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Inverse Problem for the Nonselfadjoint
Schrodinger Operator with Energy
Dependent Potential in Two Dimensions

Michiyuki Watanabe *f

Abstract

In this paper we study the inverse scattering problem of determining
the potential for the two dimensional Schrédinger operator of the form

—Au(x) + iVEb(x)u(x) = Eu(x), E>0,
which is derived from the dissipative wave equation
th(X,t) — AW(X, t) -+ b(X)Wt =0.

The uniqueness theorem will be shown without assuming the smallness
condition on b(x) under the low energy.

1 Introduction

1.1 Main results

Let us consider the two dimensional Schrodinger equation of the form
—Au(x) +iVEb(x)u(x) = Eu(x),  x € R? (1.1)
with asymptotic expansion

ei\FE'r
i Ew~x+
rl/2

u(x)=e A(E,0,w) +o(r 12, |r — oo, (1.2)
where E > 0, v = |x], 8 = x/|x| and w € S'. A(E, 8, w) is called the scattering
amplitude. The equation (1.1) is derived from the dissipative wave equation

Wi (X, 1) — Aw(x, t) + b(xJwe(x, 1) =0 (1.3)

by considering the time harmonic solution of the form w(x,t) = eiﬁtu(x).

In this paper we shall consider the inverse scattering problem of determining
b(x) from the scattering data A(E, 0, w) at fixed energy E > 0. The uniqueness
theorem will be shown without assuming the smallness condition on b(x) under
the low energy.

Let us state our main results.
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TSupported by 21st Century COE Program, “Mathematics of Non-Linear Structure via
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Theorem 1.1. Assume that b(x) is a function on R? satisfying
bx)<CO+K)"'c  C>0, &>0. (1.4)

Then there exist E > O such that the equation (1.1) has a solution with asymp-
totic expansion (1.2).

Put
L(A) = —A+iAb— A2 (1.5)

where b is the multiplication operator by a function b(x). Throughout this
paper we shall say that A is an eigenvalue of L(A) provided that there exists a
nontrivial solution v of the boundary value problem

LAwv=0 in Q,
v=20 on 9Q)
and denote the set of eigenvalues by oq (L).
Let A;(E, 0, w) be the scattering amplitude corresponding to the potentials
bj(x),j = 1,2. We shall denote by WP the usual Sobolev space of order 1 in
LP and denote by Bg the disk with radius R > 0.

Theorem 1.2. Letbq(x),ba(x) € WHP(R2) for somep > 2 and supp by, supp by C
Bgr for some R > 0. Assume that

105llwr.p (r2) <M, j=1,2.

Then there exists a positive number N = N(M, R, p) depending on M, R,p such
that if

Aq(E,0,w) = A,(E, 0, w), for all®,w e S!
holds at fired E > 0 which satisfies E < N and E & op, (L), then we have

b1 (x) = ba(x) in R?.

1.2 Known results

Uniqueness results for the coefficient b of the wave equation (1.3) from the
Neumann to Dirichlet map were studied by Nakamura ([14], [15] and [16]). In
these results reconstruction procedure of b(x) is not given.

On the other hand, The formulation of the inverse scattering problem for the
wave equation (1.3) and reconstruction procedure of b(x) from the scattering
amplitude was given by Mochizuki [8].

We shall here review the short history of the scattering and inverse scat-
tering problem for the wave equation (1.3). In multidimensional case n > 3,
the existence of the scattering state was proved by Mochizuki [9] in the dissi-
pative case b(x) > 0. In the stationary problem (1.1) Nakazawa [17] proved
the limiting absorption principle for the operator L(A) for small b(x). Later,
for complex valued small function b(x), the completeness of wave operators and
expression of the scattering matrix were proved by Mochizuki [8]. Moreover, in



[8] a reconstruction procedure of complex valued small potential b(x) from the
scattering amplitude at fixed energy was given.

In two dimensions limiting absorption principle, existence and completeness
of wave operators were proved by Nakazawa [18] for small b(x). The expression
of the scattering amplitude has not shown yet.

It should be noted that a reconstruction procedure by using the scattering
amplitude for all high energies is not valid for our equation (1.1). For the
Schrédinger equation

—Au(x) + V(x)u(x) = Eu(x)

where V(x) has compact support for simplicity, the scattering amplitude is ex-
pressed as

A(E, 0, w) = J e WEO-w)xy/(x)dx
N (1.6)
—J e WEOXV()R(E +10)(V(-)eVE ) dx

where R(E 4 10) = nn})(—A+V—E+ie)*‘,a > 0. It is well known that for
£—
s>1/2,0 <X <A we have

C
||R(E + :LO)HB([_Z,S)[_Z,fs) S ﬁ.
Since for n > 2 and any given & € R™ we can take 0, w and E such that
VE(0 — w) = &, it is found that (1.6) tends to the Fourier transform of V/(x)

A(E, 8, w) — V(&), as E — oo.

