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Special values of the standard zeta functions for
elliptic modular forms

Hidenori Katsurada

Abstract

We give an algorithm for computing the special values of twisted standard
zeta functions of elliptic modular forms by using the pullback formula for the
Siegel Eisenstein series of degree 2.

1 Introduction

Let M and k be positive integers, and ¢ a Dirichlet character modulo M. For
a normalized cuspidal Hecke eigenform f of weight & and Nebentypus ¢ with
respect to ['o(M), and a Dirichlet character x modulo N, let L(f,s,x) be the
standard zeta function of f twisted by x. (For the precise definition of the stan-
dard zeta function, see Section 3.) The standard zeta function of a modular form
is an important subject in number theory, and it is related to many other areas,
especially to the Galois representations. As for this, see, for examples, [Doi, Hida
and Ishii, 1998] and [Dummigan, 2001]. The special values of the standard zeta
function are particularly important. To be more precise, assume that k is even,
and put
L(f,m, x)
ght2m < f f >

for an odd positive integer m < k—1, where < *,* > is the normalized Petersson

L*(f,m, x) =

product. As is well known, these values are algebraic numbers and their qual-
itative natures have been fully investigated by many people (cf. [Sturm,1980],
[Shimura, 2000], [Bocherer and Schmidt, 2000]). To investigate various problems
related to these values, it is important to compute these values exactly. Several
people have considered algorithms for computing these values and have carried
out the computations. Zagier [Zagier, 1977] gave an explicit formula expressing
L*(f,m,x) in the case where M is a squarefree positive integer congruent to

1 modulo 4, ¢ is the Kronecker character (%) corresponding to the extension

Q(VM)/Q, and x is trivial. Sturm [Sturm, 1980] gave an algorithm for comput-

ing these values for a general y. However, it seems difficult to give exact values



by a direct use of his method. Stopple [Stopple, 1996] gave an explicit formula
expressing L*(f,m,x) in case M =1 and x is a quadratic character.

In [Katsurada, 2003], we have announced some formulas which seem useful
for the computation of L*(f,m,x) in the case where M =1 or a prime number
congruent to 1 modulo 4, ¢ = (%), and y is not necessarily quadratic character
of prime conductor p such that y(—1) = 1. In this paper, we give a complete
proof to these formulas under more general setting. The main tool is the pullback
formula of the Siegel Fisenstein series of degree 2 due to Bocherer and Schmidt
[Bocher and Schmidt, 2000], Shimura [Shimura, 2000]. Such a formula has been
used to study a qualitative nature of the special values of the standard zeta
function. However, as far as the author knows, no one has used the formula to
give its exact values. In this paper, we carry out such a computation.

To explain our method briefly, for simplicity M # p. Let k and [ be even
positive integers such that [ < k. Then we define a certain Siegel Eisenstein se-
vies [} ,(Z, Mp?, ¢x, s) in Section 2. Write e(u) = exp(2my/—1u) for a complex
number u. Then, as is well known, if [ > 4, L7 (7, Mp?, ¢x,0) becomes a holo-
morphic modular form of weight [ and of Nebentypus ¢y, and has the following
Fourier expansion:

E5(Z; Mp*,6x,0) = eqt(A, Mp?, 6, 0)e(tr(AZ)),
A

where A runs over all positive definite half-integral matrices of degree 2, and
tr(*) denotes the trace of a matrix. Put

6271(‘47 0) = EQ,Z(Av Mp27 qb)Zv 0) = A(lv 0)_10271(‘47 Mp27 qb)Zv 0)

with a suitable normalizing factor A({,0)~! (cf. Theorem 2.1), and for two posi-
tive integers my, my put

. my r/2 _ _
e(ml,mg;l,()) == Z C2,l(< 7“/12 77{62 ) 70)G;g l(mlm%T)X(T)T(X)v
r2<4dmimo
where GF7!(u, v) is the polynomial introduced by Zagier [Zagier, 1977], and 7(Y)
is the Gauss sum (cf. Section 3). Furthermore, put ¢(m;l,0) = e(p, p*m;1,0) —

d(p)p*~*e(p,m;1,0), and

it (m;1,0)e(mz).
m=1

Then by the holomorphy of the Eisenstein series and the theory of differential
operators on modular forms due to Ibukiyama [Ibukiyama, 1999], F, ,(z) belongs



to Sp(To(Mp), ¢) (cf. Sections 3 and 4.) Now take a basis { f;}, of Sp(Io(M), ¢)
consisting of primitive forms, and write
filz) =) ai(m)e(mz)
m=1
with @;(1) = 1. Then by the pullback formula due to Bocherer and Schmidt
[Bocherer and Schmidt, 2000], we have

dy
Fpp(2) = Vk,l,ZLMZ L*(fi,l — 17X)5i2fi(2)7
=1

where i, p 1s a rational number explicitly determined by k,1,p, M, and ¢; is a
certain algebraic number with absolute norm 1, and

Fio) = S aitpmye(ms)

m=1

(cf. (2) of Theorem 4.2.) We note that an explicit form of ¢ (A, 0) is given (cf.
Theorem 2.1.) Thus, by the above formula combined with the trace formula of
Hecke operators, we can compute the norm Ny, (L*(f, m, x) for a primitive form
f € Sp(I'g(M), ¢) and for an odd integer m such that 3 < m < k—1. Here Ky, is
the field generated over Q by all the eigenvalues of Hecke operators relative to f
and all the values of y (cf. Theorem 4.4.) If x* is not trivial, F5,(Z; Mp?®, ¢x,0)
becomes also holomorphic, and by the same procedure, we obtain an exact value
for N, (L*(f,1,x)). On the contrary, if x* is trivial, I3 ,(Z; Mp*, ¢x,0) is not
holomorphic. However, E5 ,(Z; Mp*, $x, —1/2) is holomorphic, and by the same
procedure, we obtain an exact value of Ni, (L*(f,0,x)), and by the functional
equation due to Li [Li, 1979], we can finally compute Ng, (L*(f,1,x) also in
this case (cf. (2) of Proposition 4.5) In case M = p we obtain similar results (cf.
(1) of Theorem 4.2, (1) of Theorem 4.4, and (1) of Proposition 4.4.) In Section
5, we give some numerical examples, and discuss some related topics.

Besides such a practical computation, as an application of Theorem 4.2, we
show that a prime factor of the denominator of L*(f,m, x) gives a congruence
between f and another primitive form (cf. Theorem 4.8.)

By using the method in this paper, we expect more fruitful results about the
special values of standard zeta functions of other modular forms, for examples,
of Siegel modular forms and of Hilbert modular forms. We will discuss these
topics in subsequent papers.

2 Fourier coefficients of Siegel Eisenstein series

Let GSp/(R) be the group of proper symplectic similitudes of degree n, and H,
Siegel’s upper half space of degree n. As usual we write v(7) = (AZ+ B)(CZ +
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D)™ and j(v,7Z) = det(CZ + D) for v = ( é IB; ) € GSpr(R). We write
fliv(2) = (det v)*2j(y, 2)7* f(7(2)) for v € GSpH(R) and a C*®-function f on
H,. We simply write f|y for f|pv if there is no confusion. Let Sp,(Z) be the
Siegel modular group of degree n. For a positive integer M, we denote by Fén)(M)
(resp. Fg(n)(M)) the subgroup of Sp,(Z) consisting of matrices whose lower left
n x n block (resp. upper right n x n block) is congruent to O modulo M. For
a Dirichlet character ¢ modulo M, we denote by ¢ (resp. gg’) the character of
P (M) (vesp. THV(M) defined by ¢(v) = ¢(det D) (resp. ¢/(7) = ¢(det A))
A B
C D
particular put 1 = 1;. For a Dirichlet character ¢ modulo M, we denote by
Mk(Fén)(M),qb) (resp. M,jo(Fén)(M),qb)) the space of holomorphic (resp. C°°-
) modular forms of weight k and Nebentypus ¢ with respect to Fén)(M), and
by Sk(Fén)(M),qb) the subspace of Mk(Fén)(M),qb) consisting of cusp forms. In
particular if ¢ = 1,7, we write Sk(Fén)(M)) for Sk(Fén)(M),qb) and the others.
Furthermore, for a subgroup I' of Sp,(Z) we denote by I'y, the subgroup of I’
consisting of matrices whose lower left n x n block is O. For a function f on
H, we write f¢(Z) = f(—Z7). Let dv denote the invariant volume element on H,,
given by dv = det(Im(2))™""! Ai<j<i<n (dzji A dyji). Here for Z € H,, we write
7 = (zj1) + V/—1(y;1) with real matrices (z;;) and (y;;). For two C"*°~-modular
forms f and ¢ of weight £ and Nebentypus ¢ with respect to Fén)(M), we define
the Petersson scalar product < f,¢g > by

for v = . We denote by 1j; the trivial character modulo M, and in

(M)
<L [ o S

provided the integral converges. Furthermore, we define the normalized Petersson
scalar product

