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An explicit formula for the Koecher-Maaf3
Dirichlet series for the Tkeda lifting

Tomoyoshi Ihukiyama * Hidenori Katsurada '

1 Introduction

Let F(Z) be a modular form of weight k£ with respect to the symplectic group
[, = Sp,(Z). Then F(Z) has the following Fourier expansion:

F(Z) = Z ap(A)exp(2m tr(AZ)).

A

where A runs over all semi-positive definite half-integral matrices over Z of degree
n and tr(X) denotes the trace of a matrix X. We then define the Koecher-Maaf
Dirichlet series L(F,s) by

_ ap(A)
LiFs) = 24: e(A)(det 4)’

where A 1runs over a complete set of representatives of 5L, (Z)-equivalence classes
of positive definite half-integral matrices of degree n, and e(.4) denotes the order
of the special orthogonal group of 4. We remark that in case n = 1, L(F,s) is
nothing but the Hecke L-function associated to F.

Now let F'(Z) be a certain lifting of a Hecke eigenform f(z) with respect to
[',, with some m < n. Namely, let F(Z) be a Hecke eigenform whose standard
L -function or spinor L-function is expressed by the standard L-function or the
spinor L-function of f(z). Then we present the following problem:

Problem. Express L(F,s) in terms of some Dirichlet series attached to f.

In [5], we considered the case where F'is the Klingen Eisenstein lifting of a
cuspidal Hecke eigenform [ with respect to I'y. In this paper. we consider the
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case where F' is the Ikeda lifting of a cuspidal Hecke eigenform with respect to
I';; let £ and n be even positive integers. Let
f(z) = Z ap(mexp(2mimz)
m=1
be a normalized cuspidal Hecke eigenform of weight 2k — n with respect to I';.
Then Duke and Imamoglu conjectured that there exits a cuspidal Hecke eigen-
form of weight & with respect to I', whose standard L-function is

n
() T B +k— i),

i=1
where ((s) is Riemann’s zeta function. Ikeda [4] did construct such a modular
form I(f)". For the precise definition of [(f)", sce Scction 3. Thus we call
[(f)" the Ikeda lifting. This is a generalization of the Saito-Kurokawa lifting.
As noted in [4], this type of conjecture was also proposed by the first named
author in terms of the Koecher-Maall Dirichlet series. In this paper, we give an
explicit formula for the Koecher-Maall Divichlet series for the Ikeda lifting. This
also gives a certain generalization of Bocherer’s result in [1].

To state our main result, let f(z) = S _ c(m)exp(2mimz) be the modular
form of weight k —n/2+ 1/2 belonging to the Kohnen plus-space corresponding
to f.and E,jpp12(2) = 2oo_o H(n/2,m)exp(2mimz) be the Cohen Eisenstein
series of weight n/2 4+ 1/2. For the precise definition of the Cohen Eisenstein
series see Section 3. Let L(/‘s) and L(L,/54172,5) be the Hecke L series of f
and E,/,11/,, respectively; namely let

L(f&',s) _ Z c('n‘z‘,)’
m=1

and
v:(x

H(n/2,m
L(Enjat1/2,8) = Z _(_/_)

m?

m=1
We then define the convolution product L(f, £,/,41/2; 5) as

c(m)H(n/2.m) .

ms

LS, Buprgryes) = CR2s —h+ 1))

m=1
This type of Dirichlet series was introduced by Shimura [15]. Now our main
result in this paper is:
Theorem 1 Let n and k be even positive integers. Put

n/2—1

Ay = 20Ntk DTG f2) T ¢(20),
1=1 =1

2



where I'(s) s the Gamma function. Then, under the above assumption. we have

L{I(S)",s)
2n/27171_n/2 R n/2—1
=2 /\”[T/Z)L(‘f’ Bty 8) ll:[j L(f,2s —21)
n/2
(= 1)+ 1) (=) BT L 2s = 20 4 1)),
=1

It seems interesting to give an explicit linear version of our result in relation
to the result in [11]. Now, by using [12], we obtain

Corollary 1. Put
E(s, f) = (2m) 2 T()0(s = /2 + 1/2)L(f, Enjagrja; s)-

Then £(f,s) has a meromorphic continuation to the whole s-plane and has the
following functional equation:

E(f h—s)=E(f,s).

The meromorphy of this type of series was derived in [15] by using so called the
Rankin-Selberg integral expression in more general setting, and the functional
equation may also be derived by using it. However, we remark here that the
corollary remains valid even for the case k = n., which was excluded in [15]. We
also remark that by using the algebraicity of the special values of L(./?, Ejati1)2;8)
shown in [15], we obtain the algebraicity of the special values of L(I(f)", s). To
explain this more precisely, for the normalized Hecke eigenform f as above, let
Ky be the field generated over Q by all the Fourier coefficients of f. As is well
known, Ky is a totally real field. Furthermore, let uy(f) and u_(f) be the
complex numbers defined in [15]. Then we have

Corollary 2. In addition to the above notation and the assumption, as-
sume that k> n. Then for any odd integer | such thal n — 1 < [ < 2k —
n— L, the value L(I(f)",1/2) belongs lo the vector space K (u_(f)r'=7/2)? 4
Ky (ug(f)n!=n2=10)2 generated over Ky byu_(f)ml=n/20)12 gnd (g (f)mtionl2=1)n/2,
In particular, if n = 2 mod 4, the value L(I()* 1/2))(u_(f)m"="?)"? is a pure

imaginary algebraic number.

We note that the algebraicity of special values of Koecher-Maaf} series is
treated by Choie and Kohnen [3] in more general setting.



