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1 Introduction

The non-expanding piecewise linear map on interval [0, 1], known as the
Nagumo-Sato (NS) model [21], is described as

Sa,p(x) = az+ 8 (mod 1), (1.1)

where 0 < o, < 1. The NS model corresponds to a special case of Ca-
ianiello’s model [7], and it describes the simplified dynamics of a single
neuron. It is known that the system (1.1) shows periodic behavior of the
trajectory for almost every («, ). The transformation has one discontin-
uous point when o+ 5 > 1, and it leads to a complicated structure for a
periodicity on the parameter space. This structure is presented graphically
in Fig.1(pp.20) which shows regions in which S, s has a periodic point. An
important feature of the structure is that there exists a region in which Sy g
has a periodic point with period (m + n) between the region with period m
and n. The structure is known as Arnold tongues or phase-loking regions
which were originally studied in circle map models of cardiac arrhythmias
[9, 12, 20], and gives a layered structure which is obtained by classifying
the parameter space by the rotation number of the map. Such regions have
been also observed for other models [5, 13, 25].

The first main result in this paper (Theorem 4.3) states the definition of
the phase-loking region for the NS model as a Farey structure, and gives
a detailed analysis of these regions. Indeed, considering properties of a
rational characteristic sequence (introduced in section 3) which is one of
our mathematical techniques, we calculate boundaries of each region on
the parameter space in which the NS model has a periodic point for any
period. Then we succeeded to find explicit parameter regions in which
S«.p has rational rotation number I/n for all I/n in (0,1). In 1987, Ding
and Hemmer [8] studied similar parameter regions for same piecewise linear
maps, and our result gives more detailed analysis of their works. These
contents for the Farey structure are based on [22].

Next, we consider a perturbed dynamical system in which noise is applied
to the NS model S, g, that is,

Tii1 = Sap(zs) +& (mod 1) for (a,f) € (0,1)% (1.2)

where {&;} are independent random variables each having the same density
g satisfying supp{g} = [0,0] with 6 € [0,1]. We discuss two important
asymptotic properties for the Markov operator [18, 19] corresponding to the
model (1.2). It is well known that the Markov operator describes asymptotic

behaviors of a trajectory. Especially, we focus on properties of asymptotic



periodicity and asymptotic stability which are introduced in section
2. These asymptotic behaviors for the NS model are also observed and
discussed in [10, 11, 19]. Asymptotic periodicity with period 1 is equivalent
to asymptotic stability, and it is important problem to classify the system
as the case with period 1 or more than 1 since these two cases give different
mixing properties of the system.

The second main result in this paper (Theorem 5.1) shows that a sufficient
condition for which the Markov operator corresponding to the perturbed NS
system has either asymptotic periodicity (period > 1) or asymptotic stabil-
ity (period = 1). More precisely, for almost all (o, 3) € (0,1)?, there exists
a critical value 0, («, 8) such that the Markov operator generated by the sys-
tem (1.2) displays asymptotic periodicity if 6 is less than 6. (c, 8). On the
other hand, if 6 is greater than 0, («, 8), the Markov operator shows asymp-
totic stability. In 1991, Provatas and Mackey [26] have already showed the
same result as Theorem 5.1 in the case that rotation numbers is 1/n. Thus,
our theorem extends their result to all cases of rotation numbers I/n by
using Theorem 4.3. Recently, Inoue [14] succeeded to give a sufficient con-
dition for Markov operators associated with certain random interval maps.
Also, his result can apply to random maps generalized by expanding trans-
formations, but it is not clear for perturbed non-expanding maps. We insist
that our result can apply to certain perturbed non-expanding maps.

Moreover, our third result (Theorem 5.5) leads to the asymptotic behavior
of the perturbed system for the special parameters « = 1/2, § = 17/30 and
6 = 1/15. Although Lasota and Mackey [19] discussed the special case
numerically and they mentioned asymptotic periodicity with period 3 for
the system, asymptotic stability for the system is shown by our result. Also,
Kaijser [16] showed that it displays asymptotic stability in this special case.
These second and third results which show asymptotic behaviors of Markov
operator corresponding to the NS model are based on [23].

The organization of this paper is as follows. In §2, we prepare some math-
ematical tools including Markov operator and its asymptotic properties. In
83, we introduce a rational characteristic sequence and its properties which
play an important role to establish our main results. In §4, a Farey struc-
ture on the parameter space for the deterministic NS model is derived. In
85, a sufficient condition for asymptotic behaviors of the Markov operator
corresponding to the perturbed NS model is shown for each parameters
and noise. In §6, we show the numerical illustrations of our results which
describe asymptotic behaviors of the Markov operator generated by the per-

turbed NS model. In appendix, we prove an important inequality (Lemma



3.9) which is necessary to lead our second main result (Theorem 5.1) by
using a special case of induction based on a Farey series. Finally, we attach

a flowchart of this paper to help readers understand.

2 Preliminary

In this section, we prepare some mathematical tools, Markov operator,
Perron-Frobenius operator and their asymptotic properties, to state our
main results (Theorem 5.1). The Markov operator is an important tool
which describes a density evolution generated by a system, and its conver-
gence gives existence of an invariant measure for the system. All topics in

this section are mainly based on [19].

2.1 Markov operator

Let (X, A, 1) be a measure space, that is, A is a o-algebra of subsets of
X and p is a measure on A. Moreover, assume that the measure space
(X, A, ) is finite, p(X) < co. We first introduce the definition of Markov
operator and its basic properties. Let L'(X) = L'(X, A, 1) be the space of
all integrable functions on X, i.e. | f|[z 1 := [ [f(x)ldu(z) < oc.

Definition 2.1. A linear operator P : L'(X) — L!(X) is called a Markov
operator if P satisfies Pf > 0 and ||Pf]||;1 = ||f| z: for f € L' with f > 0.

Proposition 2.2. If P is a Markov operator, then, for every f € L',
(i) (Pf(x)" < Pf*(x)

(ii) (Pf(z))” < Pf~(x)

(iii) |Pf(x)] < P|f(z)]

(iv) [[Pfllpr < [If]lrr

where f+(z) := max{0, f(z)} and f~ () := max{0, —f(z)}.

Note that a Markov operator is a contraction operator from the property
(iv) of the above proposition. Next we prepare some classical definitions in

a measure theory.

Definition 2.3. We define D(X, A, p) :={f € LY(X, A, p) | f >0, fllp: =
1}. Any function f € D(X, A, p) is called a density. The set D(X, A, u)

is sometimes denoted by D simply.



Definition 2.4. For f € L'(X, A, ) with f > 0, we define a measure iy
by

pr) = [ f@dua), tor A

We say that i ; is absolutely continuous with respect to p, and f is called
a Radon-Nikodym derivative of ;1; with respect to p.

Definition 2.5. Let P be a Markov operator. Any f € D satisfying Pf = f
is called a stationary density of P.

Definition 2.6. A transformation S : X — X is measurable if S~1(A) €
A for any A € A.

Definition 2.7. A measurable transformation S : X — X is nonsingular
if u(S~1(A)) =0 for all A € A with u(A4)=0.

Under these definitions, a Perron-Frobenius operator corresponding to a
nonsingular transformation can be defined as follows, which plays an im-
portant role to consider the evolution of density functions generated by

nonsingular transformations.

Definition 2.8. Let S : X — X be a nonsingular transformation, the
operator P : L' — L' defined by

/ Pf(z)du(x) :/ f(@)du(z), for A€ A, (2.1)
A 5-1(A)
is called the Perron-Frobenius operator corresponding to S.
Proposition 2.9. If P is a Perron-Frobenius operator, then,

(i) P is a linear and a Markov operator,

(i) [x Pf(@)dp(z) = [y f(z)du(z),

(iii) if P is a Perron-Frobenius operator corresponding to S, then P™ is a

Perron-Frobenius operator corresponding to S™.

We explain the Perron-Frobenius operator from an intuitive point of view.
Let S be a transformation on [0, 1] and pick a large number N. We first
prepare initial points on [0,1], 29,29,--- 2%, and then we apply the map

S to each initial points, that is, one can obtain new N states denoted by



Loosely speaking, we say that a function fo(z) is the density for the initial

points when we have, for every interval Ay C [0, 1],

1 N
/AO fo(u)du ~ N;le(x?),

where 14 is a characteristic function on A. Similarly, the density fi(x) for
the states satisfies, for A; C [0,1],

| X
N fi(u)du ~ N;lAI(ZB}). — (%)

Now note that, for Ay C [0,1], 2} € Ay if and only if 2} € S7'(A;). Then
we have 14, (S(7)) = 1g-1(a)(z) and may rewrite the equation (x) as

N
1
fl(u)du ~ NZlS*I(Al)(xg)'
j=1

|
S—1(A1)

This relationship between fp and f; implies the equation (2.1), that is,

Ay

12

Pfy = f1, and it tells us how the initial density fj is transformed into a
new density f; by a Perron-Frobenius operator corresponding to the given
map S.

In case when S is an interval map on [a, b], the Perron-Frobenius operator
associated with S allows us to obtain an explicit form Pf. If one takes the

interval [a, 2] as A in the equation (2.1), then we have

d
Pf(z) = dl’/sl([a,x]) f(s)ds.

Example 2.10. (Dyadic transformation)

Consider the dyadic transformation
S(z) =2z (mod 1), (2.2)

on a measure space ([0, 1], A([0,1]), u). Note that, for any interval [0,z] C
[0,1],

STH0,2]) = [0,2/2] U [1/2, (z + 1)/2].