In our case, V(x) = ivEb(x), this method is not applicable. Since V(x) depends
on E it is not clear that the second integral in (1.6) tends to zero.

As for the fixed energy inverse problem, the method of proof in Mochizuki [8]
relies on the direction dependent Green operator. It seems not to be applicable
to two dimensional inverse problem.

And further, we must remember that the inverse scattering problem for wave
equation (1.3) is reduced to the problem for the stationary equation (1.1) and
(1.2).

Put v = {y/—Aw,w;}. Then the wave equation (1.3) is rewritten in the form

]{vt =Hv = (Ho+ V°)v (1.7)

where

(0 V& 10 o0
HO_(m o)’ Vb_i(O b(x)>'

Mochizuki [8] applied the scattering theory for the schrédinger equation to the
equation (1.7) and obtained the expression of the scattering amplitude in the
following form

2mMA(A) = Fo(A){VP — VPR(A +10)VPIF5(A), (1.8)



where

FoA) <i :‘) for A > 0
Fo(A) = ;i
Fo(—A) : for A < 0

—1i

and Fo(A) is the Fourier transform. The scattering amplitude A(A) is an op-
erator matrix. However, noting the form of V? it is reduce to the scaler case.
This means that the problem which determine the b(x) in the equation (1.3)
from the scattering amplitude (1.8) is reduced to the stationary problem which
determine b(x) in the equation (1.1) from the scattering amplitude (1.2). This
is a reason why we consider the inverse problem for the equation (1.1).

1.3 Methods

In the present paper the proof is based on the so-called d-method. First we
reduce the inverse scattering problem to the inverse boundary value problem.
In this step the key point is that under the low energy, we can define R(E + 10)
satisfying the resolvent equation. (See Section 2.). After that we apply the
Kang-Uhlmann [6] approach for small potentials, which relied on a reduction to
a first order system.

Setting

qe(x) = VE(ib(x) — VE),

then g is small when E > 0 is small. Hence we can apply the Kang-Uhlmann’s
approach to our equation (1.1) without assuming the smallness condition on
b(x), if we restrict the low energy case.

To reconstruct the potential, d-equation is one of the most important prop-
erty of the complex geometrical optics solution. In our case Nachman’s approach
is not applicable directly since exponentially growing solutions for complex po-
tentials dose not hold the d-equation of the form dou = aii. From this point of
view it seems that the first order 0-system is useful not only for relaxing the
regularity assumption on potentials but also for complex valued potentials.

On the other hand, it will be remarked in Section 5 that if b(x) is real valued
then special solutions (Faddeev solutions) of the equation (1.1) satisfies the 0-
equation of the form du = aii. This suggests that in our case if b(x) is real
valued, then the inverse scattering problem for the equation (1.1) will be solved
as the same way as the case of real valued potentials. (See Novikov [20] and
Grinevich [4]).

We here note that uniqueness results for complex coefficient in two dimen-
sional inverse boundary value problem was studied by Kang [7] and Francini [3].

1.4 Notations

Throughout this paper we will use usual notations for function spaces. We
denote the set of bounded continuous functions by B°(R™). For s € R the set
of weighted LP space is denoted by LP 5. Let C™*(Q) be the Holder space with
index 0 < o < 1 in a closed domain. For the Banach space X we denote by B(X)
the set of all bounded operators on X.



For z € C\ R the resolvents of Hy = —A and H = Hy + V will be denoted
by Ro(z) and R(z), respectively.
After Section 4 complex notations will be used. For z = x + iy, we put

x = zgr = Rz, y =z; = Jz,
0 1 ) - 0 1 .
a:& :E(axflay), a:aii :E(ax‘i’lay)

1.5 The structure of this paper

In Section 2 we prove Theorem 1.1. Relationship between the inverse scattering
problem and the inverse boundary value problem is considered in Section 3.
In Section 4 the inverse boundary value problem is reviewed and Theorem 1.2
is proved . A remark on Novikov’s exponentially growing solution is given in
Section 5.

2 Proof of Theorem 1.1

In this section we shall prove the Theorem 1.1. Put Hyo = —A and H = Hy +
ivEb. Then the equation (1.1) is rewritten in the form

Hu = Eu. (2.1)

Let us consider the solution in the form w(x) = e'VE®* 4 y(x, w,E). Then v
satisfies the following equation

(H—E)v = —ivVEb(x)etVEYX, (2.2)

We shall see that v can be written by the resolvent of H — E in the following
form

v(x, w, E) = —VE[R(E +10) (b(-)etVE@)] (x) (2.3)
where
R(E+10) = g1_r)1% R(E +ie).
If we can define R(E + 10) as satisfying the resolvent equation
R(E +10) = Ro(E 4 10) — ivVERo (E + i0)bR(E + i0), (2.4)

then it is found that v is a solution of the equation (2.2) and we will see later
that u have the asymptotic expansion (1.2).
It is well know that for any E > 0 and s > 1/2, the following limit exist.

