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Introduction

Geometric information of Frenet curves in the Euclidean 3-space are described by
two invariants up to congruence. However we cannot investigate non-regular curves
and straight lines by using the invariants because such cureves are not Frenet curves.
Moreover we remark that the invariants are not invariants as "movement" but in-
variants as "shape". Notwithstanding, we have many objects which have singular
points in classical differential geometry. On the other hand, there are many articles
concerning flat surfaces associated with space curves (in particular, Frenet curves) in
the Euclidean 3-space which are called developable surfaces. Developable surfaces
are surfaces with vanishing Gaussian curvature in the Euclidean 3-space. Applica-
tions of developable surfaces cover several areas - from ship-building to manufac-
turing of clothing - as they are suitable to the modeling of surfaces which can be
made out of leather , paper, fiber, and sheet metal (cf. [39]). We have important 3-
kinds of developable surfaces associated with a space curve. These are the tangent
developable surface (i.e. the envelope of osculating planes), the focal developable
surface (i.e. the envelope of normal planes) and the rectifying developable surface
(i.e. the envelope of rectifying planes). Their singularities and geometric properties
are investigated in [5,7,17,23-26,33, 34,36, 37,40]. However the author could not
find any articles concerning singularities of the focal developable surfaces and of
the rectifying developable surfaces associated with non-regular curves.

In this thesis we investigate singularities of flat surfaces associated with non-
regular curves in Euclidean 3-space and Euclidean 3-sphere as an application of the
singularity theory. In order to consider non-regular curves, we first introduce the
following notion of framed curves in the direct product of the Euclidean n-space R"
and the (n,n — 1)-type frame field V,, ,_1:

Definition (Framed curve, [22]) We say that (¢, N) : I — R" x V,,_1 is a framed
curve if 4(t) - n;(t) = O0forallt € Tandi =1,...,n — 1, where N(t) = (n1(t),n2(t),
oy iy_1(t)). If (7, N) is an immersion, we call (v, N) a framed immersion.

Definition (Framed base curve, [22]) We say that oy : I — R" is a framed base curve
if there exists N : I — V,,,,_1 such that (v, N) is a framed curve.

The author and Masatomo Takahashi introduced the notion of framed curves and
framed base curves in [22]. Framed curves are natural generalizations not only of
Frenet curves, but also of Legendre curves in the unit tangent bundle over R?. For
a framed curve, we define invariants which are called the curvatures of the framed
curve, similar to the curvatures of a Frenet curve and of a Legendre curve. The cur-
vatures of the framed curve is quite useful to analyze the framed curve and its singu-
larities. In fact, we have existence and uniqueness for the framed curve by using its
curvatures (cf. Theorems 1.1.4 and 1.1.5). We must consider how to take a parameter
and a moving frame for a framed base curve. Therefore we investigate properties of
parameter changes and of frame changes in Section 1.3.1. As applications, we con-
sider a contact between framed curves (cf. Section 1.3.2), and relationships between
projections of framed curves and Legendre curves (cf. Section 1.3.3).
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Secondly we apply the theory of framed curves to study of geometric properties
of flat surfaces associated with non-regular curves in the Euclidean 3-space R®. In
Chapter 2, we investigate the focal developable surface (i.e. the envelope of normal
planes) and the rectifying developable surface (i.e. the envelope of rectifying planes)
of a Frenet type framed base curve. A Frenet type framed base curve is defined to
be a non-regular space curve which has the regular unit tangent vector field. It is a
natural generalization of a Frenet curve. In order to define each developable surface,
we apply the notion of support functions (cf. [28]). We introduce new invariants
which related to characterizations as developable surfaces and singularities of each
developable surface associated with a Frenet type framed base curve. The torsion of
a Frenet type framed base curve is constantly equal to zero if and only if the focal
surface is a cylindrical surface (cf. Theorem 2.2.2, (1)). The one of new invariants is
constantly equal to zero under a certain condition if and only if the focal surface is a
conical surface (cf. Theorem 2.2.2, (2)). We give characterizations of singularities of
the focal developable surface of a Frenet framed base curve by using those invariants
and criteria for the recognitions of wave fronts (cf. Theorem 2.2.3 and [32]). The set
of singular values of the focal developable surface of a Frenet type framed base curve
is called the evolute. The evolute of a Frenet framed base curve is given as the locus
of the centers of osculating spheres and is also a Frenet type framed base curve (cf.
Proposition 2.2.5). We give relationships between singularities of the evolute and
of the focal developable surface (cf. Corollary 2.2.6). For the rectifying developable
surface of a Frenet type framed base curve, we have theorems which correspond
with the above (cf. Theorems 2.3.2 and 2.3.3). In Section 2.3.2, we define a framed
helix and consider relationships between the rectifying developable surface.

Thirdly we consider two kinds of developable surfaces along a frontal curve on
an embedded surface in the Euclidean 3-space. One is called the osculating devel-
opable surface, and the other is called the normal developable surface. The notions
of these developable surfaces are generalizations the notions in [18,28]. We dis-
covered new invariants of the frontal curve which characterize singularities of the
developable surfaces (cf. Theorems 3.2.4 and 3.3.4). In particular, a frontal curve is a
contour generator with respect to an orthogonal projection or a central projection if
and only if one of these invariants constantly equal to zero (cf. Theorem 3.2.2). We
have some interesting examples of each developable surface in Section 3.4.

At last we apply the theory of framed curves to spherical geometry. Izumiya,
Nagai and Saji introduced extrinsic flat great circular surfaces and their singularities
in [27]. Extrinsic flat great circular surfaces are surfaces with vanishing extrinsic
Gaussian curvature in the Euclidean 3-sphere. By using criteria in [27], we consider
dual, tangent and focal extrinsic flat great circular surfaces associated to spherical
framed base curves and their singularities. Moreover we investigate dual extrinsic
flat great circular surfaces of evolutes.

Throughout this thesis, all mappings and manifolds are differentiable of class
Cc™.

Acknowledgment. I would like to thank my supervisor IZUMIYA, Shyuichi for his
helps and encouragements during the Ph.D studies. I also thanks to TAKAHASHI,
Masatomo for fruitful discussion. I am grateful to all people in Department of Math-
ematics, Hokkaido University for their every support.



Chapter 1

Basic concepts of framed curves

The study of curves in the Euclidean space is a classical and important subject in
differential geometry. Classical approach by using the Frenet frame associated with
a Frenet curve (i.e. a regular curve with a certain regularity condition) is quite useful
to analyze the Frenet curve and its geometric properties. However, most of curves
appearing in applications have singularities. Therefore, it is important to establish
a method to handle curves with singularities. We introduce how to consider curves
with singularities in this chapter. This chapter is based on [22].

A framed curve in the Euclidean space is a curve with a moving frame. It is a
natural generalization not only of a Frenet curve, but also of a Legendre curve in
the unit tangent bundle over a plane. We define functions for a framed curve which
are called the curvature of the framed curve, similar to the curvature of a Frenet
curve and of a Legendre curve. The curvature of the framed curve are quite useful
to analyze the framed curve and its singularities. In fact, we have the existence
theorem (cf. Theorem 1.1.4) and the uniqueness theorem (cf. Theorem 1.1.5) for the
framed curve by using its curvature. We must consider how to take a parameter
and a moving frame for a given framed curve. Therefore, we investigate properties
of parameter changes and of frame changes in Section 1.3.1. As applications, we
consider a contact between framed curves (cf. Section 1.3.2), and give a relationship
between projections of framed curves and Legendre curves (cf. Section 1.3.3).

Let IR" be the n-dimensional Euclidean space equipped with the canonical in-
ner product a-b = Y!'  a;b; for any a = (ay,...,a,), b = (by,...,by) € R". Let
ai,...,a,—1 € R" be vectors a; = (a;1,...,a;,) fori =1,...,n — 1. We define the
vector product

M1 o Ap
. . . n
ap X ... X ay_1 = : : : = Zdet(u1,...,an_1,ei) e;,
Ap-11 - Au—-1n =1
el . e e,

where {ey,...,e,} is the canonical basis of R". Then (a3 X ... X a,_1) - a; = 0 for
i=1,...,n—1. We remark that for the case of n = 3,

a1 d12 ai3 el () es
a)p X ax=|4ax1 dzp a3 | = | 411 di12 413
(5] () €3 a1 a2 a3

The set

Vn,nfl :{N: (}11,...,71,1,1) e R"” ><...><]R”|ni-nj:5i,]-,i,j:1,...,n—1}
={N=(m,...,ny1) €S" ' x...xS" V|mjn=0i#jij=1..n-1}
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is called the (n,n — 1)-type Stiefel manifold (or, the set of all orthonormal (n — 1)-
frames in R"). This is an n(n — 1) /2-dimensional smooth manifold.

IfN = (ny,...,n,_1) € V, ,_1, we define a unit vector t = n1 X ...n,_1 of R". It
follow that (N, t) € SO(n), where SO(n) is the set of all special orthogonal matrices.

1.1 Framed curvesin R" x V1

Definition 1.1.1 (Framed curve, [22]) We say that (,N) : [ — R" x V,,_1 is a
framed curve if ¢(t) -n;j(t) = Oforallt € Iandi = 1,...,n—1, where N(t) =
(n1(t),na2(t),...,n,—1(t)). If (7, N) is an immersion, we call (v, N) a framed immer-
sion.

Definition 1.1.2 (Framed base curve, [22]) We say that v : I — R" is a framed base
curve if there exists N : I — V,, ,,_1 such that (v, N) is a framed curve.

We define smooth functions for a framed curve similar to the curvature of a
Frenet curve and of a Legendre curve. Let (y,N) : I — R" x V,,,,_1 be a framed
curve. We define t : I — S" ! by t(t) = ny(t) x ... x n,_1(t). By definition,
(N(t),t(t)) € SO(n) for each t € I and we call {N(t),t(t)} a moving frame along
the framed base curve 7(t). Then we have the Frenet-Serret type formula

N _ N(t)
(5 ) =20 ()
where A(t) = (a;j(t)) € o(n) fori,j = 1,...,n and o(n) is the set of all skew-
symmetric matrices. Moreover, there exists a smooth mapping a : I — IR such that

We call the mapping (A, a) : I — o(n) x R the curvature of the framed curve (with
respect to the parameter t). Clearly, fy is a singular point of vy if and only if a(¢p) = 0.
The curvature is quite useful to analyze the framed curve and its singularities (cf.
Theorems 1.1.4 and 1.1.5).

Definition 1.1.3 ([22]) Let ~('y, N) and (7, N ) : I = R" x V,,_1 be framed curves.
We say that (7, N) and (7, N) are (positive) congruent as framed curves if there exists
a matrix X € SO(n) and a vector x € R" such that

() = X(v(t)) +x N(t) = X(N(t))
forallt € I.

We have the following theorems.

Theorem 1.1.4 (The Existence Theorem, [22]) Let (A,a) : I — o(n) x R be a smooth
mapping. Then there exists a framed curve (y,N) : I — R" x V,,,_1 whose associated
curvature is (A, ).

Theorem 1.1.5 (The Uniqueness Theorem, [22]) Let (v, N) and (7, N):I — R"x
Vi1 be framed curves whose curvatures (A,a) and (A, ) coincide. Then (v, N) and
(79, N) are congruent as framed curves.

We shall prove these theorems in Section 1.2.
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1.2 Proofs for the theorems existence and uniqueness

First we prove the existence theorem by using the existence theorem of a solution of
a system of linear ordinary differential equations.

Proof of Theorem 1.1.4. Choose any fixed value t = t; of the parameter. We consider
the initial value problem

%F(t) = A(t)F(t), F(to) = Ln,

where F(t) € M(n); here M(n) is the set of all n x n matrices and I, is the iden-
tity matrix. By the existence theorem of a solution of a system of linear ordinary
differential equations, there exists a solution F(t). Since A(t) € o(n),

G CFOF®) = (G0 ) F0 -+ 70 ( F0)) ='F0) (AW + A0) F) =0,

It follows that ' F(t) F(t) is constant. Thus 'F(t)F(t) = 'F(ty)F(tg) = I,, and F(t) is an
orthogonal matrix. Set F(t) = '(ny(t),...,n,_1(t), t(t)). Since (d/dt)(detF(t)) = 0,
we have

detF(t) = detF(ty) = detl, =1

and t(t) = n1(t) X ... X n,_1(t). Next we consider the initial value problem
7(t) = a(t)E(t), v(t) = x,

where x is a point in R”. By the existence theorem of a solution of a system of linear
ordinary differential equations, there exists a solution v(t). Therefore, there exists a
framed curve (7, N) : [ - R" x V,, ,_1 whose associated curvature is (A, «). O

In order to prove the uniqueness theorem, we prepare two lemmas.

Lemma 1.2.1 ([22]) Let (v, N) and (3, N) are congruent as framed curves. Then their
curvatures coincide.

Proof. Since (v, N) and (7, N) are congruent as framed curves, there exist a matrix
X € SO(n) and a vector x € R" which satisfy

¥(t) = X(y(1)) +x, N(t) = X(N(#)).

By the definition of ¢, we have #(t) = X(t(t)) for all + € I. By straightforward
calculations, we have

(1) = m () - m(t) = X(ii(t)) - X(m(t)) = is(t) - mj(t) = i j(t),

¥ =X(7(t)) = X(a(t)t(t)) = a(t)X(£(t)) = a(t)E(t).

Hence we have A(t) = A(t) and a(t) = a(t). O
Lemma 1.2.2 ([22]) Let (y,N) and (3,N) : I — R" x V,,,_1 be framed curves with
a common curvature, that is, (A(t),a(t)) = (A(t),a(t)) for all t € I. If there exists
a parameter t = to for which (7y(tp), N(to)) = (¥(to), N(to)), then (v, N) and (7,N)

coincide.
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Proof. Here we put n,(t) = #(t). Define a smooth function f : I — R by f(t) =
iz i (t) - 1;(t). Since a; ;(t) = a; ;(t) and «; ;(t) = —a;;(t), we have

It follows that f is constant. Moreover N(ty) = N(tp), so that t(ty) = (ty). Hence
f(to) = n and the function f is constant with value n. By the Cauchy-Schwarz

inequality, we have
mi(£) - 7i(t) < [ () ||| (£) || =1

foreachi = 1,...,n. If one of these inequalities were strict, the value of f(t) would
be less than n. It follows that these inequalities are equalities, and we have n;(t) -
ni(t) =1forallt € Iandi=1,...,n. Then we have

|7 (8) — 7;(£)||? = mi(t) - m;(t) — 2m;(t) - 72;(t) + 7;(¢) - 7;(t) = 0.

Hence n;(t) = #;(t) forallt € Iandi = 1,...,n. Since §(t) = a(t)t(t), ¥(t) =

&(t)£(t) and the assumption a(t) = &(t), we obtain (d/dt)(y(t) — ¥(t)) = 0. It

follow that () — ¥(t) is constant. By the condition y(fg) = 9(ty), we have y(t) =
y(t) forall t € I. 0

Proof of Theorem 1.1.5. Choose any fixed value t = ty of the parameter. By using a
matrix X € SO(n) and a vector x € R", we can assume that §(t9) = X(y(to)) +
x and N(ty) = X(N(tp)). By Lemma 1.2.1, the curvatures of the framed curves
(v(£),N(t)) and (X(7(t)) +x, X(N(t))) coincide. By Lemma 1.2.2, we have

¥(t) = X((t)) +x, N(t) = X(N(t))
for all t € I. It follows that (, N') and (7, N) are congruent as framed curves. 0

The uniqueness theorem can be proved also by using the uniqueness theorem of
a solution of a system of linear ordinary differential equations.

1.3 Framed curves in R> x V3,

In this section we focus on framed curves in R3 x V3. One can extend the results to
curves in higher-dimensional spaces. However it is rather tedious; we concentrate
on the case of n = 3.

We use the following notations throughout this section. Let (v, n,n2) : [ —
R3 x V3, be a framed curve and #(t) = n;(t) x ny(t). The Frenet-Serret type formula
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is given by

where ((t) = Ay (t) - na(t), m(t) = ay(t) - £(t) and n(t) = n(t) - £(t). Moreover there
exists a smooth mapping « : I — R such that

Example 1.3.1 A typical example of a framed curve is a Frenet curve. Lety : [ — R®
be a Frenet curve, that is, ¢(t) and 4(t) are linearly independent for all t € I. If we
take n1(t) = n(t) and ny(t) = b(t), then (y,n1, 1) : I — R3 x V3, is a framed curve.
We remark that #(t) = n1(t) x na(t) is the unit tangent vector at t € I. Here,

L GO XA 30 x4
M= mer " = 160 <30 <700 " = O <30T

We give relationships between invariants of a Frenet curve and of a framed curve.

