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Abstract

We are concerned with a quasi-steady Stefan type problem with Gibbs-Thomson re-
lation and the mobility term which is a model for a crystal growing from supersaturated
vapor. The evolving crystal and the Wulff shape of the interfacial energy are assumed to be
(right-circular) cylinders.

In pattern formation deciding what are the conditions which guarantee that the speed
in the normal direction is constant over each facet, so that the facet does not break, is an
important question. We formulate such a condition with an aid of a convex variational
problem with a convex obstacle type constraint.

We derive necessary and sufficient conditions for the non-breaking of facets in terms of
the size and the supersaturation at space infinity when the motion is self-similar.

Mathematics Subject Classi cation (1993ER35, 53C44

1 Introduction

We are motivated by physical experiments which show that one can grow large, regular,
elongated ice crystals, (see [GoG]). In our earlier work we presented a model of evolution
of crystals growing from vapor and we showed existence of solutions, (see [GR1]). We also
studied some properties of solutions, see [GR2], [GR3]. In this paper we address the issue
of stability of facets. The question is: are the velocities of facets in the normal direction
really constant over each facet? A facet must break if its velocity is not a constant. We
use a variational principle to formulate these conditions. We present a general method and
give sharp estimates which are valid only for the self-similar evolution. In order to provide
details, we first present the evolution model (a Stefan type problem). We stress that we deal
only with special interfaces, namely right-circular cylinders that serve as an approximation
to real crystals.



In [GR1] we justified the model presented below which dates back to the work of
Seeger, (see [Se]) on planar polygonal crystals. That is, we assumed that the process is
so slow that the quasi-steady approximation of the diffusion equation for mass transport is
justified. In other words the supersaturatiosatisfies the equation

Ac =0 in R3\ Q) (1.1)

outside crystaf2(t). It is also physically reasonable to assume thags a specific value
at infinity, i.e.

‘ llim o(t,z) =oc>. (1.2)
The velocity of the growing crystal is determined by the normal derivative at the
surface,

do
%_V on 09(t) (1.3)

wheren is the outer normal. This equation expresses the mass conservation.
The value obr at the surface is coupled to the surface velocity and its curvature through
the Gibbs-Thomson relation

—o = —div¢ — 3V, (1.4)

where/ is the kinetic coefficient anéis a Cahn-Hoffman vector. A relation of this sort is
quite natural, see Gurtin [G, Chapter 8].

Let us comment on the Cahn-Hoffman ved@ppearing in (1.4). For a smooth surface
S and a smooth energy density functiprve have

§(x) = (V) (n(z)),

which is a well-defined quantity. However, it is our intention to consider energy density
functionsy which are only Lipschitz continuous and (positively) 1-homogeneous, and sur-
facesS with edges. In that case some care is necessary while defin{isge [GPR] for a
related study). We shall assume thas convex. For a convex functionits subdifferential

0~ is a well-defined nonempty convex set. But in genéralis not a singleton, thus we
have only that

§(x) € (97)(n(z)) (1.5)

which should be considered as an additional constraint for (1.1)—(1.4).

This condition gives us, in fact, some freedom of choicé.dflowever, it turns out that
the averages of dig£ on each faces; (i.e. the top, the bottom and the lateral partas?,
the notation will be explained i§R) are independent of the choice&f

/S |, dvse(t. AH2(z) = — ki (Y H2(Si (1)),

Farther, we shall writeS;| for H2(S;). This is explained in Propositions 2.1 and 2.2, here
k; denotes the crystalline curvature $f Thus, we may consider system (1.1)—(1.3) with
condition (1.4) replaced with its average

/m olt,2) dH?(x) = (—wi(t) + BV(D)ISi(1) (1.6)
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whereV ()|, ;) = constt) is enforced not deduced, provided ti#is the constant value
of g on S;. In fact, we established in [GR1] existence and uniqueness of (local-in-time)
solutions to (1.1)—(1.3), (1.6) augmented with initial d&&)) = .

We show here that these two kinds of evolution are equivalent provided that we can find
for the latter a proper selection of the Cahn-Hoffmann vegtdi.e. ¢ satisfies (1.5)), for
which

o — divg¢ = const (2.7)

holds; this is the content of Theorem 2.3.

We shall say that a fac&; is stableor does not breakas long as (1.7) holds on it for
¢ satisfying (1.5). We shall make it more precisg#h2. Finding conditions guaranteeing
stability of facets is the main purpose of this paper. For example we prove for a self-similar
evolution, see [GR3], that a facet is stable for a small crystal but not for a large one if the
crystal is growing. In the case of shrinking motion, the facets are stable if the evolving
crystal is near the equilibrium or it is very small. There might be an intermediate size for
which the facets are unstable. This will be discusséeglin

In order to achieve our goal we need a rule for the selectign Bbllowing the idea of
[GG1] and [FG] we propose a variational principle. That is, the correct choi€¢esbbuld
be a minimizer of

. T, . 2
genpni /SZ 3 |divgg — o] (1.8)

where the seD; is properly chosen, in particular it incorporates the constraints. (The set
D; is a convex set). This will be explained in detail§d.2 and33. There, ing3, we will
present general consequences of this variational principle which will permit us to &elect
enjoying the symmetries of the problem.

The main effort of studying stability is presentedsh We comment first on relations
between minimizers of (1.8) and solutions to (1.7). Then, we present general necessary and
sufficient conditions for (1.7) to hold, provided thatis given. We do not have enough
knowledge about for the coupled problem (1.1)—(1.5) unless the evolution is self-similar,
[GR3]. We are able to give a necessary and sufficient condition for stability of facets for a
self-similar motion. It is expressed in terms of the size of the crystal and the supersaturation
at space infinity. The cases of growing and shrinking crystals are different, that is why we
consider them separately. The main results are Theorems 4.8 and Theorem 4.14 which state
the non-breaking conditions in terms of the scale fagtosupersaturation at infinity>°
and a number of universal constants depending only on the Wulff shape.

Stability of facets for a singular interfacial energyecently attracts several mathemati-
cians. For the interface controlled modet(theo in (1.4) is given) it is known that facets
are always stable for a planar evolution, provided thas spatially constant, see [FG],
[GG1], [GG2]. However, for surface evolution problems in three-dimensional space a facet
may break even i& is a constant (see e.g. [BNP1], [BNP2], [BNP3]). The bibliography
of [GGZ2] includes several related references, that is why we do not repeat them here. Our
result is the first one for a coupled system (1.1)—(1.5) discussing stability of facets. In fact,
we give a necessary condition on the size of the evolving crystal for stability of facets of
self-similar solutions.

Stability of facets is also an important problem for the theory of crystal growth. In fact,
Kuroda, Irisawa and Ookawa, [KIO], discuss this problem from a physical point of view.



However, their model for polyhedral crystals is (1.1)—(1.3) accompanied with
o=pV

instead of (1.4). They explain stability of facets by allowing #hdependence gf. How-

ever, in case of a small growing crystal, the stability in question is not well-explained by
their theory, while such a phenomenon is covered by our result. They claim that the facets
of a medium size growing crystal are also stable, while other sizes are unstable which is
inconsistent with our result. Discrepancy is partly due to the presence of theedin and

no o-dependence af.

