HOKKAIDO UNIVERSITY

Title Lgrge Time Behayior and Uniqueness of Solutions of a Weakly Coupled System of Reaction-
Diffusion Equations
Author (s) Umeda, Noriaki
Citation Hokkaido University Preprint Series in Mathematics, 621, 1-30
Issue Date 2003
DOI https://doi.org/10.14943/83775
Doc URL https://hdl. handle.net/2115/69429
Type departmental bulletin paper
File Information re621. pdf

kaido
wo¥ U"/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




Large Time Behavior and Uniqueness of
Solutions of a Weakly Coupled System of
Reaction-Diffusion Equations

Noriaki Umeda

Division of Mathematics,
Graduate School of Science,
Hokkaido University
Sapporo, 060-0810 Japan

1 Introduction

We consider nonnegative solutions of the initial value problem for a

weakly coupled system

Ou;(z,t)
(1) ot
wi(x,0) = u;o(x),

= Aug(z,t) +ult (z,1), =€ Rt >0ieN*,
reRYie N*,

where N > 1, N* = {1,2,...N}, d > 1, p; > 0(i € N*) and u;o(i €
N*) are nonnegative bounded and continuous functions. Throughout
this paper we mean uy4; = U;, Un+i0 = Uio, PN+i = p; for each i € Z
and u = (uy, ug, -+, un), uo = (U1,0, U0, ,UNp)-

Problem (1) has a nonnegative and bounded solution at least locally in
time (see Theorem 2.1). For any given initial value wug, let 7% = T™(uy)
be the maximal existence time of the solution. If T = oo, it is called a
global solution. On the other hand, if 7" < oo, there exists i € N* such
that

(2) lim sup ||u;(t)]| 0 = 0.
t—T*



When (2) holds, we say that the solution blows up in a finite time.
Since the pioneering work of Fujita [6], the blow up and global existence
of solutions to weakly coupled semilinear parabolic systems have been
studied by several authors ([2], [3], [4] and [7]).
In the previous paper ([8]), we have considered the case p; > 1(i € N*),
p1ip2 - -.py > 1 and proved the following results.

(I) If 2maxien+{1+pi+pipis1+. . . +PiPiy1 - - - Pirn—2} > d(pip2 ... PN —
1), then T* < oo for every nontrivial solution u(t) of (1);

(IT) Tf 2 max;e v+ { 14+ pi+0iDiv1+- - - APiPis1 - - DizN—2} < d(p1p2...DN—
1), then there exist both non-global solutions and non-trivial global so-
lutions of (1).

In [8], we also have considered the large time behavior of global solu-
tions. These results extend the previous results for the case N = 2 ([2]
and [7]). We also refer [4] and the references therein for the study of the
blow-up rate in the case (I) for N > 1.

In this article, we consider the case p1py...py < 1 with p; > 0 and we
may allow the situation p; > 1 for some i. Our first result is the following
global existence of solutions.

Theorem 1. Assume that 0 < pips...py < 1. Let u(t) be a nonneg-
ative solution of (1), and let T* = T*(ug) be the mazimal ezistence time
of the solution. Then T* = 0o, 1. e., every solution is global.

The uniqueness of solutions to (1) is a delicate issue, because the non-
linearity does not satisfy the Lipschitz condition when p; < 1 for some .
Actually, the uniqueness of solutions does not hold in general and we can
have the following two theorems.

Theorem 2. Assume that 0 < p; < 1 (i € N*) and up # 0. The
problem (1) has a unique nonnegative solution.

Theorem 3. Assume that 0 < pips...py < 1 and ug = 0. Then any
nontrivial nonnegative solution of (1) has the form

ui(x,t;s) = ¢i(t — s)§ (1€ N*),
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where (r); = max{r,0}, s is any nonnegative constant and c;, a;(i € N)

are positive constants given by

_ L pitpipia + . A PP PiN2

a; )

I —pip2...pN
(3)
1p2--pN—1 __ _pi  DPiPit1 DiPit1---PitN—2
c? = 0G0y Oy N )

In the case of N < 2, Theorem 2 has been proved under the weaker
condition 0 < pypy < 1 [3;Theorem (a)]. However, it is an open problem
whether Theorem 2 is true or not under the weaker condition py1ps ...px <
1 for the case N > 3.

Finally, we consider the asymptotic behavior of solutions of (1) as t —

Q.

Theorem 4. Assume that 0 < p1ps...py < 1. Then, for any nontriv-
ial nonnegative solution u(t) of (1),

(4) lim ¢~ %u,(x,t) = ¢ (ie N¥)

t—o00

holds uniformly in R, where c;, oy are positive constants given by (3).

As for the global existence, the case N = 1 is easy ([1]). The case
N = 2 was studied by M. Escobedo and M. A. Herrero ([2;Theorem 1]).
As for the uniqueness of solutions, the same results have been obtained
by J. Aguirre and M. Escobedo ([1]) in the case N = 1, and by M. A.
Herrero and M. Escobedo ([3]) in the case N =2 . Theorems 1, 2 and 3
in this paper extend these results to the general case N > 3. Basically
Theorems 1, 2 and 3 can be proved in a similar way to that in [2] and
[3]. But for our big system, the procedure to obtain the key differential
inequalities (23) and (24) below becomes very complicated. To control
this big system properly, we make use of Lemma 2.2 which is a new
observation. Moreover, to obtain an important lower bound estimate
(Lemma 3.2), we also need to control more complicated iteration process
than the one for the case N = 2. Theorem 4 is completely new even
for the case N = 1, 2. We also note that in the proof of Theorem 4 we
employ a new comparison argument which yields a simple proof of the



global existence under the condition 0 < pypy...pny < 1 even for the case
N = 2.