Ro(E +10) = lim Ro(E +1i¢) € B(L>S,L27%).
£—
We shall see that the operator I+1ivER(E+1i0)b is invertible on L% ~$(R2),s >

1/2 for sufficiently small E > 0.
If b(x) satisfies the assumption (1.4) in Theorem 1.1, then we see that

Ro(E +10)b € B(L2~9), s>1/2.



It is well known that Ro(E + 10)f(x) is represented by the formula

Ro(E +i0)f(x) = JRZ Golx — y)f(y)dy, (2.5)
Golx) = +Hy (VER) (2.6)

where Hé”(z) is the Hankel function. (Titchmarsh [21, p. 79]). To see the
behavior of VERg(E + 10) at small E > 0, we shall remember that the Hankel
function is represented by the sum of the Bessel function Jo(z) and the Neumann
function Ng(z).

H" (2) = Jo(2) + iNo(2) (2.7)
where
= (—1)(z/2)2"
]0(7-) = ZO m)
o0 2
No(z) = 2 {Jo(z)(y +los - ) s
n=0 m=1

and vy is a Euler constant. Noting that xP logx — 0, as x — 0 (x > 0,p > 0), in
view of the formula (2.7) we find that there exist a small E > 0 such that the
operator norm of ivERg(E 4 10)b is less than 1;

[iVERo(E +10)b][g(r2, ) < 1.

Hence [I4iVERo(E +10)b]~" exist on L25(R?%),s > 1/2 for sufficiently small
E > 0 by means of the convergence of Neumann series.
Let us now define R(E + 10) by

R(E +10) = [I + iVERo(E + 10)b]~'Ro(E + i0)

and define v(x, w,E) by (2.3). Then v satisfies the equation (2.2). Putting
u(x) = elVEwx 4 v(x, w, E) then we find that this u(x) is the solution of the
equation (1.1).

We shall now prove that a solution u(x) constructed above have the asymp-

totic expansion (1.2). Recalling the asymptotic expansion formula for the Han-
kel function (Watson [22, pp. 196-198])

1 [ 2 i
H(() )(Z) ~ erl(z ﬂ/4)> |z = oo,
we obtain

) i [2_ ei(ﬁlx—y\—n/ll)
RO(E + 10)f(x) ~ 4\/;E 1/4J ) |X—y|f(y)dy, |X| — OQ. (28)
R _

Taking into account that

1 1 w-y 1

Jioy n2t T

+0(r %3

Ix—ylzr—w-y—#O(r’]),



and

ei\/ﬁlx—y\ ei\/fr .
= e VEWyY + O(T_S/Z), T — 00,

S 7

where 1 = |x| and w = x/[x|, we see that the asymptotic expansion (2.8) is
written in the form

ei\/Er
r1/2

C(E) = i\/7151/%”/4.
4V

By means of the resolvent equation (2.4) we obtain the asymptotic expansion
of v;

Ro(E + i0)f(x) = 27tC(E) fWEw) +0(r3/%), r—o0

where

v(x, w, E) = —ivVER(E +10)(b(-)e*YE%")(x)
= —AVER(E +i0){b(-)e"VEL —b(-)R(E 4 i0) iVEb(-)e'VEY )} (x)

iVvVET . .
= —C(E) 6T1/2 J . e*l‘ﬁe"‘i\fEb(x){e1 Eox 4 y(x, w, E)}dx + O(r3/2)
R
i\/fr .
= —C(E)eﬂﬁ J e_l‘/ﬁe‘xi\/ﬁb(x)u(x)dx +0(r3/%), 1 oo.
RZ

Hence we arrive at the asymptotic expansion of u(x)

. ei\/fr
ulx) = eVEOX — C(E) 75 A(E, 0,w) + O(r3/3), 1 00
where
A(E, 8, w) = J e VEOX VBB (x)u(x)dx. (2.9)

Thus, Theorem 1.1 has been completely proved.

3 Scattering amplitude and Dirichlet to Neu-
mann map

In this section we shall summarize the relationship between the scattering am-
plitude (2.9) and the Dirichlet to Neumann map. This results are well known for
the the real valued potential (see for instance [13], [11] and [5]). Their method
is also applicable to our case without no difficulty provided that b(x) has com-
pact support. Throughout this section and next section we shall denote that
Q =Bg, Q¢ =R?\Bg and « = (p —2)/p.

Let us consider the Dirichlet boundary value problem

—Au(x) + iVEb(x)u(x) = Eu(x) in Q
u(x) = f(x) on 30



Let b e LP(Q),p>2,fe CH*(0Q) and E € 05 (L). Then there exists a unique
solution uw € CH*(Q) of the boundary value problem (3.1). For this solution
u(x) we shall define the Dirichlet to Neumann map Ap : CH*(0Q) — C%%(0Q)
by

0
Apf= 2|
V50

where v is the outer unit normal to 0Q).

