HOKKAIDO UNIVERSITY

Title Backward shift invariant subspaces in the bidisc III
Author (s) Izuchi, Keiji; Nakazi, Takahiko; Seto, Michio
Citation Hokkaido University Preprint Series in Mathematics, 650, 1-21
Issue Date 2004
DOI https://doi.org/10.14943/83803
Doc URL https://hdl. handle.net/2115/69457
Type departmental bulletin paper
File Information re650. pdf

kaido
wo¥ U"/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




1

BACKWARD SHIFT INVARIANT SUBSPACES IN THE
BIDISC III

KELJI IZUCHI, TAKAHIKO NAKAZI, AND MICHIO SETO

ABSTRACT. In the previous paper, we give a characterization of
backward shift invariant subspaces of the Hardy space in the bidisc
which satisfy the doubly commuting condition 5,5} = S;.S. for
the compression operators S, and S,. In this paper, we give a
characterization of backward shift invariant subspaces satisfying
S28% = Sk 52,

1. INTRODUCTION.

Let T'? be the 2-dimensional unit torus. We denote by (z,w) =
(€, e'®) the variables in I'? =T, x I',. Let L?> = L?(I'?) be the usual
Lebesgue space on I'? with the norm || f||o = ([ | f(€”, €)|2dfdp/ (2m)?) /2.
Then L? is a Hilbert space with the usual inner product. For f € L2,
the Fourier coefficients are given by

fm) = [ f(e? ) ™e ™ dhdg/(2m)* = (f, z"w™).

Let H?> = H*(T'?) be the Hardy space on I'?, that is,
H2:{fGLQ;f(n,m):Oifn<Oorm<O}.

For f € H? we can write f as

= Z ®a; j2'w’, where Z |a; ;]* < oo.
i,j=0 4,3=0
Let P be the orthogonal projection from L? onto H?. For a closed
subspace M of L?, we denote by Py, the orthogonal projection from L?
onto M. For a function ¢ € L™, let Ly f = ¢ f for f € L?. The Toeplitz
operator T, is defined by Ty,f = PLyf for f € H? Tt is well known
that T = Ty and T Tym = Tym T for n,m > 1. A function f € H?
is called inner if |f| = 1 on I'? almost everywhere. A closed subspace
M of H? is called invariant if zM C M and wM C M. In one variable
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case, an invariant subspace M of H?(T") has a form M = ¢H?*(T"), where
q is inner. This is the well known Beurling theorem [B]. In two variable
case, the structure of invariant subspaces of H? is very complicated,
see [AC], [DY], [Nal], and [R].

Let M be an invariant subspace of H?. Then T (H?*©M) C (H?*6&M)
and TX(H? © M) C (H?*© M). A closed subspace N of H? is called
backward shift invariant if H*© N is invariant. In [IY], the first author
and Yang studied backward shift invariant subspaces N on which 77
is strictly contractive. See [CR] and [S] for studies of backward shift
invariant subspaces on the unit circle I'.

Let M be an invariant subspace of H* and ¢ € L. Let Vj be the
operator on M defined by Vi, = PyLy|y. Then V, =T, and V) = V%
on M. In [M], Mandrekar proved that V,V5 = V¥V, on M if and only
if M is Beurling type, that is, M = gH? for some inner function ¢ in
H®>, see also [CS] and [Na2].

For ¢ € L, let Sy = PyLy|ny. Then we have S, = Sy and S} =T}
on N. In the previous paper [INS], we characterized backward shift
invariant subspaces N which satisfy the condition S,S} = S S, on N
as follows.

Theorem A. Let N be a backward shift invariant subspace of H? and
N # H?. Then S.S! = S:S. on N if and only if N has one of the

following forms;

(i) N =H?6 ql(z)H2,
(i) N = H? © qo(w)H?,
(i) N = (H?© qi(2)H?) N (H? © ga(w)H?),

where q1(z) and ga(w) are one variable inner functions.

This paper is a continuation of previous papers [IN] and [INS]. Here
we are interesting in backward shift invariant subspaces N of H? sat-
istying that S,nS;m = SimS.n for given positive integers n and m. Up
to now, we can not give a complete characterization of N satisfying
SenSpm = SpmSen. If S5y = Sy S., then trivially S.nSym = SjmSan.
But the converse is not true. In this paper, we concentrated on the
case m = 1. One reason is the work of this paper deeply concerns with
the problem of the normality of the operators S,». For many backward
shift invariant subspaces N, S,» are not normal operators, see [Y]. If
S.» is normal, since S;»S,, = S,5.n, by the Fuglede-Putnam theorem
we have S,»S; = S’ S.n. So, the results obtained in this paper will be
a big help for the above mentioned problem. We will discuss on this
subject in the forthcoming paper.
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In Section 2, we give characterizations of N satisfying S.»nS}m = 0
and S;..S,» = 0, respectively. If S;»S;.» =0, then S;,.5.,» = 0. The
converse is not true. In Section 3, we study N satisfying S, S =
Sy Sen, and give a necessary condition for S,»5; = S S.». In Section
4, we study N satistying 5,25, = Sy S,2. We gave a complete charac-
terization of such N. In [INS], we gave two different type of proofs of
Theorem A. One of them is used in Section 3 and the other is used in
Section 4.