The method of the proof of Theorem 1 is similar to that in the proof of [6].
Theorem 1, which expressed the Koecher-Maal} Dirichlet series for a Siegel mod-
ular form in terms of its standard L-function, its primitive Fourier coefficients,
and the squared Mobius function in [5]. However the primitive Fourier coeffi-
cients of the Ikeda lifting is not so simple. Thus we need some modification.
The present paper is organized as follows; in Section 2, modifying the result in
[5], we express the Koecher-MaaB Dirichlet series L(F.s) for a general Siegel
modular form £ in terms of the standard L-function and the modified primative
Fourier coefficients of F. (cf. Theorem 2). In Section 3, applying Theorem 2 to
F = 1(f)" with f a normalized cuspidal Hecke eigenform with respect to I'y, we
express L(1([)",s) as a sum of certain Euler products (cf. Theorem 3.2). After
giving several preliminary results in Section 4, we complete the proof of Theorem
| in Section 4.

The authors thank Professor Kohnen and Professor Choie for valuable com-
ments.

Notation. Lor a real number r we denote by [r] the greatest integer
not exceeding r. For a subset S of a commutative ring R, put 5% = {a*;« € S}.
For a commutative ring R, we denote by M,,,(R) the set of (m,n)-matrices
with entries in R. Here we understand M,,,,(R) the set of the empty matriv if
m = 0 or n = 0. In particular put M,(R) = M,,(R). For an (m,n)-matrix
X and an (m,m)-matrix 4, we write A[X] = ‘X AX, where ‘X denotes the
transpose of X. Let « be an element of R. Then for an element X of M,,,(R)
we often use the same symbol X to denote the coset X mod abM,,,(R). Put
GL,(R)={{4¢€ M,(R);det A € R*}, where det A denotes the determinant of
a square matrix A4, and " denotes the unit group of R. Let S, (R) denote the
set of symmetric matrices of degree n with entries in R. Furthermore, for an
integral domain R of characteristic different from 2, let H,(R) denote the set of
half-integral matrices of degree n over R, that is, H,(R) is the set of symmetric
matrices of degree n whose (¢, )-component belongs to R or %R according as
© = j or not. We call an element of 2H,(R) an even-integral matrix over R.
For a subset S of M, (R) we denote by S* the subset of S consisting of non-
degenerate matrices. In particular, if S is a subset of S,(R) with R the field of
real numbers, we denote by S5 (resp. S>¢) the subset of S consisting of positive
definite (vesp. semi-positive definite) matrices. Let R’ be a subring of R. Two
symmetric matrices A and A" with entries in R are called equivalent over R’
with each other and write A g A" if there is an element X of (7L, (R’) such that

A" = A[N]. We also write A ~ A" if there is no fear of confusion. For square
: . : . R
matrices X and Y we write X 1Y = ( 0 g) ) :



2 Koecher-Maaf} Dirichlet series and the stan-
dard L-function

In this section, we review a result in [5] in a modified way. Let (M,q) be a

quadratic module over a ring R with a quadratic form ¢, and b the associated
symmetric bilinear form defined by b(x,y) = q(a +y) — g(x) — q(y) for @,y € M.
In particular, if R is an integral domain of characteristic different from 2, we
define a bilinear form B on M by B(w.y) = 3b(x.,y). We define submodules M+
and Rad M by

M* = {x & M;b(x,y) =0 for any y € M, }

and .

Rad M = {x € M*;q(x) = 0 for any = € M}.
We note that M+ = Rad M if the characteristic of 12 is not 2. We say that ¢ is
non-degenerate if Rad M = {0}. For a half-integral matrix A over a ring R of
degree n, let ¢4 be the quadratic form of M, (R) over R defined by ¢4(x) = A[x]
for x € M, (R). Then the quadratic space My = (M, (R),q4) is called the
quadratic space associated with A.

Let I be a field of characteristic different from 2, and R a subring of F. Let
(V,q) be a quadratic space over I, and L a quadratic R-lattice in V, that is, a
finitely generated R-module such that L @r [7 = V. For a symmetric matrix A
with entries in F, let My = (M, (F).qa) be the quadratic space associated with
A as above. Then M, (R) can be regarded as a quadratic R-lattice of M4 in a
natural manner, which we write as L 4.

A half-integral matrix A over Z, 1s called non-degenerate modulo p if the
reduction My Oz, Z,[pZ, of the quadratic space My is non-degenerate. Define

a subset K (Z,,) of H,(Z,) by

.
K'(Z,)={A¢€ H,(Z,): A~ VoLpVy with Vi, Vi non — degenerate modulo p}.
Further define a subset K(Z,) of H,.(Z,) by

. r. . ) . .
K'(Zy) = {A € Ho(Zy); A ~ 5\/0_L\/J_\/| with Vp, Vi even — integral unimodular

and V' a diagonal unimodular matrix of degree 2 such that det V=1 mod 1}.

Put K(Z,) = K, (Z,) UK (Zy) or K[ (Z,) according as p = 2 or not. For a

/)*‘(1‘(“('. ”ll”ll')(,‘l' C I)Ut
,\/,1((:) == .[3 —1 or 0

according as Q,(v/¢) = Q,, Q,(v/¢)/Q, is quadratic unramified, or Q,(v/¢)/Q,
is quadratic ramified. Further for a symmetric matrix 4 of even degree n with
entries in Q, we put

E(A) = xp((—1)"? det A).

s



For a non-degenerate half-integral matrix A4 we define o,(A) as follows; first
assume that A belongs to K7 (Z,). Then we have A ~ VoLV, with Vg,V
non-degenerate matrices modulo p of degree ny and ny, respectively. Then we

put ’
(4) = (— 1)y 72g,(Vy)pmi=2m)/ i s even
a (_l)(m71)/2])(”1_1)2/4 if ny is odd.

Next let p = 2 and assume that 4 belongs to K!(Z,). Then we have A ~

%VULV 1Vi with V4, Vi even-integral unimodular matrices of degree ny and n,
respectively, and V' a unimodular diagonal matrix of degree 2 such that det V' =
I mod 4. Then we put
A) — n1/2 712/41
gy (A) = (=12l

Finally if A does not belong to A',(Z,) we put g,(A) = 0. For a non-degenerate
half-integral matrix 4 over Z put

o(A) = [ on(4).