Theorem 3.1. Assume that b; € LP(R?) and supp b CQ,j=1,2.If
A1(E,0,w) =A,(E,0,w)  forall®,weS'
holds at £ > 0 satisfying E & oq (L), then we have
Ab, = Avp,.

We shall summarize the proof.

3.1 Near field and Dirichlet to Neumann map

First We shall remember that the Dirichlet to Neumann map Ay can be uniquely
determined from the near field data Sg.
We shall define the exterior Dirichlet to Neumann map by

Acp= 2V
g’

where w is a outgoing solution to the exterior Dirichlet problem

(A+EBEw=0 in Q¢
w(x) = f(x) on 0Q).

Let us denote by Sg the single layer operator on 9Q)

Sef() = | Gelulflylay,
20

where Gg(x,y) is the Green function which is the kernel of R(E + 10) defined
in Section 2. Then in view of the resolvent equation (2.4) we see that a sin-
gularity of R(E 4 10) is the same as that of Ro(E 4+ 10). Hence it found by the
same argument Colton-Kress [2, pp. 51-106] St is the bounded operator from
C%%(3Q) to C*(dQ) and jump relation for the double layer potential holds.
According to the result of Isakov-Nachman [5] we see that Sg is invertible and
the following relation holds.

Lemma 3.1. Let E € 0 (L). Then we have

Se! = Ap —A°L



3.2 Scattering amplitude and near field data

To see that the scattering amplitude A(E, 0, w) uniquely determines the near
field data Sg, we shall rewrite the scattering amplitude by using the far field
operator. According to Nachman [11] let us define the far field operator Fg :
CH*(0Q) — L2(S") by

FEf(e) = Woo(e))

where Wy is the far field pattern of the solution to the exterior Dirichlet problem

(A+E)w(x) =0 in Q¢
wi(x) = f(x) 00
U e o (32
wix) = 17/2Woo(9)+0(1‘_1/2), = x| = 00,0 =x/r.
T

Then we can consider the scattering amplitude A(E, 0, w) to be the far field
pattern of the exterior Dirichlet problem (3.2) with boundary value f(x) =

u(x, w, k) —etVEwx provided that supp b(x) C Q, where u(x, w, E) is a solution
of the equation (1.1) with (1.2). Making use of this far field operator Fg we have

—C(E)A(E, w, 8) = [Fe{u(x, w, E) — eVE@ X)) (g)
= [FELL(',(U, E)](e) —AQ(E,G,(D), (33)

where A (E, 0, w) is the far field pattern of the solution of (3.2) with boundary
value f(x) = elVEwx,
We shall see that following identity holds on 0Q:
ok

uly @€ =St (G (@ B) (¥, on 00, (3.4

where ¢€(x, w, E) is a solution of the exterior Dirichlet problem

(A+E)pe(x,w,E) =0 in Q¢
¢ (x,w,E) =0 on 00
with ¢¢(x, w,E) — e?VE®X outgoing. Since both u(x,w,E) — etVE@x and
G (x, w, E)—e'VEWX are outgoing solutions, we see that u(x, w, E)—d(x, w, E)
is also outgoing solution of exterior Dirichlet problem. Recalling the definition
of Dirichlet to Neumann map Ay and A€ we have
o(u—¢°) 0

e.. _ _ o
Au=—77 Avu— 30

Applying Sg to both sides and making use of Theorem 3.1 we have

S (W(-,w,a) (x) = (St (Ao — A°Jul-, w, E)](x)

ov

=u(x,w,E).
Thus we obtain (3.4). In view of these equalities (3.3) and (3.4) we have

CIBIAGE, 0,0) = [FeSe o0 (-, B)] () ~ Aal(E, 6, @).



Let us define the operator Fg : L2(S') — C%*(dQ) by

(Feal) = | G0 w, Blgle)deo.

Then we have

Lemma 3.2. Let A(E) and Aq(E) be integral operators on L%(S") with kernel
C(BE)A(E,w,0), Aq(E,w,0) respectively. Then we have

Aq(E) — A(E) = FeSeFe.

Theorem 3.1 is immediately obtained from Lemma 3.1, Lemma 3.2 and the
injectivity of Fg and Fg. (See [11], [5].)

Thus the inverse scattering problem is reduced to the inverse boundary value
problem.

4 Inverse boundary value problem

In this section we shall consider the inverse boundary value problem for the
equation (3.1).

Theorem 4.1. Let bj(x) € WP(Q) for some p > 2 and suppbj(x) C Q,
j=1,2. Assume that

b5 [lw1.e (r2) <M, j=1,2.
Then for a positive number E such that E < N(M,p,R) and E & o (L) if
Ao, = Nv,,
then we have
by (x) = ba(x) in Q.

