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SELFSIMILAR EXPANDING SOLUTIONS IN
A SECTOR FOR A CRYSTALLINE FLOW*
MI-HO GIGA' , YOSHIKAZU GIGA? axp HIDEKATA HONTANT?

Abstract. For a given sector a selfsimilar expanding solution to a crystalline flow is
constructed. The solution is shown to be unique. Because of selfsimilarity the problem is
reduced to solve a system of algebraic equations of degree two. The solution is constructed
by a method of continuity and obtained by solving associated ordinary differential equations.
The selfsimilar expanding solution is useful to construct a crystalline flow from an arbitrary
polygon not necessarily admissible.
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1 Introduction.

A curvature flow is important to describe motion of phase boundaries in material sciences
[12], [19] and also to modify contours in image analysis [15]. A crystalline flow is considered as
a discrete version of an anisotropic curvature flow in the plane. It was introduced by J. Taylor
[18] and independently by S. Angenent and M. Gurtin [1] almost a decade ago. Let us give a
typical example of anisotropic curvature flow equations in R*:

(1.1) V = —div{(ii) onT,;

here V' denotes the normal velocity of an evolving curve {I';} in the direction of unit normal
i and & = V~ with the interfacial energy density (p) which is positively one-homogeneous
and convex in R?; div denotes the surface divergence. If (p) = |p|, then (1.1) is nothing but
the curve shortening equation. If 7 is piecewise linear, then (1.1) is so singular that it cannot
be interpreted as a conventional partial differential equation. This is a typical situation where
a crystalline flow arises. To understand (1.1) one restricts {I';} in a special class of polygonal
curves, which is often called ‘admissible’ [18], [1]. The boundary of the Wulff shape

W,={zeR? z-m<y(m) forall meR?}.

is a typical example of an admissible polygon (crystal). Its weighted curvature —divé(7)
formally equals —1 if 77 is taken outward. Thus if W, is a regular polygon centered at the
origin, then it is reasonable to say that T'; = t'/29W, is a ‘solution’ of (1.1). We say that a
polygon I' is an admissible crystal if the orientation of each edge (facet) is one of that in OW,,
and the orientations of adjacent facets should be adjacent in 0W,. We say that {I';} is an
admissible evolving crystal if 'y is an admissible crystal and the motion of all vertices of I'; is
C' in time t. Let S;(¢) denote j-th facet of I';. Then (1.1) is formally of the form:

(1.2) Vi(t) = A;(t)  on S;(t)
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with crystalline curvature
Aj(t) = x; A7)/ L; (1)

and V;(t) denotes the normal velocity of S;(¢) in the direction of 7i;; here L;(t) denotes the
length of S;(¢) and x; is the transition number (see §2). The quantity A(7;) is the length
of the facet of 0W, whose orientation equals 7i;. Together with a transport equation (the
first displayed formula in §3) we have a finite system (3.1) of ordinary differential equations
(ODEs), which is at least solvable locally-in-time. The resulting flow {I';} is often called a
crystalline flow.

Our goal in this paper is to construct a selfsimilar expanding admissible evolving crys-
tal {I';}1~0 satisfying (1.2) (shortly, selfsimilar expanding solution) such that it tends to the
boundary of a sector as time tends to zero. We also prove its uniqueness. (Note that a selfsimi-
lar expanding solution is not necessarily a dilation of the Wulff shape as numerical calculations
in [13] show.) There are several reasons such a solution is important. Here is a partial list:

(a) Useful to construct a solution when initial data is a nonadmissible polygon;

(b) Useful to construct a selfsimilar expanding solution to (1.1) for general v when T, lives
in a sector and touches the boundary of the sector with prescribed contact angle.

Before discussing these reasons we mention relation between crystalline flow and curvature
flow with smooth strictly convex interfacial energy density. One comes up with two natural
questions.

(i) Is a crystalline flow approximated by a curvature flow with smooth convex ~?

(ii) Is a flow with smooth ~ approximated by a crystalline flow with a piecewise linear 7 If
so, crystalline flow provides a good numerical algorithm to calculate (1.1).