Proposition 1.3.2 ([22]) With the same notations as in Example 1.3.1, the relationships be-
tween invariants of a Frenet curve (x(t), T(t)) and of a framed curve (£(t), m(t),n(t), a(t))
are given by

_ VmA() + 2 (t) _ (m2(t) + n(8)£(t) + m(t)a(t) — rin(t)n(t)
G (20) + 720 () '
Proof. By straightforward calculations, we have
7(8) = a()t(t),
F(8) = —a(®)m(t)n(t) —a(t)n(t)na(t) + a(t)e(t),
V() = —Qa(t)ym(t) +a(t)ni(t) —a(t)l(t)n(t)) ny(t)
— a(t)n(t) +a(t)n(t) +a(t)l(t)m(t)) ny(t)
+ () — a(t)m?(t) —a(t)n (1)) £(t).
It follows that
l9@®1 = la(®)],
I () < 5B = a?(t)y/m2(t) +n2(t),
det (§(1),5(1), ¥(t)) = «(t) (m(t)i(t) —rn(t)n(t) + (m*(t) +n*(1)) £(t))
Therefore the curvature x(t) is given by
oy - 130X 10| _ /D

P (8]
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and the torsion 7(t) is given by

_ det(§(8),#(t), V(1)) _ (m?(t) + n*(t)) £(t) + m(t)i(t) — rin(t)n(t)
t :

B A P B T 2 (6) (2 (1) + (1))

a

Let (7,n1,12) : I — R3 x V3, be a framed curve with the curvature (¢,m,n,«).
By the proof of Proposition 1.3.2, we have the following Taylor expansion of v:

v(t) = (to) + (t —to)a(to)t(to)
RY
+ (t Zto) (_(X(to)m(to)nl(to) — a(to)n(to)nz(to) + lj((to)t(to))
+ (t —3!1‘0)3 (—(2&(to)m(to) + a(to)ma(to) — a(to)l(to)n(to))n1(to)

— (2&(to)n(to) + a(to)in(to) + a(to)?
+ (i (to) — a(to)m®(to) — a(to)n* (ko)

(to)m(to))n2(to)
)t(fo)) +0(4).
If ty is a singular point of v, then we have

10 = 2+ S a)e)

(t—to)?
3!

+

(—2&(to)m(to)ny(to) — 2&(to)n(to)na(to) + &(to)t(to)) + 0(4).

Lety : (R,0) — (IR?, 0) be a space curve germ and write y(t) = (x(¢),y(t),z(t)).
We can show that if <y is not infinitely flat (i.e. either x(t), y(t) or z(t) does not belong
to m{°), then v is a framed base curve. Here m{” is the ideal of infinitely flat function
germs. Without loss of the generality we assume that x(f) does not belong to m{°
and that order x(t) < min{order y(t), order z(t) }. Then there exist smooth function
germs a(t) and b(t) such that y(t) = a(t)x(¢) and 2(¢) = b(t)x(t). Thus if we take

m(t) = 1~|—1az(t) (—a(t),1,0),
1

n(t) = N T O ETZOETE0) (=b(t), —a(t)b(t),1+a?(t)),

then (v, n1,ny) is a framed curve. We remark that

1
T+ a2(t) + 621

On the other hand, constant maps are also framed base curves which do not
satisfy the above sufficient condition. In particular an analytic curve germ is always
a framed base curve because if it is infinitely flat, then it is constant.

We summarize the above arguments as the following proposition.

(1,a(t),b(t)) .

£(f) = n1(t) % mo(t)

Proposition 1.3.3 Let y : (I,t9) — R3 be a real analytic curve germ. Then vy is a framed
base curve, that is, there exists a mapping germ (n1,nz) : (I, to) — V3o such that (vy, n1,ny)
is a framed curve.
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Example 1.3.4 Let 11,1y, n3,k; and k; be natural numbers with n, = n; + k; and
ns3 = ny + ko, and let (7,11, 1) : R — R3 x V3, be

,),(t) e <1t”1,1tn2,1tn3>,

ni na ns

— 1 k1
m =m0
1
nz(t) = (_tk1+k2,—t2kl+k2,1+t2k1),

\/(1 + tZkl)(l + 2k + t2k1+2k2)

We can easily check that (v, n1,n;) is a framed curve. We say that v is (11,12, n3)-
type. Since t : R — S%;

1

_ ky gki+ky
ﬂ+%+%wﬂjj )

£(t)

the curvature of the framed curve (1, n1, 1) is given by

kl t2k1 +ky—1

é(t) - (1 + t2k1)\/1 + 2k 2k +2ky”
m(t) = kit ,
\/(1 + t2k1)(1 4 2k t2k1+2k2)
n(t) _ _tk1+k2—1<k1 +h+ kthkl) ’
(14 12k + t2k1+2kz)m
a(t) = 114 2k g Rl

We now consider a framed curve in a plane. Let (y,n1,n2) : I — R3 x V3o be a
framed curve with the curvature (¢,m, n, a). We denote a plane by

P(v,c) ={x € R®|x-v=c},

where v € S? and ¢ € R. If y(t) € P(v,c), then we have det(y(t), ¥(t), ¥(t)) = 0. It
follows that

a(t) ((m(t) +n?(t)) £(t) +m(t)n(t) —m(t)n(t)) = 0
for all t € I. Conversely, we have the following result.

Proposition 1.3.5 ([22]) Let (v, n1,n2) : [ — R® x V3, be a framed curve with the cur-
vature (¢, m,n, ).

(1) Ifa(t) =0 forall t € I, then «(t) is a point.
(2) If m?(t) +n%(t) = 0 forall t € I, then «y(t) is a part of a straight line.

(3) If (m2(t) + n2(t))e(t) + m(t)n(t) — m(t)n(t) = 0 and m>(t) + n(t) # O for all
t € I, then there exist a constant vector v € S? and a constant number ¢ € R such that
v(t) € P(v,c¢).

Proof. (1) Since §(t) = a(t)t(t) = 0forall t € I, ¢(t) is a point.
(2) By the Frenet-Serret type formula, #(f) = O for all t € I and hence §(t) =
a(t)t(t) = a(t)v, where v € S? is a constant vector. Then there exists a constant
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vector x such that () = ([ a(t)dt)v + x. It follows that +y(t) is a part of a straight
line.

(3) We take a Bishop frame {7 (t), na(t), t(t)} along the framed base curve v(t)
(cf. Section 1.3.1). By straightforward calculations, we have

m(t)n(t) —m()a(t) = (m?(t) + n2())(t) + m(t)a(t) — m(t)n(t) =0

and
m>(t) +72(t) = m*(t) +n*(t) =0

for all t € I. It follows that m(t) and 7(t) are linearly dependent on I (cf. [4,35,44]).
Thus there exists a non-zero constant vector (c1,cz) such that c17(t) + con(t) = 0
for all t € I. Then ¥ = cy7m;(t) + cofi2(t) is a non-zero constant vector. Let v =

0/y/c3+c3. Since j(t) -v = a(t)t(t) v = 0 for all t € I, there exists a constant
number ¢ € R such that y(t) € P(v,c). O

Remark 1.3.6 If (y,n1,m2) : I — R3 x V3 is an analytic mapping, then 7i(t) and
7(t) are also analytic functions. Hence if m(t)7(t) — rir(t)n(t) + (m?(t) +n?(t))L(t) =
0 for all t € I, then mi(t) and 7(t) are linearly dependent on I (cf. [4,44]). It follows
that there exist a constant vector v € S and a constant number ¢ € R such that

v(t) € P(v,c¢).

We also define a Legendre curve on a Plane.

Definition 1.3.7 ([22]) We say that (y,n) : [ — R3 x S? is a Legendre curve on the
plane P(v,c) if y(t)-v =¢,n(t) -v =0and §(f) -n(t) =0 forall t € I.

Proposition 1.3.8 ([22]) (1) If (y,n) : I — R3 x S? is a Legendre curve on the palne
P(v,c), then (y,n,v) : I — R3 x V3, is a framed curve with {(t) = m(t) = 0 for all
t € 1. Conversely, if (y,n1,n3) : [ — R® x V3, is a framed curve with £(t) = m(t) =
0 forall t € I, then there exist a constant vector v € S? and a constant number ¢ € R
such that (y,ny) : I — R3 x S? is a Legendre curve on the plane P(v, c).

2) If (y,n) : I — R3 x S? is a Legendre curve on the palne P(v,c), then (v,v,n) :
I — R3 x V3, is a framed curve with £(t) = n(t) = 0 forall t € 1. Conversely, if
(y,m1,m2) : I — R3 x Vay is a framed curve with {(t) = n(t) = 0 forall t € I,
then there exist a constant vector v € S? and a constant number ¢ € R such that
(,m1) : I — R3 x S? is a Legendre curve on the plane P(v, c).

Proof. (1) By definition, we have §(f) -v = 0 and (v, n(t)) € V3. Since v is constant,
we have /(t) = m(t) = 0 forall t € I. Conversely, by the Frenet-Serret type formula,
v = ny(t) € S?is a constant vector. Moreover, since §(t) - v = a(t)t(t) - n1(t) = 0 for
all t € I, there exists a constant number ¢ € R such taht y(t) - v = c. It follows that
(7,m2) : I = R3 x $? is a Legendre curve on the plane P(v,c).

Assertion (2) can be proved by similar way. O

1.3.1 Parameter changes and frame changes

Let I and I be intervals. A smooth function s : I — I is said to be a change of
parameter if s is surjective and has a positive derivative at every point. It follows that
s is a diffeomorphism. Let (y,n1,12) : I — R® x V35 and (7,711,12) : [ — R3 x

V3, be framed curves with the curvatures (¢, m,n,«) and (¢,71,7, ), respectively.
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Suppose that (y,n1, 1) and (7,71, np) are parametrically equivalent via the change
of parameter s : [ — I, thatis, (7,71,72)(t) = (7,n1,12)(s(t)) forall t € I. Then we
have

) = (D) L(s(8)), m(t) = s(t)m(s(t)), n(t) = s(t)n(s(t)), w(t) = s(t)a(s(t)).
Therefore, the curvature depends on a parametrization.

Generally, we cannot consider the arc-length parameter of the framed base curve
v. However, if (v, n1,n,) is an immersion, we can introduce the arc-length param-
eter for the framed immersion (v, n1,12). The speed of the framed immersion at the
parameter f is defined to be the length of the tangent vector at t, namely,

\/’Y t) +ny(t) - an(t) +ma(t) - na(t).

Given scalars a,b € I, we define the arc-length from t = a to t = b to be the integral
of the speed,

b
L(’Y/nl,"z)(t) :/u s(t)dt.

By the same method for the arc-length parameter of a regular curve, one can prove
the following (cf. [5,16,17]).

Proposition 1.3.9 ([22]) Let (v,n1,n2) : I — IR X V3, be a framed immersion and
to € I. Then (v, n1, ny) is parametrically equivalent to a unit speed curve (y,71,12) : I —
R3 x V3, under a change of parameter t : [ — I with t(0) = tg and t'(s) > 0.

We call the parameter s in Proposition 1.3.9 the arc-length parameter for the framed
immersion. Let s be the arc-length parameter for (v, n1,n). By definition, we have
Y (s) - (s) +ni(s) - nj(s) +nb(s) - nh(s) = 1, where ' is the derivation with respect
to s. It follows that 2¢2(s) + m?(s) + n?(s) + a2(t) = 1.

For the normal planes of (t), which are spanned by n;(t) and ny(t), there are
other frames by rotations and reflections. We define (71 (), 712(t)) € V3, by

ni(t) \ [ cosB(t) —sin6(t) n (t)

< ﬁ;(t) > - ( sinf(t) cosH(t) > < n;(t) )’
where 6(t) is a smooth function. Then (v,71,72) : [ — R® x V3, is a framed curve
and #(t) = n1(t) x na(t) = n1(t) x np(t) = t(t). The curvature of (vy, 71, 77) is given
by
W = -6,
) = m(t)cosB(t) —n(t)sinb(t),
) (
)

I
3

£)sin6(t) + n(t) cosO(t),

We call {m(t),m2(t),t(t)} a rotated frame along v (t) by 6(t). If we take a smooth
function 6 : I — R which satisfies 8(t) = £(t), then we call {m(t),72(t), t(t)} a
Bishop frame along «(t) by 6(t) (cf. [3,21,22]). For a Bishop frame, we have the
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following Frenet-Serret type formula:

(R ) =5 S) () ami) (mi)

where 0(t) is a smooth function. Then (v, 71,12) : I — R® x V3, is a framed curve

and £(t) = 711 (t) x #2(t) = —n1(t) x na(t) = —t(t). The curvature of (v, 7y, 7) is
given by

w0 = 0 +o0)

m(t) = —m(t)cosO(t)+n(t)sinb(t),

n(t) = m(t)sin6(t) +n(t)cosb(t),

a(t) = —aft).
We call {1 (t),n2(t), —t(t)} a reflected frame along -y (t) by 6(t).

By straightforward calculations, we have the following equations:

m?(t) +n*(t) = m(t) + 72 (t)
= a2 (t) + 12 (t)

and
f(t)(m2 £) +n2(t)) + m(t)a(t) —mn(t)n(t)
f(t)(ﬁz t) + 7% (t)) +m(t)n(t) —m(t)n(t)
= L(t)(m(t) +72(t)) + m(t)n(t) — m(t)a(t).

1.3.2 Contact between framed curves

In this section, we discuss contact between framed curves. Let (y,n,n) : [ —
R3 x V3o; t = (7,n1,12)(t) and (7,71, 72) : I — R3x Vao; u — (7y,m1,nz)(u) be
framed curves, and let k be a natural number. We say that (v, n1, n) and (7,1, 17)
have k-th order contact at t = tg, u = ug if

(vm1,m2) (1) = (3,7, ) (o), (1,2 (10) = = (7,7, ) (1), ..,

dk—l dk—l o dk dk o
I (y,n1,m2) (to)= = ——— (7,11, 12) (uo), ﬁ(%m,nz) (to)#W (79,11, 712) (uo)

(cf. [10,17]). Moreover, we say that (v, n1,n) and (7,11, 1) have at least k-th order
contact at t = ty, u = ug if

(y,m1,m2) (t0) = (7,0, 72) (s), 5 () (1) = 2 (3,0, 72) (o), .

dk—l dk—l o
W(%nl,nz) (to) = JT (7,11, 12) (up).
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Generally, we may assume that (v, n1,n2) and (7, 111, f12) have at least first order
contact at any point t = to, u = up up to congruence as framed curves. We denote
F(t) = (e(t),m(t),n(t),a(t)) and F(t) = (£(t), m(t),7(t), a(t)) for convenience.

Theorem 1.3.10 ([22]) Let (v, n1, ny) and (7,11, 1) as above. If (v, ny, ny) and (7,11, 17)
have at least (k + 1)-th order contact at t = to, u = uy, then

~ - k—1 k=1 _
Fito) = Fluo), S 7 (t0) = L F ), oo L F ) = S P )

7 dtk—1 T duk—1
Conversely, if condition (1.1) holds, then (v, n1, ny) and (7,11, np) have at least (k + 1)-th
order contact at t = to, u = ug up to congruence as framed curves.

Proof. Suppose that (v, n1,n2) and (7, n1,72) have at least second order contact at
t = to, u = ug. Since n1(ty) = 111 (1) and ny(ty) = #12(up), we have t(ty) = £(ug). By
the Frenet-Serret type formula, we have

;t(%nlfnz)(f) = (a(t)e(t), L(B)ma(t) +m()E(t), —L(E)m(t) + n(t)(F)),

a . . - ~ ~

g, (V) () = (@(u) (1), £(u)iia () + () (), —0 ()it () + 7 () E () ).

It follows that F(tg) = F (o). Therefore, the first assertion of Theorem 1.3.10 holds
in the case of k = 1.

Suppose that the assumption is true up to the k-th order contact. Let (v, n1,12)
and (9,11,1,) have at least (k 4+ 1)-th order contact at t = ty, u = uy. Then these
have at least k-th order contact, so that

k—2 k—2

f(to) = f(ug), Ef(to) = @F(uo), ey W;(m) = WI(HO)

By the Frenet-Serret type formula, we have
dk g1 dk—2
dk—2 gk—2

+f2 <f(t),...,WF(t)> na(t)+f3 (f(t),...,dtsz(t)> t(t),
k k—1 k—1 k—2
%nl(t): (;tk_le(t)> o)+ (;tk_lm(t)) Ht)+1 (]—"(t),...,;tk_z]-"(t)>  (£)
dk72 dk72
+g2 (J:(t)""'dtk—zj:(t)> ny(t)+g3 (]—'(t),...,dtk_z}“(t)> t(t),
k k—1 k—1 k—2
%nz(t):— (;tk_lé(t)> ny(t)+ <;tk_ln(t)> t(t)+m (]—'(t),...,:;(_zf(t)> ny(t)

dk72 dk72

+hy (]—'(t),..., W]—"(t)) ny(t)+hs (]—"(t),..., dtk_z}'(t)> t(t)
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for some smooth functions f;, g;, h; (i = 1,2,3). By the same calculations,

k k—1 ~ k=2
()= (;ﬁlk_l'oz(u)) Fu)+f <f<u>,...,d‘ik_2f<u>) (1)
g2

th (f(u),. . .,duk_z}'(u)> iy (1) + f <f<u>,.-~,duk_2f <u>> Hu),

k k—1 _ k—1 _ _ k=2
%ﬁl(u): <da;k_1€(u)> np(u)+ (;Zuk_lﬁ(u)> Hu)+91 (]—'(u),...,;wc_zf(u)> ny(u)

_ dk—Z _ _ a2 - "
+hy (]:(u),. . .,dukz]-"(u)> fip(u)+hs <]—"(u),...,cW]-"(u)> t(u).

It follows that (d%~1/dt*=1) F(tg) = (d*=1/du*=1) F (up). By the induction, we have
the first assertion.

Conversely, suppose that condition (1.1) holds. By the above calculations, we
have (d'/dt')(y,n1,n2)(t0) = (d'/du?)(7,71,72)(ug) for i = 1,...,k. Therefore,
(7y,m1,m2) and (9,771, 12) have at least (k + 1)-th order contact at t = ty, u = up
up to congruence as framed curves. O

1.3.3 Projections to planes and Legendre curves

We quickly review Legendre curves in the unit tangent bundle over a plane; for more
detail, see [10]. Legendre curves correspond with framed curves when n = 2. We
say that (,n) : [ — R? x Sl is a Legendre curve if (y,n)*0 = 0 for all t € I, where 0
is the canonical contact 1-form on the unit tangent bundle T;IR? = R? x S! (cf. [1,2]).
This condition is equivalent to §(t) - n(t) = 0 forall t € I. We say that ¢ : [ — R? is
a frontal if there exists a smooth mapping n : I — S! such that (v, n) is a Legendre
curve.