In §2 we prove Theorem 1. Theorems 2 and 3 are proved in §3 and
finally Theorem 4 is proved in §4.

For simplicity, we use the following notation throughout this paper:

DiDit1 - - - Dj, (i <),
Dij = Pi (i=17),
1, (2 >j)

2 Proof of Theorem 1

First we note the local existence of solutions of (1).

Theorem 2.1. Let p; > 0(i € N*) and assume that ugy is nonnegative,
continuous and bounded. Then there exists T > 0 such that (1) admits a
nonnegative and bounded classical solution u in [0,T) x R?,

Proof. Although we follow the same argument as in [2;Theorem 2.1]
for the case N = 2 and [1;Lemma (1.3)] for the case N = 1, we give the
outline of the proof for reader’s convenience. For arbitrary 7" > 0, let

(5) Ep ={u:[0,T] — (L®)"; |Jull g, < oo},
where

N
U = sup Ui (T)|loo f-
[ull &y te[O,T]{;H ()l

We consider in Ep the related integral system
¢
(6) wi(t) = S(t)uip +/ S(t—s)uri,(s)ds, i€ N™,
0

where S(t)¢ represents the solution of the heat equation with an initial
function &:

S(06a) = (amt) 2 [ ey

Note that in the closed subset Pr = {u € Ep;v; > 0(i € N*)} of Er, (1)
is reduced to (6). If p; < 1 for some 7, let {g;,,} be a sequence of globally



Lipschitz continuous functions such that, for any fixed n > 0

0, r <0,
gin(r) = cjn, 0<r<1/2n,
rPi, r>1/2n,

where ¢;,, = (2n)'?i. Consider now the approximating problems for (1)

as in [2]:
Uin)t — uzn:uZ ) DU S 71pz_ )
, Au;, m t>0,r R ifp; > 1
7) (Ujn)t — Atjp = gjn(tjy1n), t>0,2€ RY, if p; <1,
Uit1,n(0) = wit10, ze R ifp > 1,
U,j_H’n(O) = Ujy1,0 + 1/71, T € Rd, if p; < 1.
We put @, = (U4, U2p, ..., UNny). Define

(@) (t) = (S)u1,,(0) + Py pluzn)(t), )tz (0) + o (uzn) (1),
S unp(0) + v (ur ) (1)),

where

B0 = [ S (s (> 1),

B, (o)) = /O S(t— 8)gim(ussrn)(s)ds (s < 1).

Then we can easily obtain the following estimates:

1S ()urn(0), S()uzn(0), - S()unn(0)] g < CZHUM oo

[(@rn(Uzn), @om(usn); o Pvn(an))ller < CTZ U,

=1
where
Ut 0 un 0 0 0 0
Ug,n 0 0 U3n 0 0 0
Un—1.n 0O 0 0 0 0 Unn
Unon U1, O 0 0 0 O



Let Br = {4, € Er;||tun||g, < R}. If R is large enough and 7" > 0 is
small enough, one can easily see from the above inequalities that ¥, is a
strict contraction from Bgr N Pr into itself, whence there exists a unique
fixed point @, € Bgr N Pr which solves

(8)
t
Uin(t) = S(t)u;.(0) —|—/ S(t— s)ujyy ,(s)ds, ie N*,p;>1,
0
t

Ujn(t) = S(t)u;,(0) —{—/0 S(t—8)gjn(ujr1n(s))ds, j€ N*,p; <1.

Thus we obtain a unique nonnegative and bounded solution @, (t) to (8)
in R% x [0,T) for some T. Furthermore, we can show

Uin(t) < wim(t) if n >m,

where we use the argument of [1;Lemma (1.3)]. Therefore, the sequences
{u;n(t)} are nonincreasing with respect to n and bounded below. So,
we can define u;(t) = lim, o w;,(t). Then we can conclude that wu;(t)
satisfies (6) (see [1]).

To complete the proof of Theorem 2.1, let wu(z,t) be the
nonnegative and bounded solution of (6) that has been obtained
in [0,7) x R* for some T > 0. By (6), u(x,t) is continuous
in [0,7T) x R?.  Moreover, by considering the difference quotients
(1/h){ui(x1, o, ..., xj1, 25 + hyxjpq, ...,z t) — wi(x,t)} with b — 0,
one easily sees that du;(z,t)/0z; is locally bounded in R* x [r,T) for
j = 1,2,...,d and any 7 such that 0 < 7 < T. Then u/"*'(i € N*)
are locally Holder continuous functions in space uniformly with respect
to time. It then follows from the representation formula (6) that u is a
classical solution of (1) in R% x (0, T) (see [5;Chapter 1, Theorem 10]). O

Remark. By the proof of Theorem 2.1, solutions are unique when
pi = 1 (i € N*). If this assumption is dropped, this result is false in
general. For instance, see Theorem 3.

Next, we show an important lemma for the proof of Theorem 1.
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Lemma 2.2. Let pips...pny < 1 . Then, there exists m € N* such
that

DN+4m—k+1,N4+m < 1

for any k € N*.
Proof. If p; < 1 for any ¢ € N*, it is obvious. We consider the other
cases. We say that P = pik+m = PkDi+1 .- - Pktm Satisfies the property

(4), if
Ditm < L, Dkgm—t1hem <1, o Pkt hrm < L, Dk jgem <1

hold. We also say that P is a good block if P < 1. We define

i1y = min{i;1 <i < N,piy <1,p; > 1},
12 = min{ii <i < N,pi < 1,p; > 1},
i1k = min{s;ig gy <1< N,piog < 1,p; > 1},

where k(1) is the least number such that {7;41 51y <7 < N,pioy < 1,p; >
1} becomes empty. We also use the convention 11,k(1)+1 = %1,1- Then we
put

Z'1,2—1

P = J[w

l=i1,1
i1,3—1

P1(2) = H b1,

l:il,g

i1, k(1)+1—1

kD) = [[ »

I=11 k(1)

(Z Diy y1yPiy )41 - - - PND1 - - 'pz‘l,l—1)-

Here we used the convention pyi; = p; (i € Z) in the last expression.
It is easy to see that if Pi(m) = pi, ,.Pii p+1 - - - Pirmii—1 18 & good block,
then Pj(m) satisfies the property (£).