Then we see that the Perron-Frobenius operator P corresponding to S is

i =41 ()30 (5Y).

and P1 = 1. O

given by




Example 2.11. (Logistic map)
Consider the logistic map defined by

S(zr) =4z(1 — x) (2.3)
on a measure space ([0,1],.A([0,1]), x). For any interval [0,z] C [0,1], we
have

_1 1 1 1 1
S0, z]) = 0,5—5\/1—:1: u §+§\/1—x71 ,

and the Perron-Frobenius operator is given by
Pir)= ——d (s -tvi=a)+r (i ivi—e
SR e C R A SRIPARY
O

Definition 2.12. A measurable transformation S : X — X is said to be
measure preserving if u(S™!'(A)) = u(A) for all A € A. Moreover, we

say that the measure y is invariant under S if S is measure preserving.

The next result gives a characterization of the invariant measure p in

terms of P.

Proposition 2.13. Let S : X — X be a nonsingular transformation and P
be the Perron-Frobenius operator corresponding to S. Then, for nonnegative

f € L', a measure s defined by

pr(A) :/ Pf(z)du(x), for A€ A,
A
18 invariant if and only if f is a fixed point of P, that is, Pf = f.

In the end of Section 2.1, we recall that ergodic properties of S (e.g.
ergodicity, mixing and exactness) can be represented in terms of Perron-

Frobenius operator P corresponding to .S.

Definition 2.14. Let (X, A, 1) be a measure space and S : X — X be a
nonsingular transformation. Then S is called ergodic if either u(A) = 0 or
(X \A) = 0 holds for every invariant set A € A, S71(A) = A.

Definition 2.15. Let (X, A, ) be a normalized measure space and S :

X — X be a measure preserving. Then S is called mixing if

lim u(ANS™(B)) = pu(A)u(B) forall A,B e A.

n—oo
Definition 2.16. Let (X, .4, ) be a normalized measure space and S :
X — X be a measure preserving transformation such that S(A) € A for
each A € A. Then S is called exact if

lim p(S™(A)) =1 forevery A€ A, u(A)>0.

n—oo



Proposition 2.17. ([19], Theorem 4.4.1) Let (X, A, ) be a normalized
measure space and S : X — X a measure preserving transformation, and P

the Perron-Frobenius operator corresponding to S. Then

(a) S is ergodic if and only if the sequence { P! f} is Cesdro convergent to
1 forall feD.

(b) S is mizing if and only if the sequence {Ptf} is weakly convergent to
1 for all f € D.

(c) S is exact if and only if the sequence {P'f} is strongly convergent to
1 forall f € D.

Therefore, one can classify ergodicity, mixing and exactness by using the
concepts of a convergence for Perron-Frobenius operator corresponding to

a system.

2.2 Asymptotic behavior of Markov operator

In this subsection, we define two important properties of Markov opera-
tor P, asymptotic periodicity and asymptotic stability, and collect known
sufficient conditions for P satisfying these two properties. Let (X, A, 1) be

a finite measure space.

Definition 2.18. {P'} is said to be asymptotically periodic if there
exists an integer r, two sequences of nonnegative functions g; € D and
h; € L*(X),i=1,---,r, and an operator @ : L'(X) — L*(X) such that
for every f € L*(X), Pf can be written in the form

PIw) = S M) + QF (a),
i=1
where
N = [ f@hi@to).
Moreover functions g; and operator @) satisfy the following properties;
(i) gi(x)g;(w) = 0 for all i £

(ii) There exists a permutation p of {1,---,r} such that Pg; = g,;).

(iii) ||P*'Qf||zr — 0 as t — oo for every f € L'(X).



Remark 2.19. When {P?} is an asymptotically periodic Markov operator,
then P has a stationary density f,

fa(z) = %Zgz(l‘)

Definition 2.20. {P'} is said to be asymptotically stable if there exists

a unique f, € D such that Pf, = f, and tlim [|P'f — fillzr = O for every
—00

feD.

Proposition 2.21. {P'} is asymptotically stable if and only if {P'} is

asymptotically periodic with r = 1.

Next examples satisfy either asymptotic stability or periodicity for Perron-

Frobenius operator corresponding to the system.

Example 2.22. (Dyadic transformation)

Let P be a Perron-Frobenius operator corresponding to the dyadic trans-
formation (2.2), then {P'} is asymptotically stable. Indeed, P has station-
ary density f. = 1jo,1; and one can show that Ptf converges to f, for any
feD. O

Example 2.23. (Logistic map)
Let P be a Perron-Frobenius operator corresponding to the logistic map
(2.3), then {P'} is asymptotically stable. Indeed, one can show that P
. . _ 1 t
has stationary density f,(z) = Py g} and P'f converges to f, for any
feD. O

Example 2.24. (Generalized tent map)
Consider the generalized tent map defined by, for a parameter a € (1, 2],
ar for x€[0,1/2
S0 - 0.1/2
a(l—x) for ze[l/2,1].

This map was considered by Provatas and Mackey [27] and they showed
that {P'} is asymptotically periodic for the Perron-Frobenius operator P

corresponding to this map S. More precisely, when the parameter a satisfies
U2 g <2V for n=0,1,2,-,
then {P'} is asymptotically periodic with the period 2. O

In order to establish our main Theorem 5.1, we use the next two results

which gives us sufficient conditions for asymptotic periodicity and stability.



Definition 2.25. Let (X,.A, 1) be a finite measure space, u(X) < co. A
Markov operator P is called constrictive if there exists a § > 0 and k < 1

such that for every f € D there is an integer to(f) for which
/ P'f(z)u(dx) <k forall t > to(f) and E with u(E) < 6.
E

Proposition 2.26. ([19], Theorem 5.3.1) If P is a constrictive Markov
operator, then {P'} is asymptotically periodic.

Proposition 2.27. ([19], Theorem 5.6.1) Let P be a constrictive Markov
operator. Assume there is a set A C X of nonzero measure, pu(A) > 0,
with the property that for every f € D there is an integer to(f) such that
Ptf(z) >0 for almost all x € A and all t > to(f). Then {P'} is asymptot-
ically stable.

In the end of Section 2.2, we mention relations between asymptotically

periodic and some ergodic properties as follows.

Proposition 2.28. ([19], Theorem 5.5.1) Let (X, A, u) be a normalized
measure space and P : L' — L' a constrictive Markov operator. Then P is
ergodic if and only if the permutation p of {1,--- ,r} (see Definition 2.18)

18 cyclical, that s, p has no invariant subset.

Proposition 2.29. ([19], Theorem 5.5.2 and Theorem 5.5.3) Let (X, A, )
be a normalized measure space and P : L' — L' a constrictive Markov

operator. Then following are equivalent.
r=1<«<= P is mixing <= P 1is exact,
where r is defined in Definition 2.18.

Surprisingly, the mixing and exactness are equivalent in the class of a con-
strictive Markov operator from the above proposition. These propositions
suggest that it is important to classify the case r > 1 or r = 1 of asymptotic

periodicity.

2.3 Markov operator for perturbed system

A final topic of section 2 is the result by Iwata and Ogihara[l5] which
shows asymptotic periodicity of a Markov operator for a perturbed system
on interval [0,1]. Consider a finite measure space ([0, 1], .A([0, 1]), ) where

p is the Lebesgue measure on [0, 1] and a process on [0, 1] defined by

Ti41 = T(l‘t) + ft (IIlOd 1), (24)



where T : [0,1] — [0,1] is measurable and &y, &1, -+ are independent
random variables each having the same density g. The Markov operator
P:L'([0,1]) = L(]0,1]) of this system is defined by

1
Pf(z) = [ ]f(y) > 9z —T(y) +i)dy for felL. (2.5)
0,1 i=0
Proposition 2.30. (/15], Theorem 2.8) The Markov operator P : L'([0,1]) —
LY([0,1]) defined by (2.5) is constrictive, and this means that, the sequence
{Ft} is asymptotically periodic.

From this proposition, a Markov operator for such perturbed system
always has asymptotic periodicity for any measurable transformation T,
which means that an additive noise induces asymptotic periodicity for the

system. The fact plays a key role to prove Theorem 5.1.

10



3 Rational characteristic sequence

A rational characteristic sequence is known as mechanical words, rotation
words or Christoffel words [4] and good sequence in [22], and if [/n is re-
placed by an irrational number, then it is known as Sturmian words or char-
acteristic sequence [2, 3, 6]. Two series of functions A;(«) and F,, ;(i) and
numbers P(A;) (see Eq.(3.5), (3.18) and (3.6)) generated by the sequence
are important tools to prove Farey structure on a parameter space of NS
model (Theorem 4.3). Preparing some properties of the sequence, we will
show the most important inequality (Lemma 3.9) for the function F), (%),
which is used to prove Theorem 4.7 and consequently leads our main result
(Theorem 5.1). We first introduce the definition and some useful properties
of the rational characteristic sequence. Let Pr(n) be a set of numbers | < n
satisfying [ and n are mutually prime, Pr(n) := {l < n | GCD(n,l) = 1}
for each n € N.

3.1 Basic properties of rational characteristic sequence

Definition 3.1. For n € N and | € Pr(n), we define a sequence {k;}icz
with k; € {0,1} for all ¢ € Z by

ki = {(”1)1} - m for i€z, (3.1)

n n

where [z] is the integer part of . The sequence {k; };cz is called a Rational
characteristic sequence with respect to (n,l). Obviously, kg = 0 and

kn,—1 =1 always hold.

In this paper, if we write (n,[), then n and [ always satisfy n € N>o and
l € Pr(n).

Proposition 3.2. ([22], Proposition 2.2) Let {k;}icz be a rational charac-
teristic sequence with respect to (n,l). We then have the following proper-

ties.
(i) kixn =k; for i€Z,
(ii) kp—1—i=k; for i€Z, i ¢nZ,nZ—1,
(iif)

K2

=k for i€Z, i¢nlnl—1,

where | = min{t € N | t/ = 1 (mod n)}.