Let (q,n) : I — RR? x S! be a Legendre curve. Then we have the Frenet type
formula of the frontal v as follows. We put #(t) = J(n(t)), where | is the anti-
clockwise rotation by 71/2 on R?. We call the pair {n(t),t(t)} a moving frame along
the frontal (¢) in R?. The Frenet type formula of the frontal (or, the Legendre curve)

is given by | g
(i )= (o ) (30

where ((t) = 7(t) - t(t). Moreover, there exists a smooth function B(f) such that

We call the pair (¢(t), B(t)) the curvature of the Legendre curve (with respect to the
parameter f).

Let (y,n1,m2) : [ — R3 x V3, be a framed curve with the curvature (¢, m,n,«).
For a fixed point t € I, we consider three orthogonal projections from IR?® along the
directions n1(tg), n2(ty) and (tp).
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First, we consider the projection of «y along the direction n;(t) given by 7, : I —

R?; oy, () = (7(£) - m2(to), ¥(t) - £(to)). Then 7y, () = a(t) (#(t) - ma(to), 2(t) - £(t0)).
There is a subinterval I; of I around to such that (£(t) - na(tg))? + (¢(t) - t(to))*> # 0
for all t € I;. We define a smooth mapping n,, : I; — S! by

1
V(#(t) - m(to))? + (£(1) - £(t0))

Then (Y, 1n,) : [T — R? x S!is a Legendre curve. Since t,, : I} — S! is given by

Ny, (t) =

5 (8(1) - t(fo), —£(t) - ma(to)) -

1
b (0) = (1) = s (1(0) m2(10) (1) 1),

the curvatures of (yy,, s, ) are
Uay(t) = (m(t) ((m(t) n2(to)) (£(f) - t(to)) — (ma(t) - £(t0)) (¢(t) - m2(to)))

+n(t) ((ma(t) - £(to)) (£(t) - £(to)) — (m2(t) - £(to)) (£(t) - m2(k0)))) /
((#(t) - ma(t0))? + (£(t) - £(t0))?)

and

Bui (£) = a(t )\/(t(t) -my(t))? + (¢(t) - t(to))*.

We remark that ¢,, (tp) = n(tp) and Bn, (to) = a(to). The projection of v along the
direction n(t) is similar to the case of the direction 14 (¢9).

Next, we consider the projection of + along the direction #(ty) given by #; : I —
R?; t¢(t) = (7(t) - m1(to), ¥(t) - m2(to)). Then §¢(t) = a(t) (¢(t) - m(to), () - m2(to))-
In this case, ; is not always a frontal, that is, there does not exist a smooth mapping
ny . [ — S!such that (¢, 1) : I — R? x S!is a Legendre curve, see Example 1.3.12.
However, if v; is not infinitely flat around ¢t (i.e. either y(t) - n1(ty) or () - na(to)
does not belong to m{°), then +; is a frontal (cf. [10]).

Generally, we fix a positive orthonormal basis {v1,v2,v3} on R® with v; = v1 X
vy and vz # %#(ty). We consider the orthogonal projection along the direction v3
given by 7o, : [ — R% 7uy(t) = (7(t) - 01, 7(t) - v2). Then iy (£) — a(t)(E(t) -
vy, t(t) - v2). By the assumption, there is a subinterval I of I around fy such that
(t(t) -v1)% + (t(t) - v2)? # O for all t € I. We define a smooth mapping ,, : I — S!
by

1
V(E(t) - 01)> + (E(t) - 02)

Then (7y,, 10;) : I — R? x S'is a Legendre curve. Since t,, : [ — S' is given by

nvs(t) =

(1) - on, (1) 1),

1
) =) = o e PR

the curvatures of the Legendre curve (7,,, nv3) are
loy(t) = (m(t) ((n1(t) - 01) (£(t) - v2) — (m1(t) - 02) (£(£) - 01))
+n(t) ((n2(t) -v1) (£(t) - v2) — (m2(t) - 02) (E(t) - 01)))/
((#(1) -01)? + (£(t) - 02)?)

and

B (1) = (D) (£(t) - 01)2 + (£(1) - w)2.



16 Chapter 1. Basic concepts of framed curves

Remark 1.3.11 If we take a posmve orthonormal basis {v1, v, v3} on R3 with v; €
S2\ {£t(I)}, then we may consider I = I. In this case, the Legendre curve (7o,, 1y, )
can be defined globally.

Example 1.3.12 Let ¢ : R — R3 be

(t,0,e /) if >0,
(0,0,0) if t=0,

(t,e"VF,0) if t<0,

v(t) =

(cf. Figure 1.1). The curve v is regular but does not satisfy the linearly independent
condition at t = 0. However, v is a framed base curve. We have the smooth mapping
(nl, nz) ‘R — V3,2;

) = (1/./2+f(t)2> (f(t),—1,-1) if t#0,
1 (1/[) ,—1,-1) if t=0,

Q/¢1+f‘ @HFURD)) (O +F0-1) it >0
m(t) = 1/f)( 1,—1) if t=0,

(1/\/1+f 2+f()))(—f(t),l,—l—f(t)z) if <0,

where f(t) = e~ V% for t 0. It is easy to see that (v, ny,n,) is a framed curve.
y Y

Since t : R — 5%
<1/,/1 +f(t)2> (1,0, f(t)) if t>0,

tHE) =m(t) xna(t) =< (1,0,0) if +=0,
(1/,/1 —|—f(t)2> (1,f(t),0) if t<O,

the curvature of the framed curve (v, ny,ny) is given by

foM/(@+fm% 1+ﬂwﬂ<Laﬂw> it t>0,
o = o if t=0,

2+fU) 1+ﬂwﬁ<Laﬂw>ift<a

i) — { /¢1+f Y2+ F(12) i 10,
if t=0,
1+f t)?) 2+f(t)2> if +>0,
n(t) = if +=0,
1+f()) 2+f(t)2) if t<0,
() { 1+ f(02 if t#£0,
1 if t=0.
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We remark that consider the projection to the direction #(0) = (1,0,0). Then #; :
R — R? is given by
—(1/V2) (e VE e VEY if t>0,
() =1 (0,0) if t=0,
(1/V2)(—e V8, e VY if <0,

It follows that ; : R — IR? is not a frontal (cf. [10]). We plot +; in Figure 1.2.

FIGURE 1.1: v of Ex- FIGURE 1.2: 9 of Ex-
ample 1.3.12 ample 1.3.12
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Chapter 2

Frenet type framed base curves and
developable surfaces

There are several articles concerning singularities of the tangent developable sur-
face (i.e. the envelope of osculating planes), the focal developable surface (i.e. the
envelope of normal planes) and the rectifying developable surface (i.e. the envelope
of rectifying planes) of a space curve (cf. [7,23-26,31, 33,34, 36,37,40]). In [23-25]
Goo Ishikawa investigated relationships between singularities of the tangent devel-
opable surface and the type (n1,1y,n3) of a space curve. An (ny, 1y, n3)-type space
curve may have singular points. On the other hand, the author can not find any arti-
cle concerning the focal developable surface and the rectifying developable surface
of a space curve with singular points.

In this chapter, we consider the focal developable surface and the rectifying de-
velopable surface of a space curve with singular points. In order to define these no-
tions, we apply the theory of framed curves under a certain condition (cf. Chapter 1
and [22]). For them, we give characterizations as developable surfaces (cf. Theorems
2.2.2 and 2.3.2) and characterizations of singularities (cf. Theorems 2.2.3 and 2.3.3).
This chapter is based on [19,21].

2.1 Preliminaries

In this section, in order to investigate the focal developable surface and the recti-
fying developable surface of a space curve with singular points, we briefly review
necessary notions.

2.1.1 Frenet curves and developable surfaces

We briefly review basic concepts on classical differential geometry of regular space
curves in R3. Let I be an interval, and let v : I — IR® be a Frenet curve, that is, 7(t)
and (t) are linearly independent for all t € I. Then we have an orthonormal frame

4 GO XA x50 1) x4
(1), (1), b(1)} = { T TE * 30) < 7O T < 0] }

which is called the Frenet frame along -y(t). By standard arguments, we have the
following Frenet-Serret formula:

(t)

() |

(£)

£(t) 0 [l (£) [ (£) 0 t
a(t) | = | —llv@®lx) 0 () [I() n
b(t) 0 I ()(#) 0 b
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where
w2 IO XFOL ) detli(0), (), 7(0)
I (B)[° 17 (8) < 3 (8]

We call x(t) a curvature and T(t) a torsion of the Frenet curve +(t). We remark that
the curvature x(t) and the torsion 7(t) are independent of the choice of parameteri-
zations.

Let v be a Frenet curve. It is known that developable surfaces associated with
the Frenet frame as follows:

(1) The tangent developable surface:
TD,(t,u) = y(t) + ut(t).
(2) The focal developable surface:

1 0,
k() v(®)lx2(t)T(t)

(3) The rectifying developable surface:

FD (t, 1) = (1) +

b(t) (when t(t) # 0).

_ T(D)t(t) + x(t)b(t)
RD, (t,u) = y(t)+u 2020

2.1.2 Frenet type framed base curves

If v has a singular point, we cannot construct the Frenet frame along 7 (t). However,
we can define the Frenet type frame along -y (#) under a certain condition.

Definition 2.1.1 We say that v : I — R is a Frenet type framed base curve if there exist
a regular spherical curve t : I — S? and a smooth function « : I — R such that
(t) = a(t)t(t) for all t € I. Then we call ¢(t) a unit tangent vector and «(t) a speed
function of y(t).

Clearly, ty is a singular point of « if and only if a(ty) = 0. We define a unit principal
normal vector n(t) = #(t)/||#(t)|| and a unit binormal vector b(t) = t(t) X n(t) of y(t).
Then we have an orthonormal frame {#(t),n(t), b(t)} along (¢) which is called the
Frenet type frame along (). By standard arguments, we have the following Frenet-
Serret type formula:

whee det (t(t), £(1), (1)
: e (1),
(t) = 0], (1) e,
We call «(t) a curvature and 7(t) a torsion of the Frenet type framed base curve v(t).
We can easily check that v is a framed base curve. More precisely, (v, n,b) is a
framed curve with the curvature (t(t), —«x(t),0,a(t)) (cf. Section 1.1).
We define a vector field d(t) along (t) by

d(t) = t(t)t(t) +«()b(t),
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which is called a Darboux type vector along < (t). By using the Darboux type vector,
the Frenet-Serret type formula is written as follows:

(t) = d(t) x t(t),
(£) = d(t) xn(t),

i
{Z(t) = d(t) x b(t).

Therefore, the Darboux type vector plays an important role for study of the Frenet
type framed base curve. Since x(t) > 0, we can define a spherical Darboux type vector

by

) = T(t)t(t) 4+ x(t)b(t)
k2(t) + T2(t)

Remark 2.1.2 Since £(t) is a regular curve, we uniquely obtain the unit principal
normal vector n(t) and the unit binormal vector n(t). Therefore, x(t), T(t) and d(t)
is uniquely determined with respect to #(t).

2.1.3 Support functions

Let 4 : [ — IR be a Frenet type framed base curve with (¢,a). We define a family of
functions F; : I x R — R; Fe(t,x) = (y(t) — x) - £(t). We call F; the support function
of oy with respect to the unit tangent vector t. We denote f;,(t) = F(t, xo) for any
x9 € R®. Then we have the following proposition:

Proposition 2.1.3 Let y : I — R? be a Frenet type framed base curve with (t,a). Then we
have the following:

(1) fex,(to) = 0if and only if there exist a,b € R such that
’)/(to) — X0 = ﬂn(to) + bb(to)
() ftx(to) = fex,(to) = 0if and only if there exists a € R such that

’y(to) —Xx) = —ig:g;n(to) + le(t(]).

3) frx(to) = frx(to) = frx,(to) = 0 if and only if there exists a € R such that

y(to) — xo = —iggin(to) + ab(ty)

and
w(to)k(to) — i(to)k (o) — ax®(to)T(tg) = O.

Proof. Since fiq,(t) = (7y(f) — x) - £(t), we have the following calculations:
M) fex () = (v(t) — x) - £(h),
(i) fex(t) = a(t) + (v(t) —x) - (c(t)n(t)),

(i) fox, () = a(t) + (y(t) —x) - (=2 (O)£(t) + &(t)n(t) +x(t)T()b(t)).
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By (i), (1) follows. .
By (ii), ftx,(t0) = ftx,(fo) = 0if and only if there exist a,b € R such that y(to) —
x = an(ty) + bb(ty) and a(ty) + ax(to) = 0. Since «(ty) > 0, we have

__«ft)
"7 k()
so that there exists ¢ € R such that
a(to)
tg) —xg = — n(ty) + cb(tp).
v(to) — xo (ko) (to) (to)
Therefore, (2) holds. )
By (iii), frx,(t0) = ftx,(f0) = ftx,(to) = 0if and only if there exists 2 € R such
that (t0)
’y(to) — X0 = K(to)n(tO) + ﬂb(to)
and

Oé(to)f((to) - &(to)K(to) - aKZ(to)T(to) =0.
This completes the proof. O

For a support function of ¢ with respect to the unit tangent vector ¢, the discrim-
inant set

oF
Dy, = {x € R? | there exists t € I such that F; = a—tt =0at (f, x)}

corresponds with the focal developable surface of + (cf. Section 2.2.1). Moreover the
secondary discriminant set

2 3 - oF; 0°F;
Df, = { x € R” | there exists t € I such that F; = T 0 at (¢, x)

corresponds with the evolute of ¢ under the condition T(t) # 0 (cf. Section 2.2.2).

On the other hand, we define a family of functions F, : I X R — R; F,(t,x) =
(v(f) — x) - n(t). We call F, the support function of -y with respect to the unit principal
normal vector n. We denote f,, »,(t) = F,(t,x0) for any xg € R3. Then we have the
following proposition:

Proposition 2.1.4 Let 7 : [ — R3 be a Frenet type framed base curve with (t,«). Then we
have the following:

(1) fux,(to) = O if and only if there exist a,b € R such that
¥(to) — xo = at(ty) + bb(tp).

) fuxo(to) = fux,(to) = 0 if and only if there exists a € R such that

T(to)t(to) + K(to)b(to) ‘

A N IS 0y
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3) fuxe(to) = fuxo(to) = fux,(to) = 0 if and only if there exists a € R such that

T(to)t(to) + K(to)b(to)
k2 (tg) + T2(to)

y(to) —xo=a

and
K(to)’i’(to) — k(fo)’l’(fo) .
a(to)x(to) +a ARy 0.

Proof. Since fyqx,(t) = (v(£) — x) - n(t), we have the following calculations:

(@) fuxo(t) = (v(t) —x)-n(t),

(i) fux(t) = (y(t) —x) - (=x(B)E(E) + T(1)b(1)),

(i) fuu () = a(O)x(t) + (¥(£) —x) - (= () — (3 (£) + (1)) + T(£)b(E)).

By (i), (1) follows.
By (i), fux,(to) = fn,xo(tO) = 0 if and only if there exist 4,b € R such that
y(to) —x = at(ty) + bb(to) and —ax(ty) + b7 (tp) = 0. Since x(ty) > 0, we have

tp) —xp=c¢
7 (to) — x0 2(t0) + (ko)
Therefore (2) holds.
By (iii), fux,(to) = fux,(to) = fux,(to) = 0 if and only if there exists a € R such
that
T(to)t(to) + x(to)b(t
(ko) — x0 = a (to) go) (20) (to)
k2 (to) + T2 (to)
e ()2t — (t)e(t)
k(to)t(to) — k(to)T
a(to)x(to) + a——-—= 0
k2 (to) + T2 (to)
This completes the proof. 0

For a support function of 7 with respect to the unit principal normal vector n,
the discriminant set

oF
D, = {x € R? | there exists t € I such that F, = a—tn =0at (¢, x)}

corresponds with the rectifying developable surface of -y (cf. Section 2.3.1).

2.1.4 Criteria of singularities for wave fronts and frontals

We briefly review some properties of wave fronts and frontals. For details, see [1,2,
9,29,32]. Let f : V. — R3; (u,0) — f(u,v) be a smooth mapping, where V C R? is
an open set. We say that f is a frontal if there exists a unit vector field v along f such
that (f,v) : U — T1R3 is an isotropic map, where T1R? is the unit tangent bundle of
R3 equipped with the canonical contact structure. If (f,v) is an immersion, we call



24 Chapter 2. Frenet type framed base curves and developable surfaces

FIGURE 2.1: The cus- FIGURE 2.2: The swal-
pidal edge lowtail

f a wave front. By definition, (f,v) is isotropic if and only if

%) of
ﬁ(u,v) -v(u,v) =0and %(u,v) -v(u,v) =0.
We call v the unit normal vector field or the Gauss map of f. Let f : V — R3 be a

frontal. The signed area density function A : U — R is defined to be

A(u,v) = det <gi(u,v), gz:(u,v),v(u,vo .
We call (ug, vg) a singular point of f if A(ug,v9) = 0. A singular point (19, vg) of f
is non-degenerate if dA (19, vy) # 0. Let (19, vo) be a non-degenerate singular point of
f. Then S(f) is parametrized as a regular curve ¢ : (R,0) — (V, (up, vp)) which is
called a singular curve, where S(f) is the set of singular points of f. Moreover, there
exists a unique non-zero vector field # up to non-zero scalar multiplications such

thatdf(n(t)) = 0on S(f). We call 5(t) the null vector field.