By repeating these procedure, we define

i1 = min{i;1 <i<k(1),P(i—1)<1,Pi)>1},
Z'272 = min{i;im <1 < k(l),Pl(Z — 1) < 17P1<Z> > 1}7

7;2,k(2) = min{i;izk(g)_l <1< k(l), Pl(l — 1) < 1,P1(’l) > 1},

where k(2) is the least number such that {i; i) <1 < k(1), Pi(i—1) <
1, Pi(i) > 1} becomes empty. We also use the convention iy (2)11 = 21
We put

¢

12,2—1
P2(1) - H Pl(l)a
l=i2,1
i2,3—1
P(2) =11 A,
l—iz,g
G2 k(2)+1—1
Rk2) = J[ A0
=iz k(2)
(: P (o) Piling) + 1) .. Pu(E(1)Pi(1) ... Py(ing — 1)).

\

Here we used the notation Pi(k(1) +¢) = Py(i) (i € Z) for the last
expression. We also note that if Py(l) is a good block, then P(l) satisfies

the property (4).
Furthermore, by repeating the above procedure inductively and using

the assumption p; y < 1, we arrive at number [ such that

g = min{i;1 <i<k(+1),P_y(i—1)<1,P_(i) > 1},

where {i;4;; <i <k(l—1),P_1(i—1) <1,P_4(i) > 1} becomes empty.
We put

Pi(1) = Py (i) Pi—1 (i + 1) .. P (ieg-1y-1)Pi—1(1) . .. Py (i1 — 1).

Here, we rewrite P;(1) in an original form without changing the order of

multiplications. Then we obtain
-Pl(l) = Pm—N+1---Pm—-1Pm

8



for some m € N*. Then P(1) satisfies the property (f) and here this m
is a desired one. O

We also collect the following inequalities which will be frequently used
in the proofs of Lemma 2.4 and Theorem 1.

Lemma 2.3.

(I) For all nonnegative numbers a and b, it holds that

(a+b)P
(a+b)P

Ya?+0) if p>1,

< 2P
< (a” + ") if p<1.

(IT) (Jensen’s inequality ) Let v = v(x,t) be any nonnegative function.
Then it holds that, for all t > 0,

t (S(t)v(é‘))z t
( /O S(t—s)v(s)ds) < ! /0 S(t — s)v(s)ds
ifg>1, and

AN
N
—~
~
SN—
S
=}
—~
V)
SN—

t S(t)v(s) ) q
/o St —s)vi(s)ds < t71 (/0 S(t— s)v(s)ds)
ifq <1

We omit the proof of Lemma 2.3, since it is well-known. We also use

VAN
~~
N
~~
~
SN——
)
~—~
V)
SN—
SN—
[}

the semigroup property S(t — s)(S(s — r)u(r)) = S(t — r)u(r) frequently.
First, we establish the basic estimate which will be used frequently in
the iteration process of the proof of Theorem 1.

Lemma 2.4. ]f pi > 1, Diji+1 > 1, ..., Dijitj—1 > 1, and Diitj <1
then there exist gn(t) (i < h <i+ j) such that

itj—1
wi(t) < S(tuio+ Y ga(t)SEuny o + giss (DUl (2).
h=i

and gn(t) = O(t") with some v, as t — 0.



Remark. By taking v = max{vy,;i < h < i+ j}, we may write
gn(t) = O(tY) as t — oo for any i < h < i+ j. We will use this
convention frequently in the proof of Theorem 1.

Proof. 1t follows from (6) that

(9)
t $ Di
wi(t) = S(t)ui,o—i-/ S(t—s){S(s)uiH,g—i-/ S(s —r)uly (r )dr} ds.
0 0
From Lemma 2.3, we have
t
(10) wi(t) < S(t)uip +/ S(t—s) [2’”_15(5)%@1’0
0
+2pi_1</ S(s —ryuliy (r )dr) ]ds
= S(t)ujo+ 2"~ /S ufiy od

i
opi~l / St — s)( / S(s — )l (r )m) ds.
0 0
From (II) of Lemma 2.3, it follows that

(11)
ui(t) < S(t)uso + 2 HS(H)ull

t S
+2pi_1/ S(t—s)sP™ 1/ S(s —r)ufjr;l( )drds
0
< S(thuse + 2 S (e, o + 2 / S(t — ryads (r)dr.