As far as the authors know, there is no mathematical literature on one-phase Stefan
type problems with (1.4) even for smooth (including both di¢ and 3V terms). The
bibliography of [GR1], [GR3] includes several related works, so that we do not repeat them
here.

On the other hand there is a literature on numerical treatment of the stability issue for
a Stefan type problems with (1.4). One of the first examples is the paper by Roosen and
Taylor, [RT]. The authors concentrate on a related, but different question of shattering
facets during growth. Their paper, however, does not present stability condition similar to
our variational principle. We shall not pursue the direction of numerical experiments.

A separate question is the behavior of the system at the onset of instability. It is an
interesting issue which will be studied in a forthcoming paper.

2 Setting up the problem

In this section we set up the problem. Subsequently we make a reduction of the system to
a known set of equations. We also present some structure of solutions and exhibit a scaling
law.

2.1 Preliminaries

Our evolving crystal)(t) is assumed to be, as it is done in the physics literature, see [Ne],
[YSF], a straight cylinder,

Qt) = {(z,22,23) € R®, 2 + 23 < R*(t), |zs| < L(t)}.

In other words, we only have to knof®(t) and L(t) to describe its evolution. We shall call
by facetsthe following subsets a¥2(t)

Sy ={x €0Qt): z?+2%=R?},
Sp={ze€dQt): z3=L}, Sp={xe€dQt):x3=—L}.

We shall call them the lateral side, top and bottom. We also define the set of iddices
{A,T, B}. We shall specify the initial dat®(0) = . We denote by/; the velocity of
facetS;, i € I, in the direction ofn, the outer normal t@<2(t).

We explicitly assume that, at tinteo (¢) enjoys the symmetry db(t), i.e. o is axisym-
metric and symmetric with respect to the plane= 0:

o(t) =a(t,\/2? + 23, |z3]).



We want to consider a surface energy densityhich is consistent with ou®(¢). To
be specific we take

Y(z1, 22, 23) = rya + |23|yrB, YA, YTB > 0, (2.1)

wherer? = 22 + 2% andy,, yrp are positive constants. Hence, its Frank diagfam
defined as

Fy={peR’: y(p) <1}

consists of two straight cones with common base, which is the{disk =, 0), 22 + 22 <
1/v4}, same height and the vertices at

(0,0, £1/v7rR).
Now, the Wulff shape ofy is defined by
W,={z€R®: VyneR? [n|=1, z-n<yn)}.

In our settinglV,, is a cylinder of radiugk? equal toy, and half-heightZ equal toyrp.
Hence, all cylinders lik&(¢t) above areadmissiblein the sense that normalto the top
facet ofQ)(t) (respectively: bottom, lateral surface(t)) is the normal to top facet d¥/,
(respectively: bottom, lateral surfaceldt,).

The Gibbs-Thomson relation is expressed by (1.4) and (1.5). In these formulas the
argument ofy is the outer normal t&€2. However, we prefer to assume that R? — R
is 1-homogenous, convex and Lipschitz continuous. There is just one such extension. As
we mentioned earlier we have some freedom while choaginthus, we should be a bit
careful about the meaning of surface divergencegglivAt this point we recall that fog
defined inU a neighborhood of;

divgé =trace(ld —n®@n)V¢, forz € S;, (2.2)

wheren is an outer normal to the surface. This definition is independent of the extension
of { to U (see [Si], [GPRY]).

Due to convexity ofy and its lack of smoothness only the subdiffererdig(n) is well-
defined for eacm normal to9€2(¢t). Thus, a Cahn-Hoffman vectar — £(x) is just a
section of the subdifferential.

2.2 Crystalline curvature and divg¢

We will specify now the minimal assumptions gnwhich enable us to proceed. Finer
properties will be deduced in a later section. Namely we require that

E(t,)si € L2(Si(t)) and  diw(&(t,-)]s, (1) € L2(Si(t), i€ {T,B,A},
(2.3)
and in addition
¢ € dvy(n), H-ae. (2.4)

Since the subdifferential is a bounded set, one may have an impression that is it more
appropriate to consider

§(t)lsiy € L=(Si(t))  and  div((E, )]s, (1)) € L=(Si(t))-
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This approach is indeed followed by Belletini, Novaga and Paolini in [BNP1-3]. However,
we depend so much on tli& topology, that we prefer the function spaces in (2.3). At the
end however¢ will turn out to be quite smooth.

We will now see what are the consequences of (2.3) and (2.4) for the existence of traces.
At this point we note that it € S; N .S;,i # j, then

Oy(na(z)) NOy(ni(x)) = {yprn; + yana }, i=T,B. (2.5)

Since S, Sp are balls in a plane, then (2.3) implies that only the trace of the normal
component of at0S;, i = T, B, is well-defined. More precisely, if; is the vector
field tangent tal'S; at 9.S; and normal todsS;, then¢ - v; is defined as an element of
W—1/22(95S;). Basically, this fact is well-established. For more details see [FM] and [T].
We conclude that (2.5) implies that

E-vi=y  InWT223S,), i=T,B. (2.6)
On S, the structure of is simpler. Namely, the conditiche 0v(ny,) implies that

§ = yanp + &0,
whereés € [—yrp,vrg]. Thus, (2.2) and (2.3) imply that

vee = A 4 98 (e
d|vS§—R+ax36L(SZ).

Hence we infer that

E-vn =77 INL*Sy). (2.7)

By definition a solution to (1.1)—(1.5) is a tripl&(¢), o (t),£(t)). However, at the
moment we abstain from making the notion of solution precise apart from the requirement
that (1.1)—(1.5) hold for alt > 0.

We are interested in such kinds of evolution that initial cylin@¢0) retains its form
all time instances, that is we want ttfagt) be another cylinder, possibly of different aspect
ratio L(t)/R(t). This is possible only if

Vi (t) does not depend upon on the poingk S;, i € I. (2.8)

But of coursel’y, may be different froni’;. However,Vr = Vg due to assumed symmetry
with respect to the plangrs = 0}.

We would like to reduce the number of unknown in system (1.1)—(1.5). This is in fact
possible for evolution conforming to (2.8) due to the following fact. It was stated as [GR1,
Proposition 1], however the assumption (2.4) was missing. Here we provide the correct
proof.

Proposition 2.1. Let us suppose that is defined by (2.1)52 is an admissible cylinder.
Then:
(1) There existgy € C>=(R3; R3) satisfying (2.4), (2.6), (2.7) and such that

diVS{O‘Si = —Ki, 1€ {T,A,B}. (29)
Namely,&, is given by the formula

_ (A A OTB
& = (Rxl, RY T $3>. (2.10)
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(2) If ¢ satisfies (2.3), (2.4), (2.6) and (2.7), then
/ divsé dH? = / divs& dH* = —ki|Sil,
& &

where the numbersr = kg, kK are callectrystalline curvaturesf the top, bottom, and
the lateral surfaces, (cf. [GR1, Proposition 1]) and

YA VYTB YA
= - - — = -2—=. 2.11
A R L’ T R ( )

Remark. We use the symbdﬂ,’“ to denote thé&-dimensional Hausdorff measuie= 1, 2.
However, for the sake of simplicity we shall writé;| instead ofH?(S;).