By definition o(4) depends only on the genus of A. Put K,(Z) = H.(Z)* N
Hw K.(Z,). Then by definition we have o(A) = 0 for A € K,,(Z). We call o the
squared Mobius function over H,,(Z). Now for a non-degencrate positive definite
half-integral matrices 4 and B of degree n over Z put

1 (L(‘/LV7 B)
A'eG(A) 7

where G(A) denotes the set of equivalence classes belonging to the genus of A,
and «(A, B) the representation number of B by 4. As is well-known G(A, B) is
determined by G(A4) and G(B).

From now on for a p-adic number ¢ let v(¢) = v,(c) denote the normalized
additive valuation on Q,. Now for a half-integral matrix 4 over Z, put M,y =
My &Z,/pZ,. Then we have

My = ULRad M,

with U a non-degenerate quadratic submodule of M. Put{ = [(A) = rankz,/,z,U.
If [(A) is even, put €,(A) = 1 or -1 according as U is hyperbolic space or not. Here
we make the convention that €,(4) = 1if [(A) = 0. Then we define Andrianov’s
polynomial B,(v; A) as follows:

By(v. A) = (L4 o)1 — gp(f“l)_l/z‘“) Hffl_l(l —p~*?) if [is even
! (I +v) H“_l)/z(l — pH?) if s odd.

=1
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Here we understand that we have B,(v,A) = 1 if [ = 0. I'or a non-degenerate
half-integral matrix 4 over Z put

B(s: A) = H B,(p~*; A).
P
For a positive definite half-integral matrix A of degree n over Z, put

1
M(A) = ) alA, A

ATEG(A)

Now let H,, be the Siegel’s upper half-space. A holomorphic function F' on
H,, is called a modular form of weight A with respect to I',, or simply a Siegel
modular form of degree n, if it satisfies the following conditions:

- o Y o 4 B

() FUAZ+BYCZ+D)™") = det(CZ+ D) F(Z) for any M = < cD ) el
(i) if = 1. for any « > 0, ['(2) is bounded on cach set {a +wy;y > a}.

Assume that /71s a Hecke eigenform. For each prime number p, let ag,. aq . ...,
be the Satake p-parameters of the local Hecke algebra L(GSp,(Q,), GSpa(Qp) N
G L3,(Z,)) determined by F' (cf. [5]). We then define the standard zeta function

CH(F,s) of F' by

n

¢l s) = T =p) J](0 = awpp™) (1 = agp=*)} "

=1

For a modular form [7(Z) of weight A with respect to I',,, let

FZ) = Z ap(A)exp(2me tr(AZ))
A

be the Fourier expansion of F'(Z) as in Introduction. We then define the Koecher-

Maafl Dirichlet series L(F,s) for F' by

c N ar(4)
L(F,s) = 2‘: () (det A)?

as in Introduction. We note that in [5]. we defined the Nocher-Maa Dirichlet
series in a slightly different way. but it coincides with half the above one.

Now for an element D of M,(Z,)*, we put 7,(D) = (=1)'p<='> or 0 ac-
cording as D belongs to Ay, (E,_, LpE;)A,, for some 0 < i < n, or not. Here
we write < j >= j(y + 1)/2 for an integer j. Furthermore, for an element D of
M, (Z)* put (D) = HP 7, (D). This is a certain generalization of the Mobius
function and we call this the generalized Mobius function (cf. [5]). Now assume
that n is even. Let H,(Z,) be the subset of H,(Z,)* consisiting of matrices

=

{



equivalent, over Z,. to some matrix of H,(Z)sq. Let A be an element of '7:[,,(Z,)).
Let p be an odd prime. Then (—=1)*/22%det A can be expressed as dyp*4 with
dy a p-adic integer such that v,(dy) < 1 and by a non-negative integer. Let
p = 2. Then (—1)"?2"det A can be expressed as d42%4 with dy a p-adic inte-
ger such that dy = 1 mod 4, or 47'dy = —1 mod 4, or 8 'dy € Z3, and by a
non-negative integer. For each prime number p, fix a non-zero complex number
¢, and put y,(A) = b4 for A € H,(Z,). Furthermore, we put v(A) = [1,7(A)
for A € H,(Z)sy. For a positive definite half-integral matrix A4 of even degree n
and the function vy define above put

ap(A) = y(A)ap(A),

where ap(A4) i1s the 4-th Fourier coefficient of F. Then for an element 4 €
Hu(Z)so, we deline the modified A-th primitive Fourier coefficient af.(A) with
respect to y of F' by

* ¥ __ . ~N—1
G 4) = S w(D)apy(AID),
D
where D runs over a complete set of representatives of left 7L, (Z)-equivalence
classes of non-degenerate square matrices of degree n with entries in Z. By the
inversion formula for the generalized Mobius function we have

ary(A) =) af (AIDT),
D
where D runs over a complete set of representatives of left L, (Z)-equivalence
classes of non-degenerate square matrices of degree n with entries in Z (cf. [5]).
We note that af(A) is the primitive Fourier coefficient introduced by Bocherer
and Raghavan [2] if « is the constant function taking the value 1.

Put ()
B ap (C
Gr (A) = —W———
Py (A) Z a(C.C)
Ceg(A)

Now let A and B be non-degenerate half-integral matrices of degree n over
Z,. We say A dominates B over Z, if there is a square matrix D with entries in
Z, such that B = A[D]., and define a polynomial T,,(u; 4, B) in u by

’I)'l.[, v
T(uw;AB)= H(l —p~ "),
=1
where m, = 1/2(v,(det B) — v (det A)). We also put Tpy(s; A, B) = 1 if A does
not dominate B over Z,. For positive delinite half-integral matrices A and B of
degree n over Z and the v we define a finite Euler product T'(s; 4, B.v) by

T(s; A B.y) = [[ T 4. B).

