divisible by Py = T1T». Then by using the relation P;(he — hg) =

0 of Lemma 6.2 and hjt' = AT = 0, we obtain hJhY (U, Ty + UsTP) =
hgthffng. Since P35 = S1(ha — h1), we obtain the following equation:

—SPhihihy — 2R AR = 0.0

Now, we compute intersection numbers of the type given in (6.11).
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Lemma 6.5 Let«, 3, 7, § be nonnegative integers which satisfies a+B+vy+0 =
3n+1. If 1 <6 <mn, then

n—a n—-y
/gg‘gl’gg;hg: -1, (v=n,n—-90+1<a<n)
0, 0<a<n n+l<y<2n-19).

Qﬁl,n{(ﬁ_"_l) — (ﬁ_"_l)},('y<nor7=n, n—>0+1>a)

If§=0,0<a<mn,0<~v<2n, then it is zero.

Proof. First, we consider the case of § = 0, 0 < a <nmand 0 < v < 2n.
Ifn+1 <~ < 2n, then a+ 5 > n+ 1. Hence it is zero since there is the
relations (g1 — go)gs ™' = 0 and ggH = 0 of Lemma 6.3. If 0 <~ < n+1,

then we have only to consider the case of g{fg{”rl g4y since there is the relation
9?“(90 —2g1 + g2) = 0 and gf)”'l = 0. To prove g(}g?flgg = 0, we should

multiply gf g% to the relation (g1 — go) >iq(gé + g5)g7 " = 0.
Next, we consider the case of 1 < <n,0<a<n,n+1<y<2n—-4. In
this case, the left hand side is zero since a + 8 > n + 1, and there are relations

(g1 — go)géHl =0 and ggﬂ =0.

Ifi1<é<n,y=nandn-—3J§+1<a<n,then
h (ha + S0) (ha + 250 + S1)"hj
=hghy (hy + S1)"h3
—hg Y SThg (by Lemma 6.4, n + & > n)
:S?hghlhg (by Sl(hl — ho)(hl — hg) = O)
Therefore, fgg‘gfgg‘hg = —1 by Lemma 6.4.
Now, we prove the top case. If 2 < 6 < n, n+1—-6 < a < n and

n+1—9§ <~ < n-—1, then the right hand side is zero since § —n — 1 =
2n—a—v—48 <n—a,n—-. On the left hand side, it is

hg(hl + S())B(hz + 250 + Sl)’yhg

=hgh? (hg + S1)7hS (by @ +d > n, Lemma 6.1, 6.2)
—hghPnte (by Lemma 6.4)
=0 (by v+ 6 > n).

fa=n,B=n+1y=n—¢and1<§<n, then the right hand side is 1.
On the left hand side, it is

/hg(h1 + 80)" L (hg + 250 + S1)" K

- i

Therefore, fgggf"'lg;_‘shg = %

Ifa=n—6,8=n+1v=nand1 <§ <n, then the right hand side is —1.

n—i

On the left hand side, we consider 0 = g5 °g5hS - (g1 — g0) i (98 + 93) 97
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from Lemma 6.3.

n

0=g5"g5hs (91— 90) Y (g6 + gh)gt ™"
1=0
4
= gg_‘sgghQ (91 —90)(297 + Z 9097~ B! (by Lemma 6.3).

=1

Here, if 0 < i < 4, then

/ a6 g5 hS (g1 — go)gogt
/gg+z 59? z+1 h& n+z §+lglfig£zhg

=(-1)—(-1) (by the above case)

Therefore,
0= [ 870305 - (o — gn)27 + afgr ")
/ (29097 g5 by — 290 gt g5 hd + gi gt gy h3)
— [ 205 g ighg 2 (1) + (<)
/290 d "+1g§hg+1.

Accordingly, [ gy gt ghhd = -3

Finally, we use 1nduction along 8 > n+1 to prove the remaining part of this
lemma. To execute induction, the following equation is needed: if 1 < § < n—1,
0<a<nandn+1<~vy<2n+1-9, then

90 91 9o h6 =0. (6.12)

It is already proved in the above.
If 3 =n+ 1, then Lemma 6.5 is true as above. If 3 > n + 1, by using the
relation g7 (go — 291 + g2) = 0, we obtain,

/909192h2 2/98“91 Jh3 + 2/9095 g3 hg
1 1 B—n—2 B—n—2
_225—’H{(n—a—1>_< n—ry )}
e (00 -0
A ) - ())

where we use the law of Pascal’s triangle in the last line. The equation 6.12 is
used in the case of ¥ = n in the above induction. [J
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In this Lemma, we do not compute the intersection numbers in the cases of
0 < <nandvy>2n—479. Although the above result is not complete in this
sense, it is sufficient to prove Theorem 2.2.