Proof of Proposition 2.1(1) Obviously, (2.4), (2.6), (2.7) are fulfilled Igy. It is a matter
of easy calculations using (2.2) to check that (2.9) holds.

(2) Let us consider first the case®f, Sg. We denote by the outer unit normal t0S;
in the tangent plan&'S; of S;, i = T, B. Since¢ - v is just an element di’ ~1/2:2(95;), it
may be evaluated ohe W'/22(9S;). This yields,

/divsgdHQ: ¢-vdH'.
Si aSi

Subsequently, due to (2.7) and part (1) of this proposition we are in a position to conclude

/ divs¢dH? = [ & -vdH? :/ divséo dH? = —k;|Sy).
Sz‘ Si

0S;

For S, the tracef - v is a an element of%(9S, ). However, the main point is we have
to use the Gauss formula for surface divergence, see [Si],

div5§dH2:/ E-vdH' + | H-¢dH?, (2.12)

SA 6SA SA

whereH denotes the mean curvature vector of the surface. Due to assumption (2.7)

¢-vdH! = & - vdH.
85/\ 8SA

Moreover, due to the structure 8f(n,) we see thaff - ¢ = H - & holds#? a.e. onS,.
Hence, our claim follows. O
This fact allows us to simplify equations (1.1)—(1.5) if the following condition holds

(o —divsé)|s, = const. (2.13)

Namely, integrating (1.4) ove; yields
/ ot ) dH2(@) + K D|Si(1)] = / (ot ) — divse(t, 2)) dH2(x)
Si(t) Si(t)
— [ B ar @) = sVi@si)
Si(t)
i.e. we arrive at

- /S o o(t,x) dH?(x) = (ki(t) — BiVi(£))ISi()]. (2.14)
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In fact the system (1.1)—(1.3), (2.14) augmented with initial cylindéd) = Qg has a
unique local in time solutiofR, L, o):

Proposition 2.2.([GR1, Theorem 1])There exist§R, L, o) a unique weak solution to

Ao(t)=0 in R*\Q(), | IliH-I} o(t,x) =0 (2.15)
82: ) V(t) on 0Q(t) (2.16)
N /S " ot) dH? = (ki(t) — B:Vi(1)|S:(D)] (2.17)

augmented with an initial conditidn(0) = €, wheref)y is an admissible cylinder. More-
over,
R,LeCh([0,7))

Vo € CUL([0,T); LA(R3\ Q(2))).

In order to make the notation more concise we shall w(i¢),o(¢)) in place of
(R(t), L(t),o(t)), (but sometimes we suppress the argungnt

Let us suppose now théf2(¢), o(t)) is a solution to (2.15)—(2.17). In order to obtain
a solution to (1.1)—(1.5) we have to select a Cahn-Hoffman vectolf we can prove
existence of sufficiently regular section

Rx Q> (t,z) =&t x) € Oy(n(x))

such that (2.13) holds, then the trigl€(¢), o (t),£(¢)) is a solution to (1.1)—(1.5). Itis
clear that the constants in (2.13) coincide withv;.

In this way we showed some sort of equivalence of solutions to (1.1)—(1.5) and (2.15)—
(2.17):

Theorem 2.3. (1) Let us suppose th&f)(t), o (t),£(t)) is such that equations (1.1)—(1.5)
are satisfied for each> 0 andVo(t) € L2(R3\ Q(t)), Q(t) is an admissible cylinder,
Els, (t,+) € L3(S), divsé|s, (t,-) € L*(S;),i = B, A, T and the initial positio, of )(t)

is given. Finally, we assume that (2.13) holds. TheXt),o(t)) satisfies (2.15)—(2.17)
with crystalline curvatures; given by (2.11).

(2) Let us suppose th&(t), o (t)) is a solution to (2.15)—(2.17) constructed in Proposition
2.2,i.e. in [GR1, Theorem 1]. If there existssuch that|s, € L?(S;), divs€|s,(t,-) €
L3(S;), i = T,A, B, £(x) € dy(n(z)), H%-a.e., and satisfying (2.13), then the triple
(Qt),o(t),&(t)) is a solution to (1.1)—(1.5). O
Subsequently we will concentrate on guaranteeing feasibility of constructi©riubf
filling
§(t,z) € 9y(n(z)).

We will outline general tools. However, sharp non-breaking results will be only for self-
similar solutions constructed in [GR3].

Carrying out the above program requires a detailed knowledge of the structare of
This is presented below.



2.3 The structure of o and the scalings

In order to present the useful structuresoive have to introduce some additional objects.
Namely, we need; which is a unique solution to

~Af; =0, inR3\ Q, (2.18)
ofi .
afy = 5@‘, on Sj, jel, (219)

such thatVf; € L%(R?\ Q) and lim f;(z) = 0. Here,d;; is the Kroneker delta and

denotes the inner normal &2. For functionsf, g such thatV f, Vg € L?(R3\ Q) we also
define the following quantities

(f9):=[ V@) Vg(x)de,  |IfI*=(f.]).
R3\Q
Let us mention that the equation above takes the following weak form

Vfi(z) - Vh(z)de = / h(x) dH?(x) (2.20)

R3\Q S

for all h such thatVh € L?(R3 \ Q).
We showed in [GR1] that (2.15)—(2.17) can be reduced to a following system of ODE’s
(A+D)V =B (2.21)
where

V = VA, Vr,Ve), B =(|Sal(c™ + ka),|S7[(0% + k1), |SB|(0c™ + KB))
A={(fi, fi)}ij=a1.B, D =diag{Ba|Sal,Br|STl|,BB|SB|}.

Moreover,o is given by (see [GR1])

o(t) ==Y Vi) fi(t) + ™. (2.22)
el
The studies of non-breaking of facet in the case of self-similar solutions require clarify-
ing the behavior of our system under scaling of domains. Suppose we define a new variable
y by formula
Y = ax

wherea > 0, thus( is transformed ta$ = ), S; goes touS; = S;. If  is defined orf),
then we transform it té : 2 — R, by setting

Ay) = h(2)
We also define
) =af(2). (2.23)

We recall from [GR3] the Proposition below clarifying the role of definitiory 6f

Proposition 2.4. [GR3, Proposition 2.2l et us suppose thgt satisfies (2.20) oR? \ (),
then

[ Vvt = [ iwac)
R3\ a2

aS;
for all h with Vh € L*(R3\ a). O



2.4 Critical size crystals

In [GR3] we studied self-similar solutions. This task required information about steady
states of (2.15)—(2.17). We recall it here since it is useful for our purposes.