3



Then modifying [5], Theorem 3.3, we obtain:

Theorem 2. In addition to the above notation and the assumption put

o N O B2s £ 1=k Ay)
N(F.y,s) = Z (det Ag)sy(4)

,1\0
C(Co. Ag) G (Co) |
XM (Ap) Y —— A/[U()(;'U})” DT (28 + 2 — 2k, Co. Ag),
Co

where Ay and Cy run over all genera of positive definite half-integral matrices of

degree n. Then we have

2L F,2s — k + 1)
C(2s —h+1)

L(F, s)= K (I, v,s)

3 Koecher-Maafl Dirichlet series for the Ikeda
lifting

Throughout this section and the next, we assume that n and k are even positive

mtegers. Let
>

f(z)= Z a(m)exp(2mimz)
m=1
be a normalized Hecke eigenform of weight 2k — n with respect to SL,(Z). Fur-
thermore, let f be the cusp form of weight k—n/2+1/2 belonging to the Kohnen
plus space corresponding to [ via the Shimura correspondence (c¢f. [10]). Then
/ has the following l'ourier expansion:

f(z) = Z cle)exp(2miez),

€

where e runs over all positive integers such that (—1)*="/?¢ = 0,1 mod 4. For
a prime number p let 3, be a non-zero complex number such that 3, + 3t =
pRER 220 (p). In [4]. these ﬁpi is called "the Satake parameter” of f. We note
that the definition of "the Satake parameter” is different from the one in Section
2 of this paper. Let [ be a positive integer. For a nonnegative integer ¢ such that
we define the Cohen function H(l.¢) as

(1 =210) e=10
H(le) =< L1 =1 xy) €>0, and (=1)!e =0 or 1 mod 4
0 otherwise,



where \(_yy, is the Dirichlet character corresponding to the extension Q(1/(—1)'e/Q),
and L(s,\ (1)) is the Dirichlet L function associated to (.. Furthermore we
define the Cohen Eisenstein series IS4, /,(z) by

X

B (z) = Z H(l,e)exp(2mez).

e=0

It is known that Epjpi2(2) is a modular form of weight [ + 1/2 belonging to the
Kohnen plus space.

For a positive definite half integral matrix 7' of degree n write (—1)"? det T
as (—=1)*?det T = bpi% with b7 a fundamental discriminant and f a positive
integer. For each prime number p let

b(T,s) = Z ex])(27r'11t1'(TIi’,)')p_"""[(“(R‘))'S
ReS,.(Qyp)/Sn(Zy)

be the local Siegel series, where tr(T'R)" is a rational number such that tr(7T'R)" —

tr(TR) € Z,. and p(R) denotes the product of denominators of elementary
divisors of R. Then there exists a polynomial F,(7, X) in X such that

~
[\

oy

(T,s) = Fp(T.p7*) (1= p~*) (L= &(Tp =) [0 = ")

1

b

r

(cf. [8].) We then put
apy (1) = e(dr) H(pk‘”‘/z‘1/2/3[_,)"”(fT)Fp(T, P*(:L-F 1.)/2@)—1)
l)
We note that ;. (7") does not depend on the choice of ,. Define a Fourier

series [(f)"(Z) by

IN"(Z)= Y g (Texp(2mi tr(T2)).

TG'HH(Z)>0

In [4] Ikeda showed that [(f)*(Z) is a cuspidal Hecke eigenform of weight k
with respect to I', and that its standard L-function satisfies the properties in
[ntroduction. Now put

1’1:(/3. \) _ Z 7['7,»([))( -\’2/)”+I )/',,(dm. D) 1}).J(l5’[1)_']7 ,Y),
D

where D runs over all GL,(Z,)-equivalence classes of non-degenerate square ma-
trices of degree n with entries in Z,. An explicit form of (B, X) will be given
in Proposition 4.1.

10



Proposition 3.1. Let the noz‘(zl‘ion (md the (/,ss’um/)z‘z'orz be as above. Let
(B) = (p~ 128 yalie) - and v(B) = ] 7,(B) for B € Hu(Z)so. Let
B) be the promitive F()II,II.CI C()ﬁ[/L('yf'ni 0_1‘ [(‘/‘)” with respect to y. Then

(’1( bB Hl[j“’ (fp) F* ,77L/2—1/2[j,p_1).

x
@yl
we have

Proof. We have
a;(f)"",’y(B) — C(bB)

<y mD) LG gy e B (BIDT, BT )y (BIDT)
DeG L, (Z)\M, (Z)* P
— (‘(DH) H [3;”1'“3)

« Z (1))(( —/L/) I/?IU 1)2 n+l)l/,(rlr‘lf)1 (b)[]) ] ~—/1/2 1/)ﬁ[7 )
DEG L, (Z,)\ M, (Z)

Thus the assertion holds. O

Now for a non-degenerate half-integral matrix 4 of degree m over Z, and a
non-degenerate symmetric matrix B of degree [ with entries in Q,, we define the
local density a,(.A, B) representing B by A as

a,(A, B) =2 St Jim p( mltl(i+1)/ #A (4, B),

€=

where
A (A B) ={X € M, (Z,)/p"Mu(Z,); A[X]— B € p"H(Z,)}.
Further put

G (4 B) _ O"Z’(‘LL B),)u,,(r_letB)(m—l—l)/2+1/,,((letA)(m—H—l)/‘Z.

= Y
ap(A, A)
Let 4, and v be as above. By Siegel’s main theorem on the quadratic forms, we
have
(-1, B) H G(A B),
and

M(A) = 2, [T ap(A, 4)7!