Fortunately, these problems are affirmatively settled by now; [4], [6], [8] for (i) and [4], [11],
[10], [6], [8] for (ii). In [4], [6], [8] general notions of a ‘solution’ to (1.1) based on variational
principle or comparison principle are given. Moreover, it is shown that the ‘solution’ in this
sense exists for a general initial simple curve not necessarily admissible. Starting from a general
polygon is important for a crystalline algorithm (ii). Practically, for a given curve it is easier
to approximate it by a polygon rather than by an admissible crystal. However, it is not clear
what is a crystalline flow starting from a general polygon although existence of a ‘solution’
is known in an abstract level [4], [5] [8]. It is also numerically calculated by [3] when T is
a graph by a variational inequality. Suppose that the initial polygon is non-admissible and
that crystalline curvature of a pair of adjacent facets S, and Sp equals zero. Assume that
between orientations of S, and Sp there are orientations of OW,. Then one expects that
some new facets (with their missing orientations) are created instantaneously. If one has a
selfsimilar expanding solution (with respect to a point where S, intersects Sp ), then this
solution provides newly created facets. (In fact, it is a unique solution in the level set sense
[8]. Even if the crystalline curvature of at least one of S, and Sp is not zero, a selfsimilar
expanding solution represents a leading term of the length of newly created facets. We do
not touch these two problems in this paper.) A selfsimilar expanding solution gives a definite
way to create new facets (at least when S4 and Sp do not move), so it is useful to implement
numerical algorithm starting with a non-admissible polygon. We gave such an applications in
[13] for multi-scale analysis of contour shape to extract its structure.

When the Frank diagram of v (1-level set of 7) is strictly convex and smooth so that W, is
smooth and strictly convex, we know that there is a (unique) selfsimilar expanding solution to



(1.1) touching the boundary of a given sector with prescribed angle [14], [2]. Our selfsimilar
expanding solution to (1.2) together with approximation theory [6], [8] provides a selfsimilar
expanding solution (under prescribed contact angle condition) for more general v whose Frank
diagram is not necessarily strictly convex. Asin [14], [2] our selfsimilar solutions represents the
large time behaviour of general solutions. We shall discuss this topic in a forthcoming paper.
Note that our selfsimilar expanding solution is different from a selfsimilar shrinking solution
studied, for example, in [16], [17].

Let us briefly mention the method of the proof. The uniqueness is proved by a geometric
method (§2) — comparison principle [18], [9]. To construct a selfsimilar expanding solution it
suffices to find a solution of ODEs with L;(¢) = ¢*/2/a; with a; > 0. The problem is reduced to
find a positive a;’s solving a system of algebraic equations of degree two for a;’s. If the number
of missing orientations is small, say one or two, then one can solve it directly. However, in
general it is terrible. The equation for a;’s is of the form

1/@1 aq
. :H .

1/ay, an,

and H = (H;;) is a tridiagonal matrix; see (3.2). We solve this equation analytically by
introducing extra parameter s so that for our algebraic system is decoupled for s = 0 to get
aj = 1/4/H;; and for s = 1 it agrees with (3.2). We differentiate it with respect to s to
get ODEs. We solve the ODEs from s = 0 to s = 1 by establishing a priori estimates. A
crucial step is to calculate the determinant of H, in particular to prove its positiveness. An
explicit and beautiful formula of detH is given in Lemma 4.2 up to an explicit constant. It is
represented by angles of Wulff shapes. Note that our method provides not only the existence
but also a way to calculate a numerical value of a;’s by solving the ODEs numerically.

This paper is organized as follows. In section 2 we state our main results and give a proof
of uniqueness. In section 3 we derive the ODEs to solve the algebraic equation (3.1). We prove
the existence of a solution admitting several estimates for matrices established in section 4,
which is main technical part of this paper.

2 Main theorems.

To state our main results we formulate our problem. Let dC be the boundary of a given
oriented cone C' in R? of the form 0C = ¢4 U (g, where /4 and /5 are maximal half lines
starting from the origin O and are indexed clockwisely as Figure 2.1. In this paper, we assume
that 7; = (cosf;,sinf;) be the outer unit normal of ¢; for j = A, B with |§4 — 05| < 7. Let
n be a nonnegative integer. Let © = {6;; j=1,--- ,n} with 04 > 6, >0y > --- >0, > 0p
(resp. 04 < 0) < 0y < --- <6, <0p)if 0y > 0p (resp. 04 < 0p). We call © as a set of
admissible angles. We interpret that © is an empty set if n = 0.

We call a simple oriented polygonal curve S as an admissible crystal associated with C'if S

n

is of the form S = U S; US4 USp, where S; is a maximal, nontrivial and closed segment with
7=1

the outer unit normal 7i; = (cos#;,siné;) for j € {1,--- ,n} U{A, B} and S; for j = A, B is a

half line contained in ¢;. We implicitly assume that segments S;’s are numbered clockwisely.

Figure 2.1 shows examples of C. Figure 2.2 shows examples of admissible crystals S associated

with C.
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Fic. 2.1: Oriented cones C

Fic. 2.2: Admaissible crystals S

We say that a family of polygon {S() }1cs belongs to a set of orientation-preserving evolving
curves S if S(t) is an admissible crystal for all ¢ € J and each corner moves continuously
differentiably in time, where J is a time interval. These conditions imply that the orientation
of each line (facet) is preserved for ¢t € J.