Let H?(T',) and H?*(T',) be the Hardy spaces on the unit circle I’
in variables z and w, respectively. We think that H?*(T',) C H? and
H?*(T,) C H?. For a subset E of H? we denote by [E] the closed
linear span of E. A function b(z) = (z — ) /(1 —@z), |a| < 1, is called
a simple Blaschke product.

Let n and m be positive integers. In this section, we study backward
shift invariant subspaces N of H? satisfying S,+5% .. = 0 and S} ,.S,» =
0, respectively.

Lemma 2.1. Let N be a backward shift invariant subspace of H?.
Then we have the following.
(i) ST = S.n.
(il) SymSen = SynSym and St Skm = SkmSh..
(ili) If St Sim N # {0}, then there exists f € N such that (S Skm )~
(0,0) # 0.

Proof. All assertions are not difficult to prove. O]

The following theorem says that the structure of backward shift in-
variant subspaces satistying S,»S},» = 0 is simple.

Theorem 2.2. Let N be a backward shift invariant subspace of H?.
Then S Sim =0 if and only if N satisfies one of the following condi-
tions;

(i) N @w HA(T).

(i) N c S0 @z H*(T,,).
Proof. Suppose that S,»S} .. = 0. Then
(2.1) SemN L S7.N.
Since N is backward shift invariant, if SZ,.N = {0} then N satisfies
condition (i). If S7. N = {0}, then N satisfies (ii).

Next, suppose that

(2.2) S5 N #£{0} and S%N £ {0}.
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We shall lead a contradiction. By (2.1), St. S5 N L S5.S:.N. By

m—1

(2.3) SuNC Y ewH(T.)
=0

and
n—1

(2.4) SimN C Y @2 H*(Ty).
=0

By (2.2) and (2.3), there exists a nonnegative integer 7,0 < j < m —1,
such that

(2.5) {0} # S¥;85N C H*(T,).
By Lemma 2.1(iii), there exists g € N such that
(2:6) (545:52.9) (0, 0) # 0.

Also by (2.2) and (2.4), there exist f € N and a nonnegative integer
1,0 <7 <n—1, such that

(2.7) S*Sk o f € H*(Ty)
and
(2.8) (5Z:5m f)(0,0) # 0.
Then

0 = (S5uSif 55S5g) by (2.1)

{
= (SLS,mf,SriSma) by Lemma 2.1(ii)

(SZ:Sum [)710,0) (57, 52.9)(0,0) by (2.5) and (2.7)
# 0 by (2.6) and (2.8).

This is a desired contradiction.
The converse is trivial. O

Corollary 2.3. Let N be a backward shift invariant subspace of H?.
Then S Sim = 0 if and only if either S;n =0 or S;.m = 0. Hence if
SZnS,:Zm = O, then S:Umszn = 0.

Lemma 2.4. Let M, and M, be closed subspaces of H? such that

My €Y @w HT.) and My C > @z'H*(T,).

§=0 i=0
Then My + My s closed.
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Proof. We denote by (2'w?);, and (2*w?),y, the orthogonal projections
of z'w’ to the spaces M, and M, respectively. Let

M| =M, © <[{(ziwj)Ml;O <i<n0<5< m}D
and
My = My & ([{(ziwj)MQ;O <i<n,0<j< m}])
Then M and M} are closed subspaces of H?,
M c (Yo ew HATL), My C (e (L)),
=0 =0
and
M+ M) L [{ziwj;o <i<n,0<j< m}}
Since
(S @w HAC.) ) Lum (Y @2 HA(T,)),
=0 =0
M + M = M7 & M is closed. Hence
My + My = M + M} + [{(ziwj)Ml, (Zw)p,;0<i<n,0< 5 < m}}
is closed. O

Theorem 2.5. Let N be a backward shift invariant subspace of H?.
Then SimS.n =0 if and only if

n—1 m—1
(i) No (N Ny @zin(rw)) c NN Y @w HA(T).
i=0 Jj=0
Proof. Suppose that S¥,.S.» = 0. Then S,»N C Z?:Ol dw H*(T,).

Since S} Sym = 0, SymN C Z?:_Ol ®z'H?*(T,). First, we prove the
following

(29) N= (N N mz_l EBijQ(Fz)> + (N N nz_l @zin(Fw)).