< fvg >= m((I)F(()n)(M))_l < fvg >F(()n)(M)7

where CI)F(()n) (M) is the fundamental domain for H,, modulo Fén)(M), and m(CI)F(()n) (M)) =
fF(n) (M\H dv. For a Dirichlet character ¢ we denote by L(s, 1) the Dirichlet L-
function associated to . Let n,l and M be positive integers. For a Dirichlet
character ¢ modulo M such that ¢(—1) = (—1)!, we define the Eisenstein series

L5}, (Z; M, ¢, 5) by

[n/2]
E,(Z:M,6,s) = det Im(Z)°L(1 + 25, ) [ [ L(21 +45 = 2i,¢")
. > S 2 Ni . 2

~er ™) (M) o\ () (M)



We then define £ (Z; M, ¢, s) by
E;,I(Z7 M7 qb? S) = j(Lv Z)_ZE;LI(L(Z); M7 Qb, 5)7

On _1n
where ¢ = ( Lo,
of degree n over Z, and we denote by H,(Z)so (resp. H,(Z)>o) the subset
of H,(Z) consisting of positive definite (resp. semi-positive definite) matrices.
Then it is well known that £y ,(Z; M, ¢, s) belongs to Mloo(Fén)(M), ®), and has

the following Fourier expansion:

) . Let H,(Z) denote the set of half-integral matrices

Ef (X +V=1Y; M, ¢,5)= Y cut(AY, M, ¢,5)e(tr(AX)).
AcH A (Z)

In particular, if £ ,(Z; M, $,s) belongs to M;(Fén)(M),qb), it has the following

Fourier expansion:

Er(ZiM,¢,s) = > (A M, 6, 5)e(tr(AZ)),
AEH(Z)>0

Throughout the rest of this paper, we exclusively consider the case n = 2.
Let [ be an even positive integer. Let M > 1 be an integer, and let ¢ be a
Dirichlet character modulo M such that ¢(—1) = 1. Then L7 ,(Z; M, ,0) be-

longs to M;(Féz)(M),qb) in case [ > 4. Furthermore Fj,(Z; M, ¢,0) belongs to
MQ(FEJZ)(M), ¢) if $* # 1pr. We remark that 5 ,(Z; M, ¢,0) is neither holomor-
phic nor nearly holomorphic in the sense of [Shimura, 2000] if ¢* = 1;. However,
B3 (Z; M, ¢,—1/2) belongs to MQ(FEQ)(M),qb) in this case.

Now to see the Fourier coefficient of the Eisenstein series, for an element A =

< ay aipf2 ) € Ha(Z), put e = ¢4 = GCD(ay1, ara, azz). For an element A €

6112/2 )
Hs(Z) such that rank A = 1 and for each prime number p define a polynomial
F,(A,X) as

ordp(ea

)

=0

where ord, denotes the normalized additive valuation on the field of p-adic num-

bers. For an element A = ( an - drz/2 ) € Hz(Z)so write —4det A = baf}

6112/2 a22
with b4 the fundamental discriminant of Q(v/—det A) and f, a positive inte-

ger. Furthermore, let y4 = (DTA) be the Kronecker character corresponding to

Q(v/—det A)/Q. For a prime number p define a polynomial F,(A, X) as

F,(A, X)
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ordp(ea) ' ordp(f4)—1 4 ordp(ea) ' ordp(f,)—i—1 4
= Y (X) (P°X2 —xalppX > (X)) (p*X?).
: : ‘
For a Dirichlet character t, let m,, denote its conductor, and () the associated

primitive character. Furthermore, let B,, ;, be the m- th generalized Bernoulli
number associated with ¢, and let 7(10) be the Gauss sum defined by

()= Y (X)e(X/L).

XmodL

Let [ be an even positive integer, and s = 0 or —1/2. Let ¢ be a Dirichlet
character such that ¢(—1) = 1. Now assume that the triple ([, s, ¢) satisfies one
of the following conditions (h-1),(h-2),(h-3):

(h-1) I >4 and s =0,

(h-2) I = 2,5 = 0 and ¢?* is not trivial,

(h-3) [=2and s = —1/2.

Theorem 2.1 (cf. [Katsurada, 1999], [Shimura, 2000]) Let M > 1 be an
integer, and ¢ a Dirichlet character modulo M such that ¢(—1) = 1. Let [ be an
even positive integer, and s =0 or —1/2. Assume that the triple (1, s,¢) satisfies
one of the conditions (h—1),(h —2),(h —3). First assume that (1, s, $) satisfies
either the condition (h — 1) or (h —2). Then for A € Hy(Z)>o put

6271(14, 0) - 62,1(14; M7 Qb, 0)

(4det A) =2 ] Fo(A, 00)p™) B, G
= *X7((Ox)N(=V=Dm o (L = (ex)O(p)p'™") A >0

0 otherwise.

Next assume that (1,s,¢) satisfies the condition (h —3). Then for A € Hy(Z)>o
put
022( —1/2)—022(14 qu, 1/2

)
Iy, A0 B o Tl = (e () 4> 0

=3 1201, Bl A 0 ) a1 — (O ()p) Byyoyor rank A =1
LS TLnA (L= (6O (p)p)(1 = () (p)p)} Baisoyor By oy A= O.

Let 5/2 1/291_31-3/2
8 —1)=2 et
A(l,s) = T or (D)2
I'(3/2) L) —1/2)
according as | = 2 and s = —1/2, or |l > 4 and s = 0, where I'(x) is Gamma
function. Then we have

o A; M, 6,5) = A(l,5)en( A; M, 6,5).



Remark 2.1 Assume that (/,s,¢) satisfies the condition (h-1) or (h-2). Let
m be the conductor of ¢, and write f, = f,f, with f, = Hp|m pordr(fa) and

(f4,m) = 1. Then by the functional equation of F,,(A, X) (cf. [Katsurada, 1999]),

we can rewrite ¢ (A, 0) as

G2a(A,0) = (Joalf, )= 20(f ) [] Fu(A %)
p|fA
<B,_, e —V=Dr((oxa)Om (7 o TT0 = (ex)@(p). (2.1)
p|M

Let ¢ be a Dirichlet character modulo M with conductor m such that ¢(—1) =
L. Put m’ = M/m. If |[b4] is prime to m, we have

T((&x)”) = V=16(0a)xa(m)7(g) oal /2,

M(¢XA)(0) == m|bA|,

and

[T = (ox)@p)p' ™) = [T = xalp)p'™).

p|M plm’

Thus if 4det A is prime to M, we have

¢20(A,0) = ¢p(—4det A) HF L o(p)p'~ 3)B T ——rxalm)T (8)mi!

plfa

< TT1 = (ex )@ (p)p' ). (2.2)

plm’

In particular if M is a squarefree odd positive integer dividing myms and r is an
integer prime to mymy, we have