In this paper, we consider an orientation-preserving evolving curve {S(t)};c; € S governed

(A
by so-called crystalline curvature or weighted curvature A;(t) := XJL( ()t) J
J

1,--+,n), where S(t) = U S;j(t) U Sa(t) U Sp(t) and L;(t) is the length of facet S;(¢). The
7=1
quantity x;(t) is a transition number with

for given A; >0 (j =

1, if S(t) is concave around S;(?),
x;i(t) =< —1, if S(t) is convex around S;(t),
0, otherwise

(see Figure 2.3). We shall give notion of a selfsimilar expanding solution.
Definition.  An orientation-preserving evolving curve {S(t)}i~o € S is called a selfsimilar
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F1G. 2.3: Transition number x;

expanding solution to (1.2) if there exists an admissible crystal S, associated with C' such that

(2.1) S(t) = t1/28, = {tl/Qx;x €S} for t>0;
(2.2) Vi(t) = Aj(t) for t>0, j=1,---,n,

where S(t) is of the form S(¢ U Sj(t) U Sa(t) USp(t) and V;(t) is the normal velocity of

facet S;(t). We note that for a selfsnnllar solution {S(t)};~0, the transition number is unique
independent of j and ¢, i.e. x;(t) = —1 (resp. 1) if 04 > 0p (resp. 04 <fp) foralj=1,---,n
and ¢ > 0.

Our main results are the existence and its uniqueness of a selfsimilar expanding solution
governed by crystalline curvature. It is stated as follows.

THEOREM 2.1 (EXISTENCE). Let C be a given oriented cone in R?. Let © = {f;; j =
L,--+,n } (with nonnegative integer n) be a set of admissible angles. Let A; be a positive
number for j = 1,---,n. Then there exists a selfsimilar expanding solution {S(t)}i=o such
that S(+0) agrees with 0C'.

THEOREM 2.2 (UNIQUENESS). Under the same hypotheses of Theorem 2.1 there is at most
one selfsimilar expanding solution {S(t)}i~o such that S(+0) = 0C.

We shall prove Theorem 2.1 in §3 based on key a priori estimates shown in §4. In the rest
of this section we shall prove Theorem 2.2 by geometric argument.

Proof of Theorem 2.2. Let {S(t)}i~0 and {R(t)}+>0 be selfsimilar expanding solutions such
that S(+0) and R(+0) agree with the boundary of dC. We may assume that 64 > 05, i.e.
the cone C'is convex. We may also assume that n > 1. Then transition numbers of all facets

of S(t) and R(t) are -1. Let S(t) (resp. R(t)) be of the form S(t U Si(t) U Sa(t) U Sp(t)

(resp. R(t U Ry (t) U Ra(t) U Rp(t)). For convenience we introduce an unbounded region



Ds(t) € R? enclosed by S(t) for ¢t > 0; let Dg(t) denote the closure of the interior region

bounded by curve S(t) (see Figure 2.4). Let R(t) be of the form R(t) = U Ry(t).
k=1

F1G. 2.4: Region Dg(t) enclosed by S(t)

Suppose that S # R. We may assume that R(1) N int Dg(1) # 0. By this assumption,
to € (0,1) holds for ¢, := sup{t|R(t) N int Dg(1) = 0 }. Since R(0) is a singleton and
S(1 —ty) # OC, there exists § > 0 such that R(§) N int Dg(t;) = 0 with ¢; := 1 — ;. We
fix such §. Setting ty := sup{r > 0; R(c + ) Nint Dg(0 +t;) = 0 for o0 € (0,7)}, we have
0 <ty < ty. Since R(c+06) touches Dg(o+t;) first time at o = 5, there exists a facet R;(t2+9)
of R(ty + &) and a facet S;(t, +t,) of S(ty +t;) such that the normal of R;(t, + ¢) coincides
with that of S;(t2 + t1), we conclude that R;(ty + 0) N S;(t2 +t1) # 0 and that the length of
R;(ty + 6) does not equal the length of S;(t2 + t;). By geometry the length of R;(t, + ¢) is
greater than the length of S;(¢; + 1), so that the weighted curvature ofR;(t2 + 0) is negative
and is greater than that of S;(t2 + ¢1) (cf. [18], [9]). So the normal velocity of R;(ts + 0) is
negative and is greater than that of S;(t2 + ¢1), which contradicts 0 < t,. ]
Remark. (i) The evolution equation (2.2) can be viewed as a crystalline curvature flow equation
(1.1) (or (1.2)) with a suitable polygonal Wulff shape. Indeed, if 4 > fp for example, then
there exists a convex polygon W such that the set N of the orientations of all facets in W
includes all 7i;’s with j € {1,--- ,n} and the length of facet with 7i; equals A; and that A" does
not include any m = (cos6,sinf) for § # 0,6 € (0p,04). We may assume that W contains
the origin as an interior point. The corresponding interfacial energy density v is given as a
support function: y(z) = sup{z - p;p € W} for x € R?. The case 6, < 0 can be treated in a
similar way.

