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Graduate School of Science,
Hokkaido University
Sapporo, 060-0810 Japan

1 Introduction

We consider nonnegative solutions of the initial value problem for a
weakly coupled system
(1) (u;)r = Au; + || 7wl 4, reRLt>0,i e N*,
ui(x,0) = u;o(z), reR% i N,

where N > 1, N* = {1,2,... N}, unyt; = U, Untio = Wio, DN+i = Di,
ON+i = 0; (Z S N*), U = (ul,u2,...,uN), Ug = (u170,'u,2’0’...’u]\/’70), p =
(p1,p2y s DN), 0 = (01,09, ...,0n), d>1,p; > 1 (i € N*), Hi]ilpi > 1
and 0 < o; < d(p; — 1) (if p; = 1, we choose o; = 0) (i € N*), and u, is

a nonnegative bounded continuous function satisfying

Siui,o(:v) < 00

lim sup |z

|z|—00
for any 7 € N*, where
(2) 5 — 0; +pPi0iy1+ ... +DPiPit1-- - PitN—20i+N-1
' pip2...py — 1
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Problem (1) has a unique, nonnegative and bounded solution in a suit-
able weighted space (see Theorem 2.4) at least locally in time. For given
an initial value wyg, let T* = T*(ug) be the maximal existence time of the
solution. If 7" = oo the solution is global. On the other hand, if 7™ < oo
there exists ¢ € N* such that

(3) limsup || < 2 >% u;(t) 0o, = 00,
t—T*
where d; is defined in (2) and <  >= (1 + |2|>)*/2. When (3) holds we
say that the solution blows up in a finite time.
The purpose of the paper is to study systematically the effect of inho-

mogeneity |z|% on the critical blow up exponent to the system (1) and
the asymptotic behavior of global solutions for general N > 1.

In the paper, we present a unified approach to the study of blow up
and global existence of solution to the system (1) for the general N = 1
and o; < 1. Especially, we extend the previous results by Mochizuki-
Huang[10] (for the case N = 2 and o; > 0) and the author[16] (for the
case N > 3 and o; = 0).

Throughout this paper we shall use the following notation. We put
some constants:

o, = 2LAPA PP A PP Piv2) e
pip2-..pn — 1

(4)

5. = i + Pi0iv1 + ...+ PiDig1 - - - Pit N—20i4N—1
.=

, 1€ N,
pip2...pn — 1
which solve
—-p1 0 00 0 o 2
0 1 —py 0 .00 0 o 2
0 0 0 0 .01 —pna Qan_1 2
—py O 0 0 00 1 ay 2



and

1 —=pp 0 0 ...00 0 & o1
0 1 —p 00 0 & o
0 0 0 0O ... 01 —PN-1 5N_1 ON-1
—PN 0 0 0O ... 00 1 (SN ON

where §; (i € N*) are the same constants given by (2). These constants
play an important role in our problem. Actually, we show that the number
max;ey+{a; + 0;} is the “first cutoff” which divides the blow up case and
the global existence case. This is a natural existence of the previous result
in [10] for the case N = 2.

We denote by BC' the space of all bounded continuous functions in R?
and define for a > 0,

I* = {£€ BC;¢(x) >0 and limsup |z|*¢(x) < oo},

|z|—o0

I, = {¢£€ BC;{(x) >0 and liminf|z|*¢(x) > 0}.

|| —o0

Let L:° be the Banach space of L*°-functions such that

[€lloc,a = sup <z >*[{(z)] < oo.
zeR?

Obviously 1 C Lg°. The letter C stands for a positive generic constant
which may vary from line to line. We use the notation S(¢)¢ to represent
the solution of the heat equation with an initial value £(z):

(5) S(1)E(x) = (dmt) 2 / e g () dy,

Rd

By using the notation above, throughout paper, we suppose that initial

conditions satisfy

(6) uio € 1% (i € N*),

where 9; is a nonnegative constant defined by (4).



Now, the results of this paper can be summarized in the following four
theorems. First, we state our blow-up result for solutions to (1).

Theorem 1. Assume max;eny«{a; + 6;} > d. Then every nontrivial
solution u(t) of (1) blows up in a finite time.

When max;ey«{a; +6;} < d, we show that there exists both non-global
solutions and non-trivial global solution of (1). Precisely, requiring a
polynomial decay of initial values ug:

(7) Uio(x) ~ A <z >0 (1€ NY),

where A\, p; and a; are positive constants, we obtain the “second cutoft”
a = (ay,as, ...,ay) on the decay rate of initial values, namely a; = a; +
0; which divides the blow-up case and the global existence case when
max;ey+{a; + d;} < d.

Theorem 2. Assume max;en«{a; +d;} < d.
(1) Suppose that there exists some i € N* such that

(8) Ui 0 € [ai with a; < oy + 0;.

Then every solution u(t) of (1) is blows up in a finite time.
(i) suppose that for anyi € N*

(9) Ui 0 € I with  a; > a; + 0;

and ||w;olloo.a; is small enough. Then, every solution u(t) of (1) is global.
Moreover, we have a decay estimate:

(10) wi(w,t) < CS(t) <z >"%

in R* x (0,00), where C' is a positive constant and a; < a; (i € N*) are
chosen to satisfy

(11) plmln{dzﬂ,d} —a; > 2+ o;.

We also obtain the blow up result for large initial dates, even if initial
data has an exponential decay.

Theorem 3. Assume max;ey-{a; +d;} < d. Suppose that there exists
some i € N* such that u;o(x) > Cel* for some vy > 0 and C > 0
large enough. Then every solution u(t) of (1) blows up in a finite time.
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Remark. Especially, when u; ¢ € I* with a; > o; + ¢; for any i € N*
and ||u;ollooq; is large enough, every solution u(t) of (1) blows up in a
finite time.

Furthermore, we obtain the precise asymptotic profile for global so-
lutions for a certain class of vector a = (ay,as,...,ay) in the domain
{a;a; > «; + 0;,i € N*}. For these purposes a scaling argument for
solutions wu(z,t) will play an important role.