Substituting u;2(r) = S(r)uise0+ [; S(r—s)ulis (s)ds into the integral
of the last inequality of (11), we obtain

(12)
ui(t) < S(t)uio + gi(t)S(H)uit

+ gi () /Ot <S(t —r) [S(T)uiﬂ,o N /0’" Sl — sy (s )ds] Pi,i+1>dr7

where g;(t) = 2Pi~'t. Using Jensen’s inequality again for p;; 11 > 1, we
have

(13) ui(t) < S(t)uio+ gi(t)S(t)ulyy o + gipa (0)S(H)ugso

10



t
+gi+1tpi*i“_1(t)/ S(t — s)utyy ™ (s)ds,
0

where Git+1 (t) = QPitPiit1=2¢14Pi - Qipce pi > 1, Dijiv1 > 1, ... Dii+j—1 > 1,
we repeat the arguments from (9) to (13) to obtain

(14)
ui(t) < S(t)uio + gi(t)S()uity o + Gir1(t)S()upis ™ + ...
t
+9i15-1(1)S (D)ttigjo + giyj ot / S(t — s)uiyth(s)ds,
0
where ng(t) — QPitPi i1t AP ik =R =11 pi i it 1+ A Di i k-1 <] > 1)' Now

we substitute i j1(s) = S(s)uipjr1,0+ [y S(s—r)ug 5 (r)dr in the last
term of (14):

¢
/ S(t — syug ity (s)ds.
0

Then we have

t
/ S(t — s)ujy ity (s)ds
0

t S P1,i+j
- /0 S(t—s) <S(s)u,~+]~+1,o + /0 S(s — r)ufjr?j;(r)dr) ds

t
< tl—pi,i+j{/ S(t— 3)
0

s . Di,itj
X (S(s)uiﬂﬂp + / S(s —r)ug s (r)dr> ds } i
0

IN

t
1= Piits </ S(t)ui+j+1,0ds
0
) ) N Piitj
v [ ste0) [ st o)
0 0

t Pitit1 Pijitj
t(S(t)quH,g + /0 S(t— 7”)uifH?+2 (r)d’r’)

= tufjr;trjl (t).

IN

Substituting this into (14), we conclude

itj—1
(15)  w(t) < SMuio+ Y gn(O)SEuR o+ goss (DUl
h=i

11



where g;4,(t) = tP»+i-1g; ; 4(t). Thus Lemma 2.4 is proved. O

Proof of Theorem 1. Without loss of generality, we can assume m =
N — 1 in Lemma 2.2. We put

Jj(1) = min{i;1 <i<N—1,p; <1},
3(2) = min {Zvj(l) <1 < N — 17pj(1)+1,i < 1}7

j(h) = min {i§j(h —1) <i <N —1,pjn-1)41 < 1} 5
where h is the least number, such that
{i§j(h) <t <N —=1pjmny+1,i < 1}

becomes empty. Then we have the following general situation which will
be divided into h blocks:

I-blocks : p1>1,p1o>1,....p1;0)-1 > Lp1ja) <1,
2-blocks : pjay+1 > Lpjays1iayee > 1,

e PiM+1,5@)-1 > Lpiy+1502) < 1,

h-blocks : pjn-1)41 > L, Pjth-1)+150h-1)+2 > 1,

yee s Dit=1)+ 1)1 > Lipjt—1)+15m) < 1,

where from j(h) = N — 1, pjt—1)41,jh) = Pjth-1)+1,8—1 < 1. Although
some k-block may become degenerate so that just p;gy < 1,if j(h+1) =
j(h)41, we consider the general situation above without loss of generality.
By using Lemma 2.4 for 1-block, there exist 0 < v < oo and f;(¢)

(i =1,2,...,5(1) = 1) and f;(1)(t) behaving like O(t™) at t — oo such
that

i1
(16)  war < S(Huro+ Y fat)SEuph o+ fioy Bl

h=1

By using Lemma 2.4 again for 2-block, there exist 0 < v, < oo and
fi(®) (j(1) +1 <i < j(2)) behaving like O(#2) at t — oo such that

12



(17)

3(2)-1
w1y < S)ujay11,0 + Z @) S®u 5" + Fie (t)ufg%)ﬁ‘j@).
h=3j(1)+1

Combining (16) with (17), and using (I) of Lemma 2.3 for py jq) < 1,

(18)
u < Suie+ Y felt)S(1) iﬁo+ﬁ(1)(t){s(t>“j(l)+l70
@1 , - , b
£ ROSOUE + g |
k=j(1)+1
J(2)—1 _
< S(ue+ Y Ut + fio)(0ul)D,
where
S(t)uiiﬁo (1<k<j(1)-1),
Ui(t) = [SOujayr10™0 (k= j(1)),
[S(t)uy ”“”“ P G+ 1<k <(2) - 1),
and
fim® = fio
) = FofPY GO +1<k<(2),
[terating this process for m-blocks (m = 1,2,...,h), we can obtain that

there exist 0 < v, < 0o and fj2)41, fj(2)+2; - - - » [i(n) behaving like O(t™)
at t — oo such that

j(h)—1

(19) up < SOuro+ Y FeOUR() + i (OulG,

k=1

13



where

(St (1<k<j1)-1),
[S(t)ujys1,0]"7 (k=4(1)),
(S P G +1<k<j2) —1),
[S(t)uj(2) 1,07 (k=j(2),

Up(t) = ¢ [S(ﬂuiﬁ“ ]p“‘“” ((2)+1 <k <j(3)—1),
[S()uj3)41, o]pl ¢ (k=3(3)),
[S(t)uj(h_1)+1,0]pw<hf1) (k=j(h—1)),
[S(t)uiﬁ%l”lvk]ﬁol,j(h—l) (j(h=1)+1<k<jh) —1).

Put f(t) =1+ 33" ") ¥ fr(t). Since j(h) = N — 1, if follows from (19) that

(20) w < SO{S W0+ 3 Unlt) +ufe ™},
k=1
Note that a; +ag + ... +a; < l(af +a$ + ... + a®)/* holds for a > 1
and a; > 0. Applying this inequality as o = 1/py y—1 (note pyny_1 <1
by our assumption), we obtain from (20) that
(21)
N2 P1,N—1
w < NFOL(SEu )=+ 3O ) 4w}
k=1
Since all py_1, pnv—2.N-1, - .., P1,n—1 are not more than 1 by our assump-
tion, Jensen’s inequality yields
(22) U™ (1) < Sl

for 1 <k < N — 2. Therefore substituting (22) in (21), we have

(23) Uy {Z S(t 1/pkN 1 (t)}pl’Nil.