Fic. 2.5: Wulff shape W



(ii) If we dilate the Wulff shape so that the length of j-th facet equals AA;, then v/AS(t) is the
corresponding selfsimilar expanding solution to (1.2) with A; replaced by AA;, where S(t) is
defined by (2.1) with (2.2).

(iii) Here is a numerical example of a profile S, of the selfsimilar expanding solutions for given
two different sectors with a fixed Wulff shape having many facets so that it looks a smooth
curve. See Figures 2.5, 2.6 and 2.7. We use a Newton type iteration which is closely related
to our ODEs (3.4) to find numerical values of a;’s.

Fic. 2.6: Selfsimilar expanding solution S(t)

Fia. 2.7: Selfsimilar expanding solution S(t)

3 Existence of selfsimilar solution of ODE system.

We shall show the existence theorem (Theorem 2.1). When n =0, {S(¢)}+>0 with S(t) =
t1/2(00) is the desired selfsimilar expanding solution. In the following we suppose n > 1. Let
a family of polygon {S(t)}+~0 belongs to S. Then we have a transport equation of {S(t)}¢~o :

dL;(t) ! !
—— = (cotpj +cot ;) V() — — o; Via() = 51 Pjr1

V}-l—l(t)a t>0

for j =1,---,n, where ¢; :=0; — 0,y for j =1,--- ,n+ 1. Here we set Oy := 04,041 := 0p,
Vo := 0 and V41 := 0 for convenience. Plugging the governing law V;(t) = A;(t) for j =
1,--+,n, we have an ODE system:

dL;(t) 1 { Dj qj—1 Tj+1
3.1 =2 I _ 4 H + , t>0
3 & 2\ L0 Ll
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forj=1,---,n, where

50005+ 9511)

pJZQXJ J o3 : fOI'j:L"',n,
sin @; sin @j4q
1
q; = —2x;4; forj=1,---,n—1,
S P41
1
ri = —2v:A forj =2,---,n,
! Xi ’sin p; J

sin () + @j+1)
sin p; sin @41
n+1

By the assumption on 64 and fp in §2, we note that |Z<pj| = |04 — 0] < m. When

j=1
C' is convex (resp. concave), i.e. 84 > fp (resp. 04 < 6p), then ¢; < 0 (resp. ¢; > 0)
for j =1,---,n+1and x; <0 (resp. x; > 0) for j = 1,---,n. So, we have p; > 0 for
j=1-,n,qgi<0forj=1,--- ,n—landr;<0forj=2--- n.

Definition. A family of function {L;(t)}}_, is called a selfsimilar solution of the ODE
system (3.1) if L;(¢) is of the form L;(t) = a;t'/? with positive number «; satisfying (3.1) for
j=1,--m.

Theorem 2.1 is obtained by showing

and ¢o = 0 and 7,41 = 0. Here we used cot ¢; + cot ;1 =

THEOREM 3.1. Let n be a positive integer. There exists a selfsimilar solution {L;(t)}}_, of
the ODE system (3.1).

When n = 1, equation (3.1) yields an ODE:
dL1 (t) _ P1
dt 2L(1)’

Since (d/dt){Li(t)?} = p1, t > 0, we obtain L, (t) = t'/?p,;'/2 for t > 0, so that Theorem 2.1
holds for n = 1.

In the following we assume that n = 2. Our strategy to prove Theorem 3.1 is as follows.
Substituting L;(t) = a;t'/% to (3.1), we have

t>0.

1/ay ay
(3.2) H :a2 —a| ™

1/.an an,
with unknowns a; = 1/«;, where

pr T2

g1 p2 T3 0

qn—2 Pn—-1 Tn
dn—1 DPn

<p1 7”2)
q1 D2

o

In particular

=
I



when n = 2. To show the existence of nonlinear algebraic equations (3.2), we consider the
following continuation method sometimes called Davidenko’s method. Introducing extra pa-
rameter s > 0 and matrix K (s):

b1 STa
sq1 P2 STr3 0
K(s) =

SQpn—2  Pn-1 STp
0 Sn—1  Pn

we consider a system of nonlinear algebraic equations:

1/b1(s) b(s)
s 1) (o)
1/bu(s) buls)
with parameter s > 0 and b(s) > 0. Evidently b;(0) = 1/,/pj, since K(0) is a diagonal matrix.

If the solution can be extended up to s = 1, then b;(1) is a solution of (3.2) since K(1) = H.
Differentiating (3.3) formally with respect to parameter s, we have

| v | =K | e | =] b .

which yields

(3.49) Qb)) | s) | = 7| bits) |

i.e.

where
0 T9
q1 0 T3 0
J=-
0 qn—2 0 T'n
Gn—1 0
and

Here ' denotes d/ds, differentiation with respect to s. If the inverse matrix of @) exists, (3.4)
formally yields

(3.5) b(s) = G(s,b(s)) b(s).