Proposition 2.5. ([GR3, Proposition 3.1]) et us suppose that* > 0 is given andy is
defined by (2.1). Theft)(t),o(t)) is a stationary solution to (2.15)—(2.17) if and only if

Q0)=alW, and o(t)=0",

wherea = 2/0°. O

Remark. According to Theorem 2.3 the stationary states of (2.15)—(2.17) will be also
solutions to (1.1)—(1.5), provided that we specify a Cahn-Hoffman veéctéctually, we
may takeg, defined by (2.10) fof2 = aWW,, i.e. (J%OWW,UOO,&)) provides a solution to
(1.1)—(1.5).

We may now say that for givem>, then U%Ww is of critical size We might expect
that(2(0) (not necessarily a scaled Wulff shape) contain(—:;gaiéj;l’i/I/7 will have the tendency
to shrink, while thosé& containingg%Wﬂ, will grow. We express it below.

Proposition 2.6. ([GR3, Proposition 3.2] et us suppose that> > 0 and a solution
(Q(t),o0(t)) to (2.15)—(2.17) is given and(t) are crystalline curvature &f(t), i € 1. We
also assume théat, (t) - Vp(t) > 0.

(@) If o> + k;(t) > 0, for alli € 1, thenV;(t) > 0, foralli € 1.

(b) If o> + ki(t) < 0, foralli € I, thenV;(t) <0, foralli € I. O

Remark. The conditionV; - V; > 0 looks strange at the first glance, but it may be violated
in general. It is nonetheless satisfied for self-similar solutions.

3 Cahn-Hoffman vector¢

In this section we will collect facts o& which are important in the studies of stability.
They will be general conclusions from a variation principle, regularity (2.3), the constraint
(2.4) and boundary conditions (2.6), (2.7). Our starting point is the observation that the
constraint (1.5), which is of the form,

¢(z) € S(x) cR® H%-ae.

is invariant with respect to rotations about the vertical axis. That Q,ife SO(3) is a
rotation by the angley, then

S(Qar) C QaS(x). (3.1)

Itis easy to see that (3.1) holds 6tz) = dv(n;(x)), i € {A, B,T}, x € 09.
We state here a variational principle, but we will not elaborate upon it until Section 4.
We define three functionals

1 .
Ei(¢) = / divsé — o> dH>.
2 Js,
We postulate that the correct choicetdf, -) is such that it is a solution to the minimization
problems,

E(€) =min{&(¢): Ce€D;}, i=AT,B. (3.2)
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where
D; = {¢cL*S;): divsé € L*(S;), (2.4),(2.6),(2.7) hold}. (3.3)

We note that the set®; and diwD; are closed, convex subsets bf(S;) and &; (&)
is one half of the squared distance frame L?(.S;) to divsD;. Hence, there is a unique
divs& minimizing eachf;. The data of the probleie. o anddf2 enjoy some symmetries.
These two observations combined with the freedom of chodsimi lead us to the con-
clusion that¢ may be selected so that it shares the symmetrigéiof Moreover, due to
fixed boundary conditions of; N S;, i # j, we may modify{|s, independently of any
modification of¢|s; .

For the sake of presentation we introduce the notation

€r = (1‘1,1‘2,0)/7“, €p = (—:ﬂg,l‘l,O)/T,
wherer? = 22 + 2. We also denote bg),, a rotation about the vertical axis by angle

Proposition 3.1.  Let us assume that<c L?(S;) and¢ € D;, i € I, is a solution to (3.2).
Then:

(a) The vector field € D; given by the formula
1 2

E(l‘) 5 Q,af(an)da,

:27T0

is also a minimizer of;, i = T, A, B. Moreover£ is rotationally invariant.e. for anyQ.,,
a € (0,2m)

Q-0€(Qar) = &() (3.4)
and
divsf = dl'st.
(b) The vector field € D; given by the formula
{(z) = %(E(th, —x3) + &(1, T2, 3))

is also a minimizer of;,i = T, A, B. It satisfies

§(r1, w2, —23) = (21, T2, T3)

and 3
divgé = divgé.

Proof. (a)Let us notice first that if is a minimizer ther)_, o £ 0 Q,, isinD;. This is so
due to invariance of the boundary condition with respect to rotations about the vertical axis
expressed in (3.1).

We claim that) _,, o £ o Q,, is a minimizer. Indeed, by formula (2.2) we see that

divgQ_q 0§ 0 Qu(x) = divsé(Y)|y=Quz-

Thus, due to rotational symmetry efandS;

Qw0800 = 5 [ 10¥SE(Qur) —o(Qun) i)

_ % /S 1divs(y) - o) dH(y) = E:(©)

11



In addition@_,, o £ o Q,, satisfies the boundary conditions due to (3.1). Hence it is indeed
a minimizer.
We set

2w
€)= 3= | Qaotou@)io

Due to (3.1) is in D; too fori € I. We now check thag(z) is a minimizer ofe;

= 1 1 2T -
=5 /SL |27T/0 divgQ_q 0 &0 Qu(x)da — 0(%)\2 dH2($),

Due to Young’s inequality we see

cfy < ] di 2 ey A2
O 5 [ 5 [ 1a¥s0c0€0Qulr) — (@) Pdadr(r)
1 2m

- 5 Ei(Q-a 0 &0 Qa)da = &(£).

The rotational invariance @f follows from the very definition of, namely

2
Q-0060Qule) = Qa5 [ @-po0Qu@ui)
1 24+ _
= 5 Q90 &0 Qp(x)df = £(x),
™ (04
for0 = ¢+ a.
The equality
diVSf = diVSf_

follows from the fact that due to strict convexity of the integrandjnthere is a unique
divs& minimizing &;.
(b) It is obtained by a similar, simpler, arguments, however, we skip details. O
We may combine (a) and (b) of previous proposition, in this way we deduce.

Corollary 3.2. There existg, belonging to allD;, i € I, which is a solution to (3.2),
which is rotationally invarianti.e. (3.4) holds, and symmetric with respect to the plane
{z3 = 0}. O

We notice that in fact the functionatsr and £ coincide and subsequently we will
frequently take advantage of this fact.

Let us suppose thatis given by Proposition 3.1 (a). If we writdz) = £1e, + £2e, +
&ses, wherees = (0,0, 1), then the rotational invariance implies

& =&i(r,x3), i€l (3.5)

Let us calculate diy¢ on Sy, St, for £ given by Corollary 3.2. If we take into account
(3.5), then formula (2.2) yields

divge — % te 1 ‘ij _ %51(7”, L)+ %51(7“, L) on Sp
and 1 0 9 1,9
divgé =& —= + ﬁ* + E =&§(R,x3)— s (R z3) oOn Sh.



We immediately see that because of (2.3) these formulas imply that
& e H(Sp) and & e HY(Sy). (3.6)
The structure of the above formulas suggests another possible simplification of

Proposition 3.3.  Let us suppose thgte D; is a minimizer ofg;, i € I, as in Corollary
3.2. Then, there exists: Q2 — R, ¢|s, € H*(S;), such thal ¢ € D;, i € I, and

£ =V¢ isaminimizerof &, icl.