Noting that if we set q = (ivEb — E), q is small when E is small and that
O-equation is also valid for complex valued potentials (see Lemma 4.3), it is
found that the proof is almost same as in Kang-Uhlmann [6]. So we shall here
review the outline of the proof. In subsection 4.1, 4.2 and 4.3 we will review
the property of complex geometrical optics solution for the first order 0-system.
Smallness condition on E is needed when we construct the complex geometrical
optics solution. (Lemma 4.1.) The proof of Theorem 4.1 will be done as follows.
First we know in subsection 4.4 that Ay, = Ay, implies S7(k) = Sz(k), where
Sj(k), j = 1,2 is the scattering transform (4.13). After that, in subsection
4.5 it will be shown that the scattering transform S(k) determines uniquely
the complex geometrical optics solution M(z,k). In this step we need to use
the smallness condition on E again. Finally, it will be seen that the complex
geometrical optics solution M(z, k) determines uniquely the potential Q.

10



4.1 First order system

We shall reduce the second order equation (1.1) into a first order d-system.
Using complex notations the equation (1.1) is rewritten in the form

(00 — qe)u(z) =0, (4.1)

where

ge(2) = § (VEb(z) — E).

=09 (1)

Then the equation (4.1) is rewritten in the first order system

Let

(D—-QJv=0,

where v = *(du, 1) and u is the solution of the equation (4.1).

4.2 Complex geometrical optics solution

We shall construct wave function of first order system

(D-Q)d(z,k) =0 inQ (4.2)
of the form
eikz 0
oz =Mzl (%), ) (13)
with the property
M(z, k) — 1 as k| — oo (4.4)

for k € C, where M(z, k) is the 2 x 2 matrix and I is the 2 x 2 identity matrix.
According to Kang-Uhlmann [6] we see that there is a unique solution @ (z, k)
of the equation (4.2) with (4.4). We shall summarize the proof.
Let us denote that
ek(Z) _ ei(szrlZi]’ ék(Z) _ ei(EerkZ)

and

an e x(z)aiz
ExA =
K (ek(l)am az ) ’

where A = {aijli<i,j<2 is any 2 x 2 matrices. Then it is found that M(z,k)
satisfies

(Dx — Q)M(z,k) =0, in Q, (4.5)

where Dy A = E? DExA for any 2 x 2 matrices A.

11



Lemma 4.1. Let E > 0 be sufficiently small. Then 1 — D? Q is invertible on
L>(Q)

Proof. Let U = {uij}1 <i,j<2 satisfy
u-D.'Qu=o.

Then we have (remember that QO = Bg)

[unt oo < C1VE (bl ) + VE(R?)P) [luziflioe o,
[uzillteo(a)y < Cr (R Pllwri oo (ay,

where C; > 0 is a constant depending on Q and p. If E is small enough to
satisfy

CHrR?)/PVE (bl (o) + VE(RY'/7) <1,

then we have w7 = uz; = 0. Thus we find the injectivity of I — D?Q.
According to the proof in Kang-Uhlmann [6, Lemma 2.2] we see the invertibility
of I-D.'Q. O

Let us now define
M(z,k) = (1-D'Q)'[Il. (4.6)

Then it is found that M(z,k) satisfies the equation (4.5). We shall show that
this M(z,k) has property (4.4). Let us denote the components of M(z,k) by
mij(z,k), 1 < 1i,j < 2. Then the asymptotics (4.4) follows from the following
lemma (See [6, Theorem 3.1]).

Lemma 4.2. For sufficiently large |k| we have

C
[maii( k) = TlLeo (@) + [[maz2(+ k) = Lo (o) < quEHLP(Q)

C
[ma2(, %) |[Leo () + [Im21(- K)|[Loo(a) < W

4.3 0-equation

We shall show that M(z, k) defined by (4.6) satisfies 0-equation. First, we
oM

calculate ﬁ(z, k) formally. In view of the definition of M(z,k) (4.6) we have

myy+ 0" (qemar) =1 my2 + &0 ' (e_xqemaz) =0 @)
mo1 —e_ka”(ek)mn) :O, m22*671m12 =1
and
myr =[1+0 "qee 3 e (1), (4.8)
mar =[1+e 10 'exd 'qel (e 10 'ex), (4.9)
miz =[1+&0 "€ 1qed "7 (—&0 '€ rqe), (4.10)
mpy = [] + a_1ék6_1é,kq]—:]_1 (]) (411)



Since

80 (e xf)(z) = —711 JQ %f(@d@dﬁ,

0 _
we have formally (namely, if P and 0~ are commutable,)

omyz
ok

_% {ék(671 éfqumZZ)(Z) k)}

_! {—iJ' e—k(C—z)qe(C)m22(C, k)dCrdly
Q

s

e x(C—2z) omz2
+JQ (0 (c,k)dcadcl}

=—lékj & (0 qe (Qmaa(C, k) dTrd
Q

7T
Ceo " (eeqe 222 (2 k)
k —qu alz y .

In view of the relation (4.7) it follows that

omy2
ok

. =1 . 0m
= iy (z)s12(k) — &0 ‘<e_qua L ak‘z)(z,k),

where

s12(k) = —lj €_1(Q)qe(Q)m22(C, k)dCrdl;.
1o}

T
Noting that s72(k) is a function of k independent of z, it may be written in the
form
am1

Tz =1is12(k)[1 +&d '€ 1 qed 1 (&k).