Two map germs f,¢ : (R?,0) — (R?0) are A-equivalent if there exist diffeo-
morphisms s : (R?,0) — (R?,0) and ¢ : (R3,0) — (IR3,0) such thatto f = gos. The
following criteria of singularities for wave fronts and frontals are known:

Theorem 2.1.5 ([32]) Let f : V — R3 be a wave front, and let (ug,vy) € V be a non-
degenerate singular point of f.

(1) f is A-equivalent to the cuspidal edge ce at (19, v) if and only if yA(p) # 0.

(2) f is A-equivalent to the swallowtail sw at (up,vo) if and only if yA(p) = 0 and
mA(p) # 0.

Here, ce : (R?,0) — (R3,0); (u,v) — (u,v?,v°) is the cuspidal edge (Figure 2.1) and

sw: (R%,0) — (R30); (u,0) — (Bu* + u?v,4u® 4 2uv,v) is the swallowtail (Figure

22).

Theorem 2.1.6 ([9]) Let f : V — R be a frontal (not front), and let (ug,vo) € V bea
non-degenerate singular point of f. f is A-equivalent to the cuspidal cross cap ccr if and only

F A (p) # 0, (0) = 0 and B(0) # 0. Here, B(t) = det(f(c(t)), (c(t)), dv(r(1)))
and ccr : (R%,0) — (R3,0); (u,0) — (u,uv3 0?) is the cuspidal cross cap (Figure
2.3).

2.1.5 Ruled surfaces and developable surfaces

We briefly review notions and basic properties of ruled surfaces and developable
surfaces. For details, see [30]. Lety : [ - R3and & : [ — R®\ {0} be C*-mappings.
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FIGURE 2.3: The cuspidal cross cap

Then we define a mapping P(%g) I xR — R3 by

Foog)(t 1) = 7y (t) + u&(t).

We call the mapping F, ¢) a ruled surface, the mapping <y a base curve and the mapping
¢ a director curve. The line defined by «(t) + ug(t) for a fixed t € I is called a ruling.
We call the ruled surface with vanishing Gaussian curvature on the regular part a
developable surface. It is known that a ruled surface F(, ) is a developable surface if
and only if

det (7(t),&(t),&(t)) =0
(cf. [30]). If the director curve ¢ is constant, we call F(, ¢ a (generalized) cylinder. 1f
we define a mapping & : I — S? by &(t) = &(t)/||&(t)||, we have Foo(IXR) =
Fo (I x R). In this case, F(, ¢) is a cylinder if and only if &(t) = 0. We say that Fiy)

is non-cylindrical if &(t) # 0. Suppose that F,, #) is non-cylindrical. Then the striction
curve is defined to be )
o(t) = ()~ T E0g
g(t)-¢(t)
It is known that singularities of a non-cylindrical ruled surface is located on the
striction curve (cf. [30]). A non-cylindrical ruled surface F, ) is a cone if the striction

curve o is constant. It is known that a non-cylindrical developable surface F(, ) is a
wave front if and only if

det (&(t),&(t),6(t)) #0
(cf. [30]). In this case, we call F(, #) a (non-cylindrical) developable front.

2.2 Focal developable surfaces and evolutes

For a Frenet curve, the focal developable surface and the evolute are classical objects
in differential geometry. There are many articles concerning the focal developable
(i.e. the envelope of normal planes) and the evolute (i.e. the locus of center of oscu-
lating spheres) of a Frenet curve (For instance [5,8,17,37,38,42]).

In this section, we consider the focal developable surface and the evolute of a
Frenet type framed base curve.

2.2.1 Focal developable surfaces

We define the focal developable surface of a Frenet type framed base curve as the
discriminant set of the support function of the curve with respect to the unit tangent
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vector (cf. Proposition 2.1.3). Let ¢ : I — R be a Frenet type framed base curve
with (¢, «).

Definition 2.2.1 We define a mapping FD,, : [ x R — R? by

t
FD,(t,u) =y(t) + f{cgtin(t) + ub(t).
We call FD., the focal developable surface of -y.

The focal developable surface /D, is a ruled surface and we have

det <jt ('y(t) + i(gn(t)) ,b(t),b(t))
(

-au (& 2+ .m0

This means that /D, is a developable surface (cf .Section 2.1.5). Moreover, 7D, is
a developable front (cf. Sections 2.1.4 and 2.1.5). We introduce an invariants c¢(t) as
follows:

d _
O'f(t) _ a(i)(:)(t) B ﬁ (DC( ) 1522 ) 0;5;) ( )) , (when T(t) 7& 0)

We remark that 7(tp) = 0if and only if fy € I is a singular point of the unit binormal
vector b(f).

Theorem 2.2.2 Let 7y : [ — R® be a Frenet type framed base curve with (t,«). Then we
have the following:

(1) The following are equivalent:
(a) FD, isacylinder,
(b) t(t) =0.
(2) If t(t) # O, then the following are equivalent:
(c) FD., isa conical surface,
(d) of(t) =0.

Proof. (1) By definition, F'D,, is a cylinder if and only if b(t) is constant. Since
b(t) = —t(t)n(t), b(t) is constant if and only if 7(¢) = 0.
(2) We consider the striction curve ¢ : I — R is defined by

d a(t)
- a() (v +2u(n) beo)
o(t) = () + ) 0RO b(t)
R fgnw - "‘“)"gzt—j;y"(f) b(t).
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Then (2)-(c) is equivalent to the condition ¢(t) = 0. We can calculate that

o) = A0+ (22) n(t) + “; )

Kt
d (a(t)k(t) — K(f k(t) —a(t)e(t)
d( Kz(t b(t Kz OO
= a(pye(n - L ()( ey + (§)< k(D) + T(Ob (1))
d (a(t)x(t) —a(t)x a(B)xk(t) — a(t)x
4 (SO RO ) MOKO KO
a(OT(t)  d (a(t)R(t) — d(t)x()
(S i () ) v
)
It follows that (2)-(c) and (2)-(d) are equivalent. O

We remark that developable surfaces are classified into cylinders, cones or tan-
gent surfaces of space curves (cf. [43]). By result of Theorem 2.2.2, two invariants
7(t) and o¢(t) might be related to singularities of the focal developable surface. Ac-
tually, we can characterize singularities of the focal developable surface of a Frenet
type framed base curve by using these invariants 7(t) and o¢(t).

Theorem 2.2.3 Let 7y : I — RR® be a Frenet type framed base curve with (t,a). Then we
have the following:

(1) (to, uo) is a singular point of FD., if and only if
a(to)k (to) — é(to)x(fo)

12 (fo)

+ M()T(to) =0.

(2) FD, is A-equivalent to the cuspidal edge ce at (to, ug) if and only if
(a) T(f()) 7'é 0, O'f(f()) 7'é 0 and
Dc(to)K(to) — (X(to)K(to)

] (P (7 B

(b) T(to) =0, &(to)f((to) — ﬁc(to)K(to) = 0and

d [a(b)i(t) — a(t)x(t)
i (e )

+ uo'i'(to) # 0.

t=tg

(3) FD, is A-equivalent to the swallowtail sw at (to, uo) ifand only if T(to) # 0, of(to) =
0, ('7'f(t0) 75 0 and

(o) (to) — &(to)x(to)

Uy = —

12 (to) T(to)
Proof. By a straightforward calculation, we have
JdFD J0FD a(t)k(t) — a(t)x(t
2 () x atv(t,u):_< () (1)<2(t)() (>—|—m'(t)> 1),
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Therefore (to, up) is a singular point of 7D, if and only if

Dé(to)f((to) — D'C(to)K(to)
K2 (to)
This means that (1) holds. Assertions (2) and (3) can be proven by using the criteria

for the cuspidal edge ce and the swallowtail sw (cf. [32]). We give the signed density
function A : I x R — R by

+ MoT(to) =0.

Alt,u) =

J0FD, J0FD,
det( o (t,u), o (t,u),t(t))

SRR

Suppose that (to, up) is a non-degenerate singular point of 7D, that is,

230m%):: i(f“ﬁa;bﬁﬂﬂﬂ)tJQ*%*“”#o
a/\ or

a(to, u()) = T(to) 7& 0.
(2)-(a) When 7(t) # 0, we have the singular curve ¢ : (I,ty) — (I X R, (to, up));
_ a(B)k(t) — &(t)x(t)
= (=)

and the null vector field 5 : (I,ty) — R?\ {0};

- (-5)

By using the criterion for the cuspidal edge ce, the focal developable surface D, is
A-equivalent to the cuspidal edge ce at (to, 1) if and only if

det(clto), () = ~LOT0) . £ (MOKC) —40e(D))

x(to) dt K2 (t

= —0y(to) # 0.

t=tg

Therefore, (2)-(a) holds.
(2)-(b) When t(tp) = 0 and

d [ a(i(t) — a(b)x(t)
i (e )

+ uo”i'(to) 7§ 0,
t=ty

there exists a smooth function ¢ : (R, up) — (I, to) such that A(¢(u),u) = 0 and

d¢ At u)
FAC A Wra

=)

Accordingly, we have the singular curve ¢ : (R,ug) — (I xR, (to,up)); c(u) =
(¢(u),u) and the null vector field
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Since p
c 01
det (du(uo),q(uo)> = det < 1« > =—-1#0,

the focal developable surface 7D, is always A-equivalent to the cuspidal edge ce at
(to, up) under the assumption. Therefore, (2)-(b) holds.

(3) By the proof of (2)-(b), it is enough to consider in the same assumption as
(2)-(a). By using the criterion for the swallowtail sw, the focal developable surface
FD, is A-equivalent to the swallowtail sw at (to, up) if and only if

det((t) n(t0)) = —ay(to) = 0and “ED () — _g(40) 200

Therefore, (3) holds. This completes the proof. 0

2.2.2 Evolutes

We define the evolute of a Frenet type framed base curve as the secondary discrimi-
nant set of the support function of the curve with respect to the unit tangent vector
under a certain condition (cf. Proposition 2.1.3). In the other words, the evolute is
the striction curve of the focal developable surface. Let 4 : I — IR® be a Frenet type
framed base curve with (#,«). Throughout this section, we assume that 7(t) # 0.

Definition 2.2.4 We define a mapping £, : I — R® by

£, =70 + X - Y

We call £, the evolute of .

By a straightforward calculation, we have

L ety d (DR — (D)
&lt) = <xm ‘w( t >>“”

— or(D)b(t).

Then we have the following proposition:

Proposition 2.2.5 The evolute £, is a Frenet type framed base curve with (b,os). The
curvature and the torsion is given by ke, (t) = sgn(7)t(t) and 7 (t) = «x(t), where
sgn(T) is the sign of T.

Proof. We can easily check that the evolute £, is a Frenet type framed base curve
with (b,0f). By straightforward calculations, we have the principal normal vec-
tor ng, (t) = b(t)/||b(t)|]| = —sgn()n(t) and the binormal vector b, (t) = b(t) x
(—sgn(T)n(t)) = sgn(7)t(t). It follows that

ke, (t) = b(t) -ne, (t) = (—T(t)n(t)) - (—sgn(T)n(t)) = sgn(7)7(t)

and
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We give relationships between singularities of the evolute £, and of the focal
developable surface /D, as corollary of Theorem 2.2.3.

Corollary 2.2.6 ([21]) Let y : I — R3 be a Frenet type framed base curve with T(t) # 0.
Suppose that (to, ug) is a singular point of F D.,. Then we have the following:

(1) FD., is A-equivalent to the cuspidal edge ce at (to, uo) if and only if the evolute &, is
regular at ty.

(2) FD, is A-equivalent to the swallowtail sw at (to, uo) if and only if the evolute £, is
A-equivalent to the 3/2-cusp c at ty.

Here, ¢ : (R,0) — (R3,0); t — (#3,13,0) is the 3/2-cusp.

Evolutes and spheres

For a Frenet curve 7 : I — R3 with 7(¢) # 0, the evolute E, is constant if and only
if 4 is a curve on a sphere S?(c,r) = {x € R® | ||x — c|| = r} (cf. [5,17]), where
c € R® and ¢ € R.. We investigate relationships between the evolute of a Frenet
type framed base curve and a sphere. Let ¢ : [ — RR® be a Frenet type framed base
curve with t(t) # 0.

Proposition 2.2.7 ([21]) If £, is constant, then there exist a constant vector ¢ € R® and a
non-negative number r € R such taht y(t) € S*(c, 7).

Proof. Suppose that £, is constant, that is, o¢(t) = 0. Then we put ¢ = £,(t). By a
straightforward calculation, we have

d 2
L) e
() d [at) a(O)k(t) —a(H)x(t)\ d [a(t)k(t) — a(t)x(t)
-2(50) () 2 (Pemrer ) (P )
o 2(a()k(t) —a()x(t)) (a(D)T(t) A (a(t)ik(t) —a(H)K(t)
B KE(DT(t) ( x(t) _df< K2 (t)T(t) ))
B COROCLCED A
—0
Therefore, there exists a non-negative number r = ||y (t) — c|| such that y(t) €
S%(c, 7). ]

Lemma 2.2.8 ([21]) &, is constant if and only if there exist functions f,g : I — Rand a
constant vector ¢ € R3 such that y(t) —c = f(t)n(t) + g(t)b(t).

Proof. 1f £, is constant, then we can write 7y (t) — ¢ = f(t)n(t) + g(¢)b(t), where

c=2E&(t), f(t) = —jzég and ¢(t) = a(t)x ( ) — "EE)) K(t )

Conversely, suppose that there exist functions f, g : I — R and a constant vector
c € R® such that y(t) — c = f(t)n(t) + g(t)b(t). Taking the derivative of the both
sides, we have

a(t)t(t) = —x(t) f()E(t) + (f(t) = T(D)g(t)n(t) + (¢(t) +T(t)f(1))b(t).
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It follows that

and
o - s (s
— —so- 5 (49)
¢ — g1
= 0.
Therefore, &, is constant. o

Proposition 2.2.9 ([21]) Suppose that the set of regqular points of <y is dense in 1. Then &,
is constant if and only if there exist a constant vector ¢ € R® and a positive number r € R
such that y(t) € S*(c,r).

Proof. Suppose that £, is constant. By Proposition 2.2.7, there exist a constant vector
¢ € R? and a non-negative number r € R such that y(t) € S?(¢c,7). If r = 0, y(t) =
and (t) = 0. This case does not occur because the set of reular points of v is dense
in I. Therefore, r is positive.

Conversely, suppose that there exist a constant vector ¢ € R® and a positive
number r € R such that y(t) € S%(c, ). By the assumption, we have ||y (t) — c|| = 7*.
Taking the derivative of the both sides, we have a(t)#(t) - (y(t) — ¢) = 0. Since the
set of regular points of v is dense in I, we have #(t) - (¢(t) — ¢) = 0. Then there exist
functions f,g : I — R such that y(t) —c = f(¢)n(t) + g(£)b(t). By Lemma 2.2.8, &,
is constant. O

Contact between Frenet type framed base curves and evolutes

We investigate contact between Frenet type framed base curves and evolutes.

Proposition 2.2.10 ([21]) Let ¢ : I — R t — y(t) and 7 : T — R u — F(u)
be Frenet type framed base curves with T(t) # 0 and T(t) # 0, respectively. If (v, n,b)
and (%,#,b) have at least (k + 2)-th order contact at t = to, u = ug for k € N, then
(&4, —sgn(T)n,sgn(7)t) and (E5, —sgn(T)n, sgn(T)t) have at least k-th order contact
t =ty, u = uy.

Proof. We give the proof by using the induction on k. First suppose that (y,n,b) and
(7,71,b) have at least third order contact at t = ty, u = ug. By Theorem 1.3.10, we
have

('Yl n, b)(to) = ('7/ ﬁrz)(”O)r %(7/ n,b)(to) = %('71 ﬁ,E)(uo),

d? a2~ - d d ~

S5 (1, B) (1) = 2 (7,7,) (o), Flto) = F o), 5 F (to) = £-F(uo),
where F(t) = (t(t),—x(t),0,a(t)) and F(u) = (T(u), —%(u), (() a(u)

, ). Therefore,
we have (€,, —sgn(T)n,sgn(7)t)(ty) = (E5, —sgn(7)n, sgn(7)t) (uo).
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Suppose that the assertion holds for the case of k + 2. Suppose that (v, n,b) and

(7,1, b) have at least (k + 3)-th order contact at t = ¢y, u = 1 and

5;(57/ —sgn(7)n, sgn(1)t)(to) = ii(&y/ —sgn(T)1,sgn (7)) (uo)

fori =0,1,...,k — 1. By Theorem 1.3.10, we have

d d -~
ﬁ}—(tO) = W}—(”O)

fori =0,1,...,k+ 1. We denote by

(v1,v2,03)(t) = (b, —sgn(T)n,sgn(T)t)(t), (v1,02,03)(u) = (5, —sgn(T)n, sgn(T)t)(u),

Fe, () = (x, —sgn(1)7,0,07)(t) and Fe (t) = (K, —sgn(7T)T,0,07)(u) for conve-
nience. It follows that

k k—1 3 k=2
) = () o+ L £ (Fo 0 P 0) o),

k k—1 k—1
o) = —sen(o) (Gre) ) o)+ sgn() (mgeln) ) o)

3 qk—2
+ ;gi (.ng(i’), e dtHfgv(t)) vi(t),

dk dkfl 3 dku
gEos(t) = —sgn(7) <dtk—1K(t)> 02(t) + i;hi <7€7(t)f---f dtk—z‘/?‘gv(t)> vi(t)

for some smooth functions f;, g; and h; (i = 1,2,3). Moreover, we have

di di+?

for some smooth functions ¢j for j = 0,1,...,k — 1. By the same calculations, we
have

k k—1 3 k—
Leest) = (o) o)+ L (P ) Py 1) )

duk duk =
k k-1 k—1
;Mﬁz(u) = —sgn(7) <d{ikl?(u)> 01(u) 4 sgn(7) (Efukli(u)> o3 (1)

It follows that

dk dk . .
ﬁ(&” —sgn(T)n,sgn(7)t)(ty) = W(&;, —sgn(T)n, sgn(T)t) (up).
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Therefore, (v,1,b) and (7,7, b) have at least (k + 1)-th order contact at t = ty, u =
up. By the induction, we have the result. O

Proposition 2.2.11 ([21]) Let  : I — R3 be a Frenet type framed base curve with T(t) #
0. (7,n,b) and (&,, —sgn(T)n,sgn(7)t) are congruent as framed curves if and only if
k(t) = T(t) and a(t) = o¢(t).