Let
m—1 n—1
(210) K= (N Ny @ijQ(rz)) + (N Ny @ziHQ(rw)).
j=0 i=0
By Lemma 2.4, K is closed and N = K @ (N © K). To prove (i), it is

sufficient to prove N © K = {0}. We have N6 K C N N (S..N)+n
(SumN)t. Let fe N K. Then f L S.»N, so that S%.f L N. Since
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St.f €N, S:f=0. Hence f € S0 @2/ H*(T,,). By (2.10), f € K.
This shows f = 0, so that N © K = {0}. Thus we get (2.9).
Let

m—1 n—1
(2.11) N, = {f eNnY @ HXT.) f LNNY. @zim(rw)}.
j=0 1=0

Then N, is a closed subspace and
n—1
N e (N Ny @ziHQ(rw)) C N.
=0
If the equality holds in the above, (i) holds. So we assume that
n—1
N ® <N Ny @zifﬂ(rw)) C N.
=0
We shall lead a contradiction. Let
n—1
(2.12) No=No <N1 ® <N Ny @zifﬂ(rw))).
i=0

Then Ny # {0} and N = N; @ No @ (N NS0 @2 H*(T,)).
Let g € Ny be such that g # 0. We shall prove that

n—1 m—1
(213) g¢Nn> @H*T,) and g¢ NN @uwH*(T.).
i=0 j=0

The fact g ¢ NN Y., @2 H*(T,,) is trivial. Suppose that g € N N
Z;n:_ol @w! H*(T',). By (2.11), g € N;. Since g € N,, by (2.12) we have
g L Ni. Hence g = 0. This is a contradiction. Thus we get (2.13).
Next, we shall prove that
m—1
(2.14) Stg LNNY  ow H(T.).
=0
To prove this, suppose not. Then SX.g L N N Z;n:_ol ®w H*(T,).
By (2.10), g = g1 + g2, where g; € NN Z;n:_ol dw H*(T,) and ¢y €
NN Yy @z'HX(Ty,). Then Shg = Shgi € NN Y7 ew HX(T,).
Therefore S7,.g = 0, so that g € Nﬂzzzol ®z'H?*(T,). This contradicts
(2.13). Thus we get (2.14).
By (2.14), there exists hg such that hy € N N Z;:OI eow! H*(T,)
and (g, S.nho) = (Si.g,ho) # 0. Since S.;nhy € N, by (2.12) we
have S.nhg = hy ® ho ® hs, where hy € Nyi,hy € N,, and hs €
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NN @2 HA(T,,). Since g € Ny and (g, S.nhg) # 0, we have
he # 0. Since z"hg L > 1, '@z H2(T,,),

n—1

Py2"hg = Sanho L NN @2 H ().

i=0
Thus we get hy = 0. By (2.12), S¥..N; = {0}. Hence S¥..S.nhy =
Simha. By (2.13) and hy € Ny, hy & 3775, " @w/ H*(T',). This implies
that S!mho # 0. Hence S}mS,» # 0. ThlS contradicts our starting
assumption. Thus we have (i).

To prove the converse, suppose that condition (i) holds. Then N =

(N NS @z HA(T, )) ® L, where L C N 0" @wd H(T,). Let

F=F+Fc¢ N where [y € NNY."J @2 H*(T,,) and F, € L. Since
"F L NN @2’ H*(Ty,), SonF € L. Hence S%,,S.nF = 0. Thus

wm

we get SymSn = () O]

By Theorem 2.2, the structure of backward shift invariant subspaces
N satistying S,» S} = 0 is simple. By Theorem 2.5, the structure of
backward shift invariant subspaces N satisfying S} .. S.» = 0 is not so
simple. When n = m = 1, we have the following.

Theorem 2.6. Let N be a backward shift invariant subspace of H?.
Then S S, =0 if and only if N has one of the following forms;
(i) N = H*(T',) © q(2)H?*(T',) for some inner function q(z).

(ii) N = H*(Ty) © q(w)H*(T'y,) for some inner function q(w)

(iii) Fither N = H*(T,) + H*(T'y), or N = H*(T,) + (H*(Ty) ©
¢@(w)H?*(Ty,)), or N = (H*(I',) © q1(2)H*(T',)) + H*(Ty,), where
q1(z) and ga(w) are inner functions.

(iv) N = (H*(I'.) © qu(2) H*(I.)) + (H*(T'w) © ga(w) H*(I

), where
¢1(2), @2(w) are nonconstant inner functions and ¢,(0)g2(0)

In (iii) and (), since 1 € N, we may take g1 and go as ¢1(0) = G (0) =
0.

Proof. By Theorem 2.2, S,S% = 0 if and only if either (i) or (ii) holds.
By Theorem 2.5, S} S, = 0 if and only if

(2.15) N o (NNH?*T,)) C NnH*T,).

If either (i) or (ii) holds, by Corollary 2.3 we have S} .S, = 0. Suppose
that N satisfies either (111) or (iv). Then clearly 1 € N. Since N has a
special form, it is not difficult to see that

N & (NHTw) ={f € NOHT.); f(0) = 0},
Hence (2.15) holds.
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Next, suppose that (2.15) holds. Then we have
(2.16) N = (NN H*T,))+ (NN H*T,)).