.,
for a positive definite hal[ ntegral matrices 4 and B of degree n, where x, =
2= g =nln DA T T(i/2). Thus we have

I ‘ M(A)B(2s — k + 1, A)o(A)
K(L(f™").y,s) =
(/") 7.9) Z Ty

11



G(Co, A)GT pyn(Co)
T(2s — 2k + 2;~,Cy, A
8 ; M(OO) ( 27, Co,4)

0

B M(AYB(2s — k41, 4)o(A)
B Z det Asy(A)

XY G(Co, AT (25 = 2k + 2, Co, A)el(bc, ) [T £ (Co, 27128,

Co P

:2/{,nZ(detA)_sH”‘H)/z ]:[(/\)’ 1 L n/2— 1/2)1/, [{ (4 4) 1Bp(])_25+k_17-4)07.)("4)
A P

—2s n— 2vy(fe,) %/ 1 —(n 9
XZ c(dey ) HG (Co, A)T,(p Zs+h+( 3/>/j Co. )3, Co F,_)(C(‘)aﬁpl]) ( -I—l)/))7

where 4 and (g run over all genera of positive definite half-integral matrices of
degree n.

For an element A of ’Hy;,(Z,,) put

Hy(s;A,,)

((nt+1)/2—s)vp(det A)+(k—n/2—1/2)ba B —=2s+k—1. 4

D o,(A ) ;2 ba

_ ! / o(A) Byl ) E 3o G (Co, A)
a,(A4, A4)

X, (p BHEIS G Ly ) FE (o 0P,

where by and b¢, are non-negative integer defined in Section 2. Furthermore.
for a non-zero p-adic number d, such that (—=1)"?dy = 1 or 0 mod 4, and a
GL,(Z),-invariant function w, on H,(Z,)* put

H,(s;doiwy,y,) = Z Z (53 A7),

1=0 A€A(do 1)

where Cy runs over a complete set of representatives of (' L,(Z,)-equivalence
classes of half-integral matrices of degree n over Z,. and A(dy.l) denotes a
complete set of representatives of (/L,(Z,)-equivalence classes of half-integral
matrices of degree n over Z, whose determinant is [,)2’*2[“/2]5’-"'(/0. We note that
H,(s; do;w,, €) is a polynomial in p~*. Let ¢, be the constant function of H,(Z,)*
taking the value 1, and h,, the function of H,(Z,)* assigning the Hasse invariant
of Afor Ae H,(Z,)*. For | = £1, put

Fi=ADy € Z5y; Dy is the fundamental discriminant of a quadratic field or 1}.

Then, similarly to [6], Theorem 3.3, (1). we have



Theorem 3.2. Under the above notation and the assumption, we have

AVU(/)”;%S) = Kn Z C((lU)(H Hﬂ(55 do; /“1)57'1.1) + H HP(SQ do; /LP;V’[)))'

do€F _\yu/2 P P

4 Proof of the main result

In this section we prove the main result and its corollaries. Let p # 2. Let €' be
an element of K,,(Z,). Then C is equivalent to the following form:

I-]U _L])(fl R

where Uy and U; are symmetric unimodular matrices of degree ng and ny, re-
spectively. Here we understand that U, or U, is the empty matriz according as
no = 0 or n; = 0. We say that ' is of type (4,7) if (ng.n,) = (+,7) mod 2.
Then B is of type (0.0) or (1,1) since n 1s even. If " is of tvpe (0,0), we put
=0y = (=) det Uiy €D(C) = .f.,(_,‘)((,?') = \,,((—l)“"/2 det ;) for + = 0, 1.
Here we understand that we have ZW(C) = | and €9(C) =1 if n; = 0. Then
=ZWO(C) is uniquely determined, up to Z;D, by ', and thus €Y(C') is uniquely
determined by C.

Let €' be an element of X',,(Z;). Then (' is exactly one of the following forms:

(0,0) LU, LU,
(l I) ][,LO/ZLCULZI*[,”/_;J_Z(I
(2,0) Hygpo LV L2H,,, )y,

where Uy and U are even-integral unimodular matrices of degree ny and n,,
respectively, V' is a diagonal unimodular matrix of degree 2 whose determinant
1s congruent to 1 modulo 4, and ¢y, ¢; are 2-adic units. Here we understand that
Uo is the empty matriz if ng = 0, and the others. If C' is of type (0,0), put
=(C) = (=1)™/2det U, and €D(C) = €(C) = \a((=1)/* det U;) for i = 0, 1.
We make the convention that we have Z0((") = I and €9(C) =1 if n; = 0. The
quantity (') is uniquely determined, up to Z3°, by (', and EW(CY) is uniquely
determined by (.

We denote by /\},,(Z,,)“*” the subset of K, (Z,) consisting of all matrices of
type (i, ).

From now on {or two elements « and b of Z;f we write ¢« = b if «b™! € Z;D.
Further we use the same symbol « to denote the equivalence class of « in Z;/Z;D.

13



We denote by D = D, the set {1,5} or the complete set of representatives of
a . )
77 ]77" according as p = 2 or not.
The following proposition is well known (e.g. cf. [9], Lemma 9)

Proposition 4.1. Let C be an element of Ky (Z,). Put | = [v(2" det (1) /2].
(1) Let p # 2. Then we have
FH (¢, X)

H'{L/‘2+1 (1— ])Z'CX’Z) L — 5(0)(0);)”/2)(

if C is of type (0,0)

— 1=n/24+1 1 — 6(0)(C)I)TL/2+IX

Hjl:/ij_fﬂ(l —p*X?) if C'is of type (1,1).

(2) Let p=2. Then we have
/77((?'., )
n/24! 520 V2 (( ))”/) A R

Hi:n/l—}-l(l — 27X ) f )2 X if Cis of type (0,0)
- H:‘L/ij]ﬁrl(l 22 X?2) if C'is of type (1,1)

H:'@ﬂﬁ(l — 2% X?) if C'is of type (2,0).