Proof of Theorem 2.2.
Let a, b be nonnegative integers satisfying a+b = 3n—2k, and k be a positive
integer. First, we compute intersection number [ hgh3e*(go, g1)e" (g1, g2)/(kg1):

k: 1k—1
hahbek(907gl)€k(gl792 _ ha hb Ekfk k—i itj+1 _k—j
0/ % 0 ZZ 790 91 92
91 1=0 7=0
k—1k—1
/ ZZEkék at+k—1i ’L+J+1gk ]hb
=0 5=0

Here we note that it takes a form to which we can apply Lemma 6.5. Indeed,
if k£, which is the maximum degree of go in this summation, is greater than
2n — b, then the total degree a 4+ b + 2k + 1 becomes greater than 3n + 1, and
the intersection number vanishes. We also note that the three cases in Lemma
6.5 are disjoint with each other. Therefore, we obtain,

e*(go, q1)e¥ (g1,
/hghg (90 glk) (91,92)
g1

k—1  k— L L
1 i+j—n t+j—n
=— gk — —
k; kZ: VA A "+1<(n—a—kz+i) <n—k+j)>
k— . .
1 k& ok 1 i+ k—2n i+ k—2n
+k Z £7,€J2'L+k‘ 2”+1<<n—a—k+i> _< 0 ))

i=k—n+a+b
1k7n+a+b 1
k
- D> U,
1=k—n+ta
1 — 1 itj—n i+ji—n
- Ekﬁki - _ -
i 3t ((500) - (500)
gk 1 i+k—2n i+k—2n
Z kengith=2nt1\\n—a—k+i) 0
1k7n+a+b71
k ok
_% Z Eigkfn
1=k—n+a
13 kimk 1 itj-n \_(iti-n
_kizoj:k_nZJTﬂ ntl\\n—a—k+1 n—k+j
k—n+a+b—1
1
T
i1=k—n+a
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1 i+j—n i+j—n
_ k pk - _ -
zz s () - (20

=0 5=0

Z Za—&-k n+i*

On the second equality, we used i + k —2n < 0 when ¢ < k —n 4+ a + b, and on
the fourth equality, we used n —k+j <Oand (i+j—n)—(n—a—k+1i) =
j—2n+a+k<-3n+2k+a=-b<0whenj<k-—n.

Finally, we compute [ g{h5e*(go,91)e"(g1,92)/(kgr):

/g‘fhg e* (g0, 91)€" (g1, 92)

kg1
k—1k—1
IS g
1=0 5=0

At this stage, we use the fact that the expression in Lemma 6.5, which contains
binomial coeflicients, is anti-symmetric under interchange of a and v. Then we
obtain,

k—n+b—1

a ek(g()agl)ek(gth) 1
/gl hg kg1 :%Ellz—n Z Z ét—i—k n*

i=k—n

Combining these results, we reach the final expression:

a e* (g0, 91)€" (g1, 92)
[ = g

1 i+j—n itj-n
= Pk gk _
k;]ZOzJQHJ "+1<(nak+i> (nk:Jrj))
1 b—1
- %ellz—n Z(ga—i-k n+i Ei-{—k—n)’

i=0

which coincides with the r.h.s. of (4.2). O
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Part 11
The Case of Weighted Projective
Space P(1,1,1,3)

In this part, we will construct the moduli space of quasi-maps from P! to
weighted projective space P(1,1,1,3) by using the analogy for previous tech-
nique. In addition, we compute intersection numbers and show that they ap-
pear in the coefficients of power expansion of inverse function of j-invariant. The
results of this part is a joint work with Prof. Masao Jinzenji.

7 Introduction for Part II.

In the previous part, we constructed a concrete toric data of ]\%072 (N,d). By the
result of ([10]), coefficients of mirror maps of 1-parameter families of projective
hypersurfaces is intersection numbers over the moduli space of quasi-maps. In
the same way, we will write coefficients of inverse function of j-invariant of elliptic
curve as an intersection numbers of moduli space of quasi-maps on a weighted
projective space P(1,1,1,3).

The j-invariant is a weight zero modular function of 7 which is a coordinate
of complex structures of elliptic curves over C:

C/(Ze& Zr),

where 7 is in the upper half plane. j-invariant is one of the most fundamental
tools for studying elliptic curves. For example, it determines a group structure
of elliptic curves.

When ¢ = e2™V=17  Fourier expansion of j-invariant is given by

j(q) = ¢~ + 744 + 196884q + 21493760¢> + 864299970¢> 4 20245856256¢" + - - -
= ¢ '+ jagt (7.1)
d=1

These coefficients were found to be related to ranks of irreducible representa-
tions of the Monster group (the largest sporadic simple group), which known as
monstrous moonshine.

In this part, we deal with the expansion coefficients of inverse function of

—log(j(7)),
2my/ =17 = —log(j) + 7445~ + 4736525 2 + 45173408053 + 5105310077705 % 4 - - -

=: —log(j) + Y _waj . (7.2)
d=1

This function appeared as the mirror map of the K3 surface in P(1,1,1,3).
The expansion coefficient j4 is reconstructed by expansion coefficient wy via the
following relation:

1 l(ad

)
Ja = Z (—(d — 1))l(0'd)—1 enN ]];[1 W,

gq€0Py,
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where OP; is set of partitions of positive integer d,

l(oa)
={oq = (d1,da,...,dysp)| Z =d, dy>dy > > dy, > 1}
j=1

and I[(o4) is length of a partition o4. In [10], Prof. Jinzenji conjectured that the
coefficient w, is written as an intersection number of moduli space of
quasi-maps from P! to P(1,1, 1, 3) of degree d with two marked points.
The aim of this part is to prove this conjecture.

