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Abstract. We show Rouché type theorems using a theorem of Adamyan, Arov
and Krein. As applications, we obtain a certain characterization of self-maps of the unit
disc in terms of the location of the Denjoy-Wolf point and we study a function in the
Smirnov class whose real part is positive.



§1. Introduction

Let D be the open unit disc in the complex pland ¢ and let 9D be the boundary
of D. An analytic function in D is said to be of class N if the integrals / log™ | f(re®)|dd

are bounded for 7 < 1. If f is in N, then f(e?) = lin% f(re®) exists almost everywhere on
r—
oD. If ﬂ | i |
limy [ log™ [f(re)|a0 = [ 1o [ (e")]db,
r—=lJ—m —m

then f is said to be in the Smirnov class N,.. The set of all boundary functions in N or
N, is also denoted by N or N, respectively. For 0 < p < oo, the Hardy space H?, is
denoted by Ny N LP.

Through out this paper, we use the following notations. We call ¢ in N, an inner
function if |¢| = 1 a.e. on dD. A function h in N, is called outer if it is not divisible in
N, by a nonconstant inner function. For two inner functions ¢, ¢ we will write ¢; > ¢
when there exists an outer function i in H' such that giqz = |h|/h. If ¢ = ¢ and q; < ¢o
then we will write that ¢; ~ ¢». For a nonzero function f in N,, f has an inner outer
factorization : f = ¢h where ¢ is inner and h is outer. The inner part of f will be written
as ¢[f]. For a function F in H', we will write the Herglotz integral f of |F| in the form :

f(2) = 14+ Qr(2) 1 /7r et + 2

= 0p() ~ 2n )y ot T (€Dldt (z€D)

where (O is a contractive function in H°.

The following two theorems are very well known and they are written in the title
of this paper. The first one is called Rouché Theorem and the proof is elementary (see
[7, p225]). The second one is called Adamyan, Arov and Krein Theorem [1]. The present
form is a corollary of [4, Lemma 5.5 in Chapter IV] which was proved by the author [5,
Lemma 6].

Rouché Theorem. Let U be a bounded domain in ¢ whose boundary OU con-
sists of finite disjoint closed Jordan curves. Suppose f and g are nonzero functions which
are holomorphic on U UOU. If |f(2)| > |g(2)| (2 € OU) then § Z(f) =4 Z(f — g). Here
for any analytic function F on U UOU, t Z(F) denotes the number of zeros of F' in U,
counted according to their multiplicities.

Adamyan, Arov and Krein Theorem. Let ¢ = F/|F| for some nonzero
function F in H'. Then

fA =@ ~w)
1-— wa

{9 H®: [o—glo < 1} = { we H®, Jule <1and f € HY, f/F > o}

In this paper we generalize Rouché theorem in case U = D to when f and g are
not necessary holomorphic on dD. Moreover we give a Rouché type theorem. In fact,
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we describe f — ¢g where f and ¢ are functions in the Smirnov class with |f| > |g| a.e.
on 0D, using Adamyan, Arov and Krein Theorem. As an application, we describe a
function whose Denjoy-Wolff point is in D and study a function in N, whose real part
is nonnegative on 0D.

§2. A generalization of Rouché theorem

Theorem 1 is a generalization of Rouché theorem in the Introduction for the open
unit disc. In fact, if f and g are holomorphic on DU 0D and |f| > |g| on D then f and
g belong to N, and there exists € > 0 such that |f| > ¢ + |g| on 9D. Hence we apply
Theorem 1 to Rouché Theorem. We prove Theorem 1 using a Toeplitz operator. For a
function ¢ in L>®, T, denotes the usual Toeplitz operator on H? with symbol ¢ (see [3,
Chapter 7]).

Theorem 1. Suppose f and g are nonzero functions in Ny and |f| > e+ |g| a.e.
on 0D for some € > 0. Then q[f] ~ q[f — ¢g].

Proof. Put ¢; = ¢[f] and ¢ = q[f — g]. If f = qih, h is outer and k = g/h,
then f — g =h(qn — k), k € H* and ¢ = q[¢1 — k|. Then ||k||« < 1. For by hypothesis
|h| > e+ ]g] > e and so 1 > g|h|™! + |k| > |k|. If ¢ is the outer part of q; — k, then
o —k=0-qk)g = @l, g = (1—qk)l~" and £ is an invertible function in H>
because (¢1 — k)~' € L. Since ||q1klloc < 1, [ — Ti—gkll = |Thkll = @1kl < 1 and so
T1_g,1 is invertible by a theorem of Widom and Devinatz (see [3, Theorem 7.10 in Chapter
7]). Hence T4, = T(1-g,k)Ti—1 is invertible because ¢ is invertible in H*°. Hence there
exist [}, Fy € H? and Gy, G5 € HZ such that ¢1qoF1 = 1+G; and ¢1G2F> = 1+G5. Then
q_1q2F1(1 + Gl) - |1 + G1’2 == |F1(1 + Gl)’ and qquFg(l + GQ) == |1 + GQ‘Q == |F2(1 + Gl)‘
Since Fi(1+ G1) and Fy(1 + G3) belong to H', ¢, ~ ¢o. For if f is not outer and f = ¢h
is an inner outer factorization where ¢ is inner and h is outer, then it is easy to see that
F = (1+ ¢)*h is outer and |f|/f = |F|/F because |(1+ ¢)?|/(1+q)* = q.