Substituting this in the N-th equality of (1), we have

(24)

=

-1

(un)e = Auy < (NSO {3 SO + v}

1

£
Il

14



Put

( N-1
wz,t) =Y SEuw/e " + un(t),
k=1
N-1
w(z,0)= u,lgy/é’k’N*l + un .

\ k=1

Then we find w; — Aw = uny — Auny. Since py n < 1, we have wPrN <
1 4+ w, and hence it follows that

wy — Aw < (Nf(2))PNwPtN < (N f()PV (1 + w).
Let v be the solution of

ve = (NF(1))" (1 + ),

v(0) = sup w(z,0) = wvy.
zcRY

Then we have w(t) < v(t) by the standard comparison theorem and

v(t) = (1+ vg) exp (/Ot(Nf(s))”Nds> -~

Since v is global, w is also global. By the definition of w this means uy
is global. From (6) we see that all uy_1, uny_o,...,u; are global. O

3 Proof of Theorem 2 and 3

Lemma 3.1. Let ug Z 0, and let u(x,t) be a solution of (1). Then
for any ™ > 0 there exist constants ¢ > 0 and « > 0 such that

(25) ui(z,7) > cexp(—alz|?) (i e N™).

Proof. We employ the same argument as in [2;Theorem 2.4] and [3;Lemma
1]. Assume for instance that u; o # 0. By shifting the origin if necessary,
we may assume that there exists R > 0 such that v = inf{u; (&); |¢] <
R} > 0. Since uy(t) > S(t)uy, it holds that

wn(t) > vexp(—|al/2t)(dmt) 2 / exp(—lyl*/2t)dy.

ly|<R

15



Defining @, (t) = uy(t + 70) for some 75 > 0, we obtain
1 (0) = uy(10) > cexp(—alz|?)

with

(26) a= L, c= V<47TT)_d/2/ exp(—w)dy.

27’0

To obtain the corresponding result for uy(t), we note that, if py > 1,
Jensen’s inequality yields

(27)  un(t) > /OS(t—s)(S(s)ul,O)des

v

[ (st stemapas = [ (Swmopvas

> t(S(t)ULO)pN

and, if py < 1,

(28) un(t)

v

/0 S(t—s)(S(s)u1)™ds

v

¢

/S(t—s)S(s)uI{f\éds
0

> tS(t)uiy.

From (27) and (28), the estimate for uy in (25) holds with a different
choice of a and ¢ from the one previously made in (26). By repeating
this procedure, we obtain the desired results for uy_1,un_o,...,us. This
completes the proof. O

Lemma 3.2. Let u(z,t) be any nontrivial solution of (1) with 0 <
pip2...-pn < 1 and ug Z 0. Then

(29) wi(x,t) > ct™, (i € NY),

where ¢; and «; are positive constants given by (3).
Proof. We take the same strategy as in [3;Lemma 2]. Assume first that
uy () > cexp(—alz|?) for some ¢ > 0 and o > 0. For simplicity, we
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consider the case 0 < p; < 1 (i € N*). We will mention the proof for the
general case 0 < p; y < 1 at the end of the proof. Since

2
(30) S(t) exp(—alz]”) = (1 + 4at)”“"exp (1 + 4at) ’

it follows that

a2
(31)  w(x,t) > S(Hure > (1 + dat)”? exp (—1 —(:|Z:o|¢t) .

Moreover, by (6)

(32) uy(z,t) > /Ot S(t — s)(ui(x, s))PNds.
Substituting (31) into (32) and using (30), we have
(33)

t
un(z,t) > CpN/(l+4ozs)d(pN1)/2(1+4oc3+4osz(t—5))d/2
0

OépN|I|2
X — d
eXP ( 1+4as + 40épN(t — S)) s

2
S @N(1 4 )42 __apwlal”
= (1+dat)™exp 1+ dapnt

Here we used py < 1. We substitute this inequality into (6) and use (30)
to find

t
un-1(z,t) > Cp”‘l’N/ (1 + das)~dPn-1/2
0

X (1 + 4apys + dapy_1 n(t — 3))%/2
X (14 dapys)¥/?
2
X oxp <_ apn-1,n|T] ) SsPN=1 (g
1+4apns +dapy_1n(t —3)
> NN (1 4 dat)"PN2 (1 4 dapyt) 2

xexp [ — apy-in o]’ ) PN
1+4apy_int) pyo1+1

Now we claim that

QPN —k+1 NWZ ) ¢
34)  wy_g(x,t) > PN g () exp | — ’ A
(34) wii(z,t) > 9(t) exp ( 1+ 4apn—ky1,8t ) Ag
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for any k£ > 1, where P, and Aj are positive constants and gi(t) is a
positive monotone decreasing function of ¢ which will be determined in-
ductively. Here we use the convention pyi; = pj, uny; = u; (j € Z).
The inductive relations are obtained as follows. From (34) and

(35) u_y(e,t) > / S(t — ) (s _n(x, 5))~+ds,
we get

(36) u_p(z,t) = ENHENGH(E)(1+ dapy_prant) Y

xexp | — apy |z 1Pep—+1
L+ dapy—ynt) A" (Pipy + 1)
OépN—k7N|ZL‘|2 ) th+1
1+4dapy_pnt) Aria

= PN ENg g (t) exp (—

Then from (33) and (36), we get the following relation:

(37)
P =1, Popy=Pipp +1
Ay = 1, Apy1 = Ai_kpkﬂ

gi(t) = (1+4at) 2 ga(t) = gy " () (1 + dapy—k1,nt) =2

for £ > 1. Now, by using (37), we easily see that

( P, = 1 + Pkl F Pkl —kt2 t o Pkt1,—1,
k
A — H Ple—k-&-l,N—l’
(38) -1
k
Ik (t) = H(l + 4CYpN7k+l+1’Nt)7dp7k+1,7k+l71/2
. =1

for k > 2. From (34) with £ = jN, noting py_jnt1.8 = D1jn = p]i’N, we
obtain

(39) w(z,t) = w_jn(,t)

10| 2 P;
> C(pl’N)jgj (t) exp _Oé<p1,N>]4’x‘ 27
o 1+ 404p]1,Nt A;

where P; = Py, A; = Ajn and g;(t) = g;jn(t). We rewrite P;, A; and
gj(t) to see their asymptotic behaviors as j — oco. First it is easy to see
that

18



P, = Pin=14+pi+pia+...+pijn-
= (1+p1+p1,2+..-+p1,N—1)(1+p1,N+p%,N+...+p]17_]\})
(I+pi+pat.. +piv-1)1— (p1n))
l—pin

Furthermore, we need the following expression Pjnyx (1 < k < N) by

using PJ
(41)
Pintk = 1+ p_(Nth—0)Pinsr—1 = 1+ propPjnin—1
= 14+ p1x(1+p_nsr—2)Pinsr—2)
L+ piok + p1r-xP2-k Pjn -2

L+pik+pi—kor+ ...+ Pi—k—1 + P1—koljN
= 1+ pNyi—k + PN+1—kN+2—k + - F DNf1—kN—1 T pN+1—k,NPj~

Substituting (40) into (41), we obtain

(42) Pyt = 14+ DN—kt1 +PN-kt1,N—k42 + -+ DN—kt1,N-1

1— p{,N
I—pin

for j > 1and 1 < k < N. We also note that this formula is also true
even for j = 0. Now, we express flj as follows:

+pN-krin(l+p1+prot ... +piv-1)

J
(43)4; = [[p

_ D—jN+1,—k D—jN+1,—(N+k) P—jN+1,—((j—1)N+k)
= HPk X Py XX PN

N
k=1

where

P jN+1,—(IN+k)
IIBN%7 .
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Note that for 0 <[ <75 —1

(44) P—jN+1,—(IN+k) = PjN—jN+1,jN—(IN+k)
P1,(j—1)N—k = P1,(j—I1-1)N+(N—k)

= (pl,N)j_l_lpl,N—k-

Then using (42) and (44), we have
(45) Arj = H Rt ™

= H[ﬁk+ak<1—<p1,N>l> A

where we used the notation

Br =1+ pNny1—k + PN41—kN42—k + - - + DN41-kN—1,

(46)
ok =pN+1-kN(1+P1+prat ... +p1,N—1)1—

— PN

for 1 <k < N. Noting p; jp1,N = PijDj+1,N+j = Di,N+j, We see

(47)

O + o = {(1 —p1N) (1 + PN_kg1 + DNkt 1,N—kt2 + -+ DN—k41,N—1)
1

Nk NI+ F 2+ +p1,N—1)}1—

—DPi,N

= {(1 + DN—k41 T PN—kt1,N—kt2 + - - + DN—k+1,2N-1)

1
— (L4 PN—kt1 + PNkt 1, N—kg2 + - pN—k+1,2N—1)p1,N}1—
—Pi,N
= {(1 + DN—kt1 + PNkt 1, N—k42 + - - - + DN—kt12N—1)
1
— (PN—k+12N—k + PN—kt12N—kt1 + - - + pN—k+1,2N—1)}1—
— Pi,N

_ L+pN_py1+ .+ DNkt12N—k—1
I —pi N~

It follows from (45) and (47) that

)jflfl

1+ PN—k+1 T+ .- T DNt1—k2N—k—1 p1,N—k(P1,N
AR) Ay . < ( , )
( 8> " H I —pin
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- P1,N—k Z{;é(pl,N)j_l_l
= Qny1-k
. am,z\uk(1—(P1,N)j)/(1—p1,N)
= Qny1-k
N—k/(1=p1,N)
for 1 <k < N and any j > 1.
Next, we show
N
(49) gi+1(t) = [ [(1 + dapr v (puw ) t) =P /2g N (t)
=1

for j > 0. Here go = 1.
Proof of (49): By (37), we have

gina(t) = ginen(t) = vV (L4 dapn v en-nnt

= Ginvan L+ dapy n(pry)'t) =

)—d/2

P—_(jN+N-2) —d/2 b1

= [ng+N—2 (1 4+ 4apn—_(jn+N—2)+1,nt)
X (14 dapy n (1 )t) 2
= (1 + 4ap2,N(p1,N)jt)7d/2<1 + 4Osz_(jN+N_Q)+1’Nt)7dp1/2g§]1\?jN72.

Here we used p_(jn+n—;) = pr and

(50) PN—(jN+N-)+1,N = PI—jN+1,N = PI+1,N+jN

= DPi+1,N (p1,N)j-

Repeating this procedure by using (50), we obtain

gina(t) = (1+4dapan(pin)’t)™*?

X (1 + daps y(p1 y)'t)~P1/2

X (1 + dapy y(pr y)'t) P12/

X ...

X (1 + dopy1,5(prv) )~ P17

X gy ().