7.1 Picard-Fuchs equation for j-invariant.

It is known that the Picard-Fuchs equation for 1-parameter deformation of alge-
braic K3 surfaces is solved in terms of the j-invariant ([15]). Let us demonstrate
it in the case of 1-parameter deformation of algebraic K3 containing P(1, 1, 1, 3).
We mainly refer section 5.4. of [15].

The 1-parameter deformation of K3 which we need is

6 6 6 2, ,—1/6
T+ Ty + 23+ x5 + 2 /81 2o23ms = 0

embedded in P(1,1,1,3) = {(z1, 22,23, 24)}. Its Picard-Fuchs equation is given
by
(0% —82(60 + 1)(60 + 3)(6@ +5))f(2) =0, (7.3)

where O is a differential operator © = z-- dz It is obtained from standard tech-
niques, for example, Griffiths-Dwork method, or A-Hypergeometric equations
(see [4], etc.).

In the following, we briefly review the process of solving the above equation.
Let us assume that f(z) is expanded as follows:

o0
f(z) =Y an(e)z"",
n=0
where € is a parameter and ap(¢) = 1.. Furthermore, we assume that the

coefficients a, (€) are functions along e. By applying it to (7.3), we obtain

i(an(e)(n +€)® —8(6n — 5+ 6¢)(6n — 3 + 6¢)(6n — 1 + 6€)a,_1(€))z" T =0,

n=0
where a_1(e) = 0. Since it holds for any z, we obtain

8(6n — 5+ 6¢€)(6n — 3 4 6€)(6n — 1 4 6¢)
CEDE
I'(6n 4 6e+1)
IFn+e+1)3TBn+3e+1)’

an(€) = an—1(€)

where I'(x) is the Gamma function. Hence, let

Z I'(6n 4+ 6e+1) e
“T(n+e+1)°I'(Bn+3e+1) '
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We can obtain the solutions of Picard-Fuchs equation (7.3) from this expression.
By setting € = 0, it gives a solution which is holomorphic at z = 0:
= 234(6d — 1)1,

folz2) =Y —ap (7.4)
=0

If we differentiate f(z,€) by € and set € = 0, we obtain the solution which has a
log-singularity at z = 0:

U

oo 3 d 3d .
f1(2) :== fo(2)(log(z Z Z 2j — Z? 2 6d 1) VALY (7.5)
d=0 j= j=1

The mirror map for K3 surface embedded in P(1,1,1, 3) is given by

f1(2)/ fo(2)-

It gives the inverse function of —log(j(7)) ([15]).

Theorem 7.1 (B. Lian, S. T. Yau, 1996)

hHGTYH
Folj T )—2WFT

—log(j) + dej d

7.2 The Goal of This Part.

In order to prove the conjecture, we explicitly construct the conpactified moduli
space of degree d quasi-maps from P! to P(1,1,1,3) with two marked points,
which we denote by mO)Q(P(L 1,1,3),d). In section 8, we provide a toric data
of ]\71/)072(@(1, 1,1,3),d) and we prove that

Theorem 7.2 ]\//\590’2([?’(1, 1,1,3),d) is compact toric orbifold.

Furthermore, we show that the Chow ring of ]\//.71/?0’2(1?’(1, 1,1,3),d) is given by

Proposition 7.1 A*(Mp0 2(]P>(17 1,1,3),d)) =2 C[Hy, H1, ..., H4]/Z,

where L = (HO (2H0+H1) Hl (H0+2H1)(2H1+H2)(7H0+2H17H2), ceey H4(Hj_1+

J
2H;)(2H; + Hj1)(—Hj—1 + 2H; — Hj), . .. JHY [(Hg—o +2H4-1)(2Hg-1 +
Hy)(—Ha—2+2Hq 1 — Ha), Hj(Ha—1 + 2Hy)).

With these preparations, we define the intersection number that corresponds to
wy by

Definition 7.1
[1, eS(Hi_y, H;)

(020 00)0,a 1= / Hempb. :
MroaPL118)d) 1= 6H,
where
6
(a,y) = [[((6 =z +y).
7=0



In this definition, Hqy, Hy, ..., Hy are generators of Chow rings of ]\’/.};)072 (P(1,1,1,3),d).
In section 9, we prove the main result of part II.

Theorem 7.3 (Main Theorem of Part II)

1
Wq = iw(ozlozo)oﬁd. (7.6)

8 The moduli space ﬁpo’z(ﬂ”(l, 1,1,3),d).

In this section, we provide definition of quasi-map moduli space ]\Afg/)&2 (P(1,1,1,3),d)
and prove that

Theorem 8.1 mo,z(P(la 1,1,3),d) is compact toric orbifold.
Furthermore, we compute its Chow ring;:
A*(Mpo (P(1,1,1,3),d)) = C[Ho, Hy,. .., Hi)/T,

whereZ = (Hg(QH(yFHl), Hil(H0+2H1)(2H1+H2)(*H0+2H1*H2), ey H;»L(Hj,1+
2H;)(2H; + Hj11)(—Hj—1 +2H; — Hj+1),..., H} [ (Hq—o +2H4-1)(2Hg—1 +
Hg)(—Ha—2+2H4 1 — Ha), Hj(Ha—1 + 2Hy)).