If either NN H?(T,) = {0} or NN H?*(T,,) = {0}, then S,S7 =0, and
by Corollary 2.3, S*S,, = 0. Hence either (i) or (ii) holds. Suppose that
NNH*T,) # {0} and NN H*(T',) # {0}. We shall prove 1 € N. To
prove this, suppose that 1 ¢ N. Let 1,, be the orthogonal projection of
1to NN H?*T,). Then 1, ¢ H?(T,). Since N N H*(T',) # {0}, there
exists f € N N H2(T.) such that f(0) # 0. Let fi = f — f(0)1,, € N.
Then f; ¢ H*(T.). Let h € NNH2(T,). Since f € HX(T.), f— f(0) L
h. Since 1 —1,, L N N H?*(T,),

(fi,h) = (F(0)(1 — 1,) + f — f(0),h) = 0.

Hence f; € N © (N N H?*(T,)). Thus (2.15) does not hold. Therefore
1 € N. Since NN H*(T,) and NN H*(T,,) are nonzero backward shift
invariant subspaces, by (2.16) N has one of forms in (iii) and (iv). O

3. SanSk = S5kSn.
The following is the main theorem in this section.

Theorem 3.1. Let N be a backward shift invariant subspace of H?,
N # {0}, and N # H?. Let M = H>© N and n > 2 be a positive
integer. If S,nSk = SkS.n, then one of the following conditions holds;
(i) S.S% = SES..
(il) M N H*(T,) = q(2)H*(T.) for an inner function qi(z) satisfying
Q(z) = Hle bj(2),1 < k < n, where b; are simple Blaschke
products.

The following lemma is a generalization of [IN], and the idea of the
proof is the same.

Lemma 3.2. Let N be a backward shift invariant subspace of H? and
M = H?>S N. Letn be a positive integer. Then S, S = S*S.« if and
only if
n—1
Mo (ZnM @ (M Ny @ziHZ(rw))) c (MO HAT,)) & wM.
i=0

Proof. The operators T,» and T on H? have the matrix forms as

M
- * PMTZ"’N . * O 2
Tzn — ( 0 Szn ) 7Tw - ( PNTJ)‘M SZ) ) on H - j?;
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Set A = PyTun|y and B = PyT%|y. Since TT% = T3T.n on H?,
SnSk = S5S,n if and only if BA = 0. We have T))(M © wM) C N.
For f € H? T f =0 if and only if f € H*(T',). Hence
ker B = {feMT,feM}

= {feMowM;T;f=0}dwM

— (MNHYL.))®wM.
We denote by [ran A] the closed range of A. Let Ay = PyT.» Py on
H?. Then [ran A] = [ran A;]. Since A} = PyT7 Py, we get

ker A} = {feM;T,.fe M}®& N

n—1
- (M N Z@ziHQ(Fw)) ®2"M & N.
=0

Hence

n—1
[ran A] = [ran A;] = H?*Cker A} = M© (z”MGB <MOZ EBziHQ(Fw)>).
=0

Since BA = 0 if and only if [ran A] C ker B, we get our assertion. [J
Proof of Theorem 3.1. Suppose that S.»S) = S S,». By Lemma 3.2,

Mo (z”M @ (M N nz_l eBzin(Fw)>) c (M N HT,)) & whM.

Let
n—1
Ko=Mo ("Moo (MNY @©H*(T,))).
= ws (e (un S ese))
Then
(3.1) Ko C (M NH*T.)) & wM
and
n—1
(3.2) Mo "M =Ky & (M Ny @zim(rw)).
=0
Since M =Y "2 @2" (M © 2" M),
e n—1
(3.3) Ko LY @ (M Ny @ziHQ(rw)>
s=0 =0

and

(34) M= (i EBZ”SKO> ® (i @2 (M N nz_l @ziﬂz(rw)».
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First, suppose that Ky = {0}. In this case, we shall show that
condition (i) holds. By (3.2),

n—1 n—1
Y @ (MezM)=Mo"M=MnY &z'H(T,).
=0 =0

Let fe Mo zM. Then f € M&2"M and [ = Z?gol @z'hi(w), where
hi(w) € H*T,). Since f € M & 2 M,

n—1
2 = Z ©2" Mhi(w) € M © 2" M.
=0

Hence f = ho(w), so that M &2zM = M N H*T,). By Lemma 3.2 (for
the case of n = 1), we get S,SF =S S,.

Next, suppose that Ky # {0}. The proof of this case is a little bit
long, so we devide into several steps.

Step 1. In this step, we shall prove that there is a nonconstant inner
function ¢;(z) such that

(3.5) Ko C qi(2)H*(T,) @ wM.