Theorem 4 (i) If we can choose a; < d (i € N*) in (11) and if

(12) |1|im 2% u;0(z) = A; > 0,
then
(13) 142 |u(x, t) — AgS|z| ™% — 0(t — 00)

as t — oo uniformly in R%.
(ii) If we can choose a; > d (j € N*) in (11), then

(14) 142w (z, t) — M (4mt) =212/ s 0(t — o)

uniformly on the set {x € R% |z| < Rt'/2}(R > 0), where M, is a positive
constant given by

(15) Mj—/ uj’o(:v)dx+/ / |77, (2, s)dazds < co.
R4 0 JRA

We briefly recall a history of the study on blow up and global existence
of solution to the system (1). First, the blow-up and the global existence
of solutions in the case N =1 and o7 = 0,

(16) {ut:Au+uP, zeRYLt>0

u(z,0) = ug(x), z € R?

was studied by Fujita[4]. Fujita proved that when d(p—1) < 2 the solution
of (16) blow up in a finite time for any uy # 0. On the other hand he also
proved that when d(p — 1) > 2 the solution of (16) exists globally in time
if the initial value uq is small and has an exponential decay. The number
p=1+2/dis called a critical blow-up exponent for (16).

>



Fujita’s results were extended by Bandle-Levine[1] for the o > 0:

u = Au + |z|7uP, reRLE>0
(17) d
u(z,0) = up(x), x € R,

and they showed that when d(p — 1) < 2 + ¢ the solution of (17) blows
up in a finite time for any ug #Z 0. Hamada[5] proved the same blow-up
result for the critical case d(p — 1) = 2 + o (see also [14]).

Fujita’s results were also extended by Escobedo-Herrero[2] and
Mochizuki[11] to the system (1) with N = 2 and o, = 0 (i = 1,2),
and by Mochizuki-Huang[10] to the system (1) with N = 2 and o; > 0.

Although the Fujita type critical blowup exponent to the system (1)
with N = 2 and 0; = 0 was established by Escobedo-Herrero[2], their
proofs were rather complicated.

Mochizuki[11] and Mochizuki-Huang[10] simplified their proof and also
determined the “second cut off” on the decay rate of initial data. The
asymptotic behavior of global solutions was also studied in [10] and [11]
for the case N =2 and o; > 0.

Our result is a natural extension of [10]. We emphasize that our proof
gives a unified approach to show blow up results, although the proof in
[10] for the case o; > 0 is slightly different from the one for case o;.

For a big system (1) with N > 3 and o; = 0, the auther [16] and
Recctawowicz[13] (see also [12]) determined independently the Fujita type
critical blow up exponent. See also [3] for large initial data. The methods
in [16] and [13] are different, Moreover, in [16] we also determined the
“second cutoff” on the decay rate of initial data.

on results extend the results of [16]. The novelty of this paper is the
choice of an appropriate weighted function space in which the system (1)
is locally well-passed, a unified approach to establish blow up results and
a systematic controls of solutions.

Finally, we remark on the problem to estimate the life span 7% (ug) as
A go to 0 or oo, when the initial data has the form (7). Such problem
was studied by Mochizuki[11], Pinsky[15] and Kobayashi[7],[8], in the
case N = 2 and 0; = 0 (¢ = 1,2), the case N = 1 and ¢ > —2 and
the case N = 2 and 0; > —2 (i = 1,2), respectively. However, it is an
open problem to obtain sharp estimate of the life span 7™ (ug) for general
N > 3 even in the case o; = 0.



The rest of the paper is organized as follows. In section 2, we note
preliminary results including the local existence for (1) and some useful
lemmas. In section 3, we prove the blow up results (Theorems 1, 2(i) and
3). In section 4, we show the result of global existence (Theorem 2 (ii)).
In section 5, we prove the result of asymptotic behavior (Theorem 4).

2 Preliminaries

First, we note useful lemmas. The lemmas are well-known and are used
throughout this paper. But the proof of Lemma 2.6 is complicated for
the case N > 3. We need to control the precise estimate by induction.

We set for v > 0

(18) ny(x,t) =S(t) <ax>77.
Lemma 2.1. Let v >0, 0 < § < min{d,~v}. Then we have

C(l _’_t)(fmin{d,'y}+6)/2 (,y 7& d>’
loos <
||777(I7 )H 0 = { C(1+t)(—d+5)/210g(2_|_t) (’YZd).

Proof. See [10;Lemma 2.1] or [9;Lemma 2.12]. O
Lemma 2.2. (i) The following inequality holds

ny(x,t) > Cmin{< x >77, (1 +1)7/?},

(ii) We have in R* x (0, 00)

(19) |27 s (2, )7

< C<1 + t)(0i+ai—a,-+1,dpi)/277ai (l’, t) (ai+1 7£ d)7
= €O+ e 2og(2 4 1), (2.1) (0051 = d).

Proof See [10:Lemmas 4.1 or 4.2]. O

Now, we establish the local solvability of the Cauchy problem (1). Ba-
sically, we follow the same argument as in [10].

For arbitrary 7" > 0, let

(20) Er ={u:[0,T] — (L)% Jull g, < oo},



where
N
[ullzr = sup { ) |lui(t)]|oos, }-
g te[0,7 ;

We consider in Ep the related integral system

@) wl) =S+ [ S = el (s)ds

where ¢ € N*. Note that in the closed subset Pr = {u € Epr;u; > 0,i €
N*} of Er, (1) is reduced to (21). Define

(22)
\If(u) = (S(t)um + (I)l(UQ), S(t)ulo + (I’Q(Ug), P S(t)uN,O + (I)N(Ul)),

where

Biluesr) = [ S(t=s)(el (s (€ V).