In addition, we define an intersection numbers w(O,«O,s)p 4 on the quasi-

map moduli space ]\%O’Q(P(l, 1,1,3),d).

8.1 The fan of Mp,,(P(1,1,1,3),d).
The generic quasi-map from P! to P(1,1,1,3) is given by
P! — P(1,1,1,3)
[s o t] = [fo(s.t) : fi(s,t) = fa(s,T) : f3(s, )],

where

d
fils,t) =3 _aizs'IH, (0<j<2),
7=0

3d
f3(57 t) = Z a3’j83d_jtj.
7=0

The following (C*)2-action on (a; ;) is induced from projective equivalence of
P(1,1,1,3) and automorphism group of P* which keeps (1 : 0), (0 : 1) € P! fixed.

(n,v) - (ag,ai, ... »ad, 43,0,03,1, - - -,a3,ad)

d

2 d 3 3 3.2 3.3
=(pag, pray, pr-ag, ..., uragq, u aso, b Vaz 1, L Vazz,..., LV a3,3d)~

Here a; € C? represents a vector (aoj,a1,,az,;). This is equivalent to the
following action:

(N/,V/) : (307317 -..,84,03,0,03,1, - - -303,3d)
=((1) g, ()M (W), (1) (V)?ay, ..., (V) aa,
(W) a0, (W) )as1, (W) (V) as 2, . ., (V) as 34). (8.1)
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In the following, we construct a fan which is complete and simplicial, and
realizes this (C*)%*!-action.
Let po,p1,p2 € Z2 be integer vectors given by

( (Lo
p03p17p2 - _1 0 1 .

Next, we introduce (d 4 1) column vectors

vh, v, .. vl € 74T
defined by,
-1 2 -1 0 0 0
o -1 2 -1 0 0
0 0o -1 2 0 0
(V0 Vs ey Vg, 0Y) = o 0 0 -1 0 0 € My_1,4+1(Z).
: 0
0 0 0 0 -1 0
0 0 0 0 2 -1

in the same way as the case of ]\7]/9072(N, d) in Section 3.
In addition, we have to introduce the following vectors:

(IIU(),wh’LUQ,. --,wcl) =

w
(an]

€ Msg41,441(Z)

O OO OO OO N
OO OO N WN -
O N WNDHFEOOOO
WO R OOOOoO O oo
OO OO OO OO oo
OO DD DO OO O

coc oo
cocoo

cCo 0O -
cCo 0O -
= IS CRIJCRN
WM = O -

Finally, we define column vectors,

as follows:
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for i #£ 0,
02

Di —J
v = : € Z2(A)+HBdH)+(d-1)
02
03441
04-1

for i =0,
0,

po | < J

voj = c ZQ(d+1)+(3d+1)+(d—1)7

02
—w;

for 0 < j < 3d,

02(a+1)
V3, = ejd+1 c Z2(d+1)+(3d+1)+(d_1))
04-1

and for k=1,...,d -1,

O2(a41)
upy = 0::24111 € 72(d+1)+(3d+1)+(d~1)
%k

where 0, is the zero vector in Z% and eg is the k-th standard basis of ZP.
Definition 8.1 Let

Py = {v0,0,v1,0, V2,0, V3,0, V3,1 }
Py = {vo,d, V1,4, V2,d, V3,3d—1, U3,3d },
P; = {vo,i,v1,i,2,i,V3,3i—1,03,3i, V3,3i+1, Ui } (1 <i<d—1).

Then, we define
4

as a set of cones generated by the union of proper subsets (involving empty set)
of Py, Py,...,Pq. (A cone corresponding to empty set is {0}).

We have to show that X4 is a fan.

Theorem 8.2 For all d, X4 is simplicial complete fan.
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In order to prove that X; is a simplicial complete fan, we should check the

following claim:

Lemma 8.1 for all v € RS2 there uniquely exist a; ; € R and by, € R that

satisfy the following conditions.

(a) ZZQZJUZJ+ZQBJU3J+Zkaka

=0 j=0
(b) mln({ao,o,al,o,a2,07a3,07a3,1} = 07
min({ao,4, @1,d, a2,d, a3,34—1,03,34}) = 0,
(c) min({ao,i, a1,i, a2,i,3,3i—1,03,3i,a33i4+1,0;}) =0 (1 =1,2,--- ,d —1).
Proof. The following relations for {v; ;}, {ux} hold:
(8.2)

Vo,0 + V1,0 + V2,0 + 3v3,0 + 2v3,1 + v3,2 — uy =0,
vo,; + V14 + V2, + v33i—2 + 2v33,—1 + 303 3; + 203 3541 + V3,3i+2

— w1 +2u; —uip1 =0, (1<i<d-1) (8.3)

Vo,d + V1,d + V2,4 + V3,3d—2 + 203 39—1 + 3v33¢ — uq = 0.
We can easily show them by definition of X.