Proof. Suppose that (y,n,b) and (€,, —sgn(7)n,sgn(7)t) are congruent as framed
curves. By Lemma 1.2.1 and Proposition 2.2.5, we have

(t(t), =x(t),0,a(t)) = (x(t), = () 7(£),0,0¢(t))

It follows that x(t) = 7(f) and a(t) = oy(t). Moreover the converse is true by the
above discussion. 0

Remark 2.2.12 A function 7(t)/x(t) is constant if and only if v is a framed helix (cf.
Section 2.3.2 and [19]). Therefore, v is a framed helix if x(t) = 7(t).

Example 2.2.13 Let 4 : R — R3 be a curve defined by
1
y(t) = ((t +1)sint +cost, —(t + 1) cost + sint, Etz + t)

(cf. Figure 2.4). The curve v has a singular point at t = —1, so that it is not a Frenet
curve. On the other hand, v is a Frenet type framed base curve with the mapping
(t,a) : R — S? x RR;

1
t(t) = —=(cost,sint, 1),

V2
alt) = V2(t+1).

By straightforward calculations, we have

n = Ht) = (—sint,cos
N G
b(t) = t(t) xn(t) = L(—cos t,—sint,1).

V2

The curvature x(t) and the torsion T(t) are x(t) = 1/+/2, T(t) = 1/+/2, respectively.
The evolute £, : I — R3 is given

1
Ey(t) = <—(t—|—1)sint—cost,(t+1)cost—sint,2t2+t+2>

(cf. Figure 2.5). By Proposition 2.2.11, (v,n,b) and (£,, —b,t) are congruent as
framed curves. Then v is a framed helix (cf. 2.3.2 and [19]).
2.2.3 Examples

In order to understand the phenomena for the focal developable surfaces and the
evolutes of Frenet type framed base curves, we give examples.
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% N

FIGURE 2.4: 7 of Ex- FIGURE 2.5: &, of Ex-
ample 2.2.13 ample 2.2.13

Example 2.2.14 Let 4 : R — R3 be a curve defined by

v(t) = (£,£,0)

(cf. Figure 2.6). We call oy a 3/2-cusp. The curve v has a singular point at t = 0, so
that it is not a Frenet curve. On the other hand, vy is a Frenet type framed base curve
with the smooth mapping (¢,a) : R — S? x R;

1
tt) = ———(2,3,0),
(t) 4+9t2( )
a(t) = V44982,

By straightforward calculation, we have

£(t) 1

I#6] ~ Vator
b(t) = t(t) x n(t) = (0,0,1).

(—3t,2,0),

The curvature «(t) and the torsion T(t) are x(t) = 6/ (4 + 9t2), T(t) = 0, respectively.
The focal developable surface FD,, : I x R — R is given by

t
FDat,1) = 7(8) + () + b1
Figure 2.6). The base curve «(t) + («(t) /x(f)n(t)) is the evolute as planer front
[11,12]). By Theorem 2.2.2, the focal developable surface /D, is a cylinder. Since

(cf
(cf
T(t) = 0, we cannot consider the evolute of the curve v as framed base curve.

FIGURE 2.6: (v, FD,) of Example 2.2.14
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FIGURE 2.7: (v, &,) of FIGURE 2.8: FD,, of
Example 2.2.15 Example 2.2.15

Example 2.2.15 Let ¢ : R — S C R3 be a curve defined by

3 1 3 1 3
y(t) = <4 cost — Zcos3t,zsint — isin?)t, \chos t)

(cf. Figure 2.7). We call the curve v a spherical nephroid (cf. [41]). The curve - has
singular points at t = 0, 77, so that it is not a Frenet curve. On the other hand, v is a
Frenet type framed base curve with the smooth mapping (¢,&) : R — S? x R;

V3 YE 1
t(t) = <2c052t,23m2t,—2 ,

a(t) = +/3sint.

n(t) = t(t) = (—sin2t,cos2t,0),
b(t) = t(t)xn(t):%(—COSZt,—SinZt,\@).

The curvature x(t) and the torsion T(t) are x(t) = /3, T(t) = 1, respectively. The
focal surface 7D, : [ x R — R3 is given by

FD,(t,u) =y(t) + figgn(t) + ub(t).

(cf. Figure 2.8). By Theorem 2.2.2 and
_a)(t) 4 (ax(t) —a(O)x() _
() o

the focal developable surface 7D, is a conical surface. Moreover, the evolute &, is
apoint £, (t) = (0,0,0) (cf. Figure 2.7).

Example 2.2.16 Let 4 : R — IR3 be a curve defined by
y(t) = (tz, £, t4)

(cf. Figure 2.9). The curve v has a singular point at t = 0, so that it is not a Frenet
curve. On the other hand, v is a Frenet type framed base curve with the smooth
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L/

FIGURE 2.9: (1, &,) of FIGURE 2.10: FD, of
Example 2.2.16 Example 2.2.16

mapping (t,a) : R — S x R;

1
tt) = (2,3t,4t%),

V4 +9t2 4+ 1644
a(t) = tV4+492 4 16t4,

1
n(t) = (—9t —3213,6 — 24t*, 16t + 18¢°),
V(4 + 912 + 16%) (9 + 6412 + 36t4)
1
b(t) = (612, —8t,3).
V9 + 6412 + 36t4
The curvature «(t) and the torsion 7(t) are
2v/9 + 6412 + 36t
K(t) = s
4+ 912 + 16t
12v/4 + 9% + 16t
T(t) - 7
9 + 6412 + 3614

respectively. The focal surface FD,, : I x R — R® is given by
a(t)
FDy(t,u) = y(t) + @"(t) + ub(t)
(cf. Figure 2.10). We can calculate that
o (t) = “(i)(:;t) —% ("‘( JE(t E;T”ES) K(t )> — 1(3+202)\/9 + 6412 + 3614,
(0

By Theorem 2.2.3, 0¢(0) = 0 and ¢y
A-equivalent to the swallowtail sw a

by

) = 9, the focal developable surface 7D, is
t (0,—1/2). The evolute &, : I — R3 is given

a(8),y _ WOR)

— i),
@y 0

(t
t)
(cf. Figure 2.9).

Example 2.2.17 Let 4 : R — RR3 be a curve defined by

¥(t) = (cos® t,sin® t, cos 2t)
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Y

FIGURE 2.11: (v,&,) FIGURE 2.12: FD, of
of Example 2.2.17 Example 2.2.17

(cf. Figure 2.12). We call ¢ an astroid. The curve v has singular points at t =
0,7t/2,7,37/2, so that it is not a Frenet curve. On the other hand, v is a Frenet
type framed base curve with the smooth mapping (t,&) : R — S? x R;

1
tt) = §<_3 cost,3sint, —4),
a(t) = b5costsint.

n(t) = (sint,cost,0),
1
b(t) = g(4cos t,—4sint, —3).

The curvature x(t) and the torsion T(t) are x(t) = —3/5, T(t) = —4/5, respectively.
The focal surface FD,, : [ x R — R3 is given by

FD,(t,u) =y(t) + jig:;n(t) + ub(t)

(cf. Figure 2.12). By Theorem 2.2.3 and

at)r(t) d (a()(t) —a(t)x(t) ,
or(t) = "0 _dt< 2000 > = 35costsint,

the focal developable surface 7D, is A-equivalent to the cuspidal edge ce at t =
0,7t/2,7,37/2. The evolute &, : I — R?is given by

28 28 21
E(t) = (3 cos’ t, ?sm A cos2t>

(cf. Figure 2.11). Therefore, the evolute of the astroid is the astroid.

2.3 Rectifying developable surfaces and framed helices

For a Frenet curve, the rectifying developable surface is investigated in [26]. They
showed relationships between singularities of the rectifying developable surfaces of
a Frenet curve and geometric invariants of the curve. A Frenet curve is always a
deodesic of its rectifying developable surface.

In this section, we consider the rectifying developable surface of a Frenet type
framed base curve and a framed helix.
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2.3.1 Rectifying developable surfaces

We define the rectifying developable surface of a Frenet type framed base curve as
the discriminant set of the support function of the curve with respect to the unit
principal normal vector (cf. Proposition 2.1.4). Let ¢ : I — R3 be a Frenet type
framed base curve with (#, «).

Definition 2.3.1 We define a mapping RD,, : [ x R — R® by

RDwam=vwo+uﬂw=vmw+uﬂ”$2¢f$£y»

We call RD,, the rectifying developable surface of vy, where d is the spherical Darboux
type vector (cf. Section 2.1.2).

The rectifying developable surface RD,, is a ruled surface and we have

(RO — k(DT k() — (Db
“”‘( 20 T 20 > 2020

4

so that we have
det (1), d(t), d(1))
— det (rx(t)t(t), T(t)t(t) +x()b(t) (K(t)f'(t) - fc(t)r(t)> k(D) — T(t)b(t))

K2(t) + T2(t) K2(t) + T2(t)
=0

for all t € I. This means that RD., is a developable surface (cf .Section 2.1.5). More-
over, RD, is a developable front (cf. Sections 2.1.4 and 2.1.5). We introduce two
invariants d,(t), o,(t) as follows:

_ k(B)T(t) —k(H)T(h)
Y= Tewmran
B a(t)r(t) d a(t)x(t) when
or(t) = DT (Mt) x2(t)+T2(t)> (when ¢, (t) # 0).

Theorem 2.3.2 ([19]) Let «y : I — IR® be a Frenet type framed base curve with (t,u). Then
we have the following:

(1) The following are equivalent:

(@) RD,, is a cylinder,
(b) 4.(t) = 0.

(2) If 6,(t) # O, then the following are equivalent:

(c) RD, is a conical surface,
(d) ov(t) =0.

Proof. (1) By definition, R D, is a cylinder if and only if d(t) is constant. Since

H(t) _ (K(t)T'(t) - k(t)r(t)) K(D)t(t) — T(H)b(t) _ 5 (t)K(t)t(t) —1(Hb(t)
B+ FOEE L DNV DR O R




2.3. Rectifying developable surfaces and framed helices 39

d(t) is constant if and only if 6,(¢) = 0.
(2) We consider the striction curve o (f) defined by

i-an " T S ven e

() -d(t) a5
d

Then (2)-(c) is equivalent to the condition ¢(¢) = 0. We can calculate that

o(t) = A-Y(t)_;t (5 . uc(t)K)(t) )d(t)_ JOLONEP

_ uc(t)t(t)_d< a(t)x(t) )d(t)_ oc(t)vc(t)2 K(£)E(E)—T(£)b(¢)

B a(t)t(t) d a(t)x(t) T(£)t(t) + x(t)b(t)
N K2() +2(6) At \ 6,(£)/x2(t) + T2(F) V() + T2(1)
= o (t)d(t).
It follows that (2)-(c) and (2)-(d) are equivalent. O

We give characterizations of singularities of the rectifying developable surface
RD., by using d,(t) and o7 (t).

Theorem 2.3.3 ([19]) Let v : I — R3 be a Frenet type framed base curve with (t, «). Then
we have the following:

(1) (to,uo) is a singular point of RD., if and only if

a(to)x (o)
Kz(t0> + Tz(t())

+ uo(sr(to) =0.

(2) RD,, is A-equivalent to the cuspidal edge ce at (to, uo) if and only if
(@) o,(to) #0, 04(tp) # 0and

or
(b) 5r(t0) = “(tO) =0, 5r(t0) # 0 and

u 7§ _lX(to)K(tO) Kz(tO) + Tz(to)
' K (to)t(to) — &(to)T(to)

or
(c) 6r(to) = a(ty) = 0and a(ty) # 0.
(3) RD, is A-equivalent to the swallowtail sw at (to,ug) if and only if 6,(tg) # 0,
ov(tg) =0, 0y (to) # 0and

Dé(fo)K(t())

6, (to)/x2(to) + T2(to)”

Uy = —
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Proof. By a straightforward calculation, we have

ORD ORD B a(t)x(t)
= T(t,u) x 5 Y(t,u) = — ( 20+ 20 + u&r(t)> n(t).

Therefore (to, up) is a singular point of RD,, if and only if

a(to)x(to)
k2(to) + T2(to)

This means that (1) holds. Assertions (2) and (3) can be proven by using the criterion
for the cuspidal edge ce and the swallowtail sw in [32]. We give the signed density
function A : I x R — R by

AMt,u) = det <a7§?7 (t,u), 87;?7 (t, u),n(t))

HOLON
() + ()

Suppose that (ty, up) is a non-degenerate singular point of RD,, that is,

oA 4 a(t)r(t) o
o foto) = — ( Kz(t)—{—’rz(t)) . ub,(t) #0
or
gz(to,uo) = 4,(tp) #0.
(2)-(a) When é,(tp) # 0, we have the singular curve ¢ : (I,ty) — (I X R, (to, up));

a(t)x(t)

c(t) = <t,— )
5 (£) /K2 (t) + T2(¢)

and the null vector field # : (I,t) — R?\ {0};
o a(®)T(®)
() = (1’ K2() + r2(t>> '

By using the criterion for the cuspidal edge ce, the focal developable surface 7D, is
A-equivalent to the cuspidal edge ce at (to, o) if and only if

. _ a(to)T(to) d a(t)x(t)
det(¢(to), n(to)) = K2(to)—|—T2(t0)+dt ((w) K2(t)+T2(t)>

t=tg

Therefore we have (2)-(a).
(2)-(b, ¢)) When 6,(tg) = 0 and

= —U'r(t()) 75 0.
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there exists a smooth function ¢ : (R, ug) — (I, fo) such that A(¢(u), u) = 0 and

dp, . Au(tu)
™= N

t=g(u)

Accordingly, we have the singular curve ¢ : (R,up) — (I xR, (to,up)); c(u) =
(¢(u), u) and the null vector field

L se)rem)
) (l’ wc2<¢<u>>+r2<¢<u>>>'

Since p
c 01
det <du(u0),11(u0)> = det < 1 ) =-1#0,

the rectifying developable surface 7D, is always .A-equivalent to the cuspidal edge
ce at (to, up) under the assumption. Therefore, (2)-(b), (c) holds.

(3) By the proof of (2)-(b), (c), it is enough to consider in the same assumption
as (2)-(a). By using the criterion for the swallowtail sw, the rectifying developable
surface RD, is A-equivalent to the swallowtail sw at (f, 1) if and only if

det(&(to), (to)) = —0v(to) = 0 and ddetd(f"”(to) — _6,(ty) £ 0.

Therefore, (3) holds. This completes the proof. O

2.3.2 Framed helices

In this section, we define a (generalized) helix which may have singular points. Let
79 : I — R be a Frenet type framed base curve with (¢, ).

Definition 2.3.4 (Framed helix) We say that 7 : [ — R is a framed helix if there exist
a constant vector v € 5% and a constant number ¢ € R such that t(t) - v = c.

This means that tangent lines of y make a constant angle with a fixed direction, so
that a framed helix is a natural generalization of a regular helix. The invariant J,(¢)
characterize a framed helix. We can prove the following proposition.

Proposition 2.3.5 ([19]) Let y : I — RR® be a Frenet type framed base curve with (t, «).
Then the following are equivalent:

(1) vy is a framed helix,
(2) 6,(t) =0.

Proof. Suppose that v is a framed helix. Here, we put v = a(t)t(t) + b(t)n(t) +
c(t)b(t), where a(t), b(t) and c(t) are smooth functions. By the assumption,

v-t(t) =a(t) =c. (2.1)
Moreover, taking the derivative of the both sides of the equation (2.1), we have

—b()x(t)t(t) + (cx(t) + b(t) — c(t)T(t))n(t) + (¢(t) +b(t)T(t))b(t) = 0.
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Then we have b(t) = 0, c(t) = ¢; and ¢ = c(7(t)/x(t)), where ¢ is a constant
number. On the other hand, since

2
1= ol =& (g +1).
we have c¢; # 0. Thus ¢/c¢; = T(t)/x(t). We remark that 6,(¢) = 0 if and only if
d (t(t)\ _ x(t)t(t) —&(t)T(t)
it () = e 0

Therefore, we have 6,(t) = 0.
Conversely, suppose that ,(t) = 0. We set v = (t(t)/x(t))t(t) + b(t) and v =
v/||v||. Then

(1)

7-t(t) = Kit)’
T2(t)
Vw1
that is, - £(t) is constant. This means that v is a framed helix. O

Corollary 2.3.6 ([19]) Let v : I — R3 be a Frenet type framed base curve with (t,a).
Then we have the following are equivalent:

(@) RD, is a cylinder,
(b) 4,.(t) =0,
(c) v is a framed helix.

By Theorem 1.3.10, we can show the following propositions.