021 A 0 H F )BZ—L((éXA)(O)
plfa
m' T = (dxa) O (p)p' ™) (2.3)
plm’

for A = ( mi v/ ) . On the other hand, if ¢* = 15/, we have

r/2 mg
CQ[ A 0 H F l 3)(|bA|f/Az)l_3/2Bl_17(¢XA)(O)
p|fA
3/2-1 B
<m0 T = (@xa) @ op'™). (2.4)
p|M



Thus if ¢ = 157 and [04] is prime to m, we have

¢21(A,0) H Fy( )Bl—L((bXA)(O) xom! H(l — (éxa)V(p)p' ™)

plfa plm’

(2.5)

(2) Assume that M is a squarefree odd positive integer and that [b4| is prime
to m. If ¢ is primitive,

[T = (ex)@)p' ™) = 1.

p|M

my /2

On the other hand, let ¢ = 1. Let A = (
r/2  mg

) € HQ(Z)>0 with mims
divided by M and r prime to mims. Then
Ca2(A; M, 15, —1/2) = 0. (2.6)
Furthermore, for any positive integer [ > 2. we have
plfa p|M

provided (I, s, ®) satisfies the condition (h-1) or (h-2). On the other hand, if
@* = 1y but ¢ # 1y, we have

= ) _ _1/12HpeAFp( o(p)p~ )H y(l—=p) rank 4 =1
il 412 = | ASTL {11 (1 (G} By A= O.
(2.8)

3 Pullback formula

Now we define Boecherer’s differential operator. For the detail, see [Bocherer
and Schmidt, 2000]. First we define the differential operator D, on the module
C*>°(Hy) of C*-functions on Hy by

Da(f) = —(Oé — 1/2)8f/8212 + Zlg(azf/aleaZQQ — 1/482]{‘/82%2)

for f € C*(Hy) and Z = ( 11 ) € H,. For a non-negative integer v define

712 *22
the differential operator D? and DY by

D’ =Dypyoi...Da,

O



and

f); = Dlo/z|212=0'
Furthermore, for s € C we define DY, and f € C*(H,) by

s

DY ()21, 222) = (Yn1y22) D (det Y2 £(2)),

where 7 = X ++v/—1Y € Hy, and Y = ( zn 512 ) . It is well known that f?}’
12 Y22

and Dy, map Mp* (T (M), ¢) into M2, (TS (M), $)@ Mgz, (TS (M), ¢). Further-
more f?}’ maps M;(FéZ)(M), ®) into MH_U(FS)(M), P) @ MH_U(FS)(M), ®), and in
particular if v > 0, its image is contained in SH_U(FEJI)(M), )@ SH_U(FEJI)(M), ?).
Clearly these two operators Dy and Dy coincides with each other if s = 0. Fur-
thermore, for F(z1,z;) € MZOO(FEJZ)(M),qb) and g(z1) € SH_U(FEJI)(M),qb) we have

the following identity as functions of zy:
< DF(%,22),9 >= dis < D} F(*,22),9 > (3.1)

Here we take the inner product as functions of z;, and

In addition to the above notation, let N > 1 be a positive integer, and y a Dirich-
let character modulo V. Assume that N? divides M. For positive even integers
[,k such that | < k we define a function €(z1,2z9) = €5 (21, 22;1, M, ¢, x, s) on
H, x H; by

Cr k21,205, M, b, X, 8) = f)f;l( Z N(@) B3 (s M, X, 8) | B(z/N)) ( %1 ’ ) ’

<2
z€Z/NZ

where R(z) =

. Now to see an explicit form of Dy, for an even

o O =

0
x
1

jam)
o O = O
O O K

0 1
positive integer [ and non-negative integer v we define a polynomial G7"(u,v) in
u, v by

v

G (uv) = 3 (~1)

u=0

u(l—l' 20— — 2)!u“v
(2v — 2p) 1!

This polynomial was introduced by Zagier [Zagier, 1977].
We define Ibukiyama’s differential operator G# on C'>°(Hy) by

2v—-2p

lzy = G?y(az/azllazma a/8212)|212=0‘

9



We note that

f”(e(tr(AZ)) = G?”(anagg, Cllg)(Qﬂ' \/ —1)2”e(a11211 + GQQZQQ) (32)

for A = ( i a1af2 ) and 7 = ( R ) . It is well known that G is a

Cl12/2 GQNQ 212 222
constant multiple of D7 (cf. [Ibukiyama, 1999]), and more precisely, by compare
ring G2(22) and D (2%) for Z = (

21 R12
€ H,, we have
212 22

2v _ (l + 2v — 2)’ 1521/‘ (33)
TR (w2 - 2w —p2)

By (3.3) we have for FI(Z) € Mloo(Féz)(M),qb) and ¢g(z1) € SH_U(FEJI)(M),qb) we

have

< g?uF(*, 22)79 >= €12y < f)st(*, ZQ),Q >, (34)
where
(I +2v —2)!
€lov,s = b .
T /20— L+ 20— 5 — f2)
Now put

g2,k(21722; l, M7 qvavS)

= (2nV/ 1) Y x(x)E;l(*;M,qﬁx,s)ikR(w/N))(ZS 0 )

<2
z€Z/NZ

Then & (21, z2; 1, M, ¢, x, s) belongs to My(I'o(M), ¢) @ My(I'o(M), ¢). Further-
more, as to the cuspidality of & p(z1, 221, M, &, x, $), by a careful examination
of the behavior at cusps, we have :

Proposition 3.1 Let k and [ be positive even integers such that k <[, and s =0
or —1/2. Let ¢ and x be Dirichlet characters modulo M and N, respectively
satisfying the above conditions. Assume that the triple (I,s,¢X) satisfies one
of the conditions (h-1),(h-2),(h-3) in Section 2. Furthermore assume k > [, or
N > 1. Then Ey4(z1, 2031, M, &, X, 5) belongs to Sp(To(M), $) @ Si(To(M), $)

Remark 3.1 We remark that in case N > 1, (‘:'27;6(21, zoyky, M, @, , ) belongs to
Sk(Lo(M), ) @ Sp(L'o(M), @) even if y = 1n.

Now by (3.4) we have

Ea (21, 223 L, My b, Xy 8) = (27V—=1)"" e 1,60 (21, 2251, M, ¢, X, 5).

10



Furthermore, by (3.2) and [Bocherer and Schmidt, 2000, (6.11)], we have
g2,k(217 223 l, M7 Qb, X 5)
= my /2 y1 0 _ _
= Z Z Z C2,l(< T/; ms ) ) ( 01 Ys ) , M, qvaS)Gf l(m1m27r)
m1=0m2=0r2<4mimy
xT'(r, x)e(myxr)e(maxsy),
where we write 21 = x1 + v/ —1y1, 22 = 21 + /=1y, and
T(r¢)= ) olz)e(rz/N)
z mod N

for a Dirichlet character ¢ modulo N.
From now on put I'o(N) = Fél)(N). Let M and k be positive integers, and ¢
a Dirichlet character modulo M such that ¢(—1) = (—1)*. Let

f(z) =) a(m)e(mz)

m=1

be a normalized cuspidal Hecke eigenform of weight k& and Nebentypus ¢ with
respect to 'g(M). Then, for a Dirichlet character y modulo N, we define the
standard zeta function L(f, s, x) twisted by y as

L(f,s,x) = [ [{=x(p)apBpp~ ) (1 =x(p)aip™ ) (1=x(p)Bip~ 1)},

where o, 3, are complex numbers such that

ap + By = a(p), apf, = Qb(p)pk_l (3.5)

for each prime number p. Then by [Bocherer and Schmidt, 2000, Theorem 3.1] ,
we have

Theorem 3.2 In addition to the notation and the assumption as above, assume
that M > 1, N* divides M,$* = 15 and x(—1) = 1. Let f € Si(T'o(M), ¢) be a
common eigenfunction of all Hecke operators. Then we have

< f7 gQ,k(*v _27 lv M7 qvav 5)) >F0(M)
= ki p($)NFFHB 2 N2 LOFIWar T4 25 — 1, x) fIWan| T (M/N?)(2),

where

(s) = (=112 I'(k+s—1/2)T(k+s—1) I(k—1)
T R b I (I s = 1/2) [T (uf2)(k— L — s — pf2)°

T(M/N?) is the Hecke operator, and Wy = ( AO4 _01 ) :

11



Remark 3.2 We slightly change the notation in [Bécherer and Schmidt, 2000].
There is a minor misprint in [Bocherer and Schmidt, 2000, Theorem 3.1]. In
page 1339, line 9, 721Hn(n+1)/2=2057 shoyld read 72'—mHm(n43)/2=2ns 7 and this
correction has been done in [Theorem 3.1, Katsurada, 2003].