Here we set G(s, h) = Q~'(s, h) J. We consider a system of ODEs (3.5) for s > 0 with initial
condition

(3.6) b(0) = h*, he = Y1//pr 1)\ pn).

Local-in-time unique existence of a positive solution b(s) of (3.5) and (3.6) is guaranteed, since
Q is smooth and det @ # 0 near (0,h*), so that Q! is smooth near (0, h*).

As we shall prove in Lemma 3.2, the local solution I;(s) can be extended uniquely up to
s = 1+ 7 with some 7 > 0 (obtained in Theorem 4.1). Then a; := b;(1) (j = 1,---,n) is
a solution of (3.2), so that {L;(t)}7_, with L;(t) = t'/2/b;(1) for t > 0, j =1,---,n isa
selfsimilar solution of (3.1), which implies Theorem 3.1.

LEMMA 3.2 (UNIQUE SOLVABILITY UP TO s = 1). There ezists the unique positive solution
b(s) (i.e. b(s) > 0) of the system of ODEs (3.5) and (3.6) for s € [0,1+ 7], where T is a
positive number obtained in Theorem 4.1.

Here we use notation & <  (resp. ¥ < ) for & = "(z1,- -+ , @), ¥="(y1,- ,yn) € R if 2; <
y;j (resp. x; <wy;) for j=1,--- n.
Proof admitting a priori estimate (Lemma 3.3). Let Sy be the maximal existence time

of (3.5) and (3.6), and set S := min(Sy, 1+ 7). We note that G(s,b(s)) is well-defined for
s € [0,S1) by Lemma 3.3. Integrating (3.5), we have

b(s) — b(0) = /0 sG(u,E(u))l;(u)du for s€(0,5),
which implies
b(s)| = |5(0)|+/08|G(u,5(u))lop b(u)|du for s € [0,S)).

Here | - | denotes the Euclidean norm and |- |op denotes the operator norm from R" to R".
Lemma 3.3 implies that there exist a constant C'; independent of s such that

0< |G(s,b(5)]op <Ci for sel0,8)),

since each component of J is nonnegative. So we have
b(s)| < |6(0)] + 01/ b(u)|du  for se€0,5).
0

Gronwall’s Lemma implies

15(s)|

Suppose that Sy = 1+ 7. Then Lemma 3.3 (II) yields

A

16(0)] exp(Cy s) < |h*|exp(Cy Sy) = Cy for s€0,5)).

1/yp; <bi(s) <Cyp for s€0,S), j=1,--,n,

which contradicts the definition of the maximal existence time. Thus we have Sy > 1+ 7. [

10



LEMMA 3.3 (A PRIORI ESTIMATE). Let Sy > 0 denote the mazimal existence time of a pos-
itive solution of the system of ODEs (3.5) and (3.6). Set Sy := min(Sy, 1 + 7), where T is a
positive number obtained in Theorem 4.1. Let b(s) be the solution of (3.5) and (3.6).

(I) The derivative of each component of b(s) is positive, i.e., b'(s) > 0 for s € [0,51).

(II) In particular, b(s) > h*(> 0) for s € (0,5)).

(III) There exists a constant C5 > 0 independent of s such that

0 < {each component of Q(s,b(s))} < C5 for s €[0,5)).

Proof.  The main steps of this lemma are proved in the next section, as summarized in
Theorem 4.1. Since each component of matrix .J is nonnegative and b(s) > 0 for s € [0, S1),
we have Jb(s) > 0. We now observe that (II) and (III) of Theorem 4.1 implies b'(s) =
G(s,b(s))b(s) > 0 for s € [0,5;). Initial condition (3.6) and (I) yield (II). Theorem 4.1 and
(IT) implies (III). O

4 A priori estimates for matrices.

THEOREM 4.1 (A PRIORI ESTIMATES). (I) There exist positive constants Cy and 7 (inde-
pendent of s and h) such that

det Q(s, h) > C4 Hpj(> 0) forallse[0,1+7] and all h € (Ry)™
7=1
(II) The matriz Q(s, h) has its inverse for s € [0,1+7] and h € (Ry)". Each component of
Q™ '(s, h) is smooth on [0,1 + 7] x (Ry)".
(M) Let h* € (R.)™ with h* > 0. There exists constant Cs > 0 (independent of s and h) such
that 0 < {each component of Q '(s,h)} < Cs for all s € [0,1 + 7] and all h € (Ry)" with
h > k.

n
A\

Ve

Here we use notation R, := (0,00), so that (R;)"” = (0,00) x -+ x (0,00). To prove the
theorem we shall show the following lemma and propositions. To show positiveness of the
determinant of matrix ) we consider matrix M*(s) :

1 5Tk+1/ P41 0
SQk/ Pk 1 STkt2/Di+2
Sqk+1/ Pt 1 STk+3/Pk43
Mkl(s) _ . .
0 SQr—2/Pi—2 1 s1¢/Pe
5(1171/10#1 1
fors 2 0and k, £ =1,---,n with ¥ £ /. In particular,

Mkk(s):(l) for s20, k=1,---,n,

MFFF (5) = < qul/pk 87“k+11/pk+1 ) for s20, k=1,---,n—1.