Proposition 2.3.7 ([191) If (v, n,b)(ty) and (7,7,b)(ug) have at least (k + 2)-th order
contact as framed curves, then (5,(p) (to) = S;p) (uo) for 0 < p < k — 1, where

drs,

dPo, 5 (40) —
(to) and ;" (ug) = TP (up).

5" (to) = Aty

Proposition 2.3.8 ([19]) Let ¢ : I — R® be a Frenet type framed base curve with (t, a).
Then there exists a framed curve (v,#,b) : I — R3 x Va2 such that 7 is a framed helix, and
(7v,n,b) and (4,1, b) have at least second order contact as framed curves at a point ty € I.

Proof. Choose any fixed value t = t of the parameter. We consider a new curvature
as a framed curve

(T(8), =x(1),0,&(t)) = (((to) /x(to) x(t), —x(t), 0, a(t)) .

As an application of Theorems 1.1.4 and 1.1.5, there exists a framed curve (7, ﬁ,g)
with the curvature (7(t), —x(t),0,&(t)). By Theorem 1.3.10 and an appropriate Eu-

clid transformation, (v, n, b) and (7,7, b) have at least second order contact as framed

curves at tp € I. Moreover, by a straightforward calculation, we have (t) = 0.
Therefore, 7 is a framed helix. O
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2.3.3 Examples

In order to understand the phenomena for rectifying the developable surfaces of
framed base curves and framed helices, we give examples.

Example 2.3.9 (The astroid) Let 7 : R — R3 be a curve defined by
y(t) = (Cos3 t,sin® t, cos 2t)

(cf. Figure 2.13). The curve v is a Frenet type framed base curve (cf. Example 2.2.17).
By Corollary 2.3.6 and é,(t) = 0, v is a framed helix. The rectifying developable
surface is given by RD,, (t,u) = (cos3 t,sin®t, —u + cos 2t). By Theorem 2.3.3 (2)-(c),
the rectifying developable surface RD, is A-equivalent to the cuspidal edge ce at
t=0,7/2,m,3m/2 (cf. Figure 2.14).

FIGURE 2.14:
(7,RD,) of Example
2.39

FIGURE 2.13: v of Ex-
ample 2.3.9

Example 2.3.10 (The spherical nephroid (cf. [41])) Let 7 : [0,27) — S> C R3be a
curve defined by

3 1 3 1 \@
t)= [ >cost—— t,=sint — - sin3t, ~—— cos t
')/() < COs cos 3 , — SIn sin 3 , COS)

(cf. Figure 2.15). The curve v is a Frenet type framed base curve (cf. Example 2.2.15).
By Corollary 2.3.6 and 4,(f) = 0, v is a framed helix. The rectifying developable
surface is given by

3 1 3 1 3
RD,(t,u) = <4 cost — Zcos?)t,isint — Esin?)t,u + \chos t) )

By Theorem 2.3.3 (2)-(c), the rectifying developable surface RD,, is .A-equivalent to
the cuspidal edge ce at t = 0, 7t (cf. Figure 2.16).

Example 2.3.11 ((2,3,5)-type) Let v : R — RR® be a curve defined by

1,151,
B = (=2, 28, 2t
v(#) <2’3 5)

(cf. Figure 2.17). The curve < has a singular point at = 0, so that it is not a Frenet
curve. On the other hand, v is a Frenet type framed base curve with the mapping
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N

FIGURE 2.16:
FIGURE 2.15: v of Ex- (
v, RD.,) of Example
ample 2.3.10 2.3.10
(t,a): R — S x R;
1
tt) = ——— (1,183,
() 1+ﬂ+ﬁ( )

a(t) = tV/1+t2+10.

By straightforward calculations, we have

V149t 46 6tV 412 16
K(t) = 142+ ¢6 () = 14 94 + 416

By Theorem 2.3.3 (2)-(b), 6(0) = 6, 0(0) = 1/6 and «(0) = 0, the rectifying devel-
opable surface RD,, is A-equivalent to the cuspidal edge ce at (0, 0) (cf. Figure 2.18).

~

FIGURE 2.18:

FIGURE 2.17: « of Ex-
D,,) of 1
ample 2.3.11 (7/ R 72) 3011Examp e
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Chapter 3

Frontal curves on embedded
surfaces and developable surfaces

In this chapter, we consider two types of developable surfaces along a frontal curve
on an embedded surface in the Euclidean 3-space. One is called the osculating devel-
opable surface, and the other is called the normal developable surface. The frontal
curve may have singular points. We give new invariants of the frontal curve which
characterize singularities of the developable surfaces. Moreover, a frontal curve is
a contour generator with respect to an orthogonal projection or a central projection
if and only if one of these invariants constantly equal to zero. This chapter is based
on [20].

3.1 Preliminaries

3.1.1 Regular curves on embedded surfaces and developable surfaces

Let M = X (V) be a surface given locally by an embedding X : V — R?, V C R?is
an open set. Let 7 : I — V be a regular plane curve, where () = (u(t),v(t)) and
I is an open interval. Then we have a regular space curve y = X0y : [ - M C R3
on the surface M. On the surface, we have the unit normal vector field n defined by

 Xu(u,v) x Xp(u,v)
1%, 0) X Xo(u, 0) ||

n(u,v)

Since v is a regular space curve in IR?, we adopt the arc-length parameter and denote
v(s) = X(u(s),v(s)). Then we have the unit tangent vector field #(s) = 7/(s), where
9'(s) = (dvy/ds)(s). We have n,(s) = no%(s), which is the unit normal vector
field of M along y(s). Moreover, we define b(s) = n,(s) x t(s). Then we have an
orthonormal frame {t(s),n,(s), b(s)} along 7(s), which is called the Darboux frame
along 7(s). Then we have the following Frenet-Serret type formula:

t'(s) 0 Ke(s)  xu(s) t(s)
b'(s) | = —xe(s) 0 Ty (s) b(s) |.
n.,(s) —Kkn(s) —Tg(s) O 1,(s)

Here,
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We call k¢ (s) a geodesic curvature, x,(s) a normal curvature and T, (s) a geodesic torsion
of y(s), respectively. It is known that

(1) v is an asymptotic curve of M if and only if kn(s) =0,
(2) v is a geodesic of M if and only if x4 (s) = 0,
(3) v is a principal curve of M if and only if 7, (s) = 0.
We define two vector fields d, (s), d,(s) along (s) by
do(s) = Tg(s)t(s) — xn(s)b(s),
dr(s) = Tg(s)t(s) + xg(s)n,(s)

which are called the osculating Darboux vector field, the rectifying Darboux vector field
along (s), respectively. We also define spherical Darboux images as follows:

_ Tg(8)(s) — Ku(s)b(s)

do(s) = 2020 if (n(s), (s)) # (0,0),
- To(5)E(s) + Ko (s)nq(s) |
d(s) = & = j@(s; if (T4(s),x4(s)) # (0,0).

These are called the spherical osculating Darboux image, the spherical rectifying Darboux
image along <y (s), respectively. The condition (x,(s), T4(s)) # (0,0) means that 7, (s)
is a regular spherical curve. Then d,(s) is a spherical dual of n,(s). On the other
hand, the condition (x¢(s), 7g(s)) # (0,0) means that b(s) is a regular spherical
curve. Then d,(s) is a spherical dual of b(s).

Definition 3.1.1 (The osculating developable surface, [28]) Let y = Xo7y : [ —
M C R3 be a unit speed curve on a surface M with x2(s) + ng(s) # 0. We define a
mapping OD,, : I x R — R3 by

OD,(s,u) = y(s) + udy(s) = v(s) + L Te(9)t(s) — ra(s)b(s)

We call OD,, the osculating developable surface along y on M.

It is easy to show that OD,, is a developable surface. If (so,0) is a regular point of
OD,, (i.e. ku(so) # 0), the normal vector of OD,, at OD,,(sp,0) = 7(so) has the same
direction of the normal vector of M at y(sg). This is the reason why we call OD,, the
osculating developable surface of M along «.

Definition 3.1.2 (The normal developable surface, [18]) Lety = X oy : [ - M C
IR® be a unit speed curve on a surface M with «(s) + 73 (s) # 0. We define a mapping
ND, : I xR — R® by

s 1) = a(s) 4 ud.(s) = v(s uTg(S)t(S)+Kg(S)n7(s)
ND, (s, u) = ¥(s) + ud,(s) = y(s) + AR -

We call ND,, the normal developable surface along 7y on M.
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We can also show that ND,, is a developable surface. If (so,0) is a regular point of
ND,, (i.e. x¢(so) # 0), the normal vector of ND,, at ND.(so,0) = y(so) is tangent to
M at 7(sp). This is the reason why we call ND,, the normal developable surface of
M along v.

We introduce four invariants of (M, 7) as follows:

Ky(s) ) , (when d,(s) # 0).

These invariants characterize singularities of OD., and ND,, (cf. [18,28]). Moreover,
[28] showed that a regular curve is a contour generator with respect to an orthogonal
projection (respectively, a central projection) if and only if J,(t) (respectively, o, (t))
constantly equal to zero.

3.1.2 Contour generators

We now briefly review the notion of contour generators. Let M C RR® be a surface
and n be a unit normal vector field on M. For a unit vector k € S2, the contour
generator of orthogonal projection with the direction k is defined to be

{peM|k-n(p) =0}

It is actually the singular set of the orthogonal projection with direction k. Moreover,
for a point ¢ € RR3, the contour generator of the central projection with the center c is
defined to be

{peM|(p—c) n(p) =0}

It is also the singular set of the central projection with the center c¢. The notion of
contour generators plays an important role in the computer vision theory [6].

3.1.3 Frontal curves on embedded surfaces

Hereafter, we do not assume that 4 : I — V is a regular curve. It follows that
v:Xo%: I — M C R may have singular points. If o has a singular point, we
can not construct the Darboux frame. However, we can define a moving frame of a
frontal curve for a Legendre curve in ThM = {(x,v) € TM | ||v|| = 1}, where ' M
is the unit tangent bundle over M equipped with the canonical contact structure.

Definition 3.1.3 We say that (v, b) : I — T1M is a Legendre curve on the unit tangent
bundle Ty M if (t) - b(t) = 0 forall t € I. We call +y a frontal curve. Moreover, if (v, b)
is a Legendre immersion, we call vy a front curve.

For a surface M = X (V) given locally by an embedding X : V — R3,lety : [ — V
be a plane curve, and let (v,b) : I — T1M be a Legendre curve, where y = X o7 :
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I — M C R3. Then we have the Frenet-Serret type formula of the frontal curve v as
follows. n,(t) is defined by

(1) = no7y(t).
We remark that n,(t) may have singular points. We put (t) = n,(t) x b(t). We
call an orthonormal frame {n,(t),b(t), t(t)} the Darboux type frame along the frontal

curve y(t) on M C R3 and we have the Frenet-Serret type formula of the frontal
curve (or, the Legendre curve) which is given by

(ﬂw)) ( 0 L) m(t))(mm)
b(t) | =1 —L(t) 0 n(t) b(t) |,
i(t) —m(t) —n(t) O t(t)

where £(t) = 11, (t) - b(t), m(t) = 71,(t) - £(t) and n(t) = b(t) - t(t). Moreover, there
exists a smooth function «a(#) such that

We call the mapping (¢,m,n,a) : I — R* the curvature of the Legendre curve (with
respect to the parameter t). By Definition 3.1.3, (v, 7,,b) : I — V3, x V3, isa framed
curve, so that we can apply the existence and the uniqueness theorem for framed
curves (cf. Theorems 1.1.4 and 1.1.5). This is the reason why we call (¢,m,n,«) the
curvature of (v, b).

Suppose that ., (t) is a spherical frontal curve, that is, there exists a smooth map-
ping d, : I — S? such that (n,,d,) : I — V3 is a spherical Legendre curve (cf. [41]).
Then we call d, (t) the spherical osculating Darboux frontal curve. d,(t) is a dual of n, (t)
as spherical frontal curve. In this sense, the spherical osculating Darboux frontal
curve is a natural generalization of the spherical osculating Darboux image for a
regular curve. We put #,(t) = n,(t) x d,(t) and we have the Frenet-Serret type
formula of (n,,d,) which is given by

( ity (1) ) ( 0 0 mo(t) ) ( 1, (1) )
do(t) | = 0 0 m(t) At |,
o (1) “mo(t) —me(t) 0 (1)

where m, (t) = 71, (t) - do(t) and n,(t) = 11, () - t,(t). Moreover, we have the follow-

ing relationship:
do(t) \ [ cosby(t) —sinb,(t) b(t)
t,(t) )\ sinB,(t) cosb,(t) t(t) )’
where cos 0,(t) = dy(t) - b(t) = t,(t) - £(t) and sin 0, () = —d,(¢) - £(t) = t,(t) - b(¢).
On the other hand, suppose that b(t) is a spherical frontal curve, that is, there
exists a smooth mapping d, : I — S2 such that (b,d,) : I — V3, is a spherical

Legendre curve. Then we call d,(t) the spherical rectifying Darboux frontal curve. We
put t,(t) = b(t) x d,(t) and we have the Frenet-Serret type formula of (b, d,) which

is given by
b(t) 0 0 m(t) b(t
( dr(t) ) = ( 0 0 nr(t) ) ( dr(t)
t,(t) —m,(t) —n,(t) O t (1)

N————
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where m,(t) = b(t) - d,(t) and n,(t) = b(t) - t,(t). We have the following relation-

ship:
d,(t) \ [ cosb,(t) —sinb,(t) (1)
(56 ) = (Snots oty ) (it )
where cos 0,(t) = d.(t) - t(t) = t.(t) - n(t) and sin6,(t) = —d,(t) - n,(t) = t,(¢) -

£(t).

3.2 Osculating developable surfaces

In this section, we introduce the osculating developable surface along a frontal curve
on a embedded surface. Let (v, b) : I — T;M be a Legendre curve with a spherical
osculating Darboux frontal curve d,(t).

Definition 3.2.1 We define a mapping OD,, : I x R — R® by

OD, (t,u) = y(t) + ud,(t).
We call OD,, a (generalized) osculating developable surface of M along .
The osculating developable surface OD,, is a ruled surface and we have

det (7, do, do) = det (at, do, not,)
= det (at, cos 0,b — sin ,t, n, (sin 6,b + cos H,t))
=0.
This means that OD,, is a developable surface. If v is a regular curve, then we have

OD, (I x R) = OD,(I x R). This is the reason why we call OD,, the (generalized)
osculating developable surface of M along vy (cf. Definition 3.1.1).

We introduce an invariant 0, of (M, 7) as follows:

d [a(t)cosb,(t)
+dt( 1o (1)

Then n,(t) and o,(t) characterize contour generators of M as follows:

0o(t) = a(t)sin6,(t) > (when n,(t) # 0).

Theorem 3.2.2 Let (,b) : I — T1M be a Legendre curve with a spherical osculating
Darboux frontal curve d,(t). Suppose that the set of regular points of n., is dense in I.

(1) The following are equivalent:
(a) OD, is a cylinder,
(b) no(t) =0,
(c) oy is a contour generator with respect to an orthogonal projection.

(2) Ifno(t) # O, then the following are equivalent:

(d) OD, is a conical surface,
(e) U'O(t) = O/
(f) v is a contour generator with respect to a central projection.
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Proof. (1) By definition, OD,, is a cylinder if and only if d,(t) is constant. Since
d,(t) = n,(t)t,(t), do(t) is constant if and only if n,(t) = 0. Therefore, (a) is equiv-
alent to (b). Suppose that (c) holds. Then there exists a vector k € S? such that
n,(t) -k = 0. Then there exist functions A, : I — R such that k = A(t)d,(t) +
u(r)to(t). Since 71, (t) - k = 0 and the assumption, we have p(t) = 0, so that we
have k = +d,(t). Therefore, (a) holds. Conversely, suppose that (a) holds. Then we
choose k = d,(t) € S%. By definition of d,(t), we have n, () - k = n,(t) - d,(t) = 0.
Therefore, (a) implies (c).
(2) We consider a striction curve o (t) given by

a(t) cosb,(t)
1, (t)

o(t) =y(t) - do (£).

Then (d) is equivalent to the condition that ¢ () = 0. We can calculate that

&:at—i <(xcos90) d, (zxcosf)o> ot
dt 1’10 nO

d 0
= & (—sinB,d, + cos b,t,) — yr (“CZS 0) d, — a cos 6,1,
0
= — (asin@o + i <“C0890>) d,
dt My

- _Udo.

It follows that (d) and (e) are equivalent. By the definition of the contour generator
with respect to a central projection, (f) means that there exists ¢ € R® such that
(y(t) —c) - n,(t) = 0. If (d) holds, then o(t) is constant. For the constant point
c = o(t) € R?, we have

(v(t) =€) -y (t) = (v() — o' (8)) - 1y ()

This means that (f) holds. For the converse, by (f), there exists a point ¢ € R®
such that (y(t) — ¢) - n,(t) = 0. Taking the derivative of the both side, we have
0 = (y(t) —¢) - (my(t)t,(t)). Since the set of regular points of n, is dense, there
exists a function A : I — R such that y(t) — ¢ = A(t)d,(t). Taking the derivative
again, we have

0 = amycosy + (7 —¢) - (—ming, — moned, + titts)
= ammy cos Oy + Ady - (—m3n, — mond, + titot,)
- mo (“ COSs 90 — /\Tl()) .

Since the set of regular points of 1, is dense, a(t) cos 0, (t) — A(t)n,(t) = 0. It follows

that o
= 21) = Ao (1) = (1) — Ll

Therefore, o (t) is constant, so that (iv) holds. This completes the proof. ]

do(t) = o (1).
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Corollary 3.2.3 The osculating developable surface OD., is non-cylindrical if and only if
no(t) # 0.