This implies the formula (49). O
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Using the formula (49) inductively, we have
N
(51) g;(t) = IO +4oprin(pin)y ™) 20 (@)
N
= H(l + 40419l+1,N(191,1\/)J_115)_dpl’l_l/2

1
. 2
X H(l + 404p1+17N(p1,N)j_27f)_dpl’l_lpl’N/QLf]](-]gN) (1)

N
% H(l + 4apl+17N(pl’N)j_2t>_dpl,lflpl,N/2

N
X H(l +dapia v (pry ) ) L) 2

=1
X ...

N .
% (1 + 4apl+17N(pl,N)t)_dpl‘rl_l(pl,N)]72/2

=1

j—1
N [j-1 |
- H H(l + 4apl+1,N(pl’N>kt)7dp1,l—1(pl,N)J—k—1/2

=1 k=0
N

Il
S
<.
—~

~
~—
—
<

\Y

—
~—

Now we claim that

(52) lim; |, gi;(t) > 1 (1<I<N)).

—J

Proof of (52): First, we note that

—_

Jt=Y (mn) Fdapn(pin)it

<.

(53) 4apl+1,N(p1,N)j_1

<o
Il
- o

> (M,N)j*k*l log(1 + 4apl+1,Nt<p1,N)k)

e
i
o

22



7—1

= log H(1 + dapr i n (pr) ) )
k=0

j—1—k

Here we used = > log(1 4 z) for z > 0. Hence, it follows that

j—1

g5 (t) = H(l -+ 4apl+1,N(pl’N)kt)idlefl(pl,N)j7k71/2
k=0

> exp (—dpiy—1/2 x datpra v (pry)’ )
— 1 (j = +00),

since p; y < 1. Therefore we obtain the desired estimate. O
Now we obtain

(54) lim,_..3;(t) > 1.

—
So, letting j — oo in (39), we can conclude by (40) and (54) that

1
p1 P12 P1,N—1\1/(1—
(a1a2 Qi3 cL Oy ) /(1=p1,n)

= Cltal .

Uy (x,t) > tAFpittpin—1)/(1=p1,N)

As to the general case, we take arbitrary ¢ > 0, and set w;.(t) =
u;(t + ). One then has

uie(t) = S(t)u;(0) + /0 S(t— s)ufjrl’e(s)ds,

where by Lemma 3.1, u; (0) > cexp(—alx|?) with some ¢ and «. There-
fore, the preceding argument shows u; .(t) > ¢1t*', and accordingly

Ul(t) = U1(€ + (t — 8)) Z Cl(t — €)a1,

whence follows the result, because € > 0 is arbitrary.

This completes the proof for © = 1. The estimate for ¢« > 2 can be
obtained in the same way.

Finally, we remark on the proof for the general case 0 < p; v < 1. Even
for this general case, we can slightly modify the above computations to
get similar estimates as before. Precisely, we can obtain the estimate
(39) with a slightly different g;(¢). Here g;(¢) satisfies (49), where only
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the number p;y1 x should be replaced by a certain number. Thus, we
have the estimate (52) even for the general case. So, we can conclude the
same result under the general assumption p; v < 1. O

We prepare the following lemma which will be used in the proofs of
Theorems 2 and 3.

Lemma 3.3. Let {v;(t)} (i € N*) be the nonnegative continuous func-
tion satisfying

t
(55) v;(t) < / vl (s)ds (i€ N¥).
0

Assume p1 y < 1. Then
Uz(t> S Citai

with ¢; and «; defined by (3).
Proof. From (55)

(56)
t 81 SN-1 PN4i—2 Pi
v;(t) < / (/ (/ va“l(sN)dsN) ...d32) ds;.
0 0 0
We put
Vi(t) = sup [[vi(s)|loo-
s€[0,¢]
Then
t S1 SN—1 PN+i—2 Pi
Vi(t) < / (/ (/ V;pN“l(t)dsN) ...dsg) dsq
0 0 0
t S1 SN—1 PN+i—2 pi
< Vipl’N(t)/ (/ (/ dsN) ...dSQ) ds
0 0 0
S VPLN (t)t1+pi+Pi,i+1+--~Pi,i+N—2{<pN+i72 + 1)pi,i+N—3
X (PN4i—3,N4i—2 + DN+i—g + 1)PiitN-1
-1
X ... X (Piign—2+ ..+ Diiv1 +pi + 1)} ;
thus

V) < e i+ 1

X (DN+4i-3,N+i—2 + DNyi—g + 1)PoitN=1

—1/(1—p1,N)
X oo X (Piign—2+ ...+ Diit1+pi + 1)}

+ 10
c; t.
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Thus we obtain
(57) v;(t) < et

To obtain the stronger estimate, put 6; = sup;cjg oo vi(t) /1% < ¢ so that
v;(t) < 0;t*. Substituting v;(t) < 6;t* into (56), we have

t 51 SN—1 PN+i—2 Pi
(67 P—
vi(t) < / (/ (/ (0;s3 PN+ 1d3N) ...d52> ds;

0 0 0

P1,N tai
< 6"
— 7 Di Pii+1 Pii+N—-2"

@Zai+101i+2 .. 'ai—i—N—l

Therefore by the definition of #;, we obtain
1

Di Pi,i+1 Pii+N—2
Qi iy - QN

Qi S Hfl,N

and hence

1 1/(1=p1,)

91' < < ) = C;

- Pi Piit1 Pii+N—2 7.
QG 1o - QN

Thus v; < ¢;t*. O
Proof of Theorem 2. We take the same strategy as in [3;Lemma 3.