Then a fixed point u of ¥ corresponds to a solution of (1).
Lemma 2.3 (i) Let u;p € I% (i € N*). Then (S(-)uio, S(-)uzo
oo, S()unyg) € Er for ant T > 0 and we have

N
I1S(-)ur0, S(Jug, . Sunollz, < C Y [[ttiolloos,-

i=1

(i) Let u € Er. Then (®1(uz), Po(us), ..., Pn(u1)) € Er and we have

191 (us), Pa(us), ..., B ()| 2, < CT Y |IU;

pi
E7»
=1
where
U1 0 U2 0 0 0 0
U2 0 0 Us 0 0 0
Uy_1 0 0 0 0 Uy
UN U1 0 0 0 0 0

Proof. (i) is obvious from Lemma 2.1 with v = ¢; (i € N*).



(ii) Note That

[ si-sl

By a simple calculation (see (4 )) —o; + 0;11p; = §; < d. Then it follows
from Lemma 2.1 with v = ¢; (i € N*) that

t
Uiuijrl(s)ds < / S(t—s)<- ~0i=0i1Pi ¢
0

sup ||ui+1 (S) |’£§>,5i+1 :
s€[0,t]

|S(t —s) < - >o7%pi || 5 < C.
Thus we have

< Ot sup [|uiga(s)]]3

00,041
OO,(SZ' Se[ovt}

t
/ S(t— 5)| - [Pl (s)ds
0

for i € N*. These inequalities conclude the assertion (ii). O

Now we can prove the following

Theorem 2.4. Assume that ug is a vector of nonnegative bounded con-
tinuous functions such that w;o € I°% (i € N*). Then there
erists 0 < T < oo and a unique vector u(t) € Pr which solves (1)
in R x [0,T) .

Proof. Let Bg = {u € Er; ||u||g, < R}. We consider two vector-valued
fuanctions vi(x,t) = (via(x,t),v12(z,t),...,v1n(2,t)) and ve(z,t) =
(vo1(x,t),v20(x,t),...,v2n(x,t)). For (22)

(23) [[¥(v1) = ¥(v2)llE,
H(q)1(1)1,2) - q)l(Uz,z), q)z(vl,:s) - @2(?12,3)
- ‘I)NA(ULN) - (I)NA(Uz,N), (I)N(Ul,l) - (I)N(UQ,1>>HET-

We consider i-th term of ||¥(vy) — U(v2)| gy,
|¢ V1 H—l — @, (Ug z+1)| <z >

/St—sm o ()P —

Pilds < x >0

|v2,i11(s)

We consider this expression in B N Pr for R sufficient large. From proof
of Lemma 2.3 (ii),

(24) | (ur,i41) = Ps(ug,ir)| < & >
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< CT sup} ||Uffi+1 (s) — Ugfi—&-l (S)HOQdelmiﬂ

s€[0,t

< CT sup HRpi_lpz'Ul,i—i-l(S) — U2,i4+1(9)|| oo dettai
s€0,t]

< CTRP™'p; sup |v1,i41(8) = v2,i41(5) || oo, dettass s -

s€[0,t]
Substitute (24) into (23). From we can put 7" is small enough for R, we

obtain

W (v1) — ¥ (vs)]

< CT|(R"'pi(vie — vag), R 'pa(v1s — v233),
G R (01— ve) || g

CTR™ P max{pi} |1 — vl

IN

< pllvr — valler

for some p < 1. Then V¥ is a strict contraction of Br N Pr into itself,
whence there exists a unique fixed point u € Bg N Pr which solves (4). O
Next, we establish key estimate of solutions which will be used show
blow up results.
Lemma 2.5. Let ug # 0 and u be the solutions of (1) with initial data
ug. Then there exist T = T(ug) > 0 and constants C > 0,v > 0 such that

(25) ui(z,7) > Ce ™ (i e N*).

Proof. (cf. [2:Lemma 2.4]) Assume for instance that u;o # 0. By
shifting the origin if necessary, we may assume that there exists R > 0
such that v = inf{u; ¢(&) : [¢| < R} > 0. Since u(t) > S(t)u1 o, it follows
that

2
ur > vesp(— 20 gty / exp(—[y[2/2t)dy.
2 ly|I<R

Define @;(t) = uy(t + 71) for some 71 > 0. Then, we obtain

(26) u1(0) =uy(m) > exp(—a1|x]2)

with

(27) a; = L 6= V(47T7'1)_d/2/ exp (—w) dy
27'17 |y\<R 27’1



Substituting (26) in N-th equation of (21), we obtain

uy > /S(t—s |z |"Nul™N (s)ds

0

v

a” S(t—8)|$| "N exp(pya |z[*)ds

T1

From for v > 0 and o > 0,
(28)  S(t)(|z|7e Y > €, (20)72 (2wt + 1)) 2l /2t
where
(29) Co= (2m) ¥ [ Jaloe .
Rd

( See [10:Lemma 3.2] ), we obtain

t
uy > ch(,N/ {2(t — S)}UN/Q{QOq(t —s)+ 1}—(0N+d)/2
|z
- d
X exp < Q(t — S) S
(t+71)/
2 aloy / {2(t — )} {204 (t — 5) 4 1}~ (N FD2
|z
- d
X exp Z(t — S) S
(t+7
= aloy / {(t = 7))} {200(t — 1) + 1}~ FD2
|z
)
X exp ( Q(t — 7_1) S
1
> §CICUN{<t - Tl)}1+gN/2{2a1(t — 7-1) + 1}—(UN+d)/2

Where C,, is defined in (29). Define uy(t) = uy(t+7n) for some 7y > 7.
Then, we obtain

(30) un(0) = un(7n) > cy exp(—ay|z[?)
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with

1
o= —
(31) 2ty — 1)
CN = chUN(TN — T1)1+UN/2{2OZ1(TN — 7'1) + 1}_(UN+d)/2.
By repeating this argument, we obtain same results for uy, uy_1, ..., us.