By the result of Theorem 3.2.2, two invariants 1, (t) and o, (t) might be related
to the singularities of osculating developable surfaces. Actually, we can character-
ize the singularities of osculating developable surfaces of M along curves by using
theses two invariants 1, (t) and o, (f).

Theorem 3.2.4 Let (y,b) : I — T1M be a Legendre curve a with spherical osculating
Darboux frontal curve d,(t). Then we have the following:

(1) (to,uo) is a singular point of the osculating developable surface OD., if and only if

a(to) cos B, (to) + uone(to) = 0.

(2) Suppose that (to, uo) is a singular point of OD., and m,(ty) # 0.

(a) The osculating developable surface OD., is A-equivalent to the cuspidal edge ce
at (to, ug) if and only if
(a-i) no(tg) # 0and o,(to) # 0,
or
(a—ii) no(to) = 0and ljé(t()) COs Qo(to) — [X(to)ﬂ(to) sin Qo(t) + uoflo(to) 75 0.
(b) The osculating developable surface OD., is A-equivalent to the swallowtail sw
at (to, ug) if and only if o,(ty) = 0 and n,(ty)0,(to) # 0.
(3) Suppose that (to, u) is a singular point of OD., and m,(ty) = 0.

(c) The osculating developable surface OD., is A-equivalent to the cuspidal cross
cap cer at (to, ug) if and only if n,(to) # 0 and i1y (tg)0,(t9) # 0.

Proof. OD, : I x R — RR? is a frontal with a unit normal vector field n.,. We remark
that OD,, : (I xR, (to, up)) — $° is a wave front (not frontal) if and only if m(ty) # 0.
We give a signed area density function A : [ x R — R by

B 00D, 00D,
A(t,u)—det< 5 (t,u), ” (t,u),nﬂt))

= —a(t) cos B, (F) — un, ().

This means that (1) holds.
Suppose that (tp, up) is a non-degenerate singular point of OD,, that is,

aa%(to, o) = —ét(ty) cos B (to) + e(fo) 6o (ko) sin B (k) — totig (fo) # O
or
32(&),1/10) = —Ho(to) 75 0.

(a-i) We consider the case when m, (tg) # 0and n,(to) # 0. Then a singular curve
c:(Lty) — (I XxR,(ty,up)) is given by

o(t) = (t,_“(t)“’sgo(t))

1o (t)
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and a null vector field 5 : (I,ty) — IR? is given by

n(t) = (1, a(t) sin b, ().

By using the criterion for the cuspidal edge, the osculating developable surface OD.,
is A-equivalent to the cuspidal edge ce at (o, ) if and only if

det(¢(to), #(to)) = a(to) sin (ko) +

i <MOSGO> (to) = oo(to) # 0.

Mo

Therefore, (a-i) holds.
(a-ii) We consider the case when m,(ty) # 0, n,(tp) = 0 and

—d(tg) cos B,(tg) + a(to)Bo(to) sin B, (to) — ot (tg) # O.
Then there exists ¢ : (R, up) — (I, to) such that A(¢(u), u) = 0 and

) At u)
™= T e

t=p(u)

Accordingly, we have a singular curve ¢(1) = (¢(u), u) and a null vector field

n(u) = (1, a(p(u)) sinbo (p(u))).
Since

det <52(u0),;1(u0)> = det( (1) i ) =-1#0,

the osculating developable surface OD,, is always .A-equivalent to the cuspidal edge
ce at (t, up) under the assumption.

(2)-(b) By the proof of (a-ii), it is enough to consider in the same assumption as
(a-i). By using the criterion of the swallowtail, the osculating developable surface
OD, is A-equivalent to the swallowtail sw at (o, 119) if and only if

det(é(to),ﬂ(to)) = O'O(t()) =0and dde;(té,n)(to) = G'D(t()) # 0.

Therefore, (2)-(b) holds.

(3) We consider the case when m, (tp) = 0 and n,(tp) # 0. (3) can be proven using
the criterion for the cuspidal cross cap ccr (cf. Theorem 2.1.6). For é(t) = OD, (c(t)),
we consider a function

(1) = det (&(1), ny (1), dis (1(1))) = ma(1)or(1).

By using the criterion of the cuspidal cross cap, the osculating developable surface
OD, is A-equivalent to the cuspidal cross cap ccr at (to, up) if and only if 0, (¢9) # 0
and 11,(t) # 0. On the other hand, in the case when 1,(ty) = 0, the osculating devel-
opable surface OD,, is never A-equivalent to the cuspidal cross cap ccr at (fo, up).
This completes the proof. O

Theorem 3.2.4, (3)-(c) occurs when we consider frontal curves on embedded sur-
faces. In other words, we have the following corollary.

Corollary 3.2.5 For a regular curve 7y : I — M C R®, the osculating developable surface
OD.,, is never A-equivalent to the cuspidal cross cap ccr.
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We consider the case when the surface itself is a developable surface where the
curve is located on.

Proposition 3.2.6 Suppose that the developable surface M is the image of

Fieg)(s,u) = e(s) +ug(s)

and vy : I — M is a frontal curve in the regular part of M, where c(s) is the base curve
and §(s) is the director curve. Then (n.,§) : I — V32 is a spherical Legendre curve and
OD, (I xR) C M, where &(t) = &(s(t))/[&(s(t))].

Proof. By the assumption, we have det(c¢'(s),&(s),&'(s)) = 0. We now consider a
curve on M parametrized by

v(t) = e(s(t)) +u(t)§(s(t)),
where t is a parameter of <. Since

oF. / ' oF,
gs’g) (s,u) =c'(s) +ug'(s), a(ug) (s,u) = &(s),

the unit normal vector along < is

- 5
= Z(lt) ((c'(s(t)) x E(s(£))) +u(t) (F(s(t) x E(s()))),

where
L) ,
I(t) = s (s(t),u(t)) x 3 (s(t),u(t))].

We can also calculate that

ity = ulz_zul(?f’xé)/

(& &t xE) g (¢ x )+ (@ x8) +

—| @0

so that we have n, (t) - £(t) = 0 and 7, (t) - £(t) = 0, where Z(t) = &(s(t))/]&(s(t))
Therefore, (n,,&) : I — V3 is a spherical Legendre curve and we have OD,(t,v)
v (t) + v (t). This means that OD, (I x R) C M.

o

3.3 Normal developable surfaces

In this section, we introduce the normal developable surface along a frontal curve
on an embedded surface. Let (v, b) : I — T1 M be a Legendre curve with a spherical
rectifying Darboux frontal curve d,(t).

Definition 3.3.1 We define a mapping N Dy:IxR— R3 by
ND,(t,u) = y(t) + ud(t).

We call ND,, a (generalized) normal developable surface of M along +.
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The normal developable surface N'D,, is a ruled surface and we have

det (7, d,, d,) = det (at, d,, n,t,)
= det (at, cos 0,t — sin 6,n,, n, (sin6,t + cos 6,n.,))
=0.
This means that N'D,, (I x R) is a developable surface. If -y is a regular curve, then

we have N'D,(I x R) = ND,(I x R). This is the reason why we call N'D,, the
(generalized) normal developable surface of M along .

We introduce an invariant o, of (M, 7) as follows:

0y (t) = a(t) cos O, (t) — % <a(t);:?t)0rm> (when n,(t) # 0).

Then n,(t) and o,(t) characterize cylindrical surfaces and conical surfaces. By the
same method of Theorem 3.2.2, we have the following proposition.

Proposition 3.3.2 Let (v,b) : I — T1M be a Legendre curve with spherical rectifying
Darboux frontal curve d,(t). Then we have the following:

(A) The following are equivalent:
(i) N'D,, is a cylinder,
(i) n,(t) = 0.
(B) If n,(t) # 0O, then the following are equivalent:
(iii) N'D,, is a conical surface,
(iv) o,(t) =0.
Corollary 3.3.3 The normal developable surface N'D., is non-cylindrical if and only if
”r(t) # 0.

By the result of Proposition 3.3.2, two invariants n,(t) and o (f) might be related to
the singularities of normal developable surfaces. Actually, we can characterize the
singularities of normal developable surfaces of M along curves by using theses two
invariants n,(t) and o, (t).

Theorem 3.3.4 Let (y,b) : I — T1M be a Legendre curve with spherical rectifying Dar-
boux frontal curve d,(t). Then we have the following:

(1) (to,uo) is a singular point of the normal developable surface N'D., if and only if

Dé(to) sin Qr(to) + uoi’lr(to) =0.

(2) Suppose that (to, uo) is a singular point of N'D., and m,(ty) # 0.

(@) The normal developable surface N'D., is A-equivalent to the cuspidal edge ce at
(to, up) if and only if
(a-i) n,(tp) # 0and o,(ty) # 0,
or
(a-ii) n,(tp) = 0and i(ty) sin6,(tg) — a(to)m(to) cos 0(ty) + ui,(tg) # 0.
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(b) The normal developable surface N'D., is A-equivalent to the swallowtail sw at
(to, uo) if and only if n,(tg) # 0, 0+(to) = 0 and ¢,(tg) # 0.

(3) Suppose that (to, uo) is a singular point of N'D., and m,(ty) = 0.

(c) The normal developable surface N'D., is A-equivalent to the cuspidal cross cap
cer at (to, ug) if and only if n,(ty) # 0 and rir,(to)or(to) # 0.

Remark 3.3.5 In order the normal developable surface N'D,, to be A-equivalent to
the cuspidal cross cap ccr, b needs to have a singular point. Therefore, the general-
ization to spherical frontal is necessary different from the regular case (cf. [18]).

3.4 Examples

We give some examples of osculating developable surfaces and normal developable
surfaces along frontal curves on embedded surfaces.

Example 3.4.1 Let X : R? — R®be X(u,v) = (u,v,u®> + (u®> —v*)?),and let 5 : R —
R? be ¥(t) = (#3,1?). The unit normal vector field # is given by

n(u,v) = (—2u — 4u(u® — v%),60%*(u* — v°),1),

L
f(u,0)
where f(u,0) = /1+ (2u+4u(u? — v3))2 + (6v2(u2 — v3))2. Then (v,b) : I —
TlM,'

y(t) = Xo7(t) = (P19,
v(t) = ! (2, -3t — 1217, 41%).
V(14 419) (4 + 92 + 3618)

is a Legendre immersion. By straightforward calculations, we have

1 1

n,(t) = ————(=213,0,1), t(t) = 3t,2,6t%),
v m( ) ) 4+9t2+36t8( )
1283 1843
o) = 12t () = 18t ,
(14 4t0)v/4 + 9t2 + 36t8 V(14 4t0) (4 + 9¢2 + 3618)
n(t) = —6 — 96t°
(44912 4 3618)\/1 + 4t6

We can easily check that d,(f) = (0,1,0) is the spherical Darboux vector field, so
that the osculating developable surface OD, : R? — R3 is given by

OD,(t,u) = y(t) +udy(t) = (2, > + u, t°).

Then we can also calculate that

1 —6t2
t(t) = —— —1,0,—2t3 , t) = —, t) =0.
o(t) l—|—4t6( ), mo(t) 1+ 4t6 Mo (t)

By Theorem 3.2.2-(1) and 1, (t) = 0, OD,, is a cylinder and 1 is the contour generator
with respect to the orthogonal projection with direction d,(t). We remark that the
apparent contour has regular parameterizations. However, the contour generator v
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has 3/2-cusp at t = 0. We cannot recognize singularities of the contour generator
from the image of the apparent contour. We draw the pictures of X, ¢y and OD,, in
Figure 3.1.

FIGURE 3.1: Figures of Example 3.4.1 (Left to right: (X, ), (OD,,7)
and (X, OD,, y)).

Example 3.4.2 Let X : R?\{0} — R3be X(u,v) = (1,0, Vu2 + 02+ (u*> + (v+1)3)?)
andlety : R — R? be ¥(t) = (3, —1 — t?). Then we have

(B, =1 — 2, /1422 + t4 4 16),

<

—~
-

~—
I

1 —3 1+ £
n,y(t)zf 7 /1
V2 \VT 202+ 15 416" 1 +22 + 4+ 16

and (v,b) : I - T1M is a Legendre immersion, where

1 ( 4482+ 7t4+5t5  3t+8t3 45t + 617 3>
- 7 7 t+t 7
VIH22 485+ 1422+ + 16

and f(t) = V16 + 502 + 76t4 +50t6 + 3618. By straightforward calculations, we
have

6t + 8t* + 116 + 38
(14 212 4 t4 + £6)/8 + 2512 + 38t + 25t6 4 1818
m(t) = — 93 +6t° + 7 ’
(1422 + t4 + 16)y/16 + 50¢2 + 76t* + 50t6 + 3618
12 + 48t + 45t + 45¢° + 51#8 4 23410 4 12412
(122 + t4 4 16) (8 + 25¢2 + 38t4 + 25t6 + 18t8)/2

£(t) =

n(t) =

and

a(t) =t 8 + 25t2 + 38t* 4- 25¢6 4 1818
N 14212+ 4416 '

We can easily check that the spherical Darboux vector field is given by

—13 142 >

1
7 1_1
VIF22 5+ 16" /14202 4t 416

)= 5

so that we have the osculating developable surface OD,, (t,u) = (t) + ud,(t). Then
we can also calculate that

32+ t* no(f) = 3t2 4t
(1422 + 14 416)y2" ° (1422 + 4 +16)4/2

my(t) =
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and 0,(t) = 0 (when t # 0). By Theorem 3.2.2-(2), OD, is a conical surface away
from t = 0. On the other hand, OD,, is characterized as cylinder at t = 0. However,
OD, (R x R) has a parametrization as conical surface. Properties of developable
surfaces are intricate when base curves have singular points. We draw pictures of
X, v and OD,, in Figure 3.2.

FIGURE 3.2: Figures of Example 3.4.2 (Left to right: (X, ), (OD,, )
and (X, OD,, y)).

Example 3.4.3 Let X : R> — R3® be X(u,v) = (u,v,u?>+ (3/2)v?),and lety : R —
R? be (t) = (t?/2,#/2). Then we have

1,151, 1 1
B = (262,28, + %), n,(t) = ————(—12, 13,1
IY() <2 3 4 +6 n')’() /71—|—t4+t6( ’ ’ )

and (v,b) : I — T; M is a Legendre immersion, where

1
b(t) = t,—1,0).
W= et o
By straightforward calculation, we have
2 2
o) = t , m(t) = — t(2 4+ 3t%) ’
V(1 +12)(1+ 4+ 16) (14 4 +10)y/1 + ¢2
1
n(t) = , a(t) = t4/ (14 £2)(1 4 t* 4 16).
= ievizere () =1/ 01+ ) )
We can easily check that the spherical Darboux vector field is given by
do(t) = ;(—Bt 2, —1%)
0 /74 + 9t2 + t6 7 <y 7

so that we have the osculating developable surface OD, (t,u) = (t) 4+ ud,(t). Then
we can also calculate that

o (1) = tv4 +9t2 4 16 no(t) = 61+t 4 t6
O 1 pge 7 YT 44912446

and 0,(t) # 0. By Theorem 3.2.4 (3)-(c), the osculating developable surface OD,, is
A-equivalent to the cuspidal cross cap ccr at (0,0). We draw pictures of X,y and
OD, in Figure 3.3.
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\ W)

FIGURE 3.3: Figures of Example 3.4.4 (Left to right: (X, vy), (OD,, %)
and (X, OD., vy)).

Example 3.4.4 Let X : R> — R3be X(u,v) = (u/2,v/3,u*/4) and let ¥ : R — R?
be ¥(t) = (t?,13). Then we have

121314 1 2
)= (28228, ¢ t) = —£2,0,1
10 = (373537 ) w0 = = (-£,01)

and (,b) : I — T;M is a Legendre immersion, where
b(t) = ! (t 1o t3) .
VA2 ’

By straightforward calculations, we have

ot) = 2 , m(t) = 2 ,
(1+tHV1I+ 2+ t4 VI +H)(1+ 82+ 15)
n(t) = -t a(t) = V1424 H,

(14 2+ )1+ 1+

We can easily check that the spherical Darboux vector field is given by d,(t) =
(0,1,0). By Theorem 3.2.6, OD(R x R) C X(R x R). On the other hand, the
spherical rectifying Darboux vector field is given by

1
dy(t) = —— (3t2 34 5 4 28 4 10 12 14

f(t)
212 4285 + 47 4+ 2% 4+ 3411,

1P 158 43110 4 3t12) )

where f(t) = (1+ 12+ 2t* + t° + 8)3/1 + 3t4 + 416 + 318 + 12, We can also calculate
that m,(t) =

14344416438 4-+12
V (TH24245 164+ 18) (1-+2+ 54+ 810+ 1418+ 14410+ 144124 8414 - 54164 1184.420)

and n,(t) =

6t+613+18t>+12+” +18t7+6t114-6¢13
/(143444164318 4-+12) (1+124-5t44- 816+ 1418414110 1412 814 1 516 18 20

By Theorem 3.3.4, (2)-(b) and 1,(0) = 0, A¢(0,u) = 1+ 6u, the normal developable
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surface N'D,, is A-equivalent to the cuspidal edge ce at (0, u) away from u # 1/6.
We draw pictures of X, ¢, OD,, and N D, in Figure 3.4.

FIGURE 3.4: Figures of Example 3.4.4 (Left to right: (X, ), (OD,,7)
and (N'D,,7)).
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Chapter 4

Spherical framed curves and
extrinsic flat great circular surfaces

In this chapter we investigate a special class of surfaces in the 3-sphere which are
called extrinsic flat great circular surfaces.