11



Proof. The property (i) follows from next calculations;

. {(ij:nJrl)l} B [(iin)l} _ {iH(iH)l] - {il+il] = k.

n n n n

The property (ii) follows from the well-known property of Gaussian part for

real numbers, [a] + [—a] = —1 if a € Z, and the following calculations;

ot = (2] [4)-(552)- o)
(52 F52)- (- 12D

To prove the property (iii), use an equality [l — [%]n =1. Put N = [&

i
n

From the next calculation, we see that if k,_; = 1 and k; = 0, [@] =
[%] = [7(i+1)l71] = N and [¥=1] = N — 1, then an equality il — nN = 0

n n

holds, and if k, ; = 0 and k; = 1, [£] = [CH=L) — (L) — N and

n

[@] = N + 1, then an equality il — nN =n — [ holds.

[ - l(if)l]

[ (i + 1)1 — [L]n — 1] - [u— [y, — 1]

(i— 1+ 1)
n

n n

o [G+ni-1] Jil—1
n n |

However, we can show that il — n/N = 0 if and only if 4 = 0 (mod n), and
il —nN =n—1if and only if i =n — 1 (mod n). These imply the property
(iii). O
Proposition 3.3. ([22], Proposition 2.3) Let {k;}icz be a rational char-
acteristic sequence with respect to (n,l) and {k}}icz be another rational
characteristic sequence with respect to (n',l'). If% < TZT// and nl’ —n'l =1,
then the sequence {k;}icz defined by

. k; for i=0,---,n—1

k‘i = (32)

ki, for i=n,--- ,n4+n -1

and ky, == k; if m =i+t(n+n') withi=0,--- ,n+n'—1 and t € Z\{0},
is the rational characteristic sequence with respect to (n+n',1+1").
Proof. First we show the equality ki = k; for i = 0,---,n — 1. By our

assumption nl’ — n'l = 1, we have that
o ([Eston) (e[
1+ 1 1+ 1 ) ) 1+ 1 )
- {( Z ) *mim} - [n—i_n(n—i-n’)} - {( Z )%M'

12




Put N = [Z], then we can see that N < [ and have either [@] = N or
[GEDE) — N 1.
(I) In case of [@] = N, one has either [M] N or [w]

] ) n+n’ n+n’
N+1. If we assume [%] = N +1, then one can obtain that [Zr(f:rlu)] =
N and the following inequality;
I N+1 I+
L AL oA (3.3)

) +n'’
Thus, because of N < [ and 0 < i < n — 1, i which satisfies the inequality
(3.3) does not exist by the property of Farey series (See Theorem5.3 of [1]).
Then we can see that [%&ljl/)] N and [%7 G )] N. This implies that
the equality k; = k; holds for ¢ =0,--- ,n — 1.

(II) In case of [(H:)l] N+1, one has either [I(H'l )] = Nor [i(lH/)] = N+1.

) , n+n’ ) n+n/’
If we assume [zfllj_rfl,)] = N +1, then one can obtain that [%} =N+1

and the following inequality;

I N+1 I+7
LA L, (3.4)
n ? n+n

From the same reasons with (I), this is contradiction. Then we can see that
[ir(bli:;,)] N and [%] = N+1. This implies that the equality k; = k;

holds for i = 0,--- ,n — 1.
Next, we show the equality k; = k; for i =0,---,n’ — 1 can be shown by

the same way. First one has

(epen) ) () 12
1 i’ n —i i+ DI il
(L] (s[5 2]

Put N = [%}, then we can see that N < I’ and have either [(”T%)’] =N or

kiJrn

[(”T%)”] = N +1. In case of [(HTl,)l/] = N, one can see that [%] =
N and [%] = N. In case of [(Hl)l/] = N + 1, one can show that
[%ﬁf“l)] = N+1and [%] . These imply that the equality

kiin =k, holds for i = 0,--- ,n/ — 1.
The inequality kp, := k; if m =i+ t(n+n') with i =0,--- ,n4+n’ —1
and t € Z\{0} is obvious because of the property of Gaussian. From these

observations, We complete the proof. O

Example 3.4. The rational characteristic sequence for (n,l) with n =
2,3,4,5 are followings. Here we write only ko, --- , k,_1 with the bracket

(-) since their 01 words are repeated.

13



(2,1): (01), (3,1): (001), (3,2): (011), (4,1): (0001), (4,3): (0111),

(5,1): (00001), (5,2): (00101), (5,3): (01011), (5,4): (01111),
One can immediately see that the sequence for (5,2), (00101), can be made
the sequence of (3,1) and (2, 1), that is, (00101) = (001) + (01). Similarly,
we have following examples.

(7,3) = (5,2) + (2,1): (00101) 4 (01) = (0010101)

(12,5) = (5,2) + (3,7): (00101) + (0010101) = (001010010101) O

n—1

3.2 Properties of functions {4;(a)},

Define two sequences {A; ()}~ )} and {P(4;)}!~) of length n as follows.

Ao(a) ko ki ko - kn—2 kno1 an1
Aj(a) ki ko k3 - ko1 ko a2
1 . n—
O e B L L L e [
A (@) ko1 ko ki - o 1
P(A()) ko kl ]{J2 e kn—Q kn—l n—1
P(Ay) ki ko ks - kuo1 ko n—2
P(AQ) = k2 kd /{30 kl n—3 (36)
})@4n71) kn—l ko kl s kn—2 0

where {k,,}"_% is a rational characteristic sequence with respect to (n,1).

We can rewrite these sequences for each i = 0,--- ,n —1 as following forms.
1 i—1 ' n—1 '
Ai(Oé) = 1—an (Z_:Okmalml + Z kTrLO‘n+Zlm> (3'7)
i—1 n—1
P(A) = > kn(i—m—-1)+> kn(n+i—1-m) (3.8)
m=0 m=i
n—1 n—1
= 0 km— Y kmm+ (i 1) (3.9)
m=i m=0

Here we used the relation an;lo km = [ which is immediately derived by
definition of the sequence. We next prepare a few lemmas which give some
properties of sequences {A4;(a)}-; and {P(A4;)}!=,. These arguments are
useful in §4 for the proof of existence of Farey sturucture for our NS model
(Theorem 4.3).
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Lemma 3.5.

(i) P(A;) # P(A;) for i#j.
A,

(i) 0 < P(A;)) — P(Ap) <n for i=0,---,n—1.

(iif) P(4g) = s(n—1)(1—1) and "\ kpm = 1(n—1)(I+1) holds.

(iv) If k; =0, then P(A;) — P(4p) <n—1 for i=0,---,n—1.
If k; =1, then P(A;)— P(4Ap)>n—1 for i=0,---,n—1.

Proof. (i) Assume P(A;) = P(A;) and i < j. We then have

D Yy

n j—1
This leads to a contradiction to (n,l) =1 and j —i < n.

(ii) By the definition of P(A;), we can rewrite as

i—1

P(A;) = P(Ag) +il =1 Y k.

m=0

Thus, we should prove 0 < il —n Zi;:lo k., < n. This can be changed

to the next inequality.

3 ki < % 1+Zk (3.10)

We can prove this inequality (3.10) from the relation Zi;:lo km =
1— m l m %
o5 = 134) = [,
(iii) From the equation (3.9), we have

n—1 n—1n—1

nZZk —nkam—i—Z i—1)I

=0 =0 m=1

nd
3
=

I

= n Z km + én(n -3) = én(n —1). (3.11)
m=0

On the other hand, from the properties (i) and (ii) of this Lemma 3.5,
we see that P(A;) — P(Ap) are distinct integers from 0 to n — 1, thus

we have
n—1 1
; P(4;) = nP(Ao)+ gn(n—1). (3.12)

By the equations (3.11) and (3.12), we can see that P(4g) = 1(n —
1)l —1) and "\ kmm = L(n — 1)(1 +1).

15



(iv) From the property (ii) of this Lemma 3.5, we should only show that
P(A;)) — P(Ag) <n—1ifk;=0fori=0,--- ,n— 1. By the equation

(3.10),
i i1
[] <1+ ki
m=0
Assume k; = 0, since [2] = [(it:)l] then we have [W} <1+

Zf;:lo Epm. Since [@} and 1+ an_:lo kp, are different integers, we

obtain

. i—1
(14 1)1
- < 1+ Y b
m=0
Thus,
i—1
il=nY km < n—L
m=0

Since a left-hand side is equal to P(A;)—P(Ap), then P(A;)—P(Ap) <

n — [ holds.
O
Lemma 3.6. For all o € (0,1) and i # j
Ai(a) < Aj(a) if and only if P(A;) > P(A4;). (3.13)

Proof. We can write
i
P(Az) :P(Ao)+il— |::1:| n for i=0,---,n—1.

Define a map o : {0,1,--- ,n—1} = {0,1,--- ,n — 1} by o(i) == il — [Z]n.
Note that o is a permutation. Since o is one to one, there exists an inverse

map ¢(i) := o~ 1(i). Now we have that for i = 0,--- ,n — 1,

P(Agp(i+1)) — P(Aga)) = o(d(i + 1)) —a(¢(i)) =1 >0

This implies that the inequality P(Ag(i41)) > P(Ag()) holds fori = 0,--- ,n—
2. Next we should show that the inequality Ag;41)(a) > Ag) () holds for
all € (0,1) and ¢ = 0,--- ,n — 2, which implies 4;(c) < A;(«) if and only
if P(A;) > P(A;) for all a € (0,1) and ¢ # j since ¢ is one to one.