Now for a non-negative integer m we define a polynomial ¢,,(2z) in 2 by
em(v) = TTL, (1 —a*). Let X.Y,w be variables, and N be a positive integer.
Then for integers [.m put

) N—l—m m

Q(X,Y,w; N, l[,m) = H(I—Xf Y H (1=XYw?= 272 H(l—Xw‘ZNH)
=1 1=1 1=1
y (PN(,LU—2)(71)l-l—/n,wul?.;lw—,77,2/2+m/2)<lym

P02 )N tom (W)@ (W)

For integers « and j, put

() (\ Y, w: j\f . ,”) _Q(\ Y. w; N. 1. ’”)“)114—/)“

and
N N-
Q. (X, Y, w;N) Z Z Qi (X, Y, w; N [m).
=0 m=0
Further put
N-1
QX Y, w;N) = H (1 — w2NF2X) (] — 22N+,
=0

14



Theorem 4.2. Let Dy € Z* with p odd, or Dy € Z% such that (— )”/)D =
1 mod 4. Then we have

(1)
H. ( D() L ’Yp) _ 25';]/1 s5— (/L+1)/2)(pn/2_1(p72)7l(1 o ])7‘/1/26)71
X[{(1+7)—Zs+k—l)(1_|_P—.2,s+21.:—2)_5])~25+A:—3/2/3p(l_l_])l/zfn/lﬂ]:l)(1_|_])*1/2+7L/2ﬂp71)}
n/2—2
% H (l o p;ZH—1725[,)A:~7L/2—1/2/3[")(1 . ])2t+1—257}k—n/‘2—I/Zﬁp—l)]'

1=0
(2)
Hp(5 DO; /’I.»[,-,./€> — (—l — )n(n+2)/b‘.25'_>_,,n(s (n+1)/2) L/)n/7 1( 2)—1(1 o ])—‘11/2(5)—1

P

/I/) 1
y H )1 ) 24— ;5 A 1/)/0, )( pzi~n/2+1\:72.spk~1/26;1).

=0

Proof. The assertion can be proved by the same method as [6], Theorem
5.2. Put Dy = 2"dy or dy according as p = 2 or not. Now let 4 be an element
of K,(Z,) and Put = = Z®(4) Then we have (7,(Cy, A) # 0 if and only if
Co € Ku(Zy), (det A)(det Cy)~t € Z,,D7 and Z(Cy) = =Z. Further the GL,(Z,)-
equivalence class of A € K,(Z,) is uniquely determined by its determinant d and
=. Thus we denote by A(d; =) its representative. We note that the p-adic order
of the determinant of A € K,(Z,) is at most n/2. Thus for w, = ¢, or h, we have

H’/r'(b"; D();W'l.n’Yp) = 25‘)"’”(5—(n+1)/2)
X[F7(A(do: A). g7 pm 04072

)T, (p~ 2 P32 4 (s A). Ady; A))Go(A(dy; A), A(dy; A))
o @r(Aldo; Ao (Aldy: 2)) By (p~ 2471 Aldy: A))
a, (A(dy; A). A(dy; A))
4+ Z Z p(—'_).s-l-l\’-l—(n+I)/2)(l+7‘7L)I[_3;)—vzz,
Z€D 1<l+m<n/2-1
XF/( l(l’ (/o =) /U’p P ”+I)/2)r[}»( “thles 3/)[5/»’ £ (P (/m—)7‘4(1)2”27”([03E))
xGo(A(pde: 2), A(p* ™ dy; 2))

wp(:{l(])ﬂ—i-zmdo; E))O’p(4(})2[-'_2'”([0; E )Bp([)—z.s+A'—l 4(1)zl+ 2m /); E))

)
X
ap(A(pHHamdy; =), A(pPt2mdy; 2))
n/?2
+Zp —2s+h+(nt1)/ /L/.)/b;zl n/)F*( _1(1) ([ l) /)) I /H-l)/)
=0



xT

[_,(/)_25+2/"_2[fp])_k_”/2_1; A(pHd; 1), A(p™dy; 1))C¥p(.4(])2[([0; 1), A(p"dy; 1))
w, (A(ptdy: 1))o, (A(p™do; 1) B (p~2FE1 A(p™dy; l))]

o (A(pidy; 1), A(prdy; 1))

where A = (=1)*2dy. For integers [,m let

n/2—l—m m

l
Q(X,Y,win/2.l.m) = I—[(l—.\'7I Y ™?) H (1—=X Y 27 H(l—XUF”H)
=1 =1

=1

p 7 2 2 o ) sl s
‘P:L/z('lU_Z)(—l)H’”'LU_l Hp—m[24m[2 xlym
X

Qi) @ 2m1om (W)@ (w™T)

be the rational function in X, Y and w defined above, and put
b 9

nf2—l-m—1 m

1 :
Q(X,Y, win/2.l.m) = H(l—X_lY"wz"_z) H (1—=XYw* =) H(J —Xw ")
=1

=1 1=1
©na(w7?)(—1 Yoy Pl mm? [2m 2 Ly
/2 _
X _ :
110 2) @ 2mt—m (0T @ (W)

Fix a square root /3, of B, and put w = p=>H/H =31 /3 and v = p=sth/2H =571, /g
and

-1

o
©ap(p~?)