4.1 Preliminaries

We briefly review notions and basic properties of Great circular surfaces and Ex-
trinsic flat great circular surfaces in [27]. Let (ao, a1,4a2,a3) : I — SO(4) be a C*®-
mapping. By standard arguments, we have the following fundamental differential
equations:

do(t) 0 C](t) Cz(t) Cg(t) ao(t)
dl(t) _ —Cl(t) 0 C4(t) C5(t) al(t)
(1) —o(t) —ca(t) 0 celt) a(t) |7
dg(t) —Cg(t) —C5(t) —CG(t) 0 u3(t)

We define a mapping F4 : I x [0,277) — S° by
Fa(t,0) = cosB@ay(t) + sinbas(t).

We call Fa a great circular surface, the mapping a; a base curve and the mapping a3
a directrix. The great circle defined by cos0a(tg) + sin6faz(to) for a fixed ty € I is
called a generating great circle. We call the great circular surface with vanishing the
extrinsic Gaussian curvature on the regular part an extrinsic flat great circular surface
(briefly, we call an E-flat great circular surface). It is known that a great circular surface
F4(t,0) is E-flat if and only if

c1(t)ce(t) + c3(t)ea(t) = 0. (4.1)

If (c1(to),c3(to), calto), ce(to)) = (0,0,0,0), then all points on the great circle
F4 (0, ty) are the singularities. We say that F4 is non-cyclic if

(Cl(t),C3(t),C4(f),C6(t)) 7é (O, 0,0,0) forallt € I. (4.2)
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In [27], they showed the following criteria:

Theorem 4.1.1 ([27]) Suppose that ¢c; = c3 = ¢4 = 0, ce(ty) # 0and py = (0o, t) €
S(Fa).

(1) Fa at po is A-equivalent to the cudpidal edge if and only if c5(to)cs(to) # O.

(2) Fa at pg is A-equivalent to the swallowtail if and only if c5(tg) = 0 and ca(to)és(to) #
0.

(3) Fa at pg is A-equivalent to the cuspidal cross cap if and only if c5(tg) = 0and c5(tg)ca(to) #
0.

On the other hand, we briefly review the spherical duality from the view point
of contact geometry. We now consider the following double fibrations over S°:

A={(v,w)€S*%x8S|v-w=0},
nleB(v,w)HvES‘o’, 7T2:A9(v,w)'—>w653,
6p =dv-w|s, 62=0v- dw|a.

Here, dv -w = Y, w;dv; and v - dw = Y}, v;dw;. By d(v-w) = dv-w +v - dw
and v-w = 0 on A, 6;(0) and 6,'(0) define the same tangent hyperplane field
over A which is denoted by K. Then (A, K) is a contact manifold and both of 7; are
Legendrian fibrations (cf. [27]).

We say that a C*-mapping £ : U — A is an isotropic mapping if £*8; = 0
(i = 1 or2). We remark that the isotropic mapping is Legendrian immersion if it
is an immersion. If we have an isotropic mapping £ : U — A, then we say that
o L(U) and 715 o L(U) are A-dual to each other.

We consider the A-dual surface to the locus of singular values of F4 under the
assumption that c; = ¢3 = ¢4 = 0. By straightforward calculations, the singular
value of F4 is a;(t). We consider a great circular surface defined by

Pﬁ(t,()) = cos Oag(t) + sinbay(t).

Then we have the following diagram and criteria:

taking singular value

FA ai
AfdualT lAfdual
ap Fﬁ

taking singular value

Theorem 4.1.2 ([27]) Suppose that ¢; = c3 = ca = 0, ce(ty) # 0and py = (6o, to) €
S(Fa).

(1) Fa at po is A-equivalent to the cudpidal edge if and only if c2(to)cs(to) # O.

(2) Fa at pg is A-equivalent to the swallowtail if and only if c;(ty) = 0 and c5(tg)¢2(ty) #
0.

(3) Fa at pg is A-equivalent to the cuspidal cross cap if and only if c5(tg) = 0and ca(to)cs(to) #
0.
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We now briefly review the differential geometry on regular curves in S. Let
9 : I — S3 be a regular curve. Then we can reparameterize by the arc-length.
Hence, we may assume that (s) is a unit speed curve. So we have the unit tangent
vector £(s) = 9/(s). In the case when #/(s) - #(s) # 1, we have a unit vector n(s) =
(' (s) +7(s))/(|It'(s) +¥(s)||)- Moreover, define e(t) = () x t(t) x n(t), then we
have an orthonormal frame {(t), t(t),n(t),e(t)} of R* along (), which called the
Frenet frame along -y (t). By standard arguments, we have the following Frenet-Serret
type formula:

0 0 1 0 0 5(t)
i)y | | -1 0 Kq(s) 0 t(t)
n(t) | 0 —xy(s) 0 Te(s) n(t) |’
é(t) 0 0 —Te(s) 0 e(t)

where

_ det(y(s),7'(s), v"(s), 7" ()

2
KgS

Kg(t) = [[£'(s) +v(s)ll and Tg(t) =

The condition #(t) - £(t) # 1 is equivalent to the condition x¢(t) # 0. It is known
that «(t) is a great circle (i.e., the geodesic) if and only if x¢(t) = 0.

Let ¢ : I — S be a unit speed curve with kg (s) # 0. We review 2-types of E-flat
great circular surfaces associated with the Frenet frame as follows:

(1) Fr(s,0) = cos0y(s) + sin0t(s): the tangent E-flat great circular surface (cf. [27]),
(2) DS, (s,0) = cosfn(s) + sinBb(s): the dual E-flat great circular surface.

We cannot construct the Frenet frame at singular points of oy : I — S°. In the fol-
lowing section we would like to consider spherical curves which may have singular
points.

4.2 Spherical framed curves

Definition 4.2.1 We say that (v, n1,n2) : I — Vi3 is a spherical framed curve if (t) -
n1(t) = 0and §(t) - np(t) = 0 for all t € I. Moreover, if (v, n1,ny) is an immersion,
we call a spherical framed immersion.

Definition 4.2.2 We say that «y : I — S is a spherical framed base curve if there exists
(n1,n2) : I — A such that (v, n1,n) : I — V3 is a spherical framed curve.

We define t(t) = y(t) X n1(t) X np(t). Then we have an orthonormal frame {7(t),
n1(t), na(t), t(t)} of R* along «(t). By standard arguments, we have the following
Frenet-Serret type formula:

Proposition 4.2.3 Let (v, n1,n2) : I — Va3 be a spherical framed curve. Then we have

7(t) 0 0 0 at) v(t)
m@® | _[ oo wny m@ | [ m
ity (1) 0~ 0 n) m(t) |7
0 —a(t) —m(t) —n(t) 0 £(t)

where a(t) = () - £(t), £(t) = 11(t) - np(t), m(t) = ny(t) - £(t) and n(t) = Ay (t) - £(t).
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We call the mapping (&, ¢,m,n) : I — R* a curvature of the spherical framed curve
(7y,m1,n2). Note that tg is a singular point of -y if and only if a(¢y) = 0.

Definition 4.2.4 Let (v, n1,n2), (9,71,12) : I — Vi3 be spherical framed curves. We
say that (v, n1,n2) and (7, 111, n2) are congruent as spherical framed curves if there exists
a special orthogonal matrix A € SO(4) such that

() = A(y(t), m(t)=A(m(t)) and #a(t) = A(na(t))
forallt € I.

As a special case of framed curves, we have the following existence theorem and
the uniqueness theorem (cf. [22]).

Theorem 4.2.5 (The existence theorem) For a smooth mapping (a,¢,m,n) : I — R,
there exists a spherical framed curve (vy, n1, np) whose associated curvature is («, ¢, m, n).

Theorem 4.2.6 (The uniqueness theorem) Let (v, nq,ny) and (9,1n1,#2) be spherical
framed curves whose curvatures («, {,m,n) and (&, £, m,n) coincide. Then (vy,ny,ny) and
(7,11, 1) are congruent as spherical framed curves.

Example 4.2.7 A regular curve is a typical example of a spherical framed curve. Let
v : I — S° be a unit speed curve with i, (s) # 0. If we take n1(s) = n(s) and n1(s) =
e(s), then (y,n1,n2) : I — Vi3 is a spherical framed curve. By a straightforward
calculation, we have

t(s) =t(s), a(s)=1, L(s)=14(s), m(s) = —xg(s) and n(t)=0.

Let (y,n1,n2) : I — Vi3 be aspherical framed curve. We define (b1 (), ba(t)) € A
by

by(t) = cosO(t)v1(t) —sin@(t)va(t), ba(t) = sinO(t)vy(t) + cosO(t)va(t),

where 6(t) is a smooth function. Then (v, by, by) : I — V43 is also a spherical framed
curve and

ty () = y(t) X bi(t) x ba(t) = ().
We call {y(t),bi(t),ba(t), t,(t)} a rotated frame along <y (t) by 0(t). If we take a
smooth function 8(t) which satisfies 8(t) = £(t), then we call {7(t), by (t), ba(t), t(t)}
a Bishop type frame along v (t) (cf. [3]). It follows that the Frenet-Serret type formula
is given by

(1) 00 0 &) [0
bi(t) | 0 0 0 it bi(t)
bo(t) | 0 0 0 7t bo(t) |’
ty(t) —a(t) —m(t) —n(t) 0 ty(t)

where
m(t) = cosO(t)m(t) —sinb(t)n(t), n(t) = sin0(t)m(t) + cosO(t)n(t).

On the other hand, we define (fi, f2) € A by

n(t)ny(t) —m(t)na(t) _
m2(t) +n2(t) fa(t) = m2(t) + (1)

fi(t) =
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under the condition m?(t) + n?(t) # 0 forallt € I. Then (v, f1, f2) : [ — Vysisa
spherical framed immersion and

ty(t) = v(t) x fu(t) x faolt) = £(h).

We call {y(t), fi(t), f2(t), t¢(t)} a Frenet type frame along <y (t). Then the Frenet-Serret
type formula is given by

7(t) 0 0 0 a(t) ¥(t)
AW | _[ o 0 dy o || AW
fa(t) 0 —€t) 0 a) fa(t) )’
ta(t) —a(t) 0 —u(t) 0 ta(t)

where

) = o) + OO =IO Sy Ly ().

4.3 Dual surfaces and tangent great circular surfaces

In this section, we consider dual surface of spherical framed curve. Let (7, n1,12) :
I — Vi3 be a spherical framed curve. We define a map DS, : I x [0,271) — S° by

DS, (t,0) = cosOny(t) + sinOny(t).

We call DS, a dual surface of 7y(t). This is a great circular surface of (v, n1, —t,ny) :
I — SO(4) and we have

7(t) 0 0 —at) O ¥(t)
m(t) | 0 0 —m(t) £(t) ny(t)
—t(t) | | at) m(t) 0 n(t) —t(t)
1, (t) 0 —4(t) -n(t) O ny(t)

By the condition (4.1), DS, is an E-flat great circular surface.

Remark 4.3.1 In the same situation as in Example 4.2.7, we consider DS, of (v, v1, 12).
Then DS, (s,0) = cosOn(s) +sinbb(s) = DS, (s,0). Thus, DS, is a generalization
of DS,,.

Remark 4.3.2 DS, is non-cyclic if and only if m?(t) + n?(t) # 0 forall t € I.

Hereinafter, we consider a non-cyclic dual surface of y(¢) only, that is, we assume
that m?(t) + n?(t) # 0 for all t € I. For simplicity, we consider a spherical framed
immersion by the Frenet type frame. Let (v, fi1, f2) : I — Vi3 be a spherical framed
immersion with the Frenet type frame {v(t), fi(t), f2(t), t¢(t)}. Then the singular
points of DS, are (t,0) and (¢, 7r) so that the singular value of DS, is £n(t).

Proposition 4.3.3 (£f1,v,tr) : [ — Vi3 is a spherical framed immersion.

Proof. We can easily check that (££1(t), ¥(t), t¢(t)) € Vi3. By the Frenet-Serret type
formula, we have

£fi(t) - y(t) = L) fo(t) -y(t) =0
and

Lfi(t) - ta(t) = (1) fo(t) - £ (t) = 0.
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Therefore (£ f1, 7, tf) is a spherical framed immersion. O

Since Proposition 4.3.3, we can take the dual surface of +f; (t). It is given by
Fi(t,0) = DSy, (t,0) = cos Oy (t) 4 sin Ot (t).

Ft corresponds to the E-flat tangent great circular surface in [27], so that we call F;
the E-flat tangent great circular surface of «y(t). Since A-duality, we have the following
diagram:

taking singular value

DS, +f
AfdualT lAfdual
(£)y Fi

taking singular value

By using the criterion in [27], we have the following propositions.

Proposition 4.3.4 Suppose that (to,0) € S(DS.,). Then we have the following:
(i) DS, at (to,00) is A-equivalent to the cuspidal edge if and only if a(to)€(to) # 0.
(i) DS, at (to,00) is A-equivalent to the swallowtail if and only if (ty) # 0 and
a(t) (t0) # 0.
(iii) DS, at (to,0o) is A-equivalent to the cuspidal cross cap if and only if a(ty) = 0 and
i (1) (to) 0.

Proof. In this case, we consider the orthonormal frame {7(t), fi(t), —t(t), f2(t)} €
SO(4). By the Frenet-Serret type formula, we have

7(t) 0 0 a(f) O v (t)
A L _| 0 0 0 () fi(t)
—t(t) | | a(t) 0 0 n(t) —t(t)
f(t) 0 () —n(t) 0 2(t)
By criteria (cf. Theorem 4.1.1 and [27]), we have the assertion. O

Proposition 4.3.5 Suppose that (to,00) € S(F¢). Then we have the following:
(i) Ftat (to,00) is A-equivalent to the cuspidal edge if and only if a(to)€(to) # 0.

(i) Frat (to,00) is A-equivalent to the swallowtail if and only if a(ty) = 0and i(to){(to) #
0.

(iii) ¢ at (to,00) is A-equivalent to the cuspidal cross cap if and only if U(ty) # 0and
w(to)€(to) # O.

Remark 4.3.6 For a regular spherical curve ¢ : I — S2, Proposition 4.3.4-(iii) and
4.3.5-(ii) doesn’t occur.

4.4 Focal great circular surfaces and evolutes

In this section, we consider E-flat focal great circular surfaces and evolutes of spher-
ical fgamed immersion. Let (v, fi, f2) : I — Vi3 be a spherical framed immersion
with £(t) # 0, where {7(t), fi(t), f2(t), t¢(t)} is the Frenet type frame.
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Proposition 4.4.1 (t,, f1) : I — Vi3 is a framed curve, where

(0)(1) — alt)ma(t)

g(t) =
a2(t) + 72 (t)

Proof. By a direct calculation, we have #(t) - t(t) = {(t) - {(t) = fi(t) - fa(t) = 1and
t-C(t) =t f1(t) = (t) - f1(t). We can also calculate that

t(t) - ¢(t) = (—a(t)y(t) —1(t) fo(t)) - n(t)y(t) - a(t2)n2(t) .y
a2(t) + £ (1)

and
t(t) - fi(t) = (—a(t)y(t) —n(t) f2(t)) - f(t) = 0.

Therefore (t,{, f1) : I — Va3 is a framed curve. O

Remark 4.4.2 p,(t) is a regular spherical curve.
We define a mapping FS,, : I x [0,271) — S° by
FS,(t,0) =DS,(t,0) = cos O (t) + sinbf(t).

We call S, the E-flat focal great circular surface. By a direct calculation, (o, 6p) is a
singular point of 7S, if and only if

a(to)it(to) — &(to)7(to)
a2(tg) + % (ko)

cos 0 + £(to)7(ty) sinfy = 0,

so that the singular value of 7S, is

LT F (00 — &) (1) F (LT fa(t)
VE O E) + (a(tii() — a(t)a(t)? + a2(1)T (1))

We call 87i an evolute of 4.

& (1) =

Proposition 4.4.3 (EX,y,u) : I — V3 is a spherical framed curve, where

Y
a(t)y(t) +u(t)fa(t)
w2 (t) +72(t)

n(t) =

The focal E-frat great circular surface and the evolute of v is given by #(f), so that
we have the following proposition.

Proposition 4.4.4 We have the following:
(i) FS,(t,0) = FSp,(t,0) = FSp,(t,0),
(i) &)(t) = &, (1) = &, (1),
where {y(t),b1(t),ba(t), pp(t)} is the Bishop type frame.
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Since Proposition 4.4.3, we can take the dual surface of Eyi (t). Itis given by
DS (t,0) = cosOy(t) + sin Ot (t).
Since A-duality, we have the following diagram:

taking singular value

FS, £
AfdualT lAfdual

taking singular value

We introduce two functions 6(t), o(t) as follow:

6(t) = arctan ( a(t)n(t) — a(n(t) ) and o(t) = — ( 2(O0) +9(t)> .
L()m(t)y/a2(t) +72(t) a2(t) + 712 (t)

Theorem 4.4.5 Suppose that (to,60) € S(FS.). Then we have the following:
(i) FS, at (to,60) is A-equivalent to the cuspidal edge if and only if o(ty) # 0,

(i) FS.at(to,00) is A-equivalent to the swallowtail if and only if o (tg) = 0and o (ty) #
0,

(iii) The cuspidal cross cap doesn’t appear.
Theorem 4.4.6 Suppose that (to,60) € S(DSgz ). Then we have the following:
(i) DSz at (to,00) is A-equivalent to the cuspidal edge if and only if o (to) # 0,

(ii) DSgx at (to,00) is A-equivalent to the cuspidal cross cap if and only if o (to) = 0 and
o(to) #0,

(iii) The swallowtail doesn’t appear,
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