Proof. Letus definep : (0, R) — R by relations

P =a0L) and p0)=0.
Next we define) : [0, L] — R by
P =&(R.2) and v(0)=0

We set
¢(r,x3) = (1) + ¢(l2s).

Because of;3(RR, —z) = {3(R, 2) and (3.6) we deduce thate H?(S,). Furthermore, we
have to make sure thate D;, i € 1. By definition

£ =¢&(r,L)e, +&(R,L)es onSr, € =¢&1(R,L)e, +&(R,x3)e3 0nSy.

Now, by the very structure @y(nz) anddy(n, ), we conclude thag € D;,i e 1.
It is obvious that satisfies

diveé = divgé on Sy, Sy.

Hence is another minimizer, as desired. O
We shall frequently use this proposition in our further discussion of minimizefs of

4 Stability of facets

The stability analysis is performed at a fixed particalar 0. For this reason we shall drop

in this section the time argumentfhando. However, the time regularity @fis important

to us. We shall comment on that at the very end of this section. Before turning to our main
topic we recall two important facts. The first one is our main analytical tool.

Proposition 4.1.(Berg’s effect, [GR2, Theorem 1]) Suppose that is a unique solution
to

Ac=0 in R*\Q, o(c0)=0%

a—a =V,onS;, i=AT,B
on

wheres = o(r,x3), o(r,—x3) = o(r,x3), n is the outer normal t& andV;, i = A, T, B
are constants, moreovef = Vg.
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(@) If Vi > 0, l‘heng—;3 > 0 forzs >0 alndaa—gg’3 < 0forzs <0onSy.

(b) If Vi > 0, then%Z > 0 on Sy U Sp.

Remark. A similar statement holds if we reverse the inequality signs.

Some parts of the facet stability analysis will be general, however, the sharp results
will be obtained for a special class of evolutiare. self-similar motion. We recall that a
solution (2, o) to (2.15)—(2.17) is known as self-similar, provided tket) = a(t)2(0),

. . L
wherea(t) is a scale function. We remark that the scalkequals toRE =1 whereRy
0 0
is the radius o#V, andLy is the half-height ofV,.

What is more interesting is that self-similar solutions are possible only for some special
choice ofy (hencelV,) andf’s. Namely, we have shown in [GR3]

Proposition 4.2.[GR3, Theorem 4.7, Theorem 4.8Jhere is a choice ofp, yrg = yr =
~vp appearing in (2.1) an@r = (g, B satisfying

vifi =const i€l

or equivalently
Po = £ = ﬂl
R Ba
such that system (2.15)—(2.17) with{0) = aW,, ando> > 0, o> # 2 has a self-similar
solution. In factya, yrg, B = Br, Oa fulfill the above property if and only if is a

solution to (see equation (4.8) in [GR3])

Ap*(fr, fr + fB) + 6p(fr, fo) = || fal]*.

Our goal is to find a proper selection §fas suggested by Theorem 2.3. We want to
prove that for such &
o — divg¢ = const 4.1)

holds on each facet and thatbelongs toD; for eachi € I. For eachi = T, B, A we
defined a functionaf; on H'(S;) by formula

& =5 [ lo-dvsePart,  i=AT.B,
S;

for ¢ € D;. By definition the setd;, i € I, incorporate the constraint (2.4) and the
boundary conditions (2.6), (2.7). Wmstulatethat the correc§ must be such th&j|s, is

a minimizer of&; for eachi = A, T, B. The idea that the proper selection of the Cahn-
Hoffman vector comes from a minimization process is not new. For surfaces it has been
introduced in [GGM, Section 9], [BNP2] and for evolution of curves in [FG], [GG1]. A
similar idea is also present in [GPR].

4.1 Euler-Lagrange equations

We shall now investigate the relationship between solutions to (4.1) belongiRgdad
minimizers of&;. We will see that equation (4.1) is the Euler-Langrange equation for the
functionalé&;.

14



Proposition 4.3.Let us suppose thgtis a solution to the minimization problem

&(6) = inf &(¢),

such that

&(x) € Intdy(n;) forallz € S;\ S, j # 1. 4.2)
Here, Intby(n) denotes the relative interior of the sef(n). In case of = A we addi-
tionally assume that is rotationally symmetric. Then,

o —divg =const  onS;.

Remark. An argument similar to the one used here can be found in [GGM, Lemma
9.5] for crystalline evolution of polyhedra for constant

Proof of Proposition 4.3. Let us takeh € C°(S;;R?), h = hie, + hoe, + hses.
The conditioré + h € d9(n) implies:

hs=0 if i=T,B,
hi=he=0 if i=A,
and the normg{hie, + haeyllcocs,), @ = T, B, [|hsllcocs,) are small. Otherwisé is
arbitrary.
Then we obviously have
0 <&(E+h)—&()
_ 1/ (jo — divs €2 — 2(o — divs E)divs h + (divs h)?) dH2 — & (&)

2
S

= / <—(a —divg §)divg h + %(divs h)2> dH?.
J
Since¢ is in the interior ofdy and the support of is separated away fro; N S;, j # i,

then for an arbitrary: with sufficiently small normi|k||-0, we may consider-£ in place
of h. Thus, we conclude that

/(a —divgé)divehdH* =0,  Yh e C°(S;;R?), &+ h € dy(n).
S;

We consider first the case= A, then diwh = g—’;g, hence the above identity takes the
form

L 2
R Ohs
o — div — dpdzxs = 0.
/—L( s¢) o Oz3 P
Since the functiors is arbitrary we deduce that
(o — divg€) = const

If i =T, B, then we need an auxiliary result below, whose application willimmediately
yield the Lemma. O

15



Lemma4.4. Letussuppose thdte L?(S;), wherei = T, B. Ifforeacht € C5°(S;,R?)
itis true that

/ fdive dH? =0,
S.

K3

then
f = const

Although this result is rather known we decided to include the proof for the sake of com-
pleteness.

Proof. Step 1Let us assume first thgte C'(S;) N L%(S;), then integration by parts
yields

0 = —/ Vi(z) &) dH?(x) + [ fz)- (&) -v) dH (z)
Si

985

_ _/S‘ V(z) - €(x) dH3(x),

wherev is the outer normal vector @S; in T'S;.
Thus, the claim follows as a consequence of the du Bois — Raymond Lemma.
Step 2.We assume that € L%(S;). We take the standard mollifier kernel(z) =
e "p(x/€), wherep € C§°(B(0,1)) ande(Ovl) p(z) dzr = 1. We set

A similar definition is valid onSp.
We considek such that

dist(supps, 9S;) > § > 0.

We can easily check that
| fwydive(a) abi (@) = [ f@)dve s« po) o) dHe (@) =0
S; Si

and supf¢ * pe) C S; fore < 6.

Thus, by the first steg, = C. in {z € S; : dist(z,9S;) > 0}. But f. converges in
L%(S;) to f. Hence,f itself must be a constant. O

We will prove a converse statement. Due to Corollary 3.2, we may restrict our attention
to ¢ satisfying the symmetries of the probleng, in the form of (3.5), however this is not
necessary.