This completes the proof. O
We suppose a; + 1 = d. Let u(t) € Er be a nontrivial solution of (1).
By Lemma 2.4, we may assume

_ 2
ug > Ce plz

for some C' > 0 and p > 0.
Lemma 2.6. We assume oy + 6, = d. Then we have

w(z,t) > Ct= e 1/t log(t/(20)) (a <t <T),

where a > 0 is a small constant.
Proof

t
un(z,t) > / S(t — 8)|e|*u (x, 5P ds
0

t
2 / (4s + 1/p) N2 S(t — §)|w|7N e PN I/ Ust1/m) g g
0

Since
2 2pnt —(d+on)/2 ,
S(t)|x|r e PrIef st > oy § R 4 ool /2t
o 4s+1/p
we obtain
t/2
un(e,t) 2 O [ (s 1) R gy e g
t/4

> CtUN/Q(t + 1)de/26—\93|2/t‘

Substitute this into uy_q(z,t) > fot S(t — s)|z|"¥-1uy(z, s)PV-1. Then
t
UN—1<5U,t) > C/ SPN—1(1+UN/2)+UN—1/2(S + 1>7de_1pN/2
0

{Qle(t —5)

S

ol /(t-5) g

—(d+on_1)/2
+ 1}

t/2
> Cex|2/t/ S*de—le/2+pN—1(1+UN/2)+UN—1/2dS
N t/4

> Ct—dPNfle/z"'pN—l(1+‘7N/2)+(1+0N71/2)6_|m|2/t

12



by (28) again. By repeating this argument,

Uy > C'4(=dp2p3...DN+P2p3. PN -1 (240N )+ +P2p3(2+04)+p2(2403) +(2+02)) /2 —|2[* /1
by using (28) again. Thus we obtain

t
ul(x,t) > C/ S(—dP1P2~~-PN+P1P2-~~PN—1(2+‘7N)+...+p1p2(2+(73)+]71(2+02)+01)/2
0

—(d+on)/2
« {m n 1} o2/ (1-5) g
S

> C(t + 1)*d/26*|$|2/t

t)2
y / (1PN 1) P12 DN 1 (20N P1P2 (2403) 411 (2402)101) /2 g
a

2(pip2 .- .PN-1+ ...+ D1p2 + 1+ 1)

N i N pip2...py — 1
+0'1 p10a+ ... +p1P2...PN—-10N — d and {_d(p1p2 ...PN — 1)+
pip2...py — 1

pip2---pPN-1(2+on) + oo+ pip2(2 + 03) + pi(2 4+ 09) +01}/2 = —1,
we have

for small ¢ > 0. Since a; + d; =

uy(z,t) > Ct= 271 P/ og(t /2a). O

3 Proof of blow up results

In this section we summarize several blow-up conditions which follow
from Theorem 3.2. Here, we take the same strategy as in [10] and [11].
Actually, we can deduce our blow up problem to the one for the systems
of ordinary differential equations with a parameter ¢ > 0. We fined a
nice scaling to reduce the problem furthermore to the one for a simpler
(e-independent) system of ordinary differential equations. This gives us
a uniform treatment of our blow up results.

Let p.(z) = (¢/m)¥2e~F ¢ > 0. For a solution u(t) € Ep of (1) we
put

(32) Fiult) = /R Cu(etpa)ds (i€ N,

Since —Apc(z) < 2dep.(x), the pair {2Ne, p(x)} is regarded as an ap-
proximate principal eigensolution of —A in R? With this fact and

13



Jensen’s inequality we easily have

(33)  F(t) > ~2deF (1) + Cpe Py () (i € NY),

—pit+1
Cp, = (W_d/Q/ |x|—0i/(Pz‘—1)6—|x2d$>
Rd

for p; > 1 and C,, =1 for p; = 1.

where

Let us consider the system of ordinary differential equations

(34) { 1 () = —2defi o (t) + Cpoe /2 fiy ()P (i € N*),
fz 6(0) = ze(o) (2 S N*)

By the scaling with (4)

¢ (CPZC£Z+1C££;+1_ 0525?11 Pi+N— 2)1/(1@111;2 pN—1) '
filt) = 2di/2(it6:)/2 fi 2de

for ¢« € N*, we obtain the simpler system of equations
(35) FLE) = —filt) + fia (D)Pi(i € N*).

Lemma 3.1. Let f(t) = (fi(t), fa(t), ..., n(t)) be the solution to (35)
with the initial data

[0)=fo>1,f;(0) =0 (5 € N'\{1}).

If fo is sufficiently large, then f(t) blows up in a finite time. Moreover,
the life span Ty of f(t) is estimated from above by

(36) %§m+/ [CLp)ERPH — Ng}de,
[T, filto)

where

Ci(p) = H

02(p) = ZN a-’
=11

(072N ] .
( Z;V 1G4y Z )

14



and 0 < tg < Ty is chosen to satisfy {Hf\il fi(t) )2 > N .
Proof We take the same strategy as in [11:Lemma2.2]. Multiplying e’
on the both sides of (35) and integrating it, we obtain

;

In(t) = et/o e®! f1(s1)PNdsq,

t S1 PN-1
fvoi(t) =e? /«2(1_”2)51 {/ eSQf(SQ)deSQ} dsq,
0 0

t s -
0 f2<t>:e—t/ eltmr [/ el
0 0

SN-3 SN -2 PN-1
1-pNn—1)SN— SN—
X(/ 6( PN-1)SN 2{/ eSN 1f1(8N_1)deSN_1}
0 0

PN-2 p2
XdSN_2> . d82i| dSl,

t S1
fi(t) =€'fo+ e_t/ ell7P1)s1 [/ ellmp2)s2 o
0 0

SN—2 SN—1 PN—1
(38) x(/ e(le—l)sN‘l{/ estl(SN)deSN} ;
0 0

xdsN_1>pN72 . d32:|p2d3]_.