First we prove that Ky ¢ wM. To prove this, suppose that Ky C wM.
Let FF € Kyg. Then F = wf for some f € M. We shall prove that
f € Ky. We have

R
- <wf,w<§:@z”8l(o & (i@z”s <Mﬂ§@zi}[2(rw))))>

— (Feu( e R)) by (33)
s=1

= 0,

where the last equality follows from w Y o0, @z"¢~V Ky C M and (3.2).
Hence by (3.4), we get f € Ky. Therefore for every positive integer
p, we have F' = w?f,, for some f, € Ky. This leads /' = 0. This is a
contradiction. Thus we get Ky ¢ wM.

Hence by (3.1), M N H*(T,) # {0}. By the Beurling theorem,
(3.6) M N H*(T.) = q(2)H*(T.,),
where ¢;(z) is inner. Then ¢;(z) € M and
(3.7) q(z)H*(T,) L wM.
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If g1 (2) is constant, we have M = H? so that N = {0}. This contra-
dicts our assumption. Hence ¢;(z) is a nonconstant inner function. By
(3.1) and (3.6), we get (3.5).

Step 2. In this step, we prove
n—1
(3.8) K, C ql(z)<Z@Z1H2(Fw)>.
i=0

Let G € Ky. Then by (3.5), G = q1(2)h(2) ® wg, where h(z) € H?*(T,)
and g € M. Write

n—1

h(z) = (Z@aizi> @ 2"ho(2).

=0

Then

n—1

G =q(z) ( Z @a,»z’) ® q1(2)2"ho(2) ® wg.

=0

By (3.6), ¢1(2)z"ho(z) € z"M. Since G € Ky C M © 2"M, we have
ho(z) = 0. Hence

n—1
(3.9) G =q(z) ( Z @aizi> b wyg.
i=0
Here we prove that

Since G = q1(2)h(z) ® wg, we have

<g,Z@z"SK0> = <wg,wZ®Z"SKO>
s=1 s=1

wg, wz @2"5K0> + <q1h,w i @Z"SK0> by (3.7)

s=1 s=1
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We also have

<g, i@z"s (M N Z@ZiHQ(Fw>>>
_ <wg,w(Z@Z"S<MmNZ_I@ZZH?(FW))»
- <G,i@z”5w<Mﬂ§@ZiH2(Fw)>> by (3.7)
_ 0 wes

Hence by (3.4), we get (3.10).
Applying (3.9) and (3.10) infinitely many times, we have

G = ql(z)(il@aizi) @wa(z)(i@bizi) @ -
€ ql(z)(§®z’H2(Fw)>

Therefore we get (3.8).

Step 3. In this step, we study functions in M & zM and the inner
function ¢;(z). By (3.8), there is a closed subspace L such that Ky =
@1 (2)L and L € 32" @2'H*(T,,). Then by (3.2),

n—1
M& ="M =q()Le (M0Y @2 H(L,)).

=0

Since Ko # {0}, L # {0}. We have M & 2"M = S @2/(M © 2 M).
Hence M © zM # {0}. Let F' € M © zM be such that F' # 0. Then

n—1 n—1
(3.11) F=(aY ofi) o) o',
=0 =0

where f;, g; € H*(Ty,),
n—1 n—1

(3.12) @Y @ f; LMNY @H* (),
i=0 i=0

and
n—1 n—1

(3.13) Y @rgie MnY @ H(T,).
=0

=0 i=
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Since n > 2, zF € M © 2"M, so that we have

n—1 n—1
2F =q ( Z @ZiGl,i> + Z @ZiHl,h
i=0 i=0

where Gy, Hy; € H*(T,,). Hence
(3.14)

n—1 n—1 n—1 n—1
q1 <z ( Z @szz) - Z @ZiGl,i> = (Z @ZiHLi) —Z Z @Zigi-

Here we devide into two subcases.

n—1 n—1
Subcase 1. z(Z @z’fz(w)> - Z 2’ Gy i(w) # 0.
=0 1=0
Then
(T o2 Hiu(w)) — = Ty @2i(w)
Z<Z?:_ol @Zifi(w)> = S ©2iG(w)

As proved in Step 1, ¢1(z) is a nonconstant inner function. Then by
the above, we have

¢(2)

k
(3.15) a(z)=[]b:(2), 1<k<n,

=1

where b; are simple Blaschke products.

Subcase 2. z(nzzl @zifi(w)> — "2:1 ©2'Gyi(w) = 0.
i=0 i=0
Then by (3.14), f,—1 = gn—1 = 0, so that by (3.11)
F= <Q1 ”z_f @Zifz) S "Z_f ©2'g;.
Since F' e M & zM, o B

n—2 n—2
2F = <QI > @z”lfi) @Y @tg e Mo M.
=0 =0

In the same way as above, either (3.15) holds or f,_2 = ¢g,—2 = 0.
Repeat the same argument. Then either (3.15) holds or

foc1=foo=""=fi=0-1=gn2=-=g =0.
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Step 4. If (3.15) holds, then (ii) holds. So, suppose that (3.15) does
not holds. Then by (3.11) and by the above fact, F' = ¢ fo @ go, by
(3.12) ¢1fo L M n H*(T,), and by (3.13) go € M N H*(T,,) for every
FeMo:zM.