16



Now we can see o(l) = 1 and ¢(i) = il (mod n). From the equation (3.7),

(1—a") (A () — A¢(i+1)(04))
#(i)—1

:Zka¢(1m1+zkan+¢(zml

¢(i+1)—1 n—1

Z k o P(i+1)—m—1 Z kman+¢(i+1)fmfl

m=p(i+1)
By the property (1) of Proposition 3.2,
o(i)—

= Z ke(iy—m—1a™ + Z Ep(i)y—m—10"
m=¢(i)
B(i+1)—1

n—1
Z kg (it1)—m—10™ — Z kg(iv1)—m—10™
m=0

m=¢(i+1)
n—1 n—1
= Z k(ﬁ(i)fmflam - Z k¢(i+1)7m7104m
m=0 m=0

Since ¢(i 4+ 1) = ¢(i) + 1 or ¢(i) + [ — n, then

n—1
= kp(i)—m—1 — k¢(i)+zlm—1) a™
m=0
P(i)+i—1 _
= (ks — k) @2OFEEM =1 (4
m/'=¢(i)+i—n

If0 € {¢p(i)+1—mn,--,p(i)+1— 1}, from the property (iii) of Proposition
3.2,

(*) = (k—[ — k())a(b(i)—i_i_l + (k—i—l - k,l)ad’(i)ﬂ
= a¢<i)+i—1(1 —a)>0.

(x) = (k_j_, — k_n)ad’(")*””*l + (k _ k_l_n)a¢(i)+i+n

—i-1-n
a¢(i)+[_1+"(1 —a) > 0.
Then we complete the proof. O
Lemma 3.7. We can write
1 n—1
in A = kit d 3.14
{ifﬁlfo} (@) T—om ; o an ( )
1 n—1 )
{irliliale} Ai(a) = T an (; ko™t —a™ % 4 oz”1> . (3.15)



Proof. First, we show that

Aj(a)

An_l(Oé)

and

n—1
Z kiai—l
(Z ki~

3.16
T an (3.16)

1—an

a4 a”1> . (3.17)

We denote (ar,---,an) - (b1, -+ ,by) for Y., a;b;. To calculate them, we
use the properties of Proposition 3.2 and k¥, ; ; = 0 and k, ; = 1 as
follows;
(1—a")A;(e)
= (knfifl’knfi"“ Jkn—1, ko, - - 7kn727[) . (anflaa"ﬁ,... o, 1)
= (k7L—Z—1’kn—[’ kl—i’ k2 IR ’kn 2— [) : (anfl’oén72,“' 3047]-)
= (k()aknfhkhk/i?u“' ) ( _27"' ,Oé,l)
= (k07kn—1akn—2a" k27k1) ( _27an_37"' ,Oé,l)
= (kn—l,kn—Q,' o ak27k1) . (o‘n727an737' o ,Oé,].)
= (k17k27 aknfl) : (]-705, e ’an72)
n—1
= kiaz_l
i=1
(1— ™) An 1 ()
- (kn 17k07k1uk27"' ) (an 1 27an—3’ 7a7]-)
= (kn 1,k’07 n—2 """ k2a 1) (an 1 Q’an—S, ,Oé,l)
== (k kQ,"' kn 25k07 1) 1,0{, n737an72’an*1)
e PR n—2 @] Lo
(kka ok iy - )(La ’n3’n1)
n—1
_ an—2+a7z—1

Z k‘iOé
=1

Next we should compute a sum of each degree of Aj(«) and A,,_1 ().

For the equation A;(a), we have that

n—1

. 1
Zki(z—l)—i(n—l)(l—l):n—l—l.

i=1

For the equation A, _1(«), we can show that a sum of the degree is n — I.

From Lemma 3.6 and Lemma 3.5(iv), we complete the proof.

O
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3.3 Properties of function F), (i)

To avoid messy calculations, for ¢ = 2,--- ,n we define
=
-\ m
F,. (i) = T mg,l Ema™, a€(0,1). (3.18)

Lemma 3.8.

Foa@)  (i=1,---,n)
Frgnr g (i) = S 1290 By (n) + MFW,V (i —n) (3.19)

1—at 1—at

(i=n+1,---,n+n)

;
n’—1

Fop(n) =i (i=1)

’ ’ P
7170‘7 Fn’,l’ (’I’Ll) + 70/”‘ (1_al . )Fn,l(i — 'fl/) — 7(1” —Q

1—at 1—at

Fn’l’(i) (i=1,~--,n’—1)

Frni40(i) = Gt Lo )

1—a” Fn/,l’(n/) + Ln (liian)FnJ(n)

1—qn+n’ 1—qn+n’
’ ’ ’
Ot" 71—(1“ O/H»n —1 . ’
- 1—ant+n’ - 1—an+n’ (7’ =n + TL)

Proof. Eq.(3.19) comes clearly from Prop.3.3. Eq.(3.20) is also obtained

immediately by applying the property (i) in Prop.3.2 to {k;}.
O

The next lemma is a property of F,,;(n) which is the most important
for the proof of Proposition 4.7, and this consequently concludes our main

result (Theorem 5.1).

Lemma 3.9. For any (n,l), the inequality

n—1_ _n
u<Fnl(n)_Fn,l(i)< -

- 3.21
1—am ’ 1—ao ( )

holds for « € (0,1) andi=2,--- ,n— 1.

Proof. Our main idea for the proof is the induction for (n,!) based on Farey
O

series. See appendix.
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4 Deterministic Nagumo-Sato Model

In this section, we show that the system (1.1) possesses the Farey struc-
ture in the parameter space which is a layered structure (see Fig.1) and
gives the regions of parameter space in which S, g has a periodic point.
After that, we show a property for a preimage of zero for deterministic NS

model (Proposition 4.7).

BA
1
3 7
4/5
3/4
2/3
\ 7
]
173
0 1 @

Figure 1: The region of the parameter space (, ) in which S, g has a
periodic point with period n =2,---,7.

4.1 Farey structure of the NS model

Let 7,7 : RZ2 — R be two projections with 7 (a, 3) = « and m(a, ) =
B, and define a Farey structure as follows. Let E be a bounded subset
of R? and let {Dn,i}nenicpr(n) be a family of subsets of E satisfying the
following properties. For each a € m(F), there exist real numbers Bg’ (@)
and B[ () such that

7 (Dny N wfl{a}) = [Bil(a), Bgl(a)) . (4.1)

We denote Dy, ; < Dyr i if BY (a) < B, /() holds for any o € m1(E). We

then consider a two parameter family of transformations of [0,1), {Ta,3 :
0,1) = [0, D)} a,p)eE-
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Definition 4.1. {7, g} (a.5)cE POssesses a Farey structure in a parameter
subspace E C R? if there exists {Dy, 1 }(,,,1) C E satisfying the property (4.1)
such that

(i) Leb(Dy,) > 0 for all (n,1),

(ii) Ty,p with (o, 8) € D, has a periodic point with period n for each

(n,1),

(i) Dypt11 < Dyp1 and Dy, -1 < Dpy1p hold for every n € N. If (n,l)
and (n,l’) satisfying nl’ —n’'l = 1 and D,,; < Dy, then D, ; <
Dn+n’,l+l’ < Dn’,l/'

To state the next Theorem 4.3, which shows that {S, g} has this Farey
structure, we define two functions BY,(a) and Bf,(a) and sets {Dp.i} ()

as follows;

Bl (a) = (1—a)< ! ikmam+1>, (4.2)

1—an
m=1

BEy(a) = <1—a>< ! "ikmamu—“"‘l‘“"), (4.3)

1—am = 1—am
and
Dy ={(a,8) € (0,1)* | By (a) < B8 < B ()}, (4.4)

where the sequence {k;}icz is a rational characteristic sequence (3.1) with
respect to (n,l). Note that these functions can be rewritten as follows by
using the equations (3.14) and (3.15);

Bfil(oz) = (I1-a) (a {i\rﬁiilo} Ai(a) + 1) , (4.5)
B,I;’l(a) = (I1-a) (a {ir‘g?:xl} Ai(a) + 1) . (4.6)

The parameter regions in Fig.1 correspond to above sets {D,,;} for n =
2,3,---,7. The next proposition derives the property of {D,,;} defined

above which implies (iii) of Farey structure.

Proposition 4.2. Let D, ; be defined by (4.2), (4.3) and (4.4). Then,
for every n € Nxg, relations Dypy11 < Dp1 and Dy p—1 < Dpy1,, hold.
Moreover, if Dy < Dy o and satisfy nl’ —n'l = 1, then there exists a
region Dy s 41 such that Dy < Dy i < Dps e
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Proof. If we choose I = 1, a rational characteristic sequence with respect to
(n,1) is satisfied k; = 0 for i = 0,--- ,n — 2 and k,_; = 1 for an arbitrary
n € N>qo. By using this property, for a € (0, 1),

B#,l(a) - Bg+1,1(0‘)

a‘n—l an—l_an a™
= (l-a)(—+1-"— ) —(l—a) [ ————— +1
( a)<1o¢"+ 1—an ) ( a)<1a"+1+ )

2n 2
a1 —«a
= ( ) > 0.
(I1—-—am)(1—antl)
By the same way, if we choose | = n — 1, then a rational characteristic

sequence with respect to (n,n — 1) is satisfied kg = 0 and k; = 1 for

i=1,---,n—1 for an arbitrary n € N>s. Hence, for a € (0,1),

BrILJ—&-l,n(Oé) - BTlL],'rL—l (Oé)

n

1 " i a” — "ttt
= (1—0‘)<1_WZQ+1—1_M+1>
=1

n—1
1 ; a®(1—a)?
—(1— +1) = > 0.
( a>(1_an2a - ) (1—am)(1—art)
Next, let {k; };cz and {k]};cz be the rational characteristic sequences with

respect to (n,l) and (n',l’) respectively. From Proposition 3.3, if (n,l) and

(n/,1") satisfy nl’ — n'l = 1, we can write a rational characteristic sequence
{k;}icz with respect to (n+n/,l+1') as

b= (4.7)
kg—n fOI‘ i:n,...’n_;'_nl_l

and kp, :=k; if m =i +t(n+n') withi =0,--- ,n+n'—1 and ¢t € Z\{0}.
Thus, for o € (0,1),

Br€+n’,z+1/(0¢) - Br[{,l(a)

l-«
1 n+tn'—1 .t/ =1 gt/ 1 n—1 )
_ - A _ At
1 —antn Z kia 1—ant? 1—an Z kia
i=1 i=1
’ | —1
a"(1—a") I kot 1 X kol
1 —antn 1—a"'z ia_l—anz i
i=1 =1

’ ’
an+n -1 a71,+71,

1—antn
Here, from the assumption D, ; < Dy, that is, BY (o) < BE ,(a) for
a € (0,1), we can see a following inequality;

/

’
n' —1 n—1
1

i 1 ; anlfl —a”
i=1 i=1
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Thus, we have that

’

L U ’ ’_ ’ ’_
By i (@) = By (@) a(1—av)a” 1t —a® attnol o qntn
1-« l—artn  1T—av 11— ant
= 0.