Then by Propositions 4.3, 4.4 of [6]. and Proposition 4.1, we have

P,

—2s+hk+(n 2)(I4+m) gl—m x4 21 — a—1, —(n 2
plm2stht(nt 1)/2)(+ )[f,_. ll,l‘,(A(pz dy; =), 3, Ly~ 1)/2)

Xjv["(P—Zs+lx:+(n—3)/2ﬂp; _4([)21(10; E)q ‘4(1)21-}-2'/)7,([0; E))(—;[:(f/l(])ﬂ([(); 5)7 ‘4(])21-}-277%[0; E))

07"(‘4([)214—2771([0; E))B[‘(])—2.s+/.:—1; A4(7)21+2m([0; E))
o./p(A(pZ’“"”(lO; E)’ Ail(])2[+2m'do; E))

D, - g .
= 7”])_[(2(112., oF pynf2,L,m)SE(L + SEp~H (L 4 €pn/FHEm)

x (1 + §])lu'1v)(1 + 5’(1,_1'0)“1(1 — fp‘"*"”’““uv)(l + ])_"'L/"Z""L'u'u)

or
=, p Q. 0 pin/2, L. n/2 =051+ op~H(1 + pluto)(1 4+ du o) !

according as [ +m < n/2 — 1 or [+ m = n/2, where £ = v,(Z). Here we
understand £ =0 ov L'if { =m =0 ovr if [ +m =n/2. Thus we have

n

H, (53 Dy:wy.y,) = 2520m0=(41/2) ¢

16



X [Q(u?, 0%, pin/2.0,0) (1 — p~™)(L = op~"Fluw)(L + p~"/*F uw)
xw, (A(p*THmdy, A))
+1/2 Z Z P QA v pyn 2.1, m)SE(L 4+ 86p~")
ZeD 1<l+m<n/2-1
x (1 + f;f”/H(Jr"”‘)(l + fplu._lv)(l + 511._1'1))71(1 — E]f'/v'*’”’HHunz))(1 + ])_"1‘/2+1'1L'1))
Xw, ( A(pPtEmdy, 2))

n/2

+ Zp'lQ(ufz, vipin/2, L2 — D§(1+ dp~ (1 + plu=tv) (L + du= o)

Xw,(A(p"dy, 1))].
For any 0 <!+ m < n/2— 1 we have
(l + é-/)—?),/2+l+/n)(~l _+_ {/,)l'l/.—l'l,’)( | — El)—lly-l-’lnl-l-l‘l'l,{“))(l + [}—‘/L/Z-}—luv)

—2nd2t2mA2, 2 2 nf2—m, — —2nt2042m42 2 2
2n42l42m+ wo? + plL/ " l’l)(l —p n42042m+ o )

=1—-p
_Pn,/z—mu—lv(l _ [)——n+m+1“2)(l . [)—n+21+2m)
—}—f[u_lvpl(l _ ])—2”+21+2m+')u,21;2) + ])'/L/‘.Z—l—m(l — —2n42042 )m+2u;l,->
_p'n/'z—l—m{(—l - P—'n,-l—m-i—]_u”.?) 4+ p—n+7n+lul(l o ])2[‘([_2’02)}([ N ])_v/L+21+2’IJL)j|.

We note that
Q. v® pin /2. Lom)(1 — p7 2o, 202y — O 0% pin /2.0, m),
Q(u*, v pin/2,1,m Y1 — pm L) (1 — i,
= (1= p™)(L = p~ " )l pmQ(p~ e, p~ % pin/2 — 1, 1,m),
1 ! )

and

Qu?,v2, pin/2,[,m)(1 — p?u=20?)(1 — pmotaitam)

= (L= p™™) (1 —u 20?2 Q(p~ % 0% pyn/2 — L, {,m).
Thus we have
H,(s: Doz e,y,) = 280 e= 0D/ (] 4= lpg) !
X[{(Q_a0(u?, 0, p;n/2)
-|—[)”/2'u,_"u((2_2 (wP et ping2)
—p" 2y (1 — P (L= p ") Qo o(p” luz.,])_lvz,p' n/2—1)
+6{u Qoo (. v pin2) + pMAQ_, _ i (u?, v, p; n/2)
=" =T = pT A Qo (pT e p T R a2 — 1)

L7



—p — ) (L — w20 Qoo(p~ 2wt v pyn 2 — 1)}
Thus the assertion (1) follows from (1.2) and (2.2) of Lemma 4.6, and Lemma
4.7 of [6].
Next let w, = h,. Note that we have h,(A(p*dy,Z)) = (—1 L~ (n+2) /Séf for
any [ > 0. Thus similarly to the case of w, = ¢,, we have

—n/2+1u2(1

H, (55 Dot hy.y,) = (=L = 1)t 5gdeane=(a2 g (1 =y)~!

)HQ- 1o, 0%, pinf2) + 2™ 0Q Ly (a2, o i f2)

—p" (L= p™) (= p 7 Y oQu o (p 71)‘1') pinf2 = 1)}
+8{u™ 0 Q_  o(u?, v pin/2) + prQ s (u? v pyn/2)
—p"(1—p)(l *zf”’“uz)Q-l,u(/f u m’lv ,pin/2—1)

—p M = T (1 — uet) Qo o(pTeR vt pin /2 — 1)1
Thus the assertion (2) can also be proved by (1.2) and (2.1) of Lemma 4.6, and

Lemma 4.7 of [6]. O

Theorem 4.3. Let Dy € pZ with p odd. or Dy € 427 such that (—1)"/*47' Dy =
3 mod 4 or Dy € 8Z3. Put ly = v,(Dy).
(1) We have

H ( DO Lp, ,7[)) _ 259 pn(s—(n+1)/ an/z 1( 2)—lp(fs-}—(n,—l)/'z)lo(l . ])n—zl.:)

><(l + /_)72,5+A-—1) H (1 — ])2i+]725])/\'—‘/7,/'2—1/2[))7'7)(1 . /}21:+I—Z.SP}\‘—IL/'.Zfl/‘Zﬁ[)—l).
H,(s: Dy; hyy,) = 0.