If go = 0 for every F' € M & zM, since ¢1(z) € M it follows that
MozM C ¢1(2)H*(T'y,) C M. Since M =3 22 @2z (MEzM), we have
M = q(2)H?, so that N = H?> © q;(z)H?. By Theorem A, condition
(i) holds.

So we assume that gy # 0 for some F' € M © zM. We shall prove
that

(3.16) (MozM)o (MnH*T,)) c(MnH*T.)) ®wM.

We may assume that (M &zM)e(MNH*T,)) # {0}. Let G € (M &
zM)e(MNH?(T,,)) be such that G # 0. Then G = q;(2)hy (w)Bha(w),
where q;(2)hy(w) L M N H*T,) and he(w) € M N H*(T,). Hence
ho(w) = G — qi(2)hy(w) L M N H?*(Ty,). Therefore ho(w) = 0. Since
@(z) € M,

G =a(h(w) = mO)a() ®wp(x2 =0

€ MnHT,)®wM.
Thus we get (3.16). By Lemma 3.2 (for n = 1), (i) holds. O

4. S.28% = S:S.2 AND S.S% # S%S..

Let N be a backward shift invariant subspace of H? and let n be a
positive integer. Let M = H?> © N. Then M is an invariant subspace.
If both S,»S; = SiS.» and S,S; # S5, hold, then by Theorem 3.1,
M N H*T,) = q(z)H*T,) for some nonconstant inner function g(z).

In this section, we assume that ¢;(2)H? C M and M N H*(T',) =
q1(2)H?(T',) for some nonconstant inner function ¢;(z). Let

M=Moq(z)H? C M.

Then H? © q(2)H?> = M @ N and M is w-invariant. The following
lemma is proved in [INS, Lemma 3.2].

Lemma 4.1. Let f € M. Then Ty f € M if and only if f € wMl.

We denote by P, the orthogonal projection from H? onto H? ©
q1(z)H?. Then we have a Toeplitz type operator Q.. on H? © q,(z) H?
such that

Qu:H*Cq(2)H*> f— P (Tnf) € H* © qu(2)H>.
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Since z"M C M, Q..M C M and Q7 = Q.. Then @, has the

following matrix form;

M

P”Tzn
an:<3 MSn|N) on Hoq(z)H*=| @
N N

Since H? © ¢,(2)H? is backward shift invariant, T (H? © q,(2)H?) C
H? & q1(2)H?. Since TN C N, the operator T on H? © q;(z) H* has
the following matrix form;

* 0 M
* 2 2 __
To= ( PNTE S;;) oo Hoa@H = N
Set
(4.1) A= PMTz"|N and B = PNT$|]\}[

By [INS, Lemma 3.3], TQ. = Q.1 on H* & q,(z)H?. Hence we have
the following.

Lemma 4.2. T:Q.» = QT on H* & q,(2)H?.
Lemma 4.3. S,»S} = S:S.~» if and only if BA = 0.

Proof. By Lemma 4.2, T*Q.» = Q.»T7 on H* & q(z)H?. Then BA +
SZ)SZ” = San:} Hence SZnSZ} = S,Z;Szn if and only if BA=0. ]

The following is a slight generalization of [INS, Theorem 3.5].

Theorem 4.4. Let N be a backward shift invariant subspace of H?
and M = H? © N. Suppose that M N H*(T',) = q1(2)H*(T,), where
¢1(2) is a nonconstant inner function. Let M = M & qi(z)H?. Then
the following conditions are equivalent.

(i) SnSk =S558, on N.

(i) Me{feM;T:\feM}CwM.

(iii) 7% M C M.
Proof. The idea of the proof is similar to the one of [INS, Theorem 3.5].
For the sake of completeness, we give the proof.

(i) < (ii) By Lemma 4.3, condition (i) is equivalent to BA = 0. By
(4.1) and Lemma 4.1, ker B = {f € M;T:f € M} = wM. Put A, =
Py T Py on M @ N. Then [ran A] = [ran A;]. Since A7 = PyT7. Py,
ker A = Na&{feM;T;fe M} Hence

ran A] = [ran 4] = (M @ N) ©ker Ai = M o {f € M; T f € M}.

Therefore BA = 0 if and only if M © {f € M;T%f € M} C whl.
Thus we get (i) < (ii).
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(ii) = (iii) Suppose that Mo{feMT:feM}CwM. Since
{f € M; T5.f € M} is closed, M & wM C {f € M;T* f € M}. Since
wM C M, M = > o @w/ (M © wM). Since Thw!f = w/Ts f for
f € H?, we have T4 M C M.
(iii) = (ii) is trivial. [
For f € H*(I.), write f*(2) = T f(2) == 2(f(2) — f(0).
Lemma 4.5. Let b;(2) = (z — ) /(1 —@;2), |y < 1, and 1 < i < n.
Then

(i) ng*(:)l, Trby = bi(2) = (1 = |aaf*)/(1 — @12), and T:bi(2) =
() T2 (1)) = (1 loa (<) + @b (V).