Proposition 4.5. Let us suppose thgte D; is a solution to (4.1). Ther, is a minimizer
of &;.

Proof. Let us take any € D;. Then,{ = ¢ + h, whereh satisfies (2.3) andl - v; = 0in a
sense explained in (2.6), (2.7). We will see tBat) > &;(§). Indeed,

Ei(E+ 1) = E(€) —/

) (o —divg &)divg hdH? + % / (divg h)? dH2.

S;
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Now, we recalle — div¢ = V;5;. First we will considel = T', B. The integration by parts,
i.e. the evaluation of, - v; on1 € W1/22(35S;), yields

/ (o — divg €)divg hdH2 = Vi@-/ h-vdH! =0.
S aS;

The Proposition follows foi = T, B.
If ¢+ = A, then we have to use the Gauss formula appropriate for surface divergence,
(2.12), we see

/ (o —divg €)divg hdH? = Vﬁ/ h-vdH' + (0 —divs &) | H-hdH>.
SA GSA SA

However, as at the end of the proof of Proposition 2.1, the constraint (2.4) implies that
H - h = 0H?-a.e. and the Proposition follows. O

4.2 Solutions to Euler-Lagrange equations

We begin our construction of solutions to (4.1). In order to make our analysis applicable
to all admissible cylinders we consider the two %) and Sy, Sp separately. However,
the final sharp qualitative conclusion will be about self-similar motion we constructed in
[GR3].
We shall construct solutions to (4.1) in the form permitted by Corollary 3.2 and Propo-
sition 3.3,i.e.
§=pr(r)e, + uy(x3)es (4.3)

and satisfying the boundary condition (2.6), (2.7). For the sake of simplicity of notation we
will write o(r) instead ofo(r, L) ando(z) in place ofo (R, z) when this does not lead to
ambiguity. We stress that € L2(S;) is given here.

Let us consider facef7. We notice that orb we have, (see (2.2)),
. . 1
divs§ = divgVep = ¢ + e

The conditiono — divgé = BV = const. implies

1
g — 5TVT = ;(T(Pr>r-
After multiplication byr and integration we see

1

op(r) = - /OT so(s)ds — g BrVr.

The conditiong € dy(np) N dy(ny) on Sy NSy implies (2.5) that yields
or(R) =~(ma).

Hence,

v = (5 [ sords—am) 2
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We notice that this expression coincides with (1.6)%n Finally, we reach a formula for
solutions to (4.1) orbr.

on(r) = 1/; so(s)ds + <7(nA) - ;/OR so(s) ds) | (4.4)

r

Now, we will solve the Euler-Lagrange equation (4.1)%n Let us calculate diy¢ on
Sy for £ of the form (4.3). By formula (2.2) we can see

, (R
dIVSé- = gp‘(R) + ¢1323

and condition (4.1) takes the form

or(R)
R

V:2(2) = 0(R,2) — ( + ﬁAVA> ;

whereg, (R) = v(np) = 7, is constant. Integration of the above equality yields

v:) = [ ooyt (T + 5a0a) =

where due to the symmetry of the problem with respedttp= 0} we havey,(0) = 0.
Moreover at: = L the value o), (L) is imposed by the constraiRty) € 9-y(np)Ndy(nr)
yielding (2.5),i.e.

Q;Z)z(L) = 7(nT>'

It follows that

0 <~v(nr)= /OL o(s)ds — L (%\ + ﬁAVA) .

Hence

Lot 7 (nr)
ﬂAVA—L/O O'(S)dS—E— T

in agreement with (1.6) fof,. We conclude that, the solution to (4.1) orb takes the
form

z z [F n
¢Z(z):/0 o(s) ds—L/O o(s) d$+7(LT>z, (4.5)

Once we obtain the formulas fgr then the question of stability is reduced to a relatively
simple matter, as explained below. To be precise, we say that afacestableif there
exists a minimizet € D; of (3.2) such that

divgé — o = const ons;.
As we have observed, we may assume ghatof the form given in Proposition 3.3.

Theorem 4.6. (Necessary and sufficient conditiond)et us suppose that is given by
Proposition 2.2, thus in particulats, € L*(S;). If ¢ € D; is a solution to (3.2), then there
exists¢ € D; another minimizer of;, which is of the form (4.3) and

dist = dI.Vgg.
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Moreover,
(i) FacetSt (andSg) is stable if and only ifp is given by (4.4) and

or(r) € [=v(np),v(ny)], forr € [0, R], ©r(0) =0 and ¢.(R)="(ny).

(i) FacetS, is stable if and only if) is given by (4.5) and

77[)563 (:CB) € [_V(HT)v’Y(nT)]v forr e [_L’ L]’ 770933 (O) =0, ¢x3 (L) = V(HT)'

Proof. By Proposition 3.3 there existgr, x3) = ¢(r) + 1 (z3), such that = V¢ is a
minimizer of&;, i € I, and diwé = divge.

(i) Necessity.The stability implies that diy¢ — o = V7 and we can solve (4.1).
Its only solution is given by formula (4.4). Singec D; we obviously have thap,(r) €
[—7(na),v(na)], ¢r(R) = v(na), while ,.(0) = 0 is a consequence of smoothnesgof

() SufficiencyThis is the content of Proposition 4.5.

The remaining case (ii) is treated in a similar way. The details are omitted.

O

The above statement is general but not satisfactory because we would expect sufficient
and necessary stability conditions expressed in terms ahdo°°. Such results will be
obtained for self-similar solutions. We shall treat separately the dgses0 andV; < 0
since the results differ.

Let us close with remarks on time regularity&fThe construction of solutions to (4.1)
which we provided in formulas (4.4), (4.5) show that L are involved in an algebraic
and integral way. Hencg will share the smoothness &, L. We stress that, in facg, is
well-defined not only o®(t) but also orR3. We can express it as follows.

Corollary 4.7. Let us suppose that the motion<eft) is such that the facétp, S andSx
are stable. Then, there exists a minimizeEQf € I, such that the functions

t—¢(t,xr) eR

are of clas€'™! in time for fixedx.

4.3 Stability of growing self-similar solutions

Our goal is to prove transparent necessary and sufficient stability conditions for growing
solutions. Let us note that Proposition 2.6 implies that#f+ « > 0, then the self-similar
solution grows, we set here= kp = kg = kp, asf(t) is a scaled Wulff shape. Below,
we state our main result.

Theorem 4.8. Let us suppose that G are such that there exists a self-similar motion
of 2(0), i.e Q(t) = a(t)W,, and the assumption of Proposition 4.2 are satisfied. Moreover,
we assume that> + x > 0, wherex is the curvature of2(0).