For all v € R%*2 it is clear that there uniquely exist real numbers Ti g
(1=1,2,0<j<d), 35, (0<7<3d), yr, (1 <k <d-—1) such that

d 3d d—1
v = Z(m,im,i + x9,v2,) + Z T3U35 + Z YUk
i=0 3=0 k=1

Then, we obtain:

v
=v 4 ag(vo,0 + V1,0 + V2,0 + 3v3,0 + 2031 + V32 — Uy)

+ aq(vo,q + V1,4 + V2,a + U3 3d—2 + 203,341 + V3,30 — Uq)

d—1
+ Z a;(vo,; + v1,i + Va,i + V3.3i—2 + 203 3i—1 + 3v3,3; + 203 3141 + U3 3i+2)

i=1
=( + £0,0)v0,0 + (a0 + 1,0)v1,0 + (0 + 22,0)v2,0 + (B + 3,0)v3,0

—+ (20[0 + a1 + 117371)1}371
+ (ovqg + ®0,a)v0,d + (g + 1,0)v1,d + (g + T2,4)V2,0 + (Bag + T3,34)V3,34

+ (2aq + ag—1 + 3.3d—1)V3,3d—1
d—
E a;vo,i + (o +21,3)v1s + (o6 + 2,4) v
i=1

+ (i1 + 205 + 23,3i-1)3,3i—1 + (30 + X3.3:)V3 30
+ (20 + g1 + ©3,3i41)V3,3i+1 + (—ai—1 + 205 — Qi1 + Yi)Ui).

Hence, we should show the following claim:
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Claim 8.1 A map F; from RI*! ¢o RI+1:

min{ao + 20,200 + a1 + 37371}
min{oq + 21, 00 + 201 + 3,2, 2001 + g + T34, —0 + 2001 — g + yl}
min{os + 22,00 + 202 + 235,202 + a3 + 23,7, —a1 + 200 — a3 + Yo }

min{og—1 + 24—1, ta—2 + 20q—1 + T3 34—4, 20,41 + Qg + T3 342,
—0g_2+20q-1 — g+ ya—1}
min{og + 24, 0g—1 + 20 + x334-1}

is bijective, where z; == max{0, X0, T1,i, T2, T3,3:/3}

The following two lemmas lead us to proof of the above claim:

Lemma 8.2 Fy(«) is coherently oriented piecewise affine map (i.e. for any
component P C R4TY which F(«) is linear, det(F|p) is positive).

Lemma 8.3 The recession function of Fy

FX(a) =

min{ag, 200 + a7 }
min{ozl, ag + 21,200 + g, —ag + 207 — 052}
min{ag, o1 + 2042, 20[2 + a3, —Q + 20[2 — 013}

min{og_1,g—2 + 20q—1, 20041 + g, —g_2 + 204_1 — g}
min{og, ag—1 + 204}

is bijective.
When these lemmas are proven, we can use the following theorem:

Theorem 8.3 (Theorem 2.5.1. of [18]) A coherently oriented piecewise affine
function is a homeomorphism if and only if its recession function is a homeo-
morphism.

Hence, Fy(«) also homeomorphism (i.e. bijective).

8.2 Proof of Lemma 8.2.

The coefficient matrix (8.5) of Fy is given by Table 1 in the next page.
In the Table 1, we can assume that for 1 <i <d—1,

() — {(1,0), (0,1), or (=1,—-1), (i ¢ K)
v (0,0), (i € K)

and
(607 Ed) € {07 1}23

where K := {k1,ka,... k. }.
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Then what we have to show is that determinant of the matrix is positive.
From a formula

det( P ) — det(X)det(Y),

and elementary operations of matrix, we can reduce the problem to check posi-
tivity of determinant of the following matrix:

2 1 0 -+ 0 O
-1 2 -1 --- 0 O
o -1 2 ... 0 O
By=| . . .. € Myy1,k41,
o o o0 --- 2 -1
o o 0 - 1 2

where k& > 0. We can easily compute its determinant:
detBy, =9k — 6 > 0.

O

8.3 Proof of Lemma 8.3.
It is clear that

F°(ta) = tF;° (@)

for all ¢ € R>(. Hence, in order to prove that Fg° is injective, we only have to
show that

G:=noF|ga: 8% — §¢

is injective. where 7 : R4t — {0} — S9 is a projection.

Obviously G is continuous. Let G be a smoothing of G. Note that we can
take volume of smoothing locus of G as small as we like because non-smooth
locus of G is measure 0. Then, G(a) # —a holds for all a € S since the
diagonal elements of F3° are all positive. Therefore,

H(t,a) =n(ta+ (1 -t)G(a))
gives us a homotopy from G to the identity mapping idgs. Thus, the mapping

degree of G is 1. Hence, G is injective since Jacobian of G is always positive.
Accordingly, G is also injective. O

8.4 Some Properties of ﬁpOQ(P(l, 1,1,3),d).

Since the fan ¥; which we constructed in previous section is complete and
simplicial, the corresponding toric variety Xy, is a compact orbifold.

In this subsection, we will show that the toric variety Xs;, realizes the action
(8.1), and prove that ]\7]/90,2 (P(1,1,1,3),d) is a compact toric orbifold.