(iii) H*(L2) © ([Tj-, b(2)H(L2) = 325 1@[51(2) ~ b (2)b5(2)]-
(iv) H?© ([T}, b5 () H? = 325, @lbi(2) - bjma(2)b (2) H* ().

Proof. 1t is not difficult to prove (i).

(ii) Since
. _ 1— |ay|?
Zbi(2)b3(2) = Zbl(z)—l _%i
) s X
= (- lah(a) (7 + o)
= (1= Jaof*)Zbi(2) + @2by(2)b3(2),
we get (ii).
(iif) See [Ni, p.33].
(iv) follows from (iii). O

Corollary 4.6. Let N be a backward shift invariant subspace of H?
and M = H? © N. Suppose that M N H*(T',) = by(2)H*(T.), where
bi(z) is a simple Blaschke product. Then S,Sk = S.S,.

Proof. Let by(z) = (z — a)/(1 —@z),|a| < 1, and M = M & by(2)H?.
Since by(z) € M, by(2)H? € M. By Lemma 4.5(iv), M C b%(2)H?(Ty,).
By Lemma 4.5(i), T (b%(2)h(w)) = @b’ (2)h(w). Hence T*M C M. By
Theorem 4.4, S,S;, = S;5.. O

Corollary 4.7. Let N be a backward shift invariant subspace of H?
and M = H? © N. Suppose that M N H*(T',) = q(2)H*(T'.), where
¢1(z) is an inner function. Let n,k be positive integers with n > k+ 1.
Moreover suppose that qi(z) = 2*b(z), where b is a simple Blaschke
product, b(z) = (z — ) /(1 — @z), and o # 0. If S;nS! = S5 S.n, then
S Sk =SSk
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Proof. Let M = M & q(2)H?. If M = {0}, then M = qi(z)H?. By
Theorem A, S,S} = Sk S.. Suppose that M # {0}. By Lemma 4.5(iv),

M C b (2)H (Z@z] (2 HA(T ))
Let f € M. Then
F=0b"2)ho(w) + Z @2 W(2)h(w), hij(w) € HA(Ty,).

By Lemma 4.5(i),
Tz*ﬂf = z” k( f)

Since S.»S% = S*S.n, by Theorem 4.4 T% f € M. Since a # 0,

k
> a* D (2)hy(w) € M.
j=0

Thus T M C M. By Theorem 4.4, S,xS}, = S5S.. O

Theorem 4.8. Let N be a backward shift invariant subspace of H?* and
M = H?>© N. Suppose that M N H*(T,) = q:(2)H*(T.), where q;(2)
is an inner function. Moreover suppose that qi(z) = b1(z)ba(2), where
bi(2),i = 1,2, are simple Blaschke products, b;(z) = (z — a;) /(1 —@;2),
and ayas # 0. Let n > 2 be a positive integer. Then we have the
following.

(i) If S.nSE = SES.n and S,n-1 S5 # SES.n-1, then of = of and

aq 7é Q9.

(ii) If o = af and oy # o, then S;nS) = Sk S.n.
Proof. Let M = M & qi(z)H?. Suppose that SonSy = 5,8 and
Son-1S% # SES.n-1. By Theorem 4.4, T, M C M and T7, M ¢ M.
By Lemma 4.5(iv),

(4.2) M C bi(2)H?*(Ty) @ by (2)b5(2) HX(Ty,).
Then there exists fy € M such that T fo ¢ M , and
fo = Bi(2)91(w) + by (2)65()g2(w) € B () HA(T,,) @ by (2)b3(:) H(T,).
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By Lemma 4.5,

Thsfo = b (@ g+ (1~ Jasf?) (Z ) g2) +al Vbnbig,

7=0

l\')

and

)_l

n—

TZfo = b (04191 + (1 — [ag] )( (n o ])042)92> + 0y b1 by go.
J

I
=)

Since 17,1 fo ¢ M and fy € M, T sy fo — aylfy ¢ M. Then

bi(@ " =)+ (1= o) (2—““—1) ) ¢ M.

Hence
n—2 _
(a9 (@ — @) + (1~ o)) ¢ AL
=0
Since 0 € M, > 28" &l +£ 0, so that
(4.3) by ((51 —a)g1 + (1 — |042|2)92> ¢ M.

Since Tr fo € M, Tt fo — @ fo € M. Then

,_.

n—

b (@ = @)1 + (1= o) (Yo al" " Pad) g ) € I

j=0
Hence
n—1
(@a) (@ m )b (@ - Fa)er + (1~ |agf)ge) € M.
j=0

Now we prove (i). Suppose that a; = 3. Then oy = s # 0, so that
S e £ 0. By (4.3) and (4.4), biga ¢ M and bige € M.
This is a Contradlctlon Hence ay # as.