Put v=1[1+&0 "é qed']7"(&). Then v is rewritten in the form

=~

v =81+ e qed &l ' (1).

By virtue of relations €y (z) = ey (z), é_x(z) = e_i(z) and (4.8) it follows that

v=2&l1+0 "e_rqed "eg (1)
= éxmyq(z, k)
Thus, we obtain
T2 sy, (K z)m (2,K).
Furthermore, we obtain from (4.7)
an{zz a1 amjz
ok ok

= is12(k)d " & (z)my1(z, k)
= isq2(k)éxma1(z, k).

13



In an analogous way the following formula is derived.

d _
Tn'_21 = "LSZ] (k)efk(l)mZZ(Z’) k)
ok

om . Kk
a]_!] :1321(k)67k(2)m12(23k))

where

1
s21(k) = %J e ()1 (¢, k) dirdly.
(0]

To verify these computation let us show that 9/0k and 0~' are commutable.
Noting that the identity

e 0 e, =0 —ik)!
holds and according to Nachman [12, Lemma 2.2], it is enough to show that

0 - .. )
a—kj(a—lk) 'f = D;(k)f(z), i=1,2, (4.12)

where

D, (K)f(z) = —~ JQ flA) 3, (aced

m)o C—z 0k
_ (1 oy 9
- T JQ (—z k; e (Q)f(C)dlrdly,

k = k1 +1ika, ¢ = y1 +1y2 and z = x7 + ixz. Obviously it follows that
D5 (K)f[[Lee (@) < Clifl[Lee()-
Simple computation shows that

0—i(k+h)) " —(@—ik)!
h

f(z) — D1 (K)f(2)

< J IFn (2, O)F(0)ldCRAL
Q

where

Fulz,0) = é_x(C—2) <éh(C—Z) —1

Tz n Zi(y1X1)).

Since hhm Fn(z, ) =0 and [Fr(z, O)f(C)| < CIf()|, we have (4.12) for j = 1 by
—00

means of Lebesgue’s convergence theorem. For j = 2 it follows in the same way.
Thus we see that the map k — (0 —ik)™! is differentiable on C in the strong
operator topology L*(Q) — L*®°(Q).

Let us now define matrixes S(k) and | by

1 0 is12(k) _ 0 ia
S(k) - _; (—1'.52](]() 18 ) ) IA - (—ia21 012) ’

Then we can write
1
S(k) = —%IJ ExQ(z)M(z,k)dzrdz;. (4.13)
Q

M(z, k) defined as (4.6) satisfies the following equation so called the d-equation.

14



Lemma 4.3. For each z we have

% (Z, k) = M(Z, ]2) rk(Z)S(k)

in L®°(Q), where

4.4 Relation Ay, and S(k).
Lemma 4.4. Let Ay, = Ayp,. Then we have

S1(k) = Sz(k)
for allk € C.

Proof. Noting that Ay, = Ap, implies 0u; = 0u, on 0Q), the proof is the same
as Kang-Uhlmann [6, Lemma 4.3] . O

4.5 Relation S(k) and M(z, k)

We shall review that S(k) uniquely determine M(z, k). By means of d-equation
we see that my; and my; satisfy following integral equations

mi1(z, k) =19, {e_xs21(k)mi2(z, k)} (4.14)
mia(z, k) =19, {&xs12(k)mi1(z, k)},
where
- 1
o Hf(w) = —= J mddekI.
T rz kK—w
Note that
512001 < ——lqe |
12 S TIK qeflwi.»(0)

C
< — . 1
ls21 (k)| < 1+|k|(||QEHL @)+ 1)

for all k € C. (See [6, Lemma 3.2].) Taking into account that 5;1 is a bounded
operator : L2%1 — 128 —1 < § < 0 (see [12, Lemma 2.4]), we have

Ima1(-2)l[25c) < Cllgelle (@) + DMzl 2)[[2.5 ()

M2 2)l[ 250y < Cllqellwre (o) llma (5 2) 2.5 (o)

If E > 0 is small enough such that

Clllaellte () + Dllgellwrr o) <1y

15



then by the contraction mapping principle we see the unique solvability of the
equations (4.14) in L#®(C). Hence, to construct my; and mj; for each z € Q
we may solve the system of integral equation

i e_olz _
miq(z, k) :—*J ,w( )521(w)m1z(z,w)dwkdw1

T g2z W—k

i e_wolz _ )
mi2(z, k) :—*J ,w( )S1z(w)mn(z,w)dwkdw1,

T g2 W—k

here we change variable wy by —wy. In the same way we can obtain m;; and
m;y; from S(k). This implies that

Lemma 4.5. Let S;(k) = Sz(k) for all k € C. Then we have
M (z,k) = M?(z, k) in Q

for allk € C.