At last, to clarify an inequality BY, .., (a) < Bl /(@) for a € (0,1), we
use the property of a rational characteristic sequence, (ii) of Proposition

3.2. Then, we can obtain a following equation;

/

n+n’—1 n' —1 n—1
Z kia® = Z ki’ + o™ Z kia' —a™ "t +a™. (4.9)
i=1 i=1 i=1

By using this equation, evaluate the last inequality as follows;

Bﬁ,’l,(a) - B1[1]+n’,l+l’(a)

l1-«
n'—1 . ’ ntn'—1
1 . a™ 1 _ a™ 1 .
= T a7 E k - ’ - 7 E kla
1—an ‘ 1—an 1—aqntn
=1 =1
’ n'—1 n—1
a™ (1 —a™) 1 i 1 ;
= . . g ko' — g k;at
1—antn 1—am < 1—an 4
i=1 i=1
an'—l _ an/ an'—l _ an/
- 7 + I/
1—an 1—antn
’ ’ ’ ’ ’ ’ ’
an(l_an)an—l_an an—l_an an—l_an
—ar7  1—av  1—av  1—amw

= 0
O

Theorem 4.3. {S,,5}(a,8)cE Possesses the Farey structure in £ = {(a, B) €
(0,1)? | @+ B > 1} with {Dni}nenicprn) defined by (4.4).

Proof. The property (i) in Definition 4.1 is obvious and (iii) has already
proved in Proposition 4.2. Hence, we shall clarify (ii). S, 5 can be written

as follows;

1-8
Sup(z) = ar+ for me[(l),_a ) (4.10)
’ ar+ -1 for xe[=5,1).

Now, to compute a solution of an equation 5’27 3 (z) = x, rewrite the equation
(4.10) as follows;

Sap(a) =ar+ -k (ke{0,1}),
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where if 2 € [0,1>2), then k = 0, and if # € [1=2,1), then k = 1. And let
Tnt1 = S(xn) = axy, + B8 — ky, for n > 0. We then have that

Sppm) = a(-(alax+B—ko)+B—Fk)+-)B—kn
n—1
= a"z+ 1__ - ;} ka1 (4.11)

Thus, the solution of the equation S 5(wo) = 7o is

o ﬂ 1 n—1—1
xo_l_a—l_an;kﬂ (4.12)

In order for x( to be periodic point with period n, {ki}?;()l should be satisfied
that if k; = 0, then S, sl®o) € 0,2=2), and if k; = 1, then Sgﬁ(xo) €

[%, 1) for each ¢ € {0,...,n — 1}. Rewrite these conditions as follows;

. 1_ 1—
S}l’ﬁ(xo)E klaﬁ,(l—k‘,)aﬁ—f—kl) for i=0,---,n—1. (413)

From the formulas (4.11) and (4.12), the inequality (4.13) can be written as
(1—a)(adi(a)+k;) (1—-a)(a(Ai(e) + ki) +1— k)

<B< , 4.14
a+ki(l—a) <p a+(1-k)1-a) (4.14)
fori=0,---,n— 1, where
1 i—1 n—1 ‘
P pa— ( DI kman+~m> .
Thus, if there exist an intersection of above equations (4.14) for¢ =0, -+ ,n—

1, then zy can be periodic point with period n. Now let functions B;(«)

and C;(a) be

(1 —a)(adi(a) + k)
Bi(a) = atki(l—a) )
Cila) = Lmola(dil@) +h)+1—k),

a+(1-k)1-a)

A condition for an existence of the intersection is
min C;(«) — max B;(a) > 0.
1 7

Next, B;(a) and C;(«) can be rewritten as follows;

) (I=a)Ai(a) if k=0
Bile) _{ (1—a)(adia)+1) if k=1, (4.15)
Cila) = { (1 —a)(ad;(a) +1) %f ki =0 (416)
(1 - a)(Ai(a) +1) if k=1,



and we see that

max B;(a) < max B;(a) min C;(a) < min C;(a).

{ilki=0} {ilki=1} " {i|ki=0} " {ilki=1}
Thus,
Bi(a) = B, inC;(a) = in Ci(a).
max (@) {ir\lkl?:Xl} (@), min (@) {ilrlrclililo} (@)

From (4.15) and (4.16), if k; = 1, then B;(a) = (1 — a)(a@d;(a) + 1), and
if k; = 0, then Cj(a) = (1 — a)(ad; () + 1). Since these are coincided, we
should compare just A;(«) for the existence of the intersection. In other
words, we should clarify that there exist {k;}/'—; such that {A;(a)}7Z,) is
satisfied

in Aj; — A; . 4.1
min i(@) (hax i) >0 (4.17)

Now, from Lemma 3.7, if we choose a rational characteristic sequence as
{k;}7=', then this inequality (4.17) holds. Furthermore we can see that

Dn,l = {(avﬂ) € (071)2 |

(1-a)(a {irlilfzcl}Ai(a) +1)<B<(1—-a)a {i\rﬁifm Ai(a) + 1)}

Therefore, if take (o, 8) € Dy, 1, then S, 5 has a periodic point with period

n. O
The next corollary leads a zero Lebesgue measure of parameter sets for

which S, g has no periodic point.

Corollary 4.4. For Leb— a.e. (o, 8) € E, Sy g has a periodic point.

Proof. Since S, g has a Farey structure in the parameter subspace E =

{(a, B) € (0,1)® | @+ B > 1}, then {Dn,l}neNzg,lEPr(n) are disjoint, and we

can compute a following measure;

b J U Dua :/0 Zap(n)wda (4.18)

n€N>s lePr(n)

Here p(n) is a number of Pr(n) for n € N called Euler’s totient function.

Now we use a property of the Lambert series,

i@(n)lfnan = <1f&>2. (4.19)

n=2

By using this, we can calculate

Leb | |J U D :%.

ne€N>o l€Pr(n)
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Then, since this measure is corresponded to the measure Leb(E) with E =
{(a, 8) € (0,1)% | @ + B > 1}, a proof of this corollary is completed. O

Remark 4.5. The Proposition 4.2 show that the following relations hold
for rational characteristic sequences {k,}, {k,} and {k,} with respect to
(n,1), (n',1") and (n+n',1+1"), respectively, with nl’ — n'l = 1;
Bﬁ,’l,(a) > B,[il(a),
Bﬁ/,l/(a) > B7[l]+n’,l+l' (Oé), fOI' [VAS (07 1)
B£+n,/,l+l/(a) > Bg,l(a),

By using explicit formulas (4.2), (4.3) and (3.18), these can be rewritten as
follows respectively; for a € (0,1),

a™ -1 _ a™

Fn/,l/(n/) — le(n) > ﬁ’ (42(])
—

! 12 an/7 - anl

Fn/»l/(n ) - Fn+n’,l+l/(n +n ) > 1_70[”,, (421)
/ an-{-n'—l — a”"‘”/

Pyt 10 _F, > (422
+n g4 (n+n') i(n) T (4.22)

These inequalities will be useful for proving the Lemma 3.9 whose proof
are written in appendix. Note that these inequalities (4.20),(4.21) and (4.22)
are the properties of a rational characteristic sequence, which is not neces-
sary to the NS model.

Remark 4.6. The system S, 3 has a periodic point with period n when
(o, B) € Dy, ;. The set of these periodic points with period n is given by

B

11—«

Per,, (S ) = { - Aila)

io,--.,nl}. (4.23)

4.2 Preimage of zero for NS model

In [17], Keener showed that if the set of preimages of a discontinuous point
is finite, then the map has a periodic solution. The next proposition gives
a new property of the preimage of zero for the NS model, which concludes
that the set of preimages is finite for any parameter (o, §) € D,, ;. Remark
that zero is a preimage of the discontinuity point of NS model. This result

is used for the proof of Lemma 5.3.

Proposition 4.7. Assume that (o, 8) € D,,;, then

5-7(0) = Z Fnoivmo1 =6 0,1, (i=1,---,n—1), (4.24)

am™
m=1
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where {k.,} is a rational characteristic sequence with respect to (n,l).

Moreover, for i =n, S;%(O) is not in [0,1].