Suppose that af # af. Then > "7 LA ag £ 0. By (4.4),

b (@ — @)1 + (1~ Jaaf)g2 ) € T,

This contradicts (4.3), so that of = af. Thus we get (i).
(ii) Suppose that af = af and a; # ag. Then Y7~ alt e = o.

Let f € M. Then by (4.2), f = b(2)hy(w)+b1 (2)b5(2)ha(w). Slmllarly,



BACKWARD SHIFT INVARIANT SUBSPACES 19

we have
n—1
T f—asf = (a0 )b (@ — @)+ (1~ fasf)hs).
§=0

Hence T%. f = @i f € M, so that we get T% M C M. By Theorem 4.4,

Corollary 4.9. Let N be a backward shift invariant subspace of H?
and M = H*SN. Suppose that MNH?(T',) = q1(2) H*(T.,), where q,(2)
is an inner function. Moreover suppose that qi(z) = b1(z)be(2), where
bi(2),i = 1,2, are simple Blaschke products, b;(z) = (z — a;) /(1 —@;2),
and ayas # 0. Then we have the following.

(i) If S.2Sk = Sk S.2 and S,Sk # SS,, then ay + ay = 0.
(ii) If a1 + ag =0, then S,2S% = S%S.2.

The following is the main theorem in this section.

Theorem 4.10. Let N be a backward shift invariant subspace of H?,
N # {0}, and N # H?. Then S.:S! = S:S.2 if and only if one of the
following conditions holds.
(i) S.S% = SkS..
(i) S.25% = 0.
(iii) There exist two simple Blaschke products by(z) and by(2), bi(2) =
(z—a;)/(1—@;2),0 < || <1, such that N C H* ©by(2)by(z) H?
and a1 + ag = 0.

A backward shift invariant subspace N satisfying condition (i) is
given by Theorem A. Also N satisfying conditon (ii) is given by The-
orem 2.2.

Proof of Theorem 4.10. Suppose that S,=S} = S:S.2. Moreover sup-
pose that S,S% # S*S,. By Theorem 3.1, M N H*(T',) = q:(2)H?(T,)
for an inner function ¢;(z) such that either ¢;(z) = b1(z) or ¢1(z) =
b1(2)ba(z), where b;(z) = (z — i) /(1 — @;2), |au] < 1. If q1(2) = b1(2),
by Corollary 4.6, (i) holds.

Suppose that ¢;(z) = by(2)b2(2). Moreover suppose that a; = ay =
0. Then ¢,(z) = 2%. Hence 22H? C M, so that N C H*(T,,)®zH?(T,).
Then by Theorem 2.2, S.25% = 0. Thus (ii) holds.

Suppose that ay # 0 and ap = 0. Then ¢;(2) = 2b1(2). By Corollary
4.7, (i) holds.

Suppose that a; # 0 and ay # 0. Then by Corollary 4.9(i), we get
a1 + ag = 0. Hence (iii) holds.
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Next, we prove the converse assertion. Suppose that one of condi-
tions (i), (ii), and (iii) holds. If (i) holds, then trivially S,2S = S S.2.
If (ii) holds, by Corollary 2.3 we have S,2S% = S S.2.

Suppose that (iii) holds. Then by (2)by(2)H?*(T',) C M. Hence M N
H?(T',) equals to either by (2) H*(T',), or ba(2) H*(T',), or by (2)be(2) H*(T.).
By Corollary 4.6, S.S; = S; S, for the frist two cases. Hence 5,25} =
S*S,2. For the last case, by Corollary 4.9(ii), S,25% = S5 5.2. O

Example 4.11. We give an example of a backward shift invariant
subspace N of H? satisfying S.:S: = S:S.., S.S% # S:S., and
S.25% # 0. Let ¢1(2) = bi(2)ba(2), where b;(2),i = 1,2, are b;(2) =
(z —;)/(1 —@z), a1 + az = 0, and oy # 0. Let g2(w) be a non-
constant inner function. Let M = q1(2)H? @ b1(2)b5(2)qa(w) H?(Ty).
Then M is an invariant subspace and M N H?*(T',) = ¢, (z)H?*(T,).
Let N = H?>© M. By Theorem 4.10, S,.S = S:S... We have
M = M S qi(2)H? = by(2)b}(2)ga(w) H*(T,). Since

T2b1(2)b3(2)g2(w) = (1 — Jaa[*)bi(2)gz(w) + @1by (2)b3(2)g2(w),

T*by (2)b3(2)qo(w) ¢ M. By Theorem 4.4, S,S% # S*S,. By Theorem
2.2, 5,25% 0.

We leave the following problem for the reader.

Problem 4.12. Characterize backward invariant subspaces N of H?
satisfying S,nS} = Sk S.» for n > 3.
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