Now let ¢ be as in Theorem 3.2, and assume that the triple (I, s, @) satisfies
one of the conditions (h-1),(h-2),(h-3) in Section 2. Then we define a function
Er (21,2251, M, ¢, X, 8) on Hy x Hy by

g2,k(21722; l, M7 qvavS)

= Z Z Z E2l(< " T/Z ) 7M7 qb)ZvS)Gf_l(mlm%T)T(n)z)e(mlzl)e(m}z?)v
S\ /2 mg
m1=0m2=0r2<dmimsg
my /2
r/2  mg
Theorem 2.1 we have

) , M, ®x, s) is the one defined in Theorem 2.1. Then by

where ¢ (

gQ,k(21722; lv M7 ¢7X73) = A(lvs)g‘?,k(ZhZ?; lv M7 ¢7X73)'

From now on, for a Dirichlet character ¢» modulo My we use the same symbol

Y to denote the character modulo M induced from ¢ if My divides M. For a
0 ) and et Sy(To(M),6)0) = {f16,:f €

positive integer r put §, =

0 1
Sk(To(M),é)}, and Sp(T'o(M), @)™ the space of new forms in Si(I'o(M), @).
Furthermore for a primitive form f in Si(I'o(M), @) let ¢f be the complex number
such that f|War = ¢;f°. Let Af(m) be the eigenvalue of the Hecke operator T'(m)
for a positive integer m. For an odd positive integer m < k — 1, let

'(k—1DI(k+m—1I(m+1) L(f,m,x)

A =
(f7 m7X) F(k _ m) 22k—|—2m—4ﬂ-k+2m < f7 f >7

and

L(f,0,
A(fv()vX) = F(k - 1)22k_37(_r]]: < i)f =

We note that m(®ryn)) = 7/3[I" : To(IV)]. Thus by Theorem 3.2 we obtain the

following two theorems:

Theorem 3.3 Let p be a prime number such that p =1 mod 4,¢ = (2), and x
a Dirichlet character modulo p such that x(—1) = 1.
(1) Let f be a primitive form in Sg(To(p?), ¢)"*. Then

< f7 52,16(*7 —Z; lvpzvqvavS) >
=3[ : To(p)] PN L4+ 25 — 1,x) < £, f > e fo(2).
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(2) Let f be a primitive form in Sg(Lo(p), ¢). Then we have
< f7 gZ,k(*a _27 l7p27 qva? S) >

= 3[F : FO(pz)]_lszSA(fcwpvl +2s — 17X) < f|5pvf|5p > cffc|5p(2)v

and )
< f|5p7527k(*7 —E;Z,popz,qb,x,s) >

=3[I": Fo(pz)]_lp”?s/\(fc,l +2s—1,x) < f, [ >csf(2).

Theorem 3.4 Let pg = 1 or a prime number such that po = 1 mod 4, and
¢ = (). Furthermore, let p be a prime number different from po, and x «a
Dirichlet character modulo p such that x(—1) = 1.

(1) Let f be a primitive form in Sg(To(pop?), @)*“. Then

< frEp(x, =2 L pop®, b, x4, 8) >
=3[0 : To(pop®)] oo P2 Ao 1+ 25 — 1,x) < £, F > e A5 (po) f(2).
(2) Let f be a primitive form in Sg(Lo(pop), ®)"". Then we have

< [y Earl, =21 pop®, 6, ;) >

= 3[1": To(pop®)] ™' po P> AF76,, 1425—1,X) < f18, F185 > exhs(po) F716,(2),

and )
< f|5p7527k(*7 —E;Z,popz,qb,x,s) >

= 3[I": To(pop)] oo *pH BN+ 25 —1,x) < [, F > eph(po) f2(2).
(3) Let f be a primitive form in Sg(Uo(po), ). Then we have

< f7 gZ,k(*v _27 lvpopzvqva?S) >

=31 : To(pop?)] oo 2 p 2 A(F416,0, 1425—1,X) < fl6,2, 16,2 > ;A (po) fo18,2(2),
< f|5p7 52716(*7 —Z; l7p0p27 Qb, X 5) >
= 3[1": Do(pop®)] oy P A(F918,, 1425—1,x) < 18, F18, > esAp(po) f]8,(2),

and

< f|5p2752,k(*7 _2;l7p0p27¢7X75) >
=3[ : To(pop®)] "o 2 p 2 A(Fo 1+ 25 — 1,X) < £, f > e;hr(po) f(2).

13



4 Computation of L(f,1,x)

In this section we give some formulas to compute L(f,m, y) for a primitive form
f € STo(N),v) in the following two cases:

(1) N is a prime number p such that p = 1 mod 4, ¢» = (£), and x is a
Dirichlet character modulo p.

(2) N is 1 or a prime number py such that pg = 1 mod 4, ¢ = (&), and x is
a Dirichlet character modulo p, where p is a prime number different from py.

In any case, \ is a primitive character modulo p, or 1,. Put M = p* or pop?
according as the case (1) or (2). Let [ and k be even integers such that 2 <[ < k.
Assume that the triple (I, s, y) satisfies one of the conditions (h-1),(h-2),(h-3)
in Section 2. For two positive integers mq, my put

é(ml,mz; Z,S) = 6(m17m2; [ M7¢7X78)

= Z 52,1(( :}; ;{j ) , M, ;/))Z,S)Gf_l(mlmg,r)T(r, X)-

r2<dmimz

We note that T'(r,y) = p—1 or x(r)7(x) if x =1, and » = 0 mod p, or not.
Furthermore, for each positive integer my put

o0

Foni(22) = Z e(my,ma;l, s)e(mazs),
m2:1
and for a prime number p put
}—ml,p(Z?) = Z (6(m17p2m2; [ 3) - @/’(p)pk_zﬁ(mh ma; L, S)e(mzzz)-
mg:l

We note that

52716(21722;Z7M7¢7X75) = Z fm1(22)e(m121)-

mi =1

Take a basis {fi}2, of Sp(T'o(N),1) consisting of primitive forms. Let f;|Wy =

¢; f¢ with constant ¢;, and write

filz) =) ai(m)e(mz)

m=1

with a;(1) = 1.
First we have



Lemma 4.1 Let N be a positive integer and 1 a Dirichlet character modulo N.
(1) Let f and g be Hecke eigenforms in Si(I'o(N), ), and let p be a prime

number. Then we have

< flop, g >= 7N, (p) < f,9 > —a(N,p)b(p)p~'< g|6,, [ >,

where A\y(p) denotes the eigenvalue of the Hecke operator T'(p) with respect to g,
and a(N, p) is 0 or 1 according as p divides N, or not.

(2) Let g € Sp(T'o(N), ) be a Hecke eigenform. Let p be a prime number
dividing N. Then we have

< 9189 >=p "N, (p) < 9,9 > .

(3) Let f € Si(I'o(N), ) be a primitive form. Let p be a prime number not
dividing N. Then we have

P %)(p)As(p)

) =
< fl6p, f > =

<[ f>,

and _ _
p R0 (p)? As(p)? — (p)p~ (L +p7")

5o, f >=
< flope, f > =

<f.f>.
Proof The assertions follows immediately from [Shimura, 1976, (2.5)], and
[Shimura, 1976, Lemma 1]. O

Now we compute the value A(f,[, x).

Theorem 4.2 Let the notation and the assumption be as above.
(1) In case (1), for any even positive integer [ < k, we have

dy

Folz2) = 3p" T2 (o )TN DA (fiy L+ 25 — 1, 0)@ fil22).