Let fo > 1 be chosen large enough to satisfy

to S1
inf {etofo + 2P1P2PN g0 el—p)s1 [ elmpa)s2 5
to>0 0 0

SN—-3 SN—-2 PN—
(39) x(/ e(l_pN—Q)sN—Q{/ e*N-1(1 — e_sN‘l)pN‘ldsN—l} o
0 0

PN-3 D2
XdSN_2> --.d82:| dsl} > QPPN _ 5

where 0 > 0 is a small constant satisfying § < 2P1P2-PN — 2

We shall first show that under this condition f;(¢t) > 2 for any 0 <
t < Ty. Assume to the contrary that there exist 0 < ¢t; < Tg such that
fi(t) >2in 0 <t < t; and fi(t1) = 2. Then it follows from (38) and (39)

15



2 = filt)

t1 S1
> etlfo 4 2p1p2~~pN€t1/ 6(1*101)51 [/ 6(1*102)52 N
0 0

SN-3 SN—2 PN-2
X(/ e(l_pN—Q)SN—Q {/ eSN-1 (1 _ e_SN—l)pN—l dSN—l }
0 0

PN-3 p2
XdSN,2> R d82i| dSl}
> 9P1P2-PN _ § > 2,

and a contradiction occurs. Next, we shall show that lim; .7, f1(t) = oo

(T < 00). Assume to the contrary that there exist a sequence {t;} such
that

limy, .o f1(t;) = M for some 2 < M < oo.

We choose € > 0 and ¢, > 0 to satisfy M < (M — ¢)P'P2PN and fi(t) >
M —ein t, <t <T. It then follows from (38) that

[ s
filty) > € fo 4 2pePNeTh / ell—p)s1 [/ 1 eUmP2)sz o
0 0

SN-3 SN—-2 PN—2
><</ e(le—2)3N—2{/ esN—1<1 _ e*SN—1)pN—1d8N71}
0 0

PN-3 D2
XdSN,2> R d82:| dSl

t; s
+(M — e)Prp2PN el / " elimps [/ Celeme
Tx tx

SN_3 SN—2 PN -2
X(/ e(l_PN—Z)sN—Q{/ e$N-1(1 _ e—SN—1)pN—1d8N_1}
Ty t

*

PN-3 p2
XdSN_2> R d82:| dé’l
— (M —e)PP2PN > M (t; — 00).
Noting (37), we now conclude

(40) tlgjr}o fit) = tlil% fo(t)=...=lim fy(t) =00 (Tp < 00).

t—Ty

To complete the assertion we put h(t) = fi(t) fo(t) ... fn(t) .Then by
(35) and Young’s inequality,

(41) W (t) > —3h(t) + Cy(p)h(t)C2PHL,

16



Integrating this, we obtain

h(t
ot [ {CLp)e® ! — Ne} ™ de.
h(to)
Since p1ps...py > 1, this and (40) show that h(t) blows up in a finite
time and the life span Tj is estimated by (??7). O
Let us consider the solution f.(t) = (f1.c(t), fae(t), ... fne(t)) of (27).
As is shown in Lemma 1.2.2, there exist A; > 0 (i € N*) such that if

(42) F;(0) > A;(2de)™/* (i € N*),

then F, blows up in a finite time. Moreover, its life span is estimated
from above by (2de)~'Tj .

Let us consider the solution fe(t) = (fic(t), fae(t), ..., fne(t)) of (34). As
is shown in Lemma 3.1, there exists A; > 0 (i € N*) such that if

(43) Fi(0) > Ai(2de)@t9/2 (i € N¥),

then F. blows up in a finite time. Moreover, its life span is estimated
from above by (2de)~'Tj .

Theorem 3.2. Let F.(t) = (Fic(t), Fac(t), ..., Ene(t)) satisfy differ-
ential inequalities (33). If (43) is satisfied for some € > 0, then F(t)
blows up in finite time. Moreover, its life span is estimated from above
by (2de)~'Ty. Then, we obtain

(44) T*(ug) < (2de)™ Ty,

Proof of Theorem 1. First, we consider the noncritical case as max;e y+
{a;+0;} > d . Without loss of generality, we can let as+ds > d. By means

of a comparison principle and Lemma 2.5, we can assume uso € LY(R%)

/ ugo(x)dz > 0.
R4

The Lebesgue’s dominated convergence theorem then shows the existence
of €y such that

€\ 7 elzl? 1 /e\%
F, . (0) = (;) /Rd U o(z)e 1 dx > 3 <%) /Rd ugo(x)dx

17

and



for any 0 < € < €. Since as + 3 > d by the assumption, this implies
that the condition (43) of Theorem 3.2 is satisfied if € is sufficiently small.
Thus, F.(t) blow up in a finite time.

Next, we consider the critical case as max;ey+«{a; + ;} = d. For each

nontrivial solution u(t) € Er of (1), it follows from Lemma 2.6 that

(45) Sui(0,t) > Ct=2log(t/2a) / oSl /At g
Rd
> Ct Y2 log(t/2a)

ina <t <T*. Contrary to the conclusion, assume that u is global. Then
by Theorem 3.2

Fio(t) = (¢/m) 2 / wr (2, t)e P de < Ay eCrons?

Rd

holds for any ¢ > 0 and € > 0. Thus, choosing € = (4¢)~!, we obtain
Fiam(t) = S(t)ui(0,t) < Ay (4t) (@02 — 4, (44)79/2,

This and (45) contradict to each other if 7% = occ.
The proof of Theorem 1 is thus complete. O
Proof of Theorem 2 (i). If uy o € I,, with a1 < a1 + 6; < d, we have

F.(0) = (e/w)d/z/Rdum(x)e_e'm'gdx

= 7r_d/2/ ul,g(e_l/Qa:)e_mzdﬁ.
Rd

Then it follows that
e tan2E (0) > Ce("”*‘si“)/zﬂdm/ 2|~ e de > Ay
I - Rd
for sufficiently small ¢ > 0. If i € N*\{1}, we can obtain a similar

estimate for F; .. Thus F.(t) blows up in a finite time by Theorem 3.2.
Proof of Theorem 3. We then have for any i € N*,

d/2
el gy — ¢ ( ‘ ) .