Proof. Since the range of the map S, g is [0, a4+ 8 — 1] U [B, 1], it is obvious
that, for any = € [0, 1], there exists S_ Hl)( ) in [0,1] when S;%(m) €
[0, 48 —1]U[B, 1]. Moreover, if there exists 5’;5( ) in [0, 1], this is unique.
Next, for t = 0,1,2,---, we write the map Sqp as 41 = Sap(x) =
azy + 3 — k; for an initial point xq, where k; = 0 if z; € [0, %), and k, =1
if z; € [%, 1). Then, S;%(O) = %T*B and the following equation follows

inductively,

1 I%ifm -
S=L(0) = Zﬂ for i=1,---,n—1,

m=1
where {k,,}'1, € {0,1}". Now we will show that there exists a sequence
{km 3% € {0,1}™ such that above S;ZB(O) isin [0,1] for i =1,--- ,n— 1.
To show this, we choose a rational characteristic sequence {k,,}"_}, with

respect to (n,1) as {kn, More precisely, it is enough to put ki1 =

m= 0

kn—itm—1 for i = 1,--- 'n—1and m = 1,--- ;4. Applying this, we will

show

S;,iﬁ(o) € [/87 1) if k,_;_1=0, (4.25)
So5(0) € 0,0+ B—1)if ki =1 (4.26)

fori=2,--- ,n—1.
In the case that k,,_;_1 = 0, we can rewrite (4.25) as follows by using the

properties of rational characteristic sequences (Proposition 3.2);

i—1
l1—« ,
- ™l —a +1
T o (mglk‘moz 04) <ﬁ_1 (g ko™ )

Since § satisfies BrLL () < B < Bn ,(@), it suffices to show that

1—1
1 _
Lo (z b + ) _BY@ >0,

m=1
i—1
BLy(a) - —2 (Z ko™ 41 — o/> > 0.
5 ot
m=1

By using the explicit formulas (4.2) and (4.3), these inequalities can be
rewritten as

1 % 1 n—1 ai+1
W Z kmozm — I—aon Z lf»molm + m > 0, (427)
m=1

n—1

n—1
1 —a"

Ekmm Ekm , 4.2
1—an « 1—041 o 1—a” >0 (4.28)
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for any ¢ = 2,--- ,n— 1. These inequalities (4.27) and (4.28) are allowed by

Lemma 3.9.
On the other hand, in the case that k,_;_1 = 1, by similar arguments

one can find that we should show next inequalities;

-1

i—1 n ;
1 1 o'
N ke — k™ S0, (4.2
1—0412:: “ 1—a”'m:1 “ +1—oﬂ>0 (4.29)
1 = m 1 : ,  avl—an
m=1 m=1

for any ¢ = 2,--- ,n—2. These inequalities (4.29) and (4.30) are allowed by
Lemma 3.9.

Finally, we can show that S_'5(0) < 0 by using the inequality Bﬁ,l(a) < B.
Thus, S;,’ﬂ(O) is in [0,1] uniquely for ¢ = 1,--- ,n — 1. These complete the

proof. O
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5 Perturbed Nagumo-Sato Model

In this section, we prove our second main theorem which states that a
Markov operator generated by the system (1.2) has one of two different
asymptotic properties depending on the maximum value 8 of the noise.

We come to consider our random dynamical system (1.2). From Propo-
sition 2.30, we know that the Markov operator P : L'([0,1]) — L*([0,1])
defined by (2.5) generated by (1.2) is asymptotically periodic. Therefore,
the next main theorem gives a sufficient condition for r > 1 (asymptotic
periodicity) and for r = 1 (asymptotic stability).

Theorem 5.1. Let P be the Markov operator corresponding to system (1.2).
Fixn € N and | € Pr(n). Assume that (o, 3) € Dy;. Then there exists
0. (e, B) = 0.(c, B,m, 1) € [0,1] such that

(i) if 0 < 0.(a,B), then r =n > 1, and {Pt} is asymptotically periodic

with period n,
(ii) if 0 > O.(a, B), then T =1, and {?t} is asymptotically stable,

where r is the number defined in Definition 2.18, and

0. (a, ) = %

Remark 5.2. Note that the inequality 0 < 6, («, 8) means («, 5+&) € Dy
with arbitrary £ € [0, 6].

— B+ Bf(a). (5.1)

We first show the next result which is a key lemma for the proof of
Theorem 5.1(3).

Lemma 5.3. Assume that (o, ), (o, +0) € D,,; forn € N andl € Pr(n).
Fori=0,--- ,n—1, let G; be an interval defined by

b A, TE0 -

l-«a l-«a
where A;(«) is defined by (3.7). Then, fori=10,1,--- ,n—2,

Gi = Ai(a) 5 (52)

Tey1 € Gipr if € Gy and x40 € Gy if ¢ € G, (5.3)

where x41 is determined by the system (1.2). Moreover, there exists a num-
ber N € N such that z,1 € U}~y Gi fort > N and a.e.z € [0, 1)\ U], Gi.

Proof. First we show the statement (5.3). Let {k;};cz be a rational char-
acteristic sequence with respect to (n,!). From the definition of A;(«), the

following relations hold;
Aiy1 = adi(a)+k; for i=0,---,n—2 and (5.4)
Ao = OéAn_l(Oé) + kn—1~ (55)
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Since 441 = Sa.g(zs) + & (mod 1) = axy + 8 — k; + & for all 2, € G; and
any noise & € [0, 6], by using equation (5.4), we have

1 € [a( 8 —Ai(a))w—mgt

l1—«
,CX(M—Ai(Q)) +ﬁ—kz‘+§t]

l-«
0
= [160( —Aipr(a) + &, % —Ai(a) — (0 - gt)}
0
< [1—504 = Aia(a), f_i - Ai+1(0¢)] =Git1

Therefore, z¢41 € G;41 holds for z; € G;. In the same fashion, we can show
that z;11 € Gp holds for all 2; € G,,—1 and any noise & € [0, §].

Next we will show that, for a.e.zg € [0, 1]\ U?;OI G, there exists a number
N € N such that z;11 € U::Ol G, for t > N. Let the set M be the interval
[S;}BJFG(O), S;lﬂ(O)] Since the & have density g with supp{g} = [0, 6], by

using Proposition 4.7, we have

U Sobve, 0 0S80 hue, (M) C[S,%,4(0),5,5(0)] C [0,1],(5.6)
(€o-++&i—1)€[0,0]*

for i =2,--- ;n— 1. Moreover, we have the following relation from Propo-
sition 4.7,
U Sabien 1O 0 Sn e, (M) £ [0,1]. (5.7)

(o--&n—1)€[0,0]" 1
This means that there do not exist any initial points which belong to M after
the n-th iteration by the system (1.2). For any interval I, if INM # (), then
supp{P1;} may be divided into two intervals since S, g has a discontinuity
point in M. However, (5.6) and (5.7) shows that such divisions occur less
than (n — 1) times. If some interval I develops by this system without
divisions, the Lebesgue measure of iterated sets goes to % after many
iterations. From these facts, consider the iteration of an entire space [0, 1],

one have

—t nd
’SUPP{P 1[0,1]}‘ < (5.8)

lim < .
t—o0 l-«a
On the other hand, since the set UG, is invariant for the iteration, we have

that

n—1 77,0
- Z |G| = for t>1. (5.9)

—t
supp{ P’ 1[0,1]}‘ > T
1=0

n—1
Je.
=0

Therefore, we have

nb
1—a’

. —t
Jim ’SUPD{P 1[0,1]}‘ = (5.10)
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Finally, since | U; G;| = 3,|Gi| = 2%, we can find that there exists
a number N € N such that x4, € U?:_Ol G; for t > N and a.e. zg €

[0, 1]\ U?;ol G;. This completes the proof. O

Let ¢ be the discontinuity point of NS model, i.e. ¢ = % Then we have

the following corollary of Lemma 5.3.

Corollary 5.4. Assume that (o, ) € Dy and 8 < 0.(a,3). Then the
rotation number of the perturbed NS model (1.2) is given by

13 !
p = hm - 1[671)(177;) = ﬁ, (511)

t—oo t
=0

for p-a.e.xq and almost every realization of the system.

Proof. Let {k;}icz be a rational characteristic sequence with respect to
(n,l). When 6 < 6,(a,p3), there exists ¢ such that z; € Gy and xj;
moves in {G;}Z, periodically. Since k; = 1 if and only if z; € [c, 1), and
Z;:Ol k; =1, one can immediately calculate p(xz¢) = % for any initial point
To. ]

Proof of Theorem 5.1(i)

Proof. From Proposition 2.30, we have shown that {Ft} is asymptotically
periodic that » = n and that the period equals n. This follows by using
Lemma 5.3, since the permutation in the definition of asymptotic periodicity
for {ﬁt}, (ii) in Definition 2.18, becomes

01 2 -+ n—2 n-—1
= . 5.12
p <1 2 3 -+ n-—1 0 ) ( )

The proof of part (i) of the theorem is completed. O

Proof of Theorem 5.1(ii)

Proof. We use the idea based on the method in [26] which is for the case

a, 1S cnosen I1rom n.1- irst consider the case = Q) an >
B) is chosen from D, ;. Fi ider th 8 = BE, 4o

an—l(lia)2
1—an

space is given by

for every o € (0,1). In this case, the attracting region of phase

n—1
G:= | J Gi (mod 1), (5.13)
=0
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where G; is defined by Eq.(5.2). Note that {G;} are not always disjoint
for 0 > w Suppose fo is supported on G. If not, then P!f,
will be supported on G for sufficient large t. Next take an arbitrary inter-
val (ag,bp) € G and show that the restriction of fy to (ag,bo), written as
fo = fol(ag,be), Will eventually spread out to fill the entire attracting region
G. Now assume (ag,bp) € G;(mod 1). Then there is the part of P"f}
which returns to the set G;(mod 1) after the n-th iteration of fj. Then it-
erate this remainder n times more, again retaining only that part in the set