=1

(2) Put t,y = po+ 1 or 1 according as py is a prime number or 1. Then, in
case (2), for any even positive integer | < k, we have

fp,p(ZZ) 3t;01 (1)/2 k+142s5— 2202 f 22

where we write f(z) = > _ a(pm)e(mz) for a modular form f(z) =>_"_, a(m)e(mz).
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Proof (1) Put 5(21,22) = 527k(21,22;l,p2,¢,x,3). Then by Proposition 3.1,
E(z1, z2) belongs to Sg(Lo(p?),v) @ Sk(To(p*), ). As is well known,

Sk(ro(pz)v ¢) = Sk(ro(p)v ¢) S Sk(FO(p)v ¢)(p)LSk(FO(p2)7 ¢)new'
Put dy = dimS,(To(p), ¥) and dy = dimSg(To(p?), ) . Take a basis {g;}2, of

Sk(To(p?),10)"* which are common eigen-function of Hecke operators. Then
{fi 0 = 1,2,...dy), fild, (i = 1,2,....d1),¢9; (1 = 1,2,....,d2)} forms a basis
of Sk(To(p?),v). Let ¢; be as above. Then we have f;|W, = ¢ f¢, filW,e =
¢; f£10,. Furthermore we have ¢;|W,2 = ;¢ with constant ¢}. From this we have
filop|Wp2 = ¢ ff. We note that < ¢;,g; >= 0 for any 1 <1 # j < dy, and
< fi,g; >=< g, fi>=0forany 1 <1 <d; and 1 < j < d,. Thus, by Theorem
3.3, we have

21722 g bz]gz 21 g] 22

7,75=1

-I-Z i(21) fi(22) -I-Z i(21) fi]6p(22)

7,75=1 7,75=1

+ Z f|5 21) fi(z2) + Z f|5 (21)f36p(22).

7,75=1 7,75=1

Zb ) (1=1,2,....dy)

with b;(1) = 1. Then by (1) of Theorem 3.3, we have

Now let

< 05, &6, —F3) >=3(p + 1) P TA(gf L+ 25 — 1,X) < gi, g5 > cigf(22)

do
= Z bi; < 9i,9; > g;(72)-
=1
Since gy, ..., ga, are orthogonal with each other, we have b;; = PHEA(gi, [+ 25 —
1, x)ct or 0 according as ¢ = j or not. Furthermore, by (2) of Theorem 3.3, we
have

< [, E(x,—73) >
=3p~ (p+ 1) PN ]0p, L+ 25 — 1, X) < fildp, fil6p > i f10,(22)

dy

dy
= < i fio> fiz) a0 < fi fi > fE16,(22)
J=1

J=1

16



dy

dy
+Za£]1‘70) < fi, fildp > f]‘c(22) + ZQE;J) < fi, fildp > f]‘c|5p(22)'
7=1

i=1

We note that

A(fi10p, 1+ 25 = 1,x) = A(fis [ 425 — 1, ),
and
< fi, 16, >= Np)p™ 2 < fi, fi >, < fil6p, filSp >=< fis fi > .
Thus for any 1 < ¢ < d; we have

a4 N (plp ) = 3y (p 4 DT AL+ 28 — 1) or 0
according as ¢ = j or not. Similarly, we have

aly ' + Xi(p)p~ i = 0

ij
for any 1 <1u,; < d,. Similarly, by taking the inner product of f;[d,(21) against

E(z1,—7%2), we have

)\i(p)p_k/2 00 4 a( 0 _ 3p (p+ D) P EA(fi L+ 25 — 1, x)& or 0
according as ¢ = j or not, and

)\i(p)]?_k/za(»q’l) +aM =0

) )

for any 1 <1,5 < d;y. Thus we have

(0.0) _ —3p~ (p +1)” 'pttEeo k/Q)‘ (PA(fi,l4+2s = 1 )e
a _

= )P |

and
all? =l = —p 2N (p)al 0l = pEN ()l

for any : = 1,...,d; and
@00 _ 00 _ (01) _ (L1 _

g g g T g

for any 1 < i # j < dy. Thus we have

E(z1, 22) g biigi(21)gi(22)

+Z T fi(z0) fiz2) = P HEN(D) fi(20) fi] 8, 22)

—pl_m)\( ) [il8p(21) fi(z2) + " Xilp)? 116, (21) £i16,(22) -
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We note that b;(pm) = 0 and a;(pm) = X;(p)a;(m). Thus we have

dy

Folz) = N () fiz2) — PN (D)2 Fil 6 (22)

=1

_pl—k/z)\i(p)pk/in(Zz) + pl_k)\i(P)Zpk/zfiwp(Z?)}

=" (1= p)al N (p) filz).

=1
We note that |\i(p) |2 ZNpk_l. This proves the assertion (1).
(2) Put E(z1,22) = Eap(21, 2251, p*, 0, X, 8). As is well known,

Se(La(pop®), ) = Se(La(po), ¥) & Si(To(po). ) @ Se(Lo(po), v)*"

LS(To(pop), )" LS(To(pop), &)™ LSy(To(pop?), o) .

Take bases {g;}%2, of Sg(To(pop), )", and {h:} 2, of Si(To(pop?), ¥)™ consist-
ing of primitive forms Then {fi (¢ =1,2,....d1), filo, (2 = 1,2,....d1), fil]d,2 (1 =

2,.,d),g (1= 1,2,.,ds), 910, (0 = 1,2,...,d2),h; (1 = 1,2,...,d3)} forms a
basis of Sg(To(pop?),®). Thus we have

ds
E(z1,m) = Y e Vhi(z1)hy(22)
7,75=1
+ Z Z b g2|5 21)4;]0,8(22) Z Z f|5 21) fi10p6(22)
a,f=01,7=1 o,8=01,7=1
with cg?’o),bgf B), 5] A € C. Now let fi|Wp, = ¢if, gilWhep = cigf and hi|W, pop? =

¢’ with constant ¢/. Then we have fi|W, 2 = ¢ f]0,2, fil6p|Wpop2 = ¢ f]6,, and
G| 0, Wp2 = clgs. For a positive integer write \;(m) = Ay, (m), \i(m)' = Ay, (m),
and A;(m)" = A, (m). We have X;(p) = ¢¥(p)Xi(p). Then by a direct computation

combined with Theorem 3.4 and Lemma 4.1 we have

d3

E(z1,22) = Y _ cithi(z1)hi(22)

—I_22:bii{_p_k/z)‘i(p)gi(zl)gi(Zz)
+9:(21)9:16,(2) + gil6p(21)9i(22) = P72 Xil(p)gil8,(21) 911, (22)}

+Zaﬁ{p_lfiI(sz(Z1)f¢|5p2(22) P N(p) £il6p(21) filSpe(22) + filz1) fil 62 (22)

=1
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—p 2 Ni(p) £il6,2 (20) fil8p(22) + (L + ¥ (p)Ni(p)*p ™" — p2) fil6p(21) fil 6y (22)
—(p)Xi(p)p M2 fi(21) fil 0, (22)
+fil6,2 (20) fi(z2) — L ()PP Ni(p) il (1) fi(22) + ¥ (p)p ™" fil21) fil22) },

where

ci = 3p 7 (p+ D)7 P T A (b, L 25 — 1, ) Ai(po)”

Po

P A (g L 25 — 1) A(po)’
1 —p2 7

b“' == 3p_1(p + 1)_1t;
and

g Ly (L P )p 2 (S L4 25 — 1\ )@ A(po)
D (e M)

Now let N,
=) bi(m) (1=1,2,...,d3)

m=1

and .
hi(z) = ci(m)e(mz) (i = 1,2, ..., ds)

m=1

with b;(1) = ¢;(1) = 1. We note that ¢;(pm) = 0 and b;(pm) = X;(p)'b;(m). Thus

we have

Fplz2) = Z ai{p"*(1 = p7) fildp(22) = ()1 = p~ NP fil=2)}

do
+ Y P = pT)biigi(22).
=1

We note that b;(p*m) = ¥(p)p*~2b;(m). (cf. [Miyake, 1989, Theorem 4.6.17]).