(i) The stability of motion o6 at timet is equivalent to

a(t)(c*®a(t) — 2)er ) 149
Br taBer = ol 9dr(0) (4.6)

The constantr, and the functiom; depend only oV, the aspect ratigy. Their defini-
tions are given below, see formulas (4.10) and (4.19).
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(il) The stability of motion of5S, at timet is equivalent to

a(t)(c>®a(t) — 2)cp . 149
< =
Ba + a(t)ea - 19161}%)1,11) Pdp(9)

4.7)

The constant,, and the functionl, depend only onV.,, oo. Their definitions are given
below, see (4.10) and (4.20)

We will divide the proof in a series of Lemmas. We begin with general remarks.on

Lemma 4.9. Let us suppose that. is given by (4.4). Then it always satisfies(r) <
v(ny) forallr < R.

Proof. Let us notice thap, () has the form

er(r) = y(na) +rg(r),

where we set
1 1

g(r) = 2 /0” so(s)ds — B2 /OR so(s)ds.

The functiong : [0, R] — R is continuous and differentiable ¢f, R). It is easy to see
thatg(R) = 0 and

. o(0) 1 (B
rlir(lgl+ g(r) = — T R2/0 so(s)ds.

We deal with the growing crystal onlye. V; > 0. Then it is obvious that

R
o0) = gz | s(o(0) —o(s)as

and due to Berg's effect (see Proposition 4.1) we conclude that

g(0) < 0.
We calculate the derivative gfr),
d 2 (7 1
%g(r) = —73/0 so(s)ds + ;U(T)
2 T
= 5 s(o(r) —o(s))ds.

Another application of Berg’s effect implies thdt(r) > 0, for » € (0, R), thus we con-
clude thatrg(r) < 0 for r € (0, R) and it follows that

o < F(nn) for re(0.R),

as desired. O
Lemma4.10. Letus suppose that,., given by (4.5). Then it always satisfieg, (z) <
v(nr) forall -L < z < L.
Proof. Because of the symmetry of the problem, it is sufficient to consider0. We
note thaty, may be written as

¥=(2) = zh(2) + Z7(n7),

z
L
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where

h(z) = i/oza(s) ds _i/OL"“) ds.

Itis clear thath : [0, L] — R is continuous and differentiable ¢, L). Moreover,

. 1 (r
lim h() = o(0)- 1 /0 o(s) ds

1 L
= L/o (0(0) — o(s)) ds < 0;

when the last inequality follows from Berg’s effect. It is also obvious t{dt) = 0.
We may calculate

W(z) = —% Oza(s)ds—FU(Z)
1 z
— /0 (0(z2) —o(s)) ds > 0.

22

This inequality follows again from Berg’s effect implyingz) > o(s) for z > s > 0. We
conclude that
zh(z) <0,

hence .
Y.(2) < Z’y(nL) < y(ny), forz € (0, L).

]
To study the implications of the inequality,(r) > —~v(n,) and to find conditions
implying ¢,-(r) > —v(na) we need good estimates on spe&@sV, .
In order to state next Lemma we recall or introduce some notation. Namely, we recall
that we denoted by} the unique solution to (2.18)—(2.19) wifh = W,. Subsequently,
we will use two auxiliary functions defined @& \ W.:

wa =Y mwfl, wr=>_ af}, (4.8)

el i€l
where
1 i=T,B Cf1 i=A

By Sr(W,), Sa(W,) we denote, respectively, the top and lateral surfacé¥ af Finally,
we set

1 1

wr dH?, cp = wp dH. (4.10)
1SAW)] Sy o)

or =
[ST(W)| Jspw,)

We denote by: the scale factor. We know that

L R_L
Ry Lo’

and we recall thaf?y = v(np), Lo = v(nr).
We now state the estimates on the velocities.
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Lemma 4.11. Let us assume thav,. and,(3’s admit self-similar evolution anf(t) is a
self-similar solution such th&t(0) = W, (see Proposition 4.2). Then,

@

0™ —2/a
W_EIEF (4.11)
(b) .
g - a

The constant, is defined above, see (4.10).
It is convenient to use the notation

1
]{; @) dufa) = —o /G £ (@) du(a),

wherey is a measure. We will write so from now on.
Proof of Lemma(a) We will consider the case &f, a similar reasoning will be valid

for Sj.
Our starting point is the equation

fawﬂzw—@w. (4.13)
St

We recall the representation formula tori.e.
oc=0"-> fVi
icl
This applied to (4.13) yields
][ > fiVit BrVe = 0™ + 5,
ST el

where we writex for ki = k.
For all time instances of the self-similar evolution we h&%e'Vy = py, wherepy =
L/Ris the aspect ratio dfi’,. Hence, by (4.9) and Proposition 2.4

Vi (Br+f Y sradrt) =o®n
ST el
We recall here that fof2 = oWV, the f's are given by scaling (see (2.23))
a _ 1 E
fi@) = af' (),

wheref!'s are described above. Thus, if we wre (W) for the top ofiV,,, we arrive at

2
V| Br + a][ wrdH? | = o> — 7(na)
S (W) R

or (4.11) as desired.
Part (b) is proved along the same line. The details are omitted.
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We are now ready to state the crucial results.

Lemma 4.12.
(a) The condition
©r > —v(na) (4.14)
is equivalent to
a(t)(c>®a(t) — 2)er . 140
<2 = . 4.15
Br+altier el 9dr(V) (4.19)
Functiondr is defined below.
(b) The condition
Yy = —(n7) (4.16)
is equivalent to
a(t)(c®>a(t) — 2)cp <9 min 17+19 ‘ (4.17)
Oa + a(t)ea 9€(0,1) Ydp (V)

Functiond, is defined in (4.20).
Proof. (a) Our starting point is the observation

1 (" 1
— [ so(s,L)ds = ][ o(x) dH?(x)
= Jo 2 Srn{z?+a2<r?}
1
= =0y
2

i.e. the integral on the left hand side is one half of the averageoser the 2-dimensional
ball with radiusr on S concentric withSy. Thus taking into account the definition ¢f,
the condition (4.14) may be rewritten as

%7‘(63 —0y) < y(nyp) <1 + %) , for re(0,R). (4.18)

For the derivation of the necessary condition$nwe look atep — 7. We scale those
averages so that we deal with averages over the Wulff shape. But before that we use the
representation formula (2.22) ferand we notice that> drops out

OCR—0r = a 2 2
o ( S vl e S Vif ) dr ))

Sr(Wy) ie] W) {3 +a3< & Ro} So]

We may now pull oul in front and introduce) = &, ¥ € (0,1). Then we see that

or—0r = aVp ][ wr(x) dH? () —][ wr(x) dH?(z)
St(Wy) St (Wry){ai+z3<dRo}
= aVrdp(0). (4.19)

We denote byl (¥9) the factor in the parentheses, because it depends orily,0@, and
. Thus the necessary condition reads

gaVTJT(ﬁ) < y(na)(1 + %).
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or after dividing it by R and recalling that/(ny ) = Ry we conclude that

149
2 .