€+ 1

Fie > Cle/m)"? /

Rd
So, if we choose € = 1 and C' > (2m)¥? max;en-{A;}(1 + 15)¥?, the

condition of Theorem 3.2 is also satisfied in this case. O

18



4 Proof of global existence

In this and next section we require max;e,«{a; + 6;} < d, and treat
the existence and large time behavior of global solutions of (1). Tn this
section we show Theorem 2 (ii). Note that our condition implies that
there exists i« € N* such that p; > 1 4+ 2/d. We may assume that py >
1 4 2/d for simplicity.

First note that condition (9) can be replaced by w;o € I% (i € N*)
since we have [% C I% (i € N*). Then, to establish Theorem 2 (ii), we
have only to consider the special case a; = a; (i € N*). As is easily seen,
in this case condition (11) is equivalent to

(46) PiGit1,d — a; > 2+ 0; (1€ N*),

where a;4 = min{a;, d}.
Using 7 defined in (18), we define the Banach spaces E, and X as

By = {ululle, = 3o/ llc) < oo,

i=1

and
X = {vi llo/mayl s < 00},

where

llwlllo=" sup  |w(z,t)].
(z,t)eR?*x (0,00)

(21) is reduced to
(47) un(t) = V(t)(uo, un),
where
V(t)(uo,v) = S(t)uNp +/0 S(t — 81)|[E|UN (S(SﬁuLO

—l—/ S(s —sg)lx\al{S(sg)ugan/ S(sy — s3)
0 0

X ... X |$|UN_2 [S(SN—I)UN—LO

PN-2

SN—1 p1 PN
+/ S(SN_l — S]\[)’UpN_1 (SN)dSN] X ... X ng} d82> d81.
0

19



Here, if V' is a strict contraction, its fixed point yields a solution of (1).
Moreover, using that (a + b)? < 271 (aP + b?) for a > 0,0 > 0,p > 1,

V(#)(uo, v) < T(t)(uo) + T'(t)(v),

where
T'(t)(uo)
t
— S()ung + 2! / St — s1) |27 (S(s1) o) ds
0
t
+2(PN—1)(p1—1)/ S(t—81)|3§‘01\’
S1 0 PN
X (/ S(s1 — s9)|x]” {S(s2)ug0}” dr) ds+ ...
0
t
+2(PN—1)(P1—1) (pN— 2—1)/ S(t—81)|x| N
/ S 81 — 82 ’Jf|01 / S 82 — 83 . X ’JI|0N73
/ S(sn—2 — sny—1)|z|["¥2[S(sn—1)un—1,0/PV2dsy_ 1) )
0 p1 PN
X... X ng} d32:| dSl,
and

[(t)(v) = 2Py DP1=D-(px—2-1)
t S1 S2
x/ St — s1)|z|o™ (/ S(sy — 32)|a:|"1{/ S(sy — s3) X ...
0 0 0
X || TN =2 [/ S(sn—2 — sn-1)
0

SN—1
XMUN_Q{/ S(sy-1— SN)IOC\UN‘lva‘l(SN)dsN}
0

PN-3 P PN
X dSNfl] X ... X ng} d82> dSl.

PN-2

Lemma 4.1.
(i) Let ug satisfy (9). Then T(-)(up) € X and

T() (o) /N ()[loo

< C (Hluwollooax + I ol2, + luzoll 28 + .+ fu—soll 2225242

20



(ii) [ maps X into itself and

L) e loe < Clllo /Ty | [P1P2P2N

Proof. (i) (cd. [14:Lemma 4.3].) By (18) and (19) in Lemma 2.2, we
obtain T'(t)(uo) = I1 + I + ... + Iy, where

L

IN

“uNO”OO»aNnaN(t)?
t

o< 2 [ S(t = 8)lal" (nusollan s
0

< COllunollEa, ax (1),

and by same argument, we have

Iz < Cllugol/BN nay (1),

— 00,a1 naN

Iv < Cllux_soll2xm-r-=,

(i) By (18) and (19)

t s
(o) <l 27 [ 5= solal ([ S(s1 -2
52 ‘ ‘ SN—2
><|95|03{/ S(sy —s3) X ... |2V [/ S(sn—2—sn-1)
y SN-1 " PN
el { [ S = swlal g (s sy}
0
PN-1 p3 p2
XdSNfl] X ... X ng} d52> dSl
t
< C2(PN1)(P11)(1021)-~~(PN—21)||’U/77aN"|€ép2--~PN/ Na, (5)PNds
0

< [0/ nan I[85 Nay -

Proof of Theorem 2 (ii). Let

c <||UN,0Hoo,aN + [Jur o8 oy + lugolB552 + . + [lun—1,0] {;éiﬁ;j’m) <m,

[tilloo.a, < m (i € N7), By = {v € X 2 [[|[v/Nas ][]0 < 2m} and P ={u €
X;u > 0}. Here the constant C' is the one appeared in Lemma 4.1. Then
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we shall show that V(ug,v) is a strict contraction of B, N P into itself
provided m is small enough.

It is trivial that V maps P into P. We shall show that V maps B,, —
B,,. If m is small enough, then

V(t)(U07U)/77aN <m-+ C’<2m)P1P2..‘pN < 2m.

This proves that V maps B,, — B,.

Now, we show that V(ug,v) is a strict contraction on B, N P. Using
la? — b < p(a + b)P~Ha — b| for a > 0, b > 0 and p > 1, with v =
max{vy, v2}, we can estimate as follows.