Corollary 1. In Theorem 1, if q[f] is a finite Blaschke product then q[f — g| is
also a finite Blaschke product and § Z(f) =48 Z(f — g).
Proof. Put Q1 = ¢[f] and Q2 = ¢[f — ¢] then
5 Fl_ G | 1
=—=—, FeH H
Q10Q2 ja el € and G €
because Q1 ~ @, by Theorem 1. Hence Q,Q-F = |F| > 0 and so ¢[Q,F] is a finite
Blaschke product with deg @1 > deg q[@2F] > deg Q2. This is a result of 8.4 of Clapter 8
in [2]. Similary we can prove that deg Q1 < deg Qs.



§3. Rouché type theorems

In Theorem 1, if ¢ = 0 then the conclusion is not valid. In fact,if f = zand g =1

then g[f] = 2z and ¢[f — g] = constant. Hence q[f] ¢ ¢[f —g] but q[f] = q[f —g]. Corollary
2 shows that ¢[f] > g[f — g] is valid in general. Corollary 3 is a result of D.Sarason [8,

Proposition 3]. Recall that (1 + Qr)/(1 — Qr) denotes the Herglotz integral of |F|.

Theorem 2. Suppose f and g are nonzero functions in Ny, |f| > |g| a.e. on
oD and f —g#0. Then
BE(L - Q)(1 - w)

1—w@

where h is the outer part of f, F is a mnonzero function in H' with hF/f > 0 a.e. on
0D, Q = Qr and w is a contractive function in H™ with w # 1.

Proof. Let f = qih where ¢ = ¢[f] and h is outer. If k = g/h then k €
H*, ||klloo <1and f—g=h(q — k). Since ¢ = (1 + q1)*/|1 + ¢:|> and (1 + ¢;)? € H*,
by Adamyan, Arov and Krein Theorem in the Introduction

(1 -Q)(1—w)
1—Quw

is a nonzero functionin H' with ¢ F > 0 a.e. on D and Q = Qr}.

f—g=

F
{E; EEHOO? HQI_gnooSl}:{

;w € H®, ||w|ew <1, F

Since ||g1 — (1 — k)|lo < 1, by the equality above ¢ — k has the form : F(1 — Q)(1 —
w)/(1 — Qw). Then w # 1 because f # g. This implies the theorem.

Corollary 2. If f and g are nonzero functions in N., |f| > |g| a.e. on D and

f—g#0, then q[f] = qlf — g]. It may not happen that q[f] ~ q[f — g].
Proof. By Theorem 2, f — g = hF (1 — Q)(1 — w)/(1 — wQ). Then ¢[f — g] =

q[F] because h(1 — Q)(1 — w)/(1 — wQ) is outer. Since q[flq[F]¢ = hF/f > 0 a.e. on

dD, q[f]q|F] = |f|/¢ where ¢ is the outer part of F. This implies that ¢[f] = q[f — g].
The second part was proved in the remark above Theorem 2.

Corollary 3. If f is a finite Blaschke procuct and g is a contractive function in
H® then deg(f) > degq[f — g].

84. Denjoy Wollff point

A point A of D is called a Denjoy-Wolff point of the holomorphic self-map ¢ of
D if Xisin D and ¢(\) = A, or if A is in D, and ¢ has A as its nontangential limit at
A, and ¢ has an angular derivative at A satisfying |¢’(A)| < 1. By Denjoy-Wolff Theorem
(cf. [8]), any holomorphic self-map ¢ of D, other than the identity map, has a unique
Denjoy-Wolff point.

The following lemma was proved by Sarason [8, Proposition 2 and Corollary 1].
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Lemma 1. Let ¢ be a nonconstant function in H*, not the function z, and let
be its Denjoy- Wolff point. X is in D if and only if z — a¢ is an outer function for some
constant o with |a| = 1.