11



We note that M'(s) is obtained by dividing each j-th column of K(s) by p;’s. We set
M* = MF*(1). Fortunately, det M** is computable. Note that det H = [, pj - det M'™.

LEMMA 4.2. Fork, {=1,--- ,n withk < ¢,

(gf %)

ViR
(4.1) det M*° = ; —
ji=k
where
(42) vj i= COt pj41 + ot ;) (; sin(p; + <,0j+1)) .
SIN ;i SIN Pt

Proof. Quantities ¢;/p; and r;/p; appearing in matrix M*(s) can be calculated as follows:

Qj_ —1 ’I“j . —1

. ) —_—Y.
Pj Vsl Qg Dy Vi s @;

We may assume that £ = 1 without loss of generality. We shall prove (4.1) by induction. Let
m’ denote the right hand side of (4.1) with k = 1.
(i) Using equality (4.2), we have

ml — sin(y1 + 902) ' = 1 = det M,
(cot g + cot 1) sin ¢y sin g
which implies (4.1) with £ =1 = (.
(ii) Next we shall show (4.1) with &k =1, £ = 2. We have
-1 -1 dy

(4.3) det M2 =1—- ——— ——— = : 5
V181N (g Vo SIN o V12 SIN (01 SIN” (g SIN Y3

with dy = (V115 8in® oy — 1) sin ¢y sin 3. Equality (4.2) yields do = sin(ip; + ) sin(py + @3) —
sin ¢ sin ¢3. Using the identity

(4.4) sin asin f = —{cos(a + ) — cos(a — 3)}/2,

we have
dy = —{cos(p1 + 22 + p3) — cos(p1 + p3)}/2.
By the identity
a+p . a—0

(4.5) cosa — cos f = —2sin 5 sin——,

we have dy = sin(y1 + 2 + ©3) sin @y, Substituting this to (4.3), we obtain

det M2 — sin(p; + @2 + ¢3) — 2

V1V SIN 1 SIN g SiN 3

Y
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which is (4.1) for k =1,¢ = 2. o .
(iii) We assume that ¢ > 3 and (4.1) holds for M*', M2 ... M?! 1 We have

~ ~ r _ ~
det MY = det M* 1 — —qu—ldetM1 =2

PePe—1
since
0
Ml i—1 :
M"Y = 0 fori=2,--- 0.
Ti/pi
00 g1/pica| 1

The assumption of the induction yields
¢ 1
sin (Z <pj> sin (Z <pj>
j=1 1 -1 j=1
-1 ¢ vesinp, vp_ising, ({2 -1 '
(H Vj) (H sin %’) Hl/j Hsin ©;
j=1 7=1 7=1 7j=1

Elementary calculation yields

det M =

~ d
1 _ ¢
(4.6) det M = — e
(H 1/]-> (H sin <pj> sin @y
j=1 j=1
with

¢ -1
dy = sin (Z cp]) sin(pp + @er1) — sin (Z <pj> Sin Qpqq.

j=1 j=1
The identity (4.4) yields

1 041 -1
dp = 7 {cos (; w; + cpg) — COS <j_1 w; + cng) } ,

and the identity (4.5) yields
041
dy = sin (Z g0j> sin @y.
7=1

Substituting this to (4.6), we obtain (4.1) for det M. By induction the proof is now complete.
U
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PROPOSITION 4.3. The identities

2
d . | |
— {det Mu(s)} = —g E 4 i+ det M* ]—1(8) . det Mi+2 Z(S)
dS j:k+1 p.] pj+1
e
(4.6) + E L=115 qet M* I72(s) - det MITL (s)
k2 Pi-1Pj

r T
+2q—k—k+1 det M2 £(s) + 941 TL Got M =2(s)
Pk Pk+1 Pe—1Pe

fors 20 and k, 0 =1,---,n with k +2 < { hold. Moreover

d

%{det M*™ (s)} =0 fors>0andk=1,---, n;

d

d—{deth k“(s)}:—qu—k% fors>0andk=1,---,n—1;
s Pk Pk+1

d
— {det M* k+2(s)} = —25 (q—krkﬂ + Ir+1 THZ) forsZ20andk=1,---,n— 2.
ds Dk Pk+1 Pk+1 Pk+2