G;(mod 1). By continuing this procedure and considering the times ¢ = nk,

k=1,2,3,---, some algebra yields
supp{ﬁnkfé} = [max{min G;, ¢1 }, min{max G;, g2 }] (5.14)
where
. _ B B+
minG; = T a Ai(a), maxG; = T A;(a),
nk—1 nk—1—j
q = aa+BY ol = Y ki,
§=0 §=0
nk—1 ] nk—1—j
q2 = a"kbo + (ﬂ + 0) Z ol — Z ki+j.
j=0 j=0

Taking the limit £ — oo, we have

6 n—1 00
. 7
lim q = — E Oén_l_]k‘lurj E ank
k—o0 11—« -
7=0 k'=0

1 n—1 )
— 6 - Zanilijki-‘rj
7=0

l—a_l—a,

B
= - Al )
and
, B+
L
Therefore (5.14) becomes
klim supp{?nkfé} =Gi. (5.15)
—00

Next we will show that there exists € > 0 such that

SUPp{Plenfl)q} = Gym—1)UYI0,€, (5.16)

where ¢(i) = il(mod n). The integer [ is defined in Proposition 3.2. Note
that Gy(n,—1) is the closest interval to 1 in all {G;}. To obtain equation
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(5.16), we need to demonstrate that
p+o

l1—«

— Ad)(n,l) > 1. (5.17)

n—1 2
Use the assumptions g = Bﬁ,l(a) and 0 > 0= e have

1—an 2
B+

— Ayn—
1—q« ¢(n 1)
1 n—1 d(n—1)—1
m d(n—1)—m—1
> 14— S kma™ = > kpa®TY (5.18)
m=0 m=0
n—1
o Z kman+¢(n71)fm71
m=¢(n—1)

By using the properties of a rational characteristic sequence (Proposition3.2),

we can see

n—1 Pp(n—1)—1 n—1

Z ko™ — Z kma¢(n—1)—m—1 _ Z kman-‘r(b(n—l)—m—l —0.
m=0 m=0 m:¢(n—1)

Thus equation (5.17) holds. From equation (5.15), there exists a large
number Nj such that supp{?N0 fi} = G;. In particular, we can choose
the number N7 > Ny such that supp{Ple{)} = Gy(n—2). From (5.16),
supp{leHfé} = Gg(n-1) U [0,¢]. Allowing [0,¢€] € G to play the role of
[ag, bo] above, eventually [0, €] will spread over the entire interval Go. Thus,
there exists a large number Ns such that

Na—=N;+1

supp{ﬁn P 1y = G p(n—1) U Go. (5.19)

Continuing this argument, (ag, by) will spread over the entire G, i.e.,

Jim supp{P'f} = G. (5.20)

Since (ag,bp) was an arbitrary component of a density on [0, 1), any com-
ponent of an initial density will spread to cover the whole attracting part
G, ie.,

tlim supp{?tfo} =G for fyeD. (5.21)

Lemma 2.27 shows that if the condition (5.21) holds for the operator P,
then the iterates {P*fo} will be asymptotically stable for all fo € D.

Next, we consider the case 8 > B[ («) and 0+ 3 — B () > w
In this case, since there exists (n’,!’) such that (o, 8+ 0) € D, , replacing
n and [ by n +n’ and [ + I’ respectively in the argument of the previous
case ff = Bﬁyl(a) is enough to prove this case 8 > BTLLJ(oz). And we can

show that any component of an initial density spreads to cover the whole

attracting part of the phase space. This completes the proof. O
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In addition to Theorem 5.1, the argument used in the proof of Theorem
5.1 (ii) plays a role to obtain the following result which shows an asymptotic

behavior for the parameter satisfying g = BT[LJ, ().

Theorem 5.5. Let P be the Markov operator corresponding to system (1.2)
and give a parameter (a, ) € [0,1)2 satisfying B = Bgl(a). Then, {?t} is
asymptotically stable for any 6 > 0.

Proof. If we take § = Bfil(oz), then, for any 6 > 0, there exists (n’,!") such
that (o, 8 +6) € D, ;.. Replacing n and [ by n+n' and [ + I’ respectively
in the argument of the previous case 8 = Bil(a) in Theorem 5.1 (ii) is
enough to prove this case f = Bg,l(a) and 6 > 0. Then we can derive the
equation (5.21) for any initial density fo € D, and show that any component
of an initial density spreads to cover the whole attracting part of the phase

space. O

Remark 5.6. The condition 8 = Bgl(a) implies that S, g does not have
periodic point. The case a = 1/2, 8 = BY(1/2) = 17/30, § = 1/15 of
behavior was observed numerically in [19, 22]. Although these observations
showed us a periodic behavior with period 3, Theorem 5.5 indicates asymp-
totic stability for the case. And recently, Kaijser [16] showed that it displays
asymptotic stability in this special case « =1/2, 8 =17/30 and 6 = 1/15.
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6 Numerical results

In this section, we show the numerical illustrations of our results (Theo-
rem 5.1 and 5.5), which describe asymptotic behaviors of the Markov oper-
ator corresponding to system (1.2). In Fig.2, illustrated histograms approx-
imately describe evolutions of densities by Markov operator P of system
(1.2), {P' fo}, with @ = 1/2, 8 = BE,(1/2) = 4/7 and 6 = 0.(1/2,4/7) =
1/14 for an initial density fo = 1jp,1}. In this case, P generated by this sys-
tem has asymptotic periodicity with period 3 from Theorem 5.1(i). Indeed,
Fig.2 indicates that the sequence {?t fo} has period 3, and these densities
are repeated even after ¢ = 100, 000.

@) (ii)

" ¥ |

(i) (iv)

|
A daa 1l

0 1 0 1

Figure 2: Asymptotic periodicity illustrated. Here we show histograms
obtain after iterating 1,000,000 initial points uniformly distributed on [0, 1]
with o« = 1/2, § = 4/7, and 6§ = 1/14 in Equation (1.2) for (i) ¢ = 1, 000;
(if) ¢ = 1001; (iii) ¢ = 1002; and (iv) ¢ = 1003. A correspondence of the
histograms for ¢ = 1000 and ¢ = 1003 indicates that the sequence of densities
has period 3.

On the other hand, in Fig.3, we pick a = 1/2, 3 = B¥,(1/2) = 4/7 and
0 = 0.(1/2,4/7) + 0.02 = 1/14 + 0.02 for system (1.2). In this case, P
has asymptotic stability from Theorem 5.1(ii). Indeed, after ¢t-th iterations
(t > 1000), the sequence {Ptfo} goes to the density of Fig.3 for the initial
density fo = 1jo,1]-

Finally, in Fig.4, we show the case o = 1/2, 8 = BY,(1/2) = 17/30 and
6 = 1/15 for system (1.2). In this case, P has asymptotic stability from
Theorem 5.5. Indeed, after 50,000th iterations, the sequence {Ptfo} goes
to the density of Fig.4(iv) for the initial density fo = 1j9 1
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(¥ (if)

Figure 3: Asymptotic stability illustrated. Here we show histograms ob-
tained after (1)1000th; (ii)1001th iterating 1,000,000 initial points uniformly
distributed on [0, 1] with & = 1/2, 8 = 4/7, and § = 1/14+0.02 in Equation
(1.2).

1

Figure 4: Asymptotic stability illustrated. Here we show histograms ob-
tained after (i)1000th; (ii)10000th; (iii)50000th and (iv)50001th iterat-

ing 1,000,000 initial points uniformly distributed on [0,1] with o = 1/2,
8 =17/30, and § = 1/15 in Equation (1.2).

1
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Appendix Special type of induction based on

Farey series

We give the proof of Lemma 3.9 by using a special type of induction as

follows;
Step(1) The inequality holds for (n,1) and (n,n — 1) for n € N>o.

Step(2) Assume that the inequality holds for (n,!) and (n',l’) with nl’ —
n'l = 1. Then, the inequality holds for (n +n', 1 +1).

By the definition of the Farey series, it is obvious that the above induction
shows the inequality holds for all (n,[). The details of the Farey series is to
be found in [1].

Definition A.1. The set of Farey series of order n, denoted by F,, is
the set of reduced fractions in the closed interval [0, 1] with denominators

< n, listed in increasing order of magnitude.
The following theorem is well known.

Theorem A.2. ([1], Theorem 5.5) The set F, 1 includes F,,. Each frac-
tion in F,41 which is not in F,, is the mediant of a pair of consecutive
fractions in F,,. Moreover, if 7 < 5 are consecutive in any F,, then they

satisfy the unimodular relation bc — ad = 1.

Proof of Lemma 3.9

Proof. (I)First we consider the following inequality;

anfl —a”

Fa(n) = Fuai) >

(A1)

We used a special type of induction for (n,l), which is associated to the
Farey series.

(I-1) We first show the inequality (A.1) in the case (n,1) and (n,n —1) for
any n > 2.

(I-1-1) When {ky, }mez is a rational characteristic sequence with respect
to (n,1), one can see that k,, =0 for m =0,--- ,n—2 and k,_1 = 1, and
obtain inequality (A.1) immediately for any ¢ = 2,--- ,n — 1.

(I-1-2) When {k,}mez is a rational characteristic sequence with respect
to (n,n — 1), one can see that k,, = 1 for m = 1,--- ,n — 1. Thus the

inequality (A.1) can be also shown by elementary calculations.
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I-2) Next, assume that the inequality (A.1) holds for (n,[) and (n/,1’) with
y

nl’ —n/l = 1. That is, next two inequalities hold;

n—1 n
. « - .
FnJ(n)—Fn)l(Z) > w for Z:2,"' ,n—17 (AQ)
n'—1 _ . n
Forp(n') = For v (1) > alina for i=2---,n —1, (A.3)
—

where {k;,}mez and {k],}mez are rational characteristic sequences with
respect to (n,l) and (n,l’) respectively. Then, we will show that the in-
equality (A.1) holds for (n+n',l+1"). That is, we will show that the next

value is positive for any i =2,--- ,n+n' —1 and « € (0,1);

’ ’
a7z+7z -1 _ O/L+n

Fn n’ 4 /_Fn n’ (i) — 7 ) A4
tn g (n+n) a4 (8) T e (A.4)
where the sequence {]%m}mGZ is the rational characteristic sequence with
respect to (n+n',l+1'). From the Proposition 3.3, {ifm}mez can be made
from {k;, }mez and {k], }mez.