Vp <2 Tv
YT =2 0800 9dr(9)

After we recall the formula foi’r (see Lemma 4.11) we obtain (4.15§.

woFa=2er gy 1HY
Br + acr 9€(0,1) Idr (V)

Part (b) is proved along the same lines, we have only to provide the definitiby of

dp(9) = (][ wp (z) dH?(z) — ][ wp () dH?(z). (4.20)
Sa(Ws) Sa(Wy){lzs|<dLo}

]
Proof of Theorem 4.8ow comes as a simple combination these Lemmas. O
We close this subsection with easy to check sufficient conditions. If we drop the last
summation term in (4.19), then we obtain a sufficient condition which is harder to fulfill,
but it is simpler. Namely, we come to

%VTacT < v(np)(1+ %) forall r € (0, R).

This in turn is equivalent to
R
§VTCLCT < 27(ny)

or
a® (0™ —2/a)er

2 Or+a-cp
obviously (4.21) is satisfied fo™> — 2 < 4, i.e.

<2 (4.21)

ac™ < 6

is the sufficient condition we have in mind.
The same argument performed fex yields the following sufficient condition for sta-
bility
ac®™ < 4.

We have thus proved,

Corollary 4.13.
(a) If ac® < 6, then facet$y, Sp are stable. (b) lic™ < 4, then facel5, is stable.

4.4 Stability of shrinking self-similar solutions

The basic argument is similar to that used in previous subsection, but it requires some mod-
ifications and the conclusion is different because we get possibly two regions of stability:
for Q close to the Wulff shape and fér close to a poin{0}.

Theorem 4.14. Let us suppose thal’, and3’s are such that a self-similar motion is
admissiblep, is the corresponding aspect ratiold%,, (see Proposition 4.2). We assume
that2(0) = W, ando™ + k < 0.
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(i) The motion ofSt is stable if and only if

a(2 — ac™)

— <, 4.22

2(Br +acr) — © (4.22)
wherea is the scale factor and the definition&f is given below in (4.25).

(iiy The motion ofSy, is stable if and only if

a(2 —aoc™)
— - <) 4.23
Br e =M (4.23)

where the definition of is given below in (4.26).

We shall deal with (i) only, because (ii) is handled in a similar way.

Basically in order to prove this theorem we may go along the lines of Theorem 4.8,
however many important details change. Hence we will sketch the argument. It will be
divided in a number of steps.

Lemma 4.15.Let us suppose that the assumptions of Theorem 4.14 are fulfilled.
(a) If v is provided by (4.4), then

or(r) > —y(nyp), forallr € (0, R).
(b) If ¢ is given by (4.5), then
gy (x3) > —y(ny), forallzs € (0,L).

Proof. Let us write

-
or(r) = E”Y(HA) +rg(r),
where as before

(r)—lfrs (s L)ds—l/Rs (s,L)ds
g _T2 0 gls, R2 0 og\s, .

We can see that(r) = %(5r — or) and by Berg’s effect (wittV; < 0) we conclude that

g(r)>0 forallr e (0,R).

Hence, .
pr(r) > p(0a) > —y(na),
as desired.
Part (b) is proved exactly in the same way. The inequality:fo: 0 is obtained by the
symmetry of the problem. O

Lemma 4.16. Let us suppose that the assumptions of Theorem 4.14 are fulfilled. The
Cahn-Hoffman vector is in the forgi= Vo (r) + Vi (z3). Then:
(i) The conditionp,(r) < v(ny) is equivalent to

a(2 — ac™)

< o,
2(Br +acy) —
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wherea is the scale factor, = R/ Ry, anddr is given by (4.25) below.
(i) The conditiony,.(x3) < ~(nr) is equivalent to
a(2 —aoc™)
/BA + acp
The definition o is provided by (4.26) below.

>~ OA-

Proof. (i) By previous argument conditiop, () < v(n,) is equivalent to

FY(0) + 53— 7R) < A(ny). (4.24)

The definition ofg,. is as it was before. We repeat the argument and we see

Gr—on  =aVy 7[ wr(z) dH2 () —][ wr () dH2 ()
Sr(Wy) Sp(Wy)N{r<0Ro}

= aVTdT(Q),

wherer? = 27 + 23, 0 = r/R andwr is defined by (4.8). It is obvious that.(1) = 0.
By Berg’s effect (Proposition 4.1 with negative normal derivatives) we can deduce that
dr(0) <0forall§ € (0,1).

Thus, (4.24) takes the form

0+ gaQVTdT(G) <1, forallge(0,1)

or after recalling the form o¥, see equation (4.11),
a(2 — ac™) < 1-6
2(Br + acy) ~ 6(dr(1) — dp(0))’

We have to know that the right-hand-side is strictly positive fofad (0,1). Because of
the structure of the right-hand-side of the above inequality, it is sufficient to calculate its
limit as 6 goes to 1. We have

lim dr(l) — dr(9) =2 (w(R, L) —jé w )w(m) dH2(a?)> > 0.

forall6 € (0,1).

0—1— 1 — 9
Finally (4.24) is equivalent to
a(2 — aoc™) ) 1-6
—— 7 < min =: 7. 4.25
20+ aer) ~ oRto 0(dr(1) — dp(@) " (429

The argument for part (b) is analogous with obvious changes of definition. We reach
that stability ofS, is equivalent to

a(2 — aoc™) ) 1-0
ale—ao™) —. 4.26
Gatacy — oeon) 0(dy(1) —da(0)) M (4:26)

wherew, is defined by (4.8) and

da(6) :][ wp (x) de(x) —7[ wp () dHQ(LU).
Sa(Wy) SA(WAy)N{r<6Ro}

Proof of Theorem 4.14t is a straightforward combination of these two Lemmas. O
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5 Concluding remarks

We may summarize the main results in the following way

Corollary 5.1. Let us suppose th&t(0) = aW,, hencex = —%. Let us assume
thaty andg are chosen so that the self-similar solutions exist:°#f+ « is positive, then
Vi > 0, i.e. the crystal grows. Moreover, the facets are stable, i.e.

o —divg§ =const. onS; i€l

as long as (4.6) and (4.7) hold. O
We note that at some point of evolution (4.6) and (4.7) certainly will be violated. After
that, the behavior of the system requires further research. It will be presented elsewhere.
Let us comment on Theorem 4.14. For simplicity we assumeQ@t = W, hence
(4.22), (4.23) get a bit simplified. We notice that (4.22) or (4.23) are satisfied either for
close to 0 or 1. In order to see what may happen we calculate the maximum with respect to
a of the left-hand-side of, say, (4.22). We can see that

i a(l—a)  Vb2+b(1+b—b*) —2b+b°
ac(0) b4a NEN

Hence it depends updn Thus, we may expect that the left-hand-side of the inequality in
Lemma 4.16 (i) (respectively, Lemma 4.16 (ii)) exceégdgrespectivelyj,). If this is so
we have an intervalal, a2 (respectively(a?, a})) of values ofa for which the stability
condition onSp, St (respectively,Sy) is violated. We cannot say if this really happens
as long as we do not know any estimates of numerical valug-p06,. In other words,
we may have as much as two regions of stability depending upon the choice of parameters:
namely when the scale facteris close to 0 and whef(0) is close to the equilibrium
configuration.

Similarly as in the case of growing crystal, we do not know what happens after the
stability condition is violated. This topic is a subject of further research.
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