Thus we have
c(p,p*mil,s) —d(p)p' 2 elp,ms L, s)
= i aii{p*(1 = p*)ai(pm) — (p)(L — p~ ) Ai(p)ai(p*m)}
—@/J(ZPZ)IPI“_Q( “(1—p )ai(p~tm) = (p)(1 = p~h)Xi(p)ai(m))}
= Z aip" (1= p ) (1 +p7") = (p)Ai(p)*p~")ai(pm)

_ 3t;01pk+l+25—2pé—k/2 Z A(fiy I+ 25 — 1, x) e\ (po)ai(pm)
=1

for any positive integer m. This proves the assertion (2). O
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Corollary  Let the notation and the assumption be as above. Furthermore, put

tmsl,s) = 37 (p+ 1)p 272 e (p,ms L, s) case (1)
SR N S Opol/zp_k =242 (e(p, pPmsl,s) — b(p)p*2e(p,m;l,s)) case (2).

Then we have
(1) In case (1), for any positive integer m we have

(m; 1, 5) ZA (fi,l+2s — Lyp)eiai(m).

=1

(2) In case (2), for any positive integer m we have

t(m;l,s) ZAfz7l+28_1X)cZ i(pm).

=1

The above corollary is a certain generalization of [Katsurada, 2003, Theorem
4.1]. Namely, in that theorem, we have restricted ourselves to the case where [ <
k—2. Furthermore, in (3) of that theorem, we have restricted ourselves to the case
where (%0) = 1 and m is prime to pop, and in the above corollary such conditions

have been removed. We also note that A(f,m,1,) = A(f,m, 1)(1—p~" *+La(p)?)
for a primitive form f in Si(I'o(p),(E)), where a(p) denotes the p-th Fourier

*

coefficient of f. Thus (1) of that theorem is essentially included in (1) of the
above corollary as a special case. However, for a practical computation, we here
record the statement, which can be easily proved in a way similar to Theorem

4.2.
Proposition 4.3 Let f; (1 = 1,...,d1) and the others be as in (1) of Theorem
4.2. Then for any even positive integer [ < k — 2, we have

dy

Fi(z) =3(p+ D)7 P Afil+ 25 — 1L, 1)E" fi(22),

=1

Corollary In addition to the above notation, put
tmsl,s) =37 (p+1)p~ e(1,mil, s).

Then, for any positive integer m we have

t(m;l,s) ZAfZ,l—I—ZS—ll)cZ a;(m).

=1
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In the above case, 527k(21,22;k,p,¢, 1,0) does not belong to Si(I'o(p),v) @
Sk(To(p), 1) but belongs to My (Lo(p), ) @ Mi(To(p), ). Thus by modifying the
above method, we obtain a similar formula for the value of A(f,k —1,1). Now
for a prime number ¢ not dividing pyp put

6i+1 = 6@ + 17 q; lv 5) = Z(ZCT’ - iCT—l)qr(k_l)t(qi_zr; lv S)

for: =0,1,....;dy — 1, where ,C., - r, We understand that ;C'_; = 0. For
a Hecke eigenform f let Ky be the ﬁelé generated over Q by all the eigenvalues
of the Hecke operators. Furthermore, for a character x, let Ky, be the field
generated over K; by all the values of x. Put e = [K; : Q], and we denote by
Ng, () thenorm of o over Q for o € K. Similarly we define ey, and Ng, («) for
a € K;. Let {fi}X, be the basis of Si(I'o(N),1) as above, and write K; = K,
and e; = ef,. Let ®(X) = @7, (X) be the characteristic polynomial of T'(m)
on Si(I'o(N), ). We note that Ng,(¢;) = 1 in Theorem 4.2 and Proposition 4.3.
Thus by [Goto, 1998, Lemma 2.2] we obtain

Theorem 4.4 Let the notation and the assumption be as in Theorem 4.2 and
Proposition 4.3. Let f be a primitive form in Sg(L'o(N), ), and a(q) be the
q-th Fourier coefficient of f. Assume that Q)’T(q)(a(q)) # 0. Write ®7,(X) =

Ej;o bdl_iXi, K= I(ﬂx and e = €fx-
(1) In (1) of Theorem 4.2, or Proposition 4.3, we have

Y YT Baymibialg)
(I)/T(q)(a(Q))
(2) In (2) of Theorem 4.2, if N(a(p)) # 0, we have

Yits Yisi Bamibi—ialq)
a(p )(I)/T(q)( a(q))

Now we give an exact value of A(f, 1, x) for a Dirichlet character such that

x? is trivial. For a Hecke eigenform f € Si(To(M),v),

L(f,s,1)
HP|M(1 - @ZP‘S"““)

Ni(A(f,1+25 —1,x)) = Ng(

Ni(A(f,1+25 —1,x)) = Ng(

f/(f,s,l) =

and

L(f,s. %)

Hhe ) = Gy
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Put for an odd positive integer [ < k — 1

Dk =DM+ =D+ L{f1N)
I'(k—1) Q2ktA—Agkt2 < f f )

A(f L y) =

and

N (/0.
A(f,0,x) = Tk — 1)22k—37(rJ1: < jf)f >

for x = Lor . If x* is trivial, 3 ,(Z; M, 4y, 0) does not belong to My(To(M), ),
and thus we cannot give an exact value of A(f, 1, x) by a direct use of the above
method. However, we can relate the value A(f, 1, x) to A(f,0,x) by using the
functional equation. We explain this in the following three cases:

(1) M is a prime number p, and y =1

(2) M is a prime number p, and y = = (%)
(3) M =1, and x = (£) with p a prime number such that p = 1 mod 4.
First in case (1), put

R(f,5,1) = plott= D0 p =320 D (oo 1) )1 (s-0k) DT ((51)/2) L (£, 1),
Next in case (3), for f € Si(I'o(1)), and the character y modulo p, put
R(f, 5, x) = g 0/20 82k (s k1) 2) (k) 2T (1) /2L 5, 1).
Then by Li [Li, 1979], we have the following functional equation:
Proposition 4.5 (1) In case (1),

R(f,1—s,1)=R(f.s,1).

In particular

A(f.1,1) = p~'A(f,0,1).

(2) In case (3), under the above notation and the assumption, we have

R(fvl_*SvX) = R(fv*SvX)‘

In particular, in case (3), we have

ACF,1,x) = p~®2A(£,0, ).

In case (2), the value A(f, 1, ¢) can be given by a different method (cf. [Zagier,
1977].)

Proposition 4.6 In case (2), we have

A(f,16) =2/3(1 —p™%).
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Now we discuss congruence among modular forms. Let A be an algebraic
field, and © = Ok the ring of integers in K. Let q be a prime ideal of O, and O,
the localization of © at q. Let f(z) =) _, a(m)e(mz),g(z) =>_ _, b(m)e(mz)
be elements of Si(I'o(M), o) whose Fourier coefficients belong to ©y. Then we
write f = ¢g mod g if a(m) = b(m) mod q for any positive integer m. We give the
following lemma which is essentially the same as Lemma 1.4 of [Doi, Hida and

Ishii, 1998].

Lemma 4.7 Let fi,..., f, be Hecke eigenforms in Si(I'o(M), o). Let K be the
composite field of all Ky, ..., Ky, and O the ring of integers in K. Let q be a
prime ideal of ©. Assume that all the Fourier coefficients and eigenvalues of

fi (i =1,..,7) belong to Oy. Let h be an element of Sp(I'o(M),d) whose Fourier
coefficients belong to Oy. Let
h=> ULf
=1

with l; € K. Assume that fi # 0 mod g and ordy(ly) < 0. Then there exists
2 <1 <r such that

Ji = fi mod 4.

Now by Theorem 4.2, combined with Lemma 4.7, we have the following.