First, we determine the primitive collections of the fan 3,.
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Lemma 8.4 The primitive collections of the fan ¥4 are
Py, Py,..., Py

It can be proven in the same way of section 3.
We introduce the following notation,

.01 3
C¥ M = {(ag,a1,...,84,030,03.1, - -,033d, U1, Uz, - - -, Us—1) | 3; € C3, ag j,u; € C}.

where X4(1) is a collection of 1-dimensional cones of ¥;. Then, we define a
subset Z (%) of C*4(1) as follows.

(ap, as,0,as3,1) =0,
Z(Xq) =2 € C¥W | (a;,a33-1,a33i,a33i4+1,u) =0, (1<i<d-—1)
(a4, a334-1,0a3,34) =0,

Let [D; ;] (resp. [Ug]) be a divisor class that corresponds to 1-dimensional
cone v; ; (resp. ui). By the exact sequence (3.13) and definition of v; ; and uy,
we obtain the following relations on a Chow group Agim(xy)—1(Xs):

[Do,j] = [D1,j] = [D2,;] (0 < j < d),

[D3,3;] = 3[Do,4], (0 <j < d)

[D3,35+1] = 2[Do,;] + [Do,j4+1], (0<j <d—1) (8.6)
[

[

D3 sj42] = [Do,j] +2[Dojy1], (0<j<d—1)
Uk] = =[Dok—1] + 2[Dok] — [Dok+1] (1 <k < d —1).

Let A\; := ¢([D;1]) (¢ € G := Homgz(A,-1(Xx,), (C*))). The above relation
tells us that g([Ux]) = A 21 AZA, 1, and the (C*)41-action turns out to be,

(Aoy -+, Aa) - (ag,a1,...,84,03,0,03,1,-.,033d, U1, U2, - - ., Ud—1)
3 2 2 3 2 3
=(Xoag, A\1ai, ..., Agad, A\jas,o, AgA1a3,1, AoA1a3,2, A\Ta3 3, A\]A2a3 4, - . . , A\303 34,
—1y2y—-1 Z1y2y—1 Z1 42 -1
A5 IAZAS L, AT TN Lg, A LA A T ).

When uy, = 1 for all k = 1,2,...,d — 1, by setting \; = (¢/)44(v')?, we
obtain the action which is similar to (8.1).

Accordingly, we can identify Xy, = ]\%072 (P(1,1,1,3),d). Hence, we obtain
the theorem 7.2.

8.5 The Chow Ring of ]\%0’2(]}”(1, 1,1,3),d) (proof of propo-
sition 7.1).

In this subsection, we will compute the Chow ring of ]\71/90)2 (P(1,1,1,3),d). The
recipe of computation is same to section 3.
Let H; :=[Dy ;] for i =0,1,...,d, then we can prove that

A*(Mpq5(P(1,1,1,3),d)) = C[Ho, Hy, ..., Hy)/T
where Z = (Hg(?H()-i-Hl), Hf(H(H-?Hl)(2H1+H2)(—H0+2H1—H2)7 ceey H;l_l(dez-‘r
2Hg1)(2H4—1 + Hq)(—Hg—2 +2H4—1 — Hy), Hi(Hg—1 + 2H,)).

51



Proof. It is easily see that
Clai;]/1(3q) = C[Ho, Hy, ..., Hd]

by the relations (8.6).
The Stanley-Reisner ideal is

SR(X4) =(Hj(2Ho + Hy), H{ (Ho + 2H,)(2H, + Hy)(—Ho + 2H, — Hy),
ooy Hy (Ha—o +2Ha1)(2Hg—1 + Ha)(—=Ha—o + 2Ha—1 — Ha), Hj(Ha—1 + 2Hy))

since primitive collections are Py, P, ..., Py as definition 8.1. [J

8.6 The Intersection Numbers w(Op.Opp ) 4.

We use

d 3d d—1
Vold:<H[D1,i][D2,i]>. [1(Ds] ~(H[Uk]>

=0 j=0 k=1
d d—1
— 3d+! (H Hf') . (H(2HZ + Hi+1)(Hi + 2Hi+1)>
1=0 1=0
d—1
X (H(Hk_l +2H;, — Hk+1)> .
k=1

as a volume form of A*(mO,Q(P(l, 1,1,3),d)) since it corresponds to smooth
point on toric variety. -

Let us explain the definition 7.1 of intersection numbers of Mpy »(P(1,1,1,3),d)
again:

Definition 8.2 Let .
(z,y) = [J((6 — ) +y).
i=0

J

Then, we define the intersection number w(O,Op)o a4 over J\%Oyz(ﬂl’(l, 1,1,3),d)
as

¢ S(H._ . H
w(0:00.0)0,a 1= /N HYHY - [Ties ed—(1 i-1, H)
Mpy 5 (P(1,1,1,3),d) [I;=; 6H;

This intersection number is a quasi-map analogue of genus 0 degree d two
pointed GW invariants of K3 surface in P(1,1, 1, 3).