(I-2-1) For i = 2,--- ,n — 1, by using (4.22) and (A.2),

Cvnjtn/fl _ Oén+n'

Eq(A4) = Fn+n/7l+l/(n + ?7,/) — anl(i) —
le(n) — Fn’l(i) > 0.

1 —antn

V

(I-2-2) For i = n,n + 1, it can be obtained from (4.22) and (3.19).
(I-2-3) For i =n+2,--- ,n+n’ — 1, by using (3.19),

1—a™ a™(1—a™)

Eq(A4) = 71 — an-l—n’ le(n) —|— 1 — an-i—n’ Fn’,l/(n’)
1—a” a™(1—at™m) .
- ; Fn - Fn’ (1 —
T — o a(n) T o v(i—n)

an-i—n'—l _ an—i—n/

_ (A.5)

1 — aqnt+n

Applying the assumption (A.3) to the fourth term of (A.5), we can calculate

as follows;

7 _an _on4n'—1 n'—1 __ _n'
Bg(Aq) > Llzat-a ){Fn/J/(n’)—Fnl(n)—H}.

(1~ ah)(1—am) , T—av

Then it was proven that Eq.(A.4) is positive for i =n+2,--- ,n+n' —1
from the inequality (4.20). From these arguments (I-1) and (I-2), for any
(n,1), the inequality (A.1) is proved.
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(IT)Next we consider another inequality;

ot

1—at’

Foi(n) —Foi(i) < (A.6)

This proof is similar to the previous inequality (A.1). The key idea is to
switch the roles of n and n'.

(II-1) In the case (n,1) and (n,n — 1) for any integer n > 2, the inequality
(A.6) can be clarified by elementary calculations because of same reasons
with (I-1).

(II-2) Next, assume that the inequality (A.6) holds for (n,l) and (n/,1")
with nl’ —n’l = 1. That is, next two inequalities hold;

l-«o

l1—«

Foi(n) — Fp (i) < for i=2,---,n—1, (A7)

Fn’,l’ (n’) — Fn’,l’ (Z) <

for i =2,---,n —1, (A.8)

where {k,,}mez and {k., }mcz are rational characteristic sequences with
respect to (n,l) and (n’,l’) respectively. Then, we will show that the in-
equality (A.6) holds for (n +n/,l+1"). That is, we will show that the next
value is positive for any i =2,--- ,n+n’ —1 and « € (0,1);

aZ

1—ai Frpn v (n+ n') + Fopn 140 (), (A.9)

where the sequence {]%m}mGZ is the rational characteristic sequence with

respect to (n+n/, 1 +1).
(I1-2-1) For i = 2,--- ,n' — 1, by using (3.20), (A.8) and (4.21),

Oéi .
Eq.(A9) = T—ai Frgn g (n+n') + Fo (i)

> Fur(n) = Fupn ppr(n+n') > 0.

(I1-2-2) For i = n/,n’ + 1, it can be obtained from (4.21) and (3.20).
(I1-2-3) For i =n' +2,--- ,n’ +n — 1, by using (3.20),

al 1—a” a™ (1 —am)
Eq(Ag) = 1 _ Oéi - 1 _ an+n/ F?’I/,l/ (n,) - 1 _ an+n/ n,l(n)
1—a" oa(1—aim) .,
+ 1—ai Fn/*l/(n)+1_—a{iFn’l(Zin)' (Al())

Applying the assumption (A.7) to the fifth term of (A.10), we can calculate

as follows;

al(l— a”/)(l — o/”’”/_l)

Eq.(A.9) A= a(l —art)

{Fn’,l’(n/) - Fn,l(”)} .
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Then it is proven that Eq.(A.9) is positive for i = n’ +2,-+- 'n' +n—1
from the inequality (4.20). From these arguments (II-1) and (II-2), for any
rational characteristic sequence with respect to (n,l), the inequality (A.6)
is proved.

O

Acknowledgment

I would like to express my deepest appreciation to my supervisor, Prof.
Michiko Yuri, whose insightful comments and warm encouragement were of
inestimable value for my study. I also would like to thank many people who
helped me for my nine years in Hokkaido University. Moreover, I have had
the support and great helps which made my spirit and humanity grow by
the Ministry of Education, Culture, Sports, Science and Technology through
Program for Leading Graduate Schools (Hokkaido University ” Ambitious

Leader’s Program”).

References

[1] T. M. Apostol, Modular functions and Dirichlet series in number
theory (Vol. 41), Springer Science & Business Media, 2012.

[2] J. Berstel, Recent results on Sturmian words, In Developments in
Language Theory, 2 (1995), 13-24.

[3] J. Berstel, Sturmian and episturmian words. In Algebraic informatics,
Springer Berlin Heidelberg. (2007), 23-47.

[4] V. Berthé, A. De Luca and C. Reutenauer, On an involution of
Christoffel words and Sturmian morphisms, Furopean Journal of Com-
binatorics, 29 (2008), 535-553.

[5] G. I. Bischi, L. Gardini and F. Tramontana, Bifurcation curves in
discontinuous maps, Discrete Contin. Dyn. Syst. Ser. B, 13 (2010),
249-267.

[6] T. C. Brown, Descriptions of the characteristic sequence of an irra-
tional, Canad. Math. Bull, 36 (1993), 15-21.

[7] E.R. Caianiello, Outline of a theory of thought-processes and thinking
machines, Journal of theoretical biology, 1 (1961), 204-235.

40



8]

[9]

[10]

[12]

[13]

[14]

[15]

[16]

[17]

[19]

E. J. Ding and P. C. Hemmer, Exact treatment of mode locking for a

piecewise linear map, Journal of statistical physics, 46 (1987), 99-110.

G. Essl, Circle maps as simple oscillators for complex behavior: 1.
Basics, In In Proceedings of the International Computer Music Con-
ference (ICMC), (2006).

D. Faranda, J. M. Freitas, P. Guiraud and S. Vaienti, Sampling local
properties of attractors via extreme value theory, Chaos, Solitons &
Fractals, 74 (2015), 55-66.

D. Faranda, J. M. Freitas, P. Guiraud and S. Vaienti, Statistical prop-
erties of random dynamical systems with contracting direction, Journal
of Physics A: Mathematical and Theoretical, 49 (2016), 204001.

L. Glass, M. R. Guevara, A. Shrier and R. Perez, Bifurcation and chaos
in a periodically stimulated cardiac oscillator, Physica D: Nonlinear
Phenomena, 7 (1983), 89-101.

G. Gémez, J. M. Mondelo and C. Simd, A collocation method for
the numerical Fourier analysis of quasi-periodic functions. I. Numerical
tests and examples, Discrete Contin. Dyn. Syst. Ser. B, 14 (2010), 41—
74.

T. Inoue, Invariant measures for position dependent random maps
with continuous random parameters, Studia Math., 208 (2012), 11-29.

Y. Iwata, and T. Ogihara, Random perturbations of non-singular
transformations on [0, 1], Hokkaido Mathematical Journal, 42 (2013),
269-291.

T. Kaijser, Stochastic perturbations of iterations of a simple, non-
expanding, nonperiodic, piecewise linear, interval-map, preprint,
(arXiv:1606.00741).

J. P. Keener, Chaotic behavior in piecewise continuous difference
equations, Transactions of the American Mathematical Society, 261
(1980), 589-604.

A. Lasota, T. Y. Li and J. A. Yorke, Asymptotic periodicity of the iter-
ates of Markov operators, Transactions of the American Mathematical
Society, 286 (1984), 751-764.

A. Lasota and M. C. Mackey, Chaos, fractals, and noise: stochastic
aspects of dynamics, Springer Science & Business Media, 2013.

41



[20]

[22]

[23]

[24]

[27]

M. McGuinness, Y. Hong, D. Galletly and P. Larsen, Arnold tongues in
human cardiorespiratory systems, Chaos: An Interdisciplinary Journal
of Nonlinear Science, 14 (2004), 1-6.

J. Nagumo and S. Sato, On a response characteristic of a mathematical
neuron model, Biological Cybernetics, 10 (1972), 155-164.

F. Nakamura, Periodicity of non-expanding piecewise linear maps and
effects of random noises, Dynamical Systems, 30 (2015), 450-467.

F. Nakamura, Asymptotic behavior of non-expanding piecewise linear
maps in the presence of random noise, DCDS-B, (2017), (Accepted).

M. Oku and K. Aihara, Numerical analysis of transient and periodic
dynamics in single and coupled Nagumo-Sato models, International
Journal of Bifurcation and Chaos, 22 (2012), 1230021, 15 pp.

A. Panchuk, I. Sushko, B. Schenke and V. Avrutin, Bifurcation struc-
tures in a bimodal piecewise linear map: regular dynamics, Interna-
tional Journal of Bifurcation and Chaos, 23 (2013), 1330040.

N. Provatas and M.C. Mackey, Noise-induced asymptotic periodicity
in a piecewise linear map, Journal of statistical physics, 63 (1991),
585—612.

N. Provatas and M.C. Mackey, Asymptotic periodicity and banded
chaos, Physica D: Nonlinear Phenomena, 53 (1991), 295-318.

42



Flowchart

We show the main flow to lead our main results as follows.
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