V() (uo, v1) — V(t) (uo, v2)]
S O/(; S(t — 81)|17|UN (28(81)11,170

—|—2/ S(Sl - 32>|$|UI{S<S2)U270 —|—/ S(SQ - 53) X ..
0 0

SN—2
X |$|UN’3{S(5N—2)UN—1,0 + / S(SN—2 — Sy—1)|z|"N-2
0

SN—1 PN-2
X [S(SN,l)uN,o + / S(sn_1 — sy)|z|"N 1PN (sy)dsy
0
PN-3 p1 pN—1
dSNfl} X, Xng} d82)
< [ S(s1 = solal (28(se)usg
0 S92 83
+2/ S(sy — 83)|I|U2{S(53)U370 +/ S(s3—84) X ...
0 0
SN_2
X|.’IJ’UN73{S(SN,2)UN7170 —|—/ S(SNfz — 8N71)|$’0N72
0
PN_2

SN—1
X [S(SN—l)uN,O + / S(SN_l — SN)|{L'|JN711)pN71 (SN)dSN
0

alsN_l}pM3 X ... X ds4}p2d33>p11

SN2
« / S(sw—s — syl {28 (snrJuxr
0

pN-2—1

SN-1
+2/ S(sy_1— SN)]x\”N‘lva—l(sN)dsN}
0
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SN-1
([ St = sl () o ()P s
0

XdSN,1 e dSQdSl.

We put

[V (t) (w0, v1) = V(¢)(uo, va)|
< C/ S(t—Sl)XJ1X/1S(81—SQ>XJQX

SN—2
.o X / S<8N72_SN71) X JN,1 X JNdSNfl...dSstl
0
where
Ty = [al™ (28(s1)urg
S1 52
+2/ S(Sl — 82)|5L‘|01{S(82)U,2p —f-/ S(Sz — 83) X ...
0 0

SN—2
X |Q3‘0N73{S(8N,2)UN71,0 + / S(SNfz — SN,1)|QZ‘UN72
0

SN—1 PN-2
X [S(SN_l)UNp + / S(SN_l — SN)|(L'|UN71'UPN71<SN)dSN
0
PN— P pn—1
dSN_l} ! 3X...Xd$3} 1d$2> ! s
J2 = ‘l"ol (25(82)“270
ED) 83
+2/ S(sg — 33)]x|"2{5(83)u;3,0 + / S(s3— 84) X ...
0 s 0
X |.Z‘|UN73{S(SN_2)UN_1,0 + / S(SN_Q — SN_1>|.T|UN72
0
PN-2

SN—1
X [S(SN_l)UMQ + / S(sn—1 — sny)|z|"V 1PNt (sy)dsy
0

PN-3 D2 p1—1
dsN,l} X ... X ds4} ds;;)

JN—1 = ‘ZL‘|UN_2 {QS(SN—l)UN—l,O

+2/ S(sy-1— SN)|[B|UN_1’UPN_1(SN)CZSN}
0

pN-2—1
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SN—1
Jy = / S(sy_1— sn)|z|™¥ PN (sn) — vsN T (sw) [PVt ds .
0
Noting (a + b)? < 2max{P=10}(gP 4 pP) for a > 0, b > 0 and p > 0, we find

Iva £ Claf™={uy ool iy (sva)

r pN—2—1
([ Stowms = sxel oy o sxise ) )
0
C‘x|UN72{(mPN72—1+C’(2m)(pN72—1)pN—l) PN—2_1(SN_1>}

Man_1
< Ompv T gy sy ).

IN

Similarly we have

Ji < CmPN TNy T (sy),

Jy < CmP |7k (sy),

Jy < CmP> |22 (),
In_y < Ompv-2l|g|on-appy-al(gy o),
Jy < OmpN*l_l(h}l_02|/na1\7)na1\771'

Thus, we obtain
[V () (ug, v1) — V (t) (g, va)| < CmpriP2-Fpn=Nig gy

Since py > 1, V/(¢) is a strict contraction of B,, N P into itself provided
m is small enough. Hence, there exists a unique fixed point v = (uy) € X
which solves (47). We substitute v = wuy into (21). Then the vector u
solves (21). Moreover, since uy € B,,, we find

uny < CS(t) < x>,
By the same reason as in the proof of Lemma 4.3, we have

un—1 )] < Moy, (2,8) {luv-rolloca—, + Cllun/mayllloo } -

[ua(t)] < 1ay (2, 8) {l[uaolloc,an + Cllltta/Mas [l oo}
[ir ()] < 7ay (2, 8) {lwrolloc,ar + Cllliz/7as [[loo ) -

Then u; € By, (i € N*) and the proof of Theorem 3 is completed. O
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5 Proof of asymptotic behavior

In this section we shall prove Theorem 4 for the global solution wu(t) of
(1) constructed in the previous section. We use the same strategy as in
[11;Theorem 6.1] (see [6] and [10;Teorem 4]).

Note again that, to establish Theorem 4, we have only to consider the
special case G; = a; (1 € N*) from same reason in Section 4. As is easily
seen, in this case condition (11) is equivalent to

(48) DiGit1,d — Qi > 2+ 0 (1€ N¥).
We put
wip(z,t) = k%du;(kx, k*t) (i € N¥)
for £ > 0. Then wu; j solves
(49) (ui)e = Dugp + RUT2 0Py, o (i€ N7,
wik(,0) = k%au; (k) (i € N*).

Note that we have assumed a; # d in Theorem 4. Then it follows from
(48) that

”uz,k(t)Hoo < k%dC(th)*aid/Q — Ct*ai,d/Q (Z c N*>

Thus, {u;(x,t)} are uniformly bounded in R% x [§, 00) for any 6 > 0. As
is easily seen from the integral equation (21), the uniform boundedness
implies the equicontinuity of {u,x(z,t)} in any bounded set of R*x [§, 00).
Then using the Ascoli-Arzela theorem and a diagonal sequence method
in 0, we see that for any sequence {k;} — oo, there exists a subsequence
{k}} and continuous functions w;(x,t) such that

wipy (2, ) = wi(z,t) (k) — o00,i € N7)

locally uniformly in R? x (0, c0).
Proof of Theorem 4 (i). We shall first show

(50) w;(x,t) = AS|z

a;