4.6 Relation Q(z) and M(z, k)
It is well known that Q(z) is recovered from M(z, k).

Lemma 4.6. For any p > 0 we have

1

Q(z) = — lim J Dy M(z, k)dkg dk;.
TTp? Ko—00 J ik iy l<p )

The proof will be found in [1, p1024, Theorem 5.2].

Theorem 4.1 now follows from Lemma 4.4, Lemma 4.5 and Lemma 4.6. Thus,
combining Theorem 3.1 with Theorem 4.1, Theorem 1.2 has been completely
proved.

5 Remark

In this section we give a remark on the d-equation for special solutions developed
by Novikov [20].
Let us consider the Schrédinger equation in R?
(=490 + V)u(A,z) = Eu(A,z), E>0, AcC. (5.1)
It is known (see for instance [4])that if V(z) satisfies
V(z)] < Co(1+12)) ¢
for small Cyp > 0 and € > 0, then there exist a unique solution of the form
u(A, z) = e FE A2y () ) (5.2)
with asymptotic behavior

v(A,z) — 1, as |z| — oo. (5.3)

16



Moreover, this solution w(A, z) satisfies the so-called d-equation

27;\1(}\,2) _ TA)u <—;\, z) if V is complex valued (5.4)
T(A)u(A, z) if V is real valued
where
sgn(AN —1
T(A) = %sm, (5.5)
and S(A) is called the scattering transform
1 WVE (3 .
S(A) = 7J e 7 A=+ 32V(z)u(A, z)dzgdz. (5.6)
47t R2

We shall remember that functions satisfying the generalized Cauchy-Riemann
equation

du=au+bi

are called generalized analytic functions (or pseudo-analytic functions). From
the property (5.4) we can say that w(A, z) is a generalized analytic function with
respect to A if V(z) is real valued functions, but is not for complex valued case.

Let us return to our case V(z) = ivVEb(z). If b(z) is the real valued function
then we will see that w(A,z) is the generalized analytic functions with respect
to A although V(z) is the complex valued.

Theorem 5.1. Let b(z) be the real valued function such that
Ib(z)l < M1 +1zl)~%, M >0 (5.7)

for « > 7/2. Put V(z) = iVEb(z). If E > 0 is sufficiently small then there
exist a unique solution u(M,z) of the equation (5.1) such that (5.2) and (5.3).
Moreover, this solution W(A, z) satisfies the following equation

ou —_

5(7\%) =TAJu(A, z), Al #1 (5.8)
where T(A) is (5.5).

In this theorem the decay condition of b(z) is rough. It is for simplification
and is not so important. What to assert are that smallness of b(z) is not neces-
sary for our case and that exponentially growing solution for purely imaginary
valued potential satisfy as the same 0-equation as that for real valued potential.

The rest of this paper we shall prove Theorem 5.1.

5.1 Properties of Green function G(A,z)

We first note that the Fourier transform

N 1

f(&) = 7 JRZ e X Ef(x)dx

17



can be written in the form

where z = x1 +x2,k = &1 + &,. It is easy to see that

= 1

kf(k), 6f(k):%k?(k), aéf(k):—zkfo?(k).

Let us return to the equation (5.1). Substituting (5.2) into the equation
(5.1) we have

(Po(A) + V)v(A,z) =0, (5.9)
where
2VE -
N 0.

Po(A) = =400 — 2iVEND —

Let us consider the equation
Po(A)d(A, z) = f(z).
Applying the Fourier transform to the both side we have

(kk + VENK + ?k)&)(x, k) = f(k).

Defining the Green function G(A,z) by
e%(lzz+k2)

* Kk + VEAK + %k

dkrdkg

1
G(Az) = HJ
R

and Green operator Go(A) by
Go(A)f(z) = J G(A, z — k)f(k)dkgrdky,
R2

& (A, z) is written in the form
(A, z) = Go(A)f(z).

Thus, making use of the Green operator we can rewrite the equation (5.9) into
the integral equation

v(A,z) =1 —=Go(A)W(A, z), Al # 1. (5.10)
We shall remember the properties of Green function G(A, z).

Proposition 5.1 ([4], [20]). If Al # 1 then G(A,z) has the following proper-
ties.

C
IG(A, z)] < . 5.11
RV = (YY) 1
1 WE(R 3z
G (}\’Z> —e ‘f{()ﬁq/7\)z+(7\+1/?\)z}6(>\)z). (5.12)
aG()\, ) = _7sgn(7\)\_— ”e_g{(i—o—]/?\)z—o-(}\—o-]/?\)z}. (5.13)

nmE = A0
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Proof. (5.11) will be found in Novikov [20, p.424]. From the definition of G(A, z)

we have
G ( 1 1 D i
i) T 15 RAKT.
A ) 472 J _ _ _
B ik — %k — VEAK
Changing the variable k by k 4+ vE(A + 1/A) we obtain (5.12).
Let us prove (5.13). We denote by K, the set of zero points of p(A, k)

Ka ={k € C; p(A, k) =0},

where

p(A k) = kk + VEAK + ?k.