Proof. The assertion can be proved by the same method as [6], Theorem 5.3.
Put dy = 2_52‘1’”7)_[0 Dy. Fust let p # 2. Then [y = | and Dy = pd,. If an element
Aof K,(Z,) is of type (1.1), A can be expressed as

A~ Uy Lpl,

where Uy (resp. U;) is a unimodular symmetric matrix of odd degree ng (resp.
ny). Put = = (=1)"~"det ;. Then the GL,(Z,)- equivalence class of 4 €
K.(Z,) is uniquely determined by its determinant d and =. Thus we denote by
A(d; Z) its representative. Then similarly to Theorem 4.2 we have

H,(s: Dy;w,,7v,)

IS



nf2—1nf2-1

_ z Z Z ﬁﬁl(ﬁpp—-k—n/z—l)—l—mp(l-l-'nH-1/2)(—'2.s+77.+l)

=D (=0 m=0
Xf’l*(i(/ ..[+l(/ ) /U 11)7 (n+1)/2 ) ’/ ( 4(1)2[+2m+l([0; E))O’l,(44(/)21-}_2%7'—1(10; E))

(AP dy; =), A(pHHmHdy: Z))
o, (A(pF 2ty Z) A (Pt Z))

XT'Z,( —2s5+hk+(n—3) /)ﬁ[ ( ZH—ld ) ‘4(1)2[+2m+l d(); E))Bl](])72,s+k'~1; ‘4(])21-}—2711-}—1([0; E

By Propositions 4.3 and 4.4 of [6], and Proposition 4.1, the quantity

ﬁ,i[(ﬂ,-,].)_k_”/z_l)_1_7"‘1)(1+m+1/2)("2”"“)F,*(fl([ 21 +1([U H) ﬁ/) 1])—(77+1)/ )

r

G A(pH*idy: Z), A(pHHim+idy; =)
o (A(PHFI Ty 2, A(pHH2mtdy; =)

xo,(A (1)2[+')"”'+ Ydy: =)

xr[;‘l(7)—249+A'+(n—3)/2/[3 4(1))[-{-1([“; E), A(P'Zl+2m+ ld(‘); E))B,_,(])_ZS-H‘:_l; /l(])21+21”'+1([0;

is independent of dy and =, and it is equal to
U ()(L+p~ 2N Q(p 2, 0% pinf2 — 1, 1,m),

where u and v are those in the proof of Theorem 4.2,

259_,,11.(5—(/1,4— l)/2)p—s+(/z— 1)/2

\’[}'/1 S) = ,
) 299'”/271(/)_2)

Thus we have

nf2—1n/2—1-1

H,(s; Dy;w,,v,) = Up(s)(1 4 p~ 251 Z Z Qp~tu v pyn/2 —1,1,m)

=0 m=0

« Z w,, >l+>m+1d ))

ZeD

By [6]. Lemma 5.1 we have

Zw ' )[+)/n+| /(JE)) = 2 or U

=€D

according as w, = ¢, or h,, and therefore, the assertion follows from (2.1) of [6],
Lemma 4.6. Similarly the assertion holds for p = 2. o

Proof of Theorem 1. Put Q = {w,}, and let dy € F_)u2. Put

] \ ([() (2 H[[ "' (/l) Wy /7/)

19
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Then by Theorems 4.2 and 4.3, we have

T ey r*"* (o) D02, X1y 120)
(s, dy, {‘p} —2 H (2 v ” :
H,:o L(f,2s —1—21)
{14 p™ 2N\ (L yeregy ()07 2777
X (cayrray (P)PTEEETB (L4 pM BB (1 4 pm A2 B Y

We note that L(f'7 s) and L(E, 241, 5) can be expressed as

L(f,s) = L(f,25) S e(do)dy® TT(L = X (Capemrrngy ()72 22),

(=1)k=1/2dp=0,1 mod 4 P

and

L(IEV,,,/-_)_{_I. 5) = L(Zb)g(zﬂ —n + 1)
xS L2y i TIO = e (),

(=1)"/2dy=0.1 mod 1 !

and therefore, by remarking (—1)5=%/% = (—=1)*"? we easily see that L( [, Eojrtiy2;9)
can be expressed as

L(f, Evjarry;s) = L(f,28)L(f, 25 —n + 1)

deo (do) L(L=10/2,\ (Zyyusea, H{ | 4 p2sth- 1)(l+\ ,1/9{[0(1)) pETh=2)
do p

N(=1 "/’JO(P)P_'SJrA 3/“,6 (1 +1)1/)—”/’ﬁ )(L+I~1/>+n/)ﬁ 0

(cf. [13], Lemma 1.) Thus, by remarking the functional equation
L= n/2 X (apreag) = 270 0 () 2)d ™ L 2 oy ),

we have

> eldo)H(sidy;e,)

doEf(_l)u/z

/1/7 1 n IL ) s S .
2” —(nt1), H Q ‘ ) /2= L /2 /J(./,‘IL”’/L}_]/Q;S) .
FOn/2)  L(f2s) T LS, 2s — 1 = 20)
On the other hand, if (IU # 1. by (2) of Theorem 4.2, we have

1_.[('5', ([().‘ {hl’}) = 0

Thus if n = 2 mod 4, for any d, € .7:(_1),,/

H(s,dy.{h,})=0.

20



Il n =0 mod 4, by (2) of Theorem 4.2, we have

'/L/Z—l ‘/1,/271

H(s,do, {hy }) = 2267002 TT g2 [T L0f.2¢ = 20071

1=1 1=0
As stated in Introduction we have
n—1
LNI(f)"2s — k4 1) = C2s —k+ 1) [T L(f 25 =),
=0
Thus the assertion follows from Theorem 2 and Theorem 3.2. O

Proof of Corollary 1. The assertion follows from the meromorphy and the
functional equation of L(I( )", s) and L(f,s) (cf. [12]).

Proof of Corollary 2. By [14], Theorem 1, for y = 1,...,n/2 — 1, the values
L(f. 1 —25)/((m)' =% u_(f)) and L(f,{—25+1)/((mi)"2F uy(f)) belong to Ky,
and by [15], Theorem 2, the value L(f. Bt 1/2)/(u_ (f)im™?=1) belongs to Ky
for an odd integer [ such that n — 1 <! <2k —n — 1. Thus, by remarking that
A, =7 "%, with i, a rational number, we have proved the assertion.

Remark. By using the same method, we can give an explicit form of the
Koecher-Maall Dirichlet series for the Sigel Eisenstein series (cf. [7]).
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