Theorem 4.8 Let N,p,v» and x be as in Theorem 4.2. Let f be a primitive
form in Sp(T'o(N), ). Let Ok, be the ring of integers in K¢, and q a prime ideal
of Ok, dividing the denominator of N, sk, (A(f,{+2s5—1,x)) but not dividing
Npr, where r = 6 or 1 according as the case (2), or not. Then there exists a

primitive form g in Sp(T'o(N), ) different from f such that
g=fmod{,
where §' is a prime ideal of Ok i, lying above q.

Proof We note that the generalized Bernoulli number associated to a Dirichlet
character ¢ is an algebraic integer if the conductor of ¢ is not a power of a prime
number (cf. [Carlitz, 1959], [Leopoldt, 1958]). Thus by (2.4) and (2.5), all the
Fourier coefficients of F,(z) belong to O in case (1). Thus the assertion in the
case (1) follows directly from (1) of theorem 4.2 and Lemma 4.7. In case (2),
F, . belongs to Si(Lo(pN), ), and its eigenvalues and Fourier coefficietns belong
to Oy. In this case, we remark that q does not divide both the p-th and the p*-
th Fourier coefficients of f. Thus we have f # 0 mod g. Thus again by (1) of
Theorem 4.2 and Lemma 4.7, we can show that there exists a primitive form ¢

in Sp(T'o(NV), 1) different from f such that
g=fmody,
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where f (resp. g) is the modular form in (2) of Theorem 2 for f (resp. g.) Thus
the assertion can be proved by the above remark. O

5 Numerical examples and comments

By Theorem 4.4 combined with Proposition 4.5 we can compute the values
A(f,m, x). A subspace S of Si(I'g(N), ) is called non-splitting if it is spanned
by all Galois conjugates of a primitive form in S. Take a primitive form f of
Sk(Lo(1)). Assume that Sp(I'o(1)) is non-splitting. Then, Ng (A(f,1,(2))) is
independent of f. Thus, in this case, we denote this value by L(k;[, ¢). Simi-
larly, in case Sk(I'o(q), (£)) is non-splitting, we define I:(k, q;1,1) and I:(k, q;1,q)
as Nk, (/N\(f,l, 1)) and N, (/N\(f,l, (£))), respectively, for a primitive form f of
Sk(To(q), (£)). We have computed some values by using Mathematica.

(1) It is conjectured by Maeda that Si(I'g(1)) is non-splitting, and so far, this
conjecture has been verified at least for & < 2000 (cf. [Hida and Maeda, 1997],
[Farmer and James, 2002]).

We show some examples of L(k;l,q) for various k,l,q. From now on put

2 :
[a1, ag, as] = ( aa;Q az/ ) . To make a computation smooth, for an odd pos-
3 2

itive integer [ < k — 1 and a positive integer m prime to ¢, put t(m;l) =

q " (m,2,—1/2) or t(m;l + 1,0) according as [ = 1 or not. We note that
the Gauss sum 7(y) for x is ¢'/% Thus by (2.5) we have

t(m;l) = Z/i’)q_k_ﬂ"'2

[29\/7m]
<A > 11 Blaamrlx(pp' ™) By, o, o G @ m r)x(r)

r=1 p|r[q,q2mw]

[2,/a77]
"> ] Follama ), x(0)p ™) Briogm @ G (gm, r)x ()}

r=1 p|f[q,m,r]

(1.1) We compute L(12;/,¢) for 1 < [ < k — 1 and some prime num-
bers ¢. In this case dim S13(I'9(1)) = 1. Take a unique primitive form f(z) =
Yo _a(m)e(mz)in Sia(To(1)). Thus by (2) of Theorem 4.4, and (2) of Propo-
sition 4.5, we have

L(12;1,q) = a(q)"t(1;1 +1)

if a(q) # 0. Numerical examples are as follows:

24



L(12;1,5)
214 . 35 . 7/510
214.35.7.2851 /513
219.35.7.1511599/5'¢
21938 .72 . 521 - 295387 /520
226.310.72. 110308273279 /5%
2213107211 - 2963 - 5523341 /5%
L(12;7,13)
21438 . 5% . 7. 563/13'2
214.35. 52 .7 41177 - 1445419/1316
21935 . 5. 7.299696968673699 /13%°
219.37. 5% . 73 . 31% . 5479 - 306945156059 /132
226. 3105572, 547 - 10267 - 1634679978646831/13%®
221.39.5%. 721117 -29 - 131 - 3331 - 868032338256361 /1332
L(12;,17)

221.35.5%.7.2389/17"2
217,35 . 52 7477200018623 /17
220.35.5%.7.23.29-997 - 46316422211 /17%
222.3%.5%. 73167 - 11003 - 322079 - 915248119/17%
230. 310,55 . 72.. 43 . 892028959 - 1604767911433 /1727

11 | 220-310.54.72. 11 - 20790457101154865002708553 /1 7%
The above values have been already computed in [Katsurada, 2003] except
for [ = 11. We note that the value L(12;[, ¢) has been obtained by Stopple [Sto]
in the case where g =5 and [ =1,3,5,7, or ¢ = 13,17,29,37,41 and [ = 1. We

note that relatively large prime numbers appear in the numerator of L(k;(,5)

O ~J Ot W | —~

—_
—_

O ~1 Ot W |~

—_
—_

O ~J Ot W | —~

contrary to the untwisted case in [Dummigan, 2001]. At present, the author does
not know whether these primes relate to any arithmetic algebraic geometry. We
note that the numerator of A(f,[,1) is related to the order of the Shafarevich-
Tate group (cf. [Dummigan, 2001].)

(1.2) The values of the standard zeta functions at s = 1 are particularly
important. To explain this, let ¢ be a prime number congruent to 1 modulo 4,
and let Dq( /) be the ring of integers in Q(,/q). Assume that the class number
of Q(y/q) is one in the narrow sense. Let Sk (S L2(Dq( ) be the space of cusp
forms of weight (k, k) with respect to SLQ(SQ(\/(J_)). Then Sk7k(SL2(9Q(\/a))) has

the following decomposition:
: ; q
Skr(SL2(Dqqm)) = Sk(To(1)) Lk (To(q), () LSKs

where S4(To(1)) (resp. Sx(To(q), (£))) is the image of Sx(I'o(1)) (resp. Sk(To(q), (1))

under the Doi-Naganuma map, and 59 ;. the orthogonal complement of Sk(Fo(l))J_
Sk(Fo(q), (1)) in Sk7k(SL2(9Q(\/q_))) with respect to the Petersson product. Take

*

a primitive form g € Sy, and for an integral ideal % in Q(/q) let ¢(; g) be the
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A-th Fourier coefficient of g. Let K, be the field generated over Q by all ¢(¥; g)’s
and K} the subfield of K, generated by ¢((p);g) for all rational primes p. We
denote by D(K,/K}) the relative discriminant of K,/K}. Assume that 57, is
non-splitting, that is, it is spanned by all Galois conjugates of a primitive form
in Sp,. Then D(K,/K}) does not depend on g. Hence we denote this value by
Dy.4. Then in [Doi, Hida and Ishii, 1998] Doi, Hida, and Ishii, among others,
conjectured the following:

?Any prime factor of Dy, divides either the numerator of Nx (A(f,1,(%)))

for some primitive form f in Si(I'o(1)) or the numerator of N, (A(f,1,1)) for
some primitive form f in Si(I'o(q),(2)).”

Doi, Hida and Ishii [Doi, Hida and Ishii, 1998] computed an exact value
of I:(k,q; 1,1), and verified the above conjecture in some cases. Goto [Goto,
1998] computed the value L(20,1,5), and Hiraoka [Hiraoka, 2000] computed the
values L(22;1,5) and L(24;1,5). Then, combining the result of [Doi, Hida and
Ishii, 1998], they verified the conjecture for (k,q) = (20,5),(22,5), and (24,5).
Now let k& = 12 and ¢ = 13. In this case, S, , and Sk(I'o(13), (%)) are non-

*

splitting. Furthermore, we have Dj; 13 = 13- 563 - 6205151 and the numerator of
I:(lZ, 13;1,1) i85 7-13%?-6205151. Thus it is expected that 563 appears in the
numerator of L(12;1,13). The example in (1) shows that this is true.