Theorem 3. Let ¢ be a holomorphic self-map of D which is not the function z
and let \ be its Denjoy- Wolff point. Put

((2+ |a*)z + 20)w — (Ja*z + 2a)

b =
(@) = S S e + 2a2) — (Jaf £ 207)w

where a € ¢ with |a| <1, and w € H*® with ||w||e <1 and w # 1.
(1) X is in OD if and only if ¢ = b®(a, w) where b € ¢ with |b| =1 and |a| = 1.
(2) Xis in D if and only if ¢ = ®(a,w) where |a| < 1.
Proof. Apply Theorem 2 to f = 2z and g = ¢, then

F(I1-Q)(1 —w)
1—Quw

where F is a nonzero function in H! with ZF' > 0 a.e. on 0D, Q = Qr and w is a
contractive function in H* with w # 1. Since ZF > 0 a.e. on 0D, F = ~(z + a)(1 + az)
where a € ¢ and |a| < 1. By the proof of [5, Lemma 6], we may assume 7 = 1. The
Herglotz integral of |z + al? is 1 + |a|* + 2az and so Q = (|a|* 4+ 2az)/(2 + |a|* + 2az). By
simple calculations (see [6]),

2—¢=

FA-Q(l-w)  1-Q w-@Q

¢o=z— =z hd )
1— Qu 1-0Q 1-Qu
Hence
s 1-Q w—-Q
= Z
1-Q 1—-Quw
1— |a|?4-2az __la]*42az
2+|al?242az 2+|al?2+2az
1 — la]24-2az __la|*+2az
2+|a|?+2az 2-+|al?2+2az

(2 + |a|*)z + 2a)w — (Ja*z + 2a)
2+ |al? + 2az — (|a|]? 4+ 2az2)w

Moreover A € 9D if and only if F is outer if and only if |a| = 1. Now the theorem is a
result of Lemma 1.

Suppose that ¢ = ®(a,w) in Theorem 3 and A is in D U dD. Then ¢(A) = A
if and only if w(A) = 1 or A = —a. For if ¢(\) = A then ®(a,w)(A) = A and so
(24 |a|*)X + 2a)w(N) = (Jal*A + 2a) = {(2 + |a]* + 2a)\) — (|a]* + 2a\) w(A)}A. Hence
(@aN?+(1+]a> )M a)w(N) = ar\*+(1+]al?*)A+a. Therefore w(A\) = 1 or (aA+1)(A+a) = 0.
Thus w(A) =1 or A = —a. The converse is clear.



§5. Functions f in N, with Ref > 0 on 0D

If f is a function in H' with Ref > 0 on 9D then Ref > 0 on D. This is well
known and it is easy to see. In fact, we can use the Poisson integral representation of
f. Unfortunately we can not do it when f is not in H'. In the previous paper [6], we
started to study functions in N, whose real parts are nonnegative on 9D. In this section,
applying Theorems 1 and 2 we prove Theorem 4 which is a generalization of [6, Theorem
14].

Theorem 4. If f is a function in Ny with Ref >0 on 0D. then f = (¢+k)/(q—
k) where q is inner, k is a contractive function in H* and q—Fk is outer. Moreover I[f] < q
and I[f + N ~ q for any X in ' with A > 0.

Proof. The first part is just Proposition 10 in [6]. By Corollary 2, Ilg + k] < ¢
and so I[f] < ¢. For any A >0

q+k q—l—}jr—ik
— A =14+ N)—=
q_k+ (1+X) Tk
Since 0 Lo
=1> ——Zk
4l —1+)\+‘ 1+A|’
1 —
byTheoreml]lq+1+ik]Nqandso_f[qi_:qL/\]quorany)\>0.

Corollary 5. In Theorem 4, if I[f + A is a finite Blaschke product for some
A > 0 then q is also a finite Blaschke procuct with degq = deg I[f + A] and deg I[f + \] =
degI[f + ] for any v > 0.

By Corollary 5, if f is a nonzero function in N, with Ref > 0 on 0D and f + A
is outer for A > 0 then f = (1+k)/(1 — k) and f is also outer. It will be interesting to
study the following special function : f = (2 + k)/(z — k).



References

. V. M. Adamyan, D. Z. Arov and M. G. Krein, Infinite Hankel matrices and genera-
tized problems of Carathéodory, Fejér and I.Schur, Functional Anal.Appl. 2(1968),
269-281.

. P. Duren, Theory of H? Spaces (Academic Press, New York 1970).

. R. G. Douglas, Banach Algebra Techniques in Operator Theory (Academic Press,
New York, 1972)

. J. B. Garnett, Bounded analytic functions (Academic Press, 1981)

. T. Nakazi, Exitence of solutions of extremal problems in H*', Proc.Edinburgh Math.
Soc.34(1991), 99-112.

. T. Nakazi, Functions in N, with the positive real parts on the boundary and ex-
tremal problems in H', Complex Variables, 44(2001), 259-279.

. W. Rudin, Real and Complex Analysis (McGraw-Hill,Inc., 1987)

. D. Sarason, Making an outer function from two inner functions, Contemp.Math.
137(1991), 407-414.

Department of Mthematics
Hokkaido University
Sapporo 060-0810, Japan

nakazi@math.sci.hokudai.ac.jp