Suppose that for some wug Z 0 there exist two different solution
(ur(t),ue(t), ..., un(t)) and (uy(t), us(t), ..., un(t)) defined in some strip
Sy = (0,T) x R% Then it follows from (6), Lemma 3.2 and the mean
value theorem that

() — @ (1)), < / S(t — s)(ub(s) — w8 (s)) 4 ls
< [ 80— 9)ls) ~ (s s,

In a similar way, we have

(ug(t) —ua(t))y < po§2_1/0 S(t — s)(ug(s) — az(s)) 4PV ds,

(un(t) —un(t))y < pNCZfN_l/O S(t — s)(ur(s) — @y (s)) 5Py Vs,
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From these, it follows that
(58)
[ (w1 — @1) 4 (8) oo
t st
< T g / sy =ea / s
0 0

SN—1
(/ S%Nil)al | (w1 — 1_61)+(SN)HOOdSN> .. .dSQ] ds;
0

t S1
_ (p1—1)ae (p2—1)as
= pLNOquQ...OzN/ S1 So
0 0

SN—1
( / sty =Dan ) u1)+(sN)HoodsN> ...dSQ] ds,.
0

Here we used the relation &' " . .c’j\}v’l_l = 0. ..ayn which can
be seen from the definition of ¢; and «;.

We next show that the integrand above is indeed locally integrable. To
this end, we first notice that

(i = @)1 (D) ]loo < /O [(ui1 — tir1) 1 (s) |5 ds (i€ N7)

holds, since all py, pa, ..., px are less than one and (a? — ), < (a —b)}

holds for any nonnegative constants a and b if 0 < p < 1. Then Lemma
3.3 yields

(w1 =)+ (Ofe < ext™

with «; as in (3). We also note the relation p;a; 1 +1 = a; (i € N¥).
This implies that the right-hand side in (58) is convergent. Moreover,
substituting this in (58), from p;a; 11 + 1=, (i € N'), we find

(1 — 1) 4 ()]0 < prvest™.

We may now use this to obtain a new bound for |[(u; — 1)+ (f)]| via
(58). Iterating this procedure k times, we obtain

(ur = @)+ (B)l|oo < P vert™.

Now by letting £ — oo, it follows from p; xy < 1 that u; = 4, whence
Uy = Usg, ..., Uy = Uy holds. O
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Proof of Theorem 3. Although we follow the same argument as in
[3;Lemma 4], we give the proof for the sake of completeness. Let u be a

nontrivial solution of (1) satisfying the assumption in Theorem 3. Then
by (6), for i € N*

t
Ol < [ lesa (o) s
0
holds and Lemma 3.3 yields
(59) [ () loo < cit™

with positive constants ¢;, a; defined by (3). By the hypothesis, there
exist i € N* , t > 0 and z € R? such that u;(z,t) > 0. Without loss of
generality, assume that ui(x,t) > 0, and define 7 by

7 =1inf{t > 0: uy(z,t) > 0}.

From Lemma3.1, u;(x,t) > 0 for any i € N*, € R? and t > 7. Now
take t > 7 and set

wi(x,t) = wi(x, t + ).
Then (uy,Us, ..., uy) solves (1) and u; > 0. Therefore, by Lemma 3.2,
wi(x, t +1t) > ¢t
for any ¢ > 0. This implies that
(60) wi(z,t) > it —71)§
for € R%, t > 0. Now choose any ¢t < 7 and define
w;(x,t) = wi(z,t + t).

By our choice of 7, (uy, Uy, ..., uy) solves (1), with u;(0) = 0. Therefore,
by (58)

wi(z, t+ 1) < ¢it™
for any ¢ > 0 and z € R". Letting t — 7, we obtain
(61) wi(o, 1) < er(t — 1)

for z € R% ¢ > 0, and the conclusion follows from (60) and (61). O
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4 Proof of Theorem 4

Lemma 4.1. Assume 0 < py n <1 and consider the problem

(62) { Vi = Av; + vl zeRYt>0,ie N*

vi(x,0) = v, re R e N*
with a positive constant v; o satisfying

Veai — piciyi/on _  pg . *
(63) ¢ = Vi1 (1€ N*).

7

If v; is defined by

(64 aet) =afe+ (22) "

&

for each i € N*, then v = (v, vy, ...,vyN) Salisfyes (62), where ¢; and «;
are positive constants given by (3).

Proof. Tt is easy to see that (64) is a solution of (62). O

Proof of Theorem 4. It is obvious for the case uy = 0 from Theorem 3.
We show Theorem 4 for the case uy Z 0. From Lemma 3.2

(65) wi(x,t) > ¢t

Now choose v; o which satisfies (63) and v; 9 > 2||u; 0]l Define v; by
(64). Then we claim the following estimate:

vi(z,t) > ui(z,t) ((x,t) € R* x [0,00),7 € N*).

If not, v;(x,t) < u;(x,t) holds at some point (z,t) € R x [0, 00) for some
1. We put

t; = inf{t > 0;v;(x,t) < u;(z,t) for some z € R} (1 € N¥).
From (6),
t
vi(t) — ui(t) = S(t)(vig — wip) + / St —s)(viii(s) —ulii(s))ds,
0
and from v; o(z) > u; (),
S(t) (U@O — ui’o) > 0.

28



Therefore, we have

0=wv(x,t;) — us(x, t;) > /ti [S(t,» —5)(vP(s) —uliy(s))| (x)ds
0
for some 2 € R% Then we obtain
ti > tin.
Inductively, we have
i >t > ... >tNypio > tNpic1 > tngs = 1

and we get the contradiction. Therefore it follows from Lemma 4.1 that

(66) wi(z,t) < Ci{t + (%‘,0)1/%}0@

C;

From (65) and (66), we obtain

. 1/0u N i
(67) cit® < wy(x,t) < ci{t + (UZ’()) } .

&)
Multiplying (67) by ¢~* and letting ¢ — oo, we have

lim ¢~ %u(x,t) = ¢ (1€ N*).

t—o0
uniformly in R, O
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