Now we compute L(k;1,5) for 16 < k < 38. As for the other numerical
examples, see [Stopple, 1996].

First let k = 16, 18, 20, 22, 26. Then we have dim Sy (I'g(1)) = 1. Take a unique

primitive form f(z) =>_~_, a(m)e(mz) in Sp(I'o(1)). Then we have
L(12;1,5) = a(5)7"t(1;2).

Thus we have the following table:

k L(k;1,5)

16 [2%.37 7. 11/5"

18 | 29.34.7.11-13/5'3

20 [ 215.3%4.7.11-13-977/5'

22 | 215.35.72.13-17-71/5'8

26 | 213.34.7.11-17-19 - 337 - 1409/5
Next let k& = 24,28,30,32,34,38. Then we have dim S(I'o(1)) = 2. Take a
basis f1, fa of Si(I'o(1)) consisting of primitive forms. Then Ky = Ky, is a real
quadratic field, and thus this field can be expressed as K = Q(\/E) with D
a non-square positive integer. Let ®p()(X) = X? 4+ 01X 4 by. Then by (2) of

Theorem 4.4, we have

t(1,2)(2,2)by +1(2,2)* +¢(1,2)%b,
(=bf + 4b2) Nic(a(5)) ’

where a(5) is the fifth Fourier coefficient of f;. The polynomial ®(X) and the

L(k;1,5) =
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value Nk (a(h)) can easily be computed by the trace formula (cf. [Miyake, 1989].)
Thus we have the following table:

k D L(k;1,5)

24 | 144169 2293774 114 - 1317 -19 - 109 - 54449/5% - 144169

28 | 131139 226.3% .73 112 13% .17 - 19 - 23 - 66876860429 /5** - 131 - 139
30 | 51349 22631074112 .13 - 17 - 19 - 23 - 3253 - 20017939/5% - 51349

32 | 67 - 273067 2263107411132 - 1719 -23 - 37 - 157 - py /5% - 67 - 273067
34 | 479 - 4919 226.310.73.11%.13%2 - 19 - 23 - 29 - 191 - 3191 - p, /5°! - 479 - 4919
38 | 181-349-1009 | 2% -3%.74.112-13-17-23-29 - 31 - p3/5% - 181 - 349 - 1009

Dy = 22TAZGT AT A25679, py = 121120620073, ps = 245306303520107096 15221087
(2) We compute I:(k, q;1,1) and I:(k, ¢; 1, q) when S (T'o(q), (£)) is non-splitting.

In Proposition 4.3, put t(m; 1) = p~"/2t(m;2,—1/2) or t(m; 1+ 1,0) according as

[ =1 ornot. Let x = (£). Then for [ > 1 we have

t(m; 1) = 1/3(q+1)q™ {2 Z H Fy([1,m, 7], x(p )pl_z)Bl,(XX[lymyr])(O)Gk_l_l(ma7“)

1§7’<2\/_p|f[1 m,r)

(l—3/2)(ordq(4det[l,m,r])-l—ordq(b[lymyr]))(1 . (XX[I . r])(O)(q)q—l)

_5(l; m, T)(l - Q)/12}7
where §(I;m,r) = 1 or 0 according as [ = 1 and 4m—1r? = 0, or not. Furthermore
in case (1) of Theorem 4.4, for [ > 3 put #(m;!) = (1 — ¢~ ")~'t(m;1+1,0). Then
by (2.7), we have

xq

i(m;l) =2/3(q + 1)g~H*=H1/2
X Z H Fp([Q7m7r]7pl_2)Bl7XE0)m . Gk_l_l(qmvr)X(r)‘
1§7’§2\/Wp|f[q,m,r] o

Assume that Si(I'o(¢), (%)) is non-splitting. Take a primitive form f(z) =
Yoy a(m)e(mz) € Sp(I'o(q), (%)) and put K = Ky. Let o = a(2) and assume
(X

m=1 4
that @7, (a) # 0. Write ®p()(X) = S o be—i X', and

[i/2]
Biyr = Y (:Cr —iCrma)g" " De(g 31

r=0

as in Section 4. We also define §;4; by replacing t(g"=%; 1) with #(¢"=?";1). Then
we have

Nk (32520 Yo02i Bemjbjmiat)

]z(k7 q, l7 1) -
@103 (gF ) D) (—gF T/ N (B ()]
for { > 3 and
[ N (35Zg S0t Bemibjiad
Lk, q;1,1) = (320 Yzt Bemsbiial)

Srg) (qF12) Py (=g D) Nic (P (@)
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Furthermore,
e—1 e—1 5 i
Lk, q;:1,q) = N (X ico 22j=i Be-jbj-ia’)
o N (@5 ()

Here we mention the special values of the standard zeta function of the Doi-

Naganuma lift fe Ser(SLa(Dq(m)) for a primitive form f € Si(Lo(q), (£)).

For a prime number p, let «,, 5, be the complex numbers in (3.5). For a prime

ideal p of D, 7)), let Ay and By such that

if N(p) = p™, where N(p) = Nq( 5)/q(p). Then we define the standard zeta

function L(f,s) of f as

L(f,s) = TTHO = ABN ()77 (1 = AGN ()7 (1 = ByN(p) 1)}
p

As for the precise definition of the standard zeta function of a general Hilbert
modular form, see [Zagier, 1977]. Put

(LU= DE(k + L= )T+ 1) 2 ¢ (g + 1)L(f, 1)
2h=20=d k2] (] — |) Bys) < f,f S

A(f.1)

where < f, f > denotes the normalized Petersson product of f in Ser(SLa(Dam))-
By [(97), Zagier, 1977], we have

L(f,s) = L(f, s, 1)L, s, (1)),

*

Thus we have

A(f, D) = ALLDALL () < [, ] >?
’ XALY <>
On the other hand, we have
<f.f>
(g+1) < f,f>?

(cf. Page 152 in [Zagier, 1977]). Thus we have

P /N\fvlv]-]\fvlvg

\(jo0) < AL DAL ()
A(f,1,1)

Let ¢ = 13,k = 8. Then S3(T'o(13), (£2)) is non-splitting and dimSs(I's(13), (12)) =

*

6. Then by [Doi and Goto, 1993] we have

A(f,1,1) =

(5.1)

Pz (X) =X +2-13-193X° + 72 13%.29 - 31X" +2°.5-13° - 47 - 179X
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+72.131%%.29.31X%2 +2-13% . 193X 4 13*,
Or()(X) = X+ 449X* + 37224 X + 205776

and we have
Nrja(®rp)(a(2)) =2* - 32 5% 417 1429 - 251042812

Thus we have 02 76 1314 43572
L(8,13;1,1) = I
312.412 . 14292 . 251042812

(cf. Table 1 of [Doi, Hida and Ishii, 1998]). Furthermore,

B 230_34‘76_134‘52

L(8,13;3,1) =
(8,13;3,1) 412 - 251042812
» 222 . 518 . 76 . 3132
L(8,13;5,1) =
(8,13;5,1) 412 - 251042812
and 30 10 8 76 2 7 2
. 27037057 77 - 4583“ - 10079
L(8,13;3,13) =
(8,13:3,13) 1316 .412 - 251042812 ’
. 238 . 310 518 .76 . 45832 . 100792 - 204476878959232
L(8,13;5,13) = .
(8,13;5,13) 1328 . 412 - 251042812
Put

t(8, 13;1) = NK/Q(A(]Ev [)).

Then by (5.1), we see that the prime number 4357, a prime factor of the numer-
ator of IN_;(S, 13;1,1), appears in the denominator of I:(S, 13;3) and I:(S, 13;5).
This phenomenon is closely related to the above conjecture. We will discuss this
topic more precisely in a subsequent paper.
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