Proof.  We observe that for s 2 0 and k,/ =1,---,n with k+2 < /(

d
7 {det M*(s)}
0
Mk j—l(s) 0 0
— ri/D;
- Z det | 0 --- 0 3%’—1/%’—1 0 srj+1/pj+1 0---0
sk /P |
0 0 Mi+LE(s)
0
0 STkt1/Pk+1 0 --- 0 0
./ P ;
+det 0 WLER! E(S) + det ME g_l(s) 0
; Tz/pz
! 00 sq-1/pe—1| 0
0
MFIi=1(s) : 0
-2 0
== Z G o [ Q2200 $¢j-1/Pj-1 | STj+1/Pj+1| 0 --- 0
j=kr1 P Sqj+1/Piv1 |
0 0 Mi+2 K(S)
0
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_ 91 g M*E 2(s) :
De—1 0
0 - 0 sq—a/pe—a| sre/pe
0
M*E I-2(s) 0 0
1
_ Y e i /Dy
A= D 0---0 |sg1/pj-1|srje1/Pjpr 0 --- 0
Jj=k+2 0
0 : MI*TLE(s)
0
SQk/Pk | STh42/Pey2 0---0
0
Pk+1 : MFH2 E(5)
0
_sdE TR e M2 £(s) — st 2L et Mk E2(s),
Dk Pk+1 De Pe—1
which yields (4.6). A direct calculation yields the desired formulas for k& +2 > /. O

PROPOSITION 4.4. .
(I) For k.0 =1,--- ,n with k < ¢, det M*(1) = det M** > 0.
(II) There exists T > 0 such that

d
d—{det M*(s)} <0 and det M*(s) > det M* (1 +17) >0
s

fors€[0,1+7] and k, =1, - ,n with k < (.

Proof. (I) For all j = 1,---,n+ 1 we see that ¢; < 0 (resp. @; > 0) if the cone C is
n+1

> o

j=1

convex (resp. concave). Since the original assumption in §2 yields = |04 —0p| < m,

identity (4.1) in Lemma 4.2 implies (I).

(I) We shall prove by induction.

(i) For k =1,--- ,n, det M’“’“( ) = 1, so that (d/ds){det M**(s)} =0 for s € R.

(ii) For k = 1 (d/ds){det MF#1(s)} <0 for s = 0 by Proposition 4.3. By (I)
with ¢ =k + 1 there exists 7% F*1 > 0 such that det M’“ FH(s) > 0 for s € [0,1 4 7F ¥+1).
(iii) Next we COIISldeI' when n 2 3. Let m be 2,3, - — 1. For a moment we fix m. Assume
that for k = 1,2,---, n—(m —1), i = 0,1,--- ,m— 1, there exists 7% ¥** > 0 such that
det M* #Ti(s) >0 for s € [0,1+7% ] For k =1,2,--- ,n—m, identity (4.6) in Proposition
4.3 with £ = k +m yields (d/ds){det M* ¥+t (s)} <0 for s € [0,1+7F ™M) with 7FFtm =
min{min{7%; j =k +1,k+2,--+  k+m =2}, min{r? ™ j =k +2,k+3,---  k+m—1}},
sincep; >0 (j=1,---,n),¢; <0(j=1,---,n—1)and r; <0 (j =2,---,n). By (I) with
{ =k + m, there exists 7% ¥*™ > 0 such that det M* **™(s) >0 for s € [0,1+ 7F k], O
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Proof of Theorem 4.1. (I) Setting

o 1 1 1
W (s,hkg) = M*(s —|—diag< , ,---,—)
(%) il peihi oy peh}

for s > 0, h* = Y(hgy hgy1, - he) € (Ry) 1 and k, 0 =1,--- ,n with £ </, we have

det Q* (s, ﬁkl) = det WH (3, EM) . ﬁpj.
j=k

e QM (s, 1) i= K*(s) + diag (1, 1 /My, 1/12)
and
E*(s) = (Kij(s))i,j:k kel
where (Kij(8)>i,j1,...,n is the matrix K(s) defined in §3. Proposition 4.4 (II) yields that
there exists 7 > 0 such that det M?(s) = Cp, for s € [0,1 + 7] and p,q = 1,--+ ,n with

p < ¢, where C,, := det MP/(1 4+ 7) > 0. As we shall show later in Proposition 4.5, we have
det Wk¢ (s,ﬁ”) > det M*(s) for s € [0,1 + 7] and h* € (R,)***L. Since p; >0 (=
1,--- ,TL),

¢
(4.7) det Q™ (s, ﬁk€> > Ce Hpj (> 0)
=k

for s € [0,1+ 7] and h¥ € (R, + L,
(II) Part (I) follows from (I) with £ = 1 and ¢ = n and the definition of Q).