When we compute them, we will use the following fact: an integration of Q2 €
A*(Mpyg 5(P(1,1,1,3),d)) can be computed by the following residue integration:

d 1 0
11 (%ﬁ fcj dzj) 7

=0
where I = 3T o(2)") (220 + 20)(IT5) (21 + 220) (221 + 2041)) (201 +
224) (102 62j(225— 2j_1—2j41)), and $. means residue at z; = 0, z; = — 252,
J
z; = =34 and z; = 2=125#0 Q) is a polynomial which is obtained by turning

H; into z; on Q. We can easily translate this residue arguments in terms of
Chow ring arguments.
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9 The Mirror Map for K3 surface in P(1,1,1,3)
and j-invariant.

In this section, we will show the following theorem which is main theorem of
Part II:

Theorem 9.1 Let wqy be the d-th coefficient of inverse function of j-invariant.
Then

1
Wq = iw(Ozl Oz°)0,d~

In order to prove it, we should show that

fo €I +dee Z

Ole 0 dedx, (9.1)

l\D\’—‘

where

> 234 (6d — 1)
fo(z) := Z Ed!)3)2d7

>

Jj=

=
g
N
SN—
I

d i; 6d—1 L
1 1']

are two solutions of Picard-Fuchs equation (7.3) as subsection 7.1.
Let us introduce the following generating functions.

Jol2)(log(2)) + 3
d=0 ‘]

d
fw(OzzOzfl)()?dedz,

h
o
)
=

Il
—_
+

o

g (021 Ozo)omzedgl7

The first lemma claims that Ly(e®) gives us the solution fy(e®) of Picard-
Fuchs equation (7.3).

Lemma 9.1
fo(e®) = Lo(e").
Proof. We have to prove that

2%4(6d — 1) d 1 L 9%(6d 1)1
((dl)B) = 571}(0220271)0@ = 7w(0220z*1)0’d _ - ( )

2 d — (d)3
for all d. It follows from

dz] 9

3d+1 H (27 /—1 ) %0
d—1

1 1

>< JR—

j];[l 62,’]' (22’] - Zj—l - Zj+1) Zd

_ 1 2%4(6d — 1)
- d (@3 7’

é(zj—-1,25)

||::1:_
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where

2
é(x,y) =2" Bay [[(2i + Dz + (5 - 2i)y)
i=0

Note that the integral in the LHS does not depend on order of integration
if we take at z; :0,% for j=1,2,...,d—1and at z; =0 for j = 0,d.
Therefore, we integrate the LHS in ascending order of subscript j.

First, we integrate out zy variable. By picking up the factors containing z,
integration is done as follows:

1 1 dZo 4 2 . 1
_— —2%. 3%z ((2i4+1)z0 + (5 —2i)z1) ——————
2. 3d+1 27‘(‘\/—1 Co Z0 ! H) ) 0 ( ) 1)221 — 20 — 22
5L 2

3d 1 221 72’2

Then we integrate z; variable. Since the integrand is holomorphic at z; = 0, we
only have to take residue at z; = z2/2.

1
222 —Z1 — 23

2
3 . .
— H j{ 1232 [J((2i + 1)z + (5 — 20)20)
2 3 " 27” Cey/2 i=0
1 26-11!! 24

PR CT R P

Here, we use the identity:

2
. 29 11 -2 1
H((2z+1)5+(5—21 29) = (22) 3H 35” 55
i=0
Integration of z; (i = 1 2,...,d — 1) goes in the same way. We only have to

take residue at z; = +1 zj+1 After finishing integration of z4_1, what remains
to do is the following integration.

1 2%.(6d—1)1 1 dzq

d (d!)3 20V —1 Jo, 24

Hence we obtain the assertion of the lemma. [J
The following is the second lemma:

Lemma 9.2

1 1 dz; d
— —2 | 22 é(zj-1,2;)
2-3d+1g<2nﬁﬁj z;.*> o | ] ez

Jj=1

d—1

I1 : -
oy 625225 = zjm1 = zj41) | 24

1 234(6d — 1) 3
Rl E

d
3
P2

Jj=1
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Proof. In the same way as the proof previous lemma, we begin by integrating
out zg variable.

2
1 1 dZo 4 2 . . 1
_— —-2-3 2 1 5—2 _
2341 27y /—1 Co) 25 ° E)(( A 1) 221 — 20 — 22
23 . 51! 23 23
=== , 9.2
3d_1 ((01)22:1 — 29 * (221 — 2’2)2> ( )

where

In deriving (9.2), we used the following equality:

6%0 (H((zi +1)z0+ (5 — 22')21)7221 — io — ZZ)

=0

- (H((Qi + 1)z + (5 — 2i)21)>

=0

2 )
1 21+ 1 1
X E - - + .
221 — 20 — 22 — (20 4+ 1)z0 + (5 —2i)2z1 221 — 20 — 22

Since we have another z; factor in the integrand, it becomes holomorphic at
z1 = 0 after integration of zy. Hence integration of z; variable is done by taking
residue at z; = z9/2.