It follows from the first equation of (14) that

(51) /R g 1), 1) /R a0, 0)d

o; ul?z

t
B / /:R,d{u,l’kCt + ul7kAC + kai+2+ai_ai+l’dpi |:B 1+1y:k<}d$dt
0
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for any ¢ > 0 and nonnegative test function ¢ € C5¢(R? x [0,00)). By
assumption (12) for the initial value u,,

/uak(a:,())g(a:,O)d:p:/ k%u;o(kx)((x,0)dx
Rd

Rd

— / Ajlz|7%((x,0)dx (k= k; — 00).
Rd

On the other hand,

t
/ /1;{(1 kjai+2_ai+l’dpi|$|0iufi1,kgdxdt
0
k%t
:/ /d kO | g, (b, )P C(, k27 )dadr
0 R
Here

k% x

Ty (kx, )P
:| (a;i+0i)p/aiyi,a

= [(klaly s k)
ffll—“P/%Ldk(aﬁoi)(l—p) || (@itoe

for p > 1. Asis easily seen from (48) and Lemma 2.1, (k|x|)*+tdu; q (kx, T)
is bounded in R* x (0, 00) and

iy (K, T)pi_aip/ai+1,d <O+ t)—ai+1”dpi+ai)/2.

By assumption (18) and the condition of this theorem, there exists a
number p > 1 such that

aip+oi(p—1)<d, Qir1,ap — (a; + 0;)p < 2.
Then since (a; + 0;)(1 — p) < 0, these imply
k2t
/ / K%y, (kz, 7)P¢(z, k™ 2T)dzdr — 0 (k= kj — 00).
0 R?
Thus, letting k = £} — oo in (49), we obtain
[ et nde— [ Al G0
R4 R
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= /Ot /Rd{wi(l’,s)gt(w,s)+wi($,S)AC($,3)}dl~dS
— /Rd{wi(a:,t)g“(m,t) — wi(iU,O)C(x,O)}dx

- /ot /Rd{w“(x’ s) — Aw;(z, S)}C(x, s)dxds.

Using Green theorem,
/ {wi(m,O) . Ai|x|_“i}<’(:)§,0)da:
R

_ —/Ot/Rd{wit(x,s)—Awi(x,s)}g(x,s)dxds.

By using the uniqueness of solutions of
uy = Au, u(z,0) = Ajlz|~%,

we will show (13).
The uniqueness result asserts more:

(52) wig(x,t) — AS)|z|™  (k— o0)

uniformly in compact sets of R? x (0, o).
Note again (48), that is,

wip < CkYS(k2) k|~

Let t = 1 in this inequality. Then by the self-similarity of S(t)|z|~%, we
have
uip( 1) < OS]

This inequality implies that for any € > 0 there exists an R > 0 indepen-
dent of k > 1 such that {u;;(x,t)} are uniformly less than € in |z| > R.
Therefore, it follows from (50) that

a;

ug(x,1) — AS(1)|x

—0 (k— o)

uniformly in R¢. We let y = kx,s = k? in this relation. Then noting
again the self-similarity of S(¢)|z|~*, we conclude that
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s uly, s) = AS(s)y[ | = 0 (s — o)
uniformly in R¢.

Relation (13) is now proved for w;(z,t). O
Proof of Theorem 4 (ii) As in the above case, we shall show

(53) wig(,t) = w;i(z,t) = M;(4mt)e /4 (k — o0)

locally uniformly in R* x (0, 00), where M; is given as in (15). It follows
from the second equation of (49) that

(54) /Rd wjg(z,t)C(x, t)de — /Rd ujk(z,0)((z,0)dz
¢
= /0 /Rd{uj-,ké} + u; g AC + k2| |"ju§il7k<’}dmdt

for any ¢ > 0 and nonnegative ¢ € C°(R® x [0, 00)).
Since a; > d, condition (45) implies that u;o € L'. Then we have

/ ujk(z,0)(z,0)dz :/ w; ()¢ (k™ 2, 0)dx
R R4
R /R uypdi(0,0) (k=K — o0).

On the other hand,

t
/0 /Rd kd+2—aj+1,dpju§il7k<dxdt
K%t
= [ [l e b o
0 R
Here (11) and Lemma 2.1 show
Uiy (, )P+ < C(1 4 1)~ %+0a®i=/ 2y (2 1)

for some 7 satisfying a;+1(p; — ) > 2. We put r = dp/aj1,4. Then by
assumption (11), we can choose p > 1 to satisfy

aj1(pj —r) = ajap; —dp > 0.
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Then since

uj(z,t) < C[S(t) <z >4 < CS(t) < >%

oo
/ /d |z |7 ujpq (2, )P dadT
0o JR

it follows that

and we have

k2t
/ / 27w (2, TP (k™ e, k2T dadT
0 R?
— / / |;L‘|Ujuj+1,(ZL‘,T)pjdl‘dTC(O,O) < 00 (k;:k;; —>OO)
0 R
Thus, letting k& = k% — oo in (54), we obtain
/ wj(z,t)((x,t)dz — M;((0,0)
Rd
- /0 /Rd{wj(x» 8)Gi(x, 5) +wj(z, s)Al(z, s)}dazdt.
= / {wj(x,t)C(x,t) - wj(ZL“,O)C(x,O)}dx
Rd
_/ / {wjt(x75> _ij(iﬁ,s)}ﬁ(:c,s)dxds.
0 JRA

Using Green’s theorem,
[ (w30 = M5 (. 00
Rd

— _/ d{wjt(gs,s)—ij(x,s))(’(:v,s)dzvds.
0o JR

The uniqueness of solution of
u = Au, u(x,0) = M;0(z)

where 0(x) is the Dirac § -function, then implies (54).
We put ¢t = 1 in (54). Then letting y = kz and s = k?, we conclude
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s \uj(y, ) — My(4ms)™ e W 0 (5 — o0)

uniformly in {y € R%|y| < Rs'/?} for any R > 0.

Theorem 4 (ii) is thus proved. O
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