(I1) When nn = 1, Q(s, h) is a scalar and equals (p1+ 1/h2) ,sothat 0 < Q~'(s, h) = (p1 + 1/h2) ' <

1/p;. We may assume that n = 2. Since Q(s, k) is invertible for s € [0,1 + T] and h € (R+)
by (I), the (p,q) component of the inverse matrix of Q(s, h) equals Agy(s, h)/ det Q(s, h) for

p,q=1,---,n, where A, (s, h,) denotes the (p, ¢) cofactor of Q(s, h). As we shall observe later
in Proposition 4.6, we have

qg—1
Ay (s, h) = (—1)PH (H qj> sTPdet Q' P (s, h) det Q7T "(s,h) for p<g;
Jj=p
— Ld - —
Ayy(s,h) = (=1)PHe ( H rj> sP=0det Q' 7' (s, h) det QP (s, h) for p > g
Jj=q+1

Ayy(s, h) = det Q' P~ (s, h) det Q"+ (s, h)

—

for s > 0 and h € (R.)". Here we use convention det Q'°(s,h) = 1 = det Q"' "(s, h). Since
¢ <0(j=1,---,n—1)and r; <0 (j =2,---,n), inequality (4.7) yields A,,(s, h) 2> 0 for
s €[0,147], he (Ry)™and p,q =1,--- ,n, which implies {(p, q) component of Q (s, h)} =

Ay (s, h)/det Q(s, k) = 0 by (I). On the other hand Apy(s, h) is bounded from the above for
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s€[0,147] and b = (hy,---, hy) € (Ry)™ with b > B!, since A,y(s, h) is a polynomial of
1/h2,--- 1/h2 and s. Thus (I) yields that there exists C5 > 0 such that A, (s, h)/ det Q(s, h) <
Cs for s € [0,1—|—T],ﬁ € (R,)"™ with h>h andpg=1,---,n. O
Next we shall show an inequality, which is used in the proof of Theorem 4.1. For p; >
0G=1---,n),&,eR(G=1---,n—1)andn € R (j =2,---,n), we set

Akf = Bkl + dlag(:u’ka K41y 7:“()7

1 Nk+1
gk 1 Nk+2 O
Ekt1 1 Nk+3
Bk( —
§i—3 1 MNe—1
0 o 1 e
1 1

for k,¢ =1.--- ,n with £ < /. In particular,

Bkk::<1> fork=1,---,n;

Bkkﬂzz<§1 77]1“) fork=1,---,n—1 when n = 2.
k

PROPOSITION 4.5. Let k and ¢ be 1,---,n with k < (. If detBP* > 0 for p,q =
kk4+1,---,0 with p<q then det A¥ > det B*.

Proof. For k, £ =1,--- ,n with k < ¢ we set
C*(r) .= B* +r diag(pug, - -+ , tte) for r > 0,

which yields C*(0) = B* and C*(1) = A*. We shall prove by induction on ¢ — k =
0,1,2,---,n—1. If 0 < ¢—k < 1, direct calculation yields (d/dr){det C*(r)} > 0 for
r > 0, which implies det C¥(r) > det B¥ > 0 for r > 0. We assume that k,/ =1,--- ,n with
k + 2 < (. Suppose that (d/dr){det C*?(r)} > 0 for r > 0 and for p,q = k,k+1,--- ¢ with
p<qg<p+/l—k—1. An elementary calculation yields

d
— det C*(r) = pp - det C*THE(r) + det OF 7H(r) -

dr
-1
+ Z det C* 971(r) - ;- det CIT (7)
j=h+1
> 0 for r >0,

since det C?(r) > det C?4(0) = det B > 0 for r > 0 and for p,q = k,k + 1,---,¢ with
p<q<p+{—Fk—1by the assumption of the induction. Thus we obtain

det A* = det C**(1) > det C*(0) = det B**

for k£ < /. O
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Finally, we shall show identities on a cofactor of tridiagonal matrix, which are used in the
proof of Theorem 4.1. For \; e R (j =1,---,n), § € R (j=2,---,n)andn; € R (j =
1,--+,n— 1), we set matrices

Ak Erm
M Aky1 Ergo 0
Met1 Met2 k+3
Ekﬁ — ‘ ‘
Ne—s M—2 &1
0 Ne—2 -1 &
Me—1 e

for k,/ =1,---,n with k < £. In particular,

Ekk::<)\k) fork=1,---,n;
Ekkﬂ::(zk ZkH) fork=1,---,n—1 when n = 2.
VRS

Let D,, be the (p, q) cofactor of matrix E'™ for p,q = 1,- -+, n. The next proposition is obtained
by an elementary calculation.

PrRoPOSITION 4.6  For p,q=1,--- ,n the following identities hold.
(I) When p < q,
q—1
Dyy = (=1)P* ][ njdet B P~ det B ™.
J=p
(II) When p > q,
p
Dyy = (=177 [T & det E' ' det EP*' ™,
J=q+1
() D,, = det E' P~" det EPT! ™,

Here we use convention det E'° =1 = det E* ™,
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