3501 1 P

— z1la

351 ony/ 1 Je, . 2a1—2 (221 — 22)
2

1
24 .32 Il 2% + 1 5 — 2 - -
g “ i:O(( P Z)22)221 —Zo — %2
1 265.11! 25 1 23
. + = . 9.3
2 3‘172(2!)3 (CLQ %2’2 — Z3 4 (%Zg — 2,’3)2 ( )

Here, a5 is given by
2.
1 1 43+ 2
2 '_a1+2.1+1i§11f2@'

In deriving (9.3), we used the following equality:

0 2 1
9 <Z1(H((2i +1)z1+(5— Qi)z2)>>

. 229 — 21 — 23
1=0

= ‘ 1
=z (H((?Z + 1Dz +(5— 22)22)> P ——

=0

2 )
1 21 +1 1
x | = )
<21 +; (20 4+ 1)z1 + (5 — 2i) 2o + 2222123>
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Integration of z; (j = 2,3,...,d — 2) goes in the same way. After finishing
integration of z4_1, the LHS of this lemma becomes

1 23d-(6d—1)!!a 1 dzq
d (dh3 Yorv—1 Clo) 24’

where

j:2j<j j:lj i=0
d d 2
1 1 (20 +1)
:Z<J—1_J>+ZZ(6J—1—QZ)J
j=2 j=11i=0
d 2
1 6 6
:1—7 —_
d+zz(63—l—2z 6])
j=11i=0
_1_14_3(1 6 B d §
d j:12j—1 j:lj

Integration of z; immediately leads us to the assertion of the lemma. [J
The following is last lemma;:

Lemma 9.3
w(0,20,-1)0,5 - w(0:100)0,a- ¢

dz;
! H 20(22a—f — Za—f—1 — Zd—f+1)
~3d+1 <27T\/ ] )

d d—1 1 1
é(zi-1,24) il
jl;{ J J J];[1 62;(22; — zj—1 — 2j4+1) | 24

foralll < f<d-1.

Proof. Since the integrand is holomorphic at z4— 5 = (24— f—1 + Zd—f+1)/2, it
follows from integration of z;’s in ascending order of the subscript . [

Proof of the Main Theorem 7.3.

Let
/L1 dx—x—i—z (0,10,0) Ode

be primitive function of Lj(e*). Assertlon of the theorem 7.3 is equivalent to
the following equality:

fi(e®) = fo(ex)/Ll(e‘”)dx = Lo(em)/Ll(em)daj, (9.4)

where we used Lemma 9.1. Expanding RHS of (9.4), we obtain,

o

d—1
1
v Lo(e) + 3 | 300000+ 3 (Fw(020. )0 p - w(04 00 ) |
f=1
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We can easily derive the equality:ztjc;} f2za—f—2za—f—1—2a—f+1) = d(z1—
20) + z0 — z4. Hence application of Lemma 9.3 and Lemma 9.1 to the RHS of
(9.4) results in,

x - fo(e®) + Z Rge®™. (9.5)
where
Ry := H dZ] zo(d(z1 — Z()) + ZO)
3‘1+1 27‘(\/ ]
d d—1

- 1 1
x He(zj—hzj) ]1:[1 62’]( ] ;d

=1 QZJ —Zj—1— Zj+1)
By combining Lemma 9.1 and 9.2, we can derive

3d d

234(64d — 1)!! 3
= PO (505
(d!) 25 —1 = J
Therefore, the RHS of (9.4) becomes
00 d
23d 6d71 .
- fole) + 3 Z -3 27(6d — U ae, (9.6)

d=1 j5=1 j= 1

The formula (7.5) tells us that it is nothing but fi(e®). O

Remark 9.1

In the proof of main theorem of Part II, we used the residue argument. In this
remark, we demonstrate how to translate it to Chow ring argument by quoting
Lemma 9.1.

We have to compute

/ HBp, (9.7)
Mpo »(P(1,1,1,3),d) Ha
where.
Ed3: Hz 16 (Hz laH>
H?:ll 6H;
1[I e(H—y, H) d+1 L=
= 3d+1 %o |3 H(QHz' +Hi 1) (H; +2H;11) | -
i=1 i =0

Since E, has a factor 3¢t1 Hf;ol (2H; + H;—1)(H; + 2H;11), we can compute
(9.7) as

HZ 1[I, ée(H, Hy)

Hy3d+1 H;i:—ll 6H,
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in C[Hy, ..., Hq)/(Hi, H{(—Ho+2H1—H>), ..., H} | (—~Hg—2+2H,1—Hg), H}).

We can prove that

J
Hgﬂ?ﬂé.ufﬁilﬂf::quiﬂgﬂ?ﬂé.ufﬁfg+l

for all j =0,1,2,...,d — 1 by mathematical induction. Then, we obtain

HyH{H; - H} JH} \é(H;-1, Hj)
H;
=2*.3°H{H!H; ---H} ,H; \(5H;_1 + H;)(3H;_1 + 3H;)(H,;_1 + H;)

5(j — 1 3(j — 1 i1
:24.32H3H;*H§-.-H;12H;11((Jj ) 41y (jj )+3)(‘7j +5)H?

6j — 1)
—24{Fj;i%j_zquﬂgﬂ?ﬂé~nf§22ﬂﬁ4fﬁ.

This gives us the above successive argument.
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