It is easy to see that Ky consists of two points k = 0, —VE(A + T/A).
First let us consider the function Gg (A, z)

NN
Az = — | P o (k) dkedky,
Geh ) = 33 |, ke e W ke

where e, (k) = et(k=T%2)/2_ Gince
0 P € op
(P VY= & Pn
oA (|p|2+£) (A, z) ( (A, 2),

we have

0 1 ce, (k) op
OGNz = — &Y P W) dkedks,  (5.14
on oM = <J<K;)C+JK;> PO, R + )2 an I dkrdkn - (19

where K;’\ is the &-neighborhood of K, and (Ki)C is its complement. We denote
m = R(p(A, k), n2 = T(p(A, k) and n = (n1,n2). Changing the variable kg
and k1 by n1 and 1, in the integral we have

J e, (k) ap
ke (PN K2 +€)2 oA

ge;(n) Op

A, k)dk dk:J _te=n) 9P
WKdkedia = | R 2 o

. (A, (m)ldn,
where

1
oni/0kg  0Om2/0kg

= ’am/akl om 0k,

Changing the variable 7 and n, by VEn; and vEn, the second integral in
(5.14) tends to

eIl S, m)

1
X —d
o Lz ME+ 12"

when ¢ — 0. Since the first integral in (5.14) tends to 0 as ¢ — 0 and n = 0
means k € K,, we obtain

3 02) = 2= 2, Kle. (KO, K)

47t O (5.15)

Ka

19



Let us calculate the right hand side of equation (5.15). Since
op k
we have

EQA* -1

M. . . 0P 1.

oA
Moreover simple computation shows that

e, (—VEA+1/A)) = o= FE(A+1/N)z+(A+1/0)z)
-1

TR 1
WN—¢HA+VM)=‘()W)
Thus, we obtain
op sgn(AA —1) _ivi 5 .
R )| = B e Az A,

This completes the proof. O

5.2 Proof of Theorem 5.1

First we shall show that the integral equation (5.10) has a unique solution.
If I+ Go(A)V]™! exists on the set of bounded continuous functions then the
solution can be constructed in the form

v(Az) = I+ Go(A)VITT(1).

So let us prove the invertibility of [I+ Go(A)V].
Let f € C(C). Then making use of following estimates

max[V(z)f(z)| < ﬁM%aglf(ZJ\
J IV(2)f(z)|dzrdz; < VEM max [f(z)],
RZ

zeC

we have Vf € C(C)NL'(C). Since

(3] (2]
dtrdl; < dtrd
JRZ Viz—{ frdtr = (JIZC|21+JZC§1> Viz—=a e

4m
< | eidzedz o+ 5 maxie),
R2 3 zeC
we have by virtue of the estimate (5.11)

Go(WVi(2)] < <

= VEVIAN+ 1/

+ 4?7( max |iﬁb(l)f(l)|}

{J iVEb(z)f(z)|dzr dz;
RZ

IN

C . ~ 47t
7 VE <M+ 3M> gleaéqf(zn.
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If E is sufficiently small then the operator norm of Go(A)V is less than 1. Hence
I+ Go(A)V is invertible on the set of bounded continuous functions.

Next we shall see that v(-,A) —1 € L'(C). Let f € B°(C). Then in view of
(5.11) we have

1Go(A V|11 () < Cmax|f(z>|j
zeC

Kg(x)dx,
RZ

where

Kg(x) = JRZ K(x,y)g(y)dy,

Kixy) ==yl 2y372 gly) = (1 +fyh~(*3/2.

If « > 7/2then g € L' (R?). Since K is a bounded operator on L' (R?) (see [19,
Lemma 2.1]), it is found that Go(A)Vf € L'(C). Thus we obtain the property
(5.3).

We shall prove the equation (5.8). Making use of the formula (5.13) it is
found that

ov _aGo(?\)Vv

_ JRZ %m, 2— 2 )WV(2' W\, 2 ) dzrdz; — {GO(A)(VS;)} (\,z)
(5.17)
— TOe(z, ) — [GOU\)(Vg;J] (\2), (5.18)
where

&(z,\) = o= E{A+1/Nz+(A+1/0)z)

In view of the formula (5.12) we obtain

where
- - 1
V(A z) = é(z,A\)v fi,z .
It is easy to see that this v satisfies the integral equation

V(A z) = €(z,A) — [Go(A) (VW)I(A, 2).

Noting that T(A) is a function of A independent of z and applying T(A) to both
sides we have

TAWA, z) =T(A)eé(z,A) — Go(?\)(VTU\)G)} (A, z).
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This integral equation has a unique solution. Hence, comparing the equation
(5.18) we obtain

ov -
5(7\, z) = T(A)V(A, z).

Moreover, since

N 1 ou ov
V(}\,Z) =Uu (}\,Z) and ﬁ = ﬁ)
we have
ou 1
— (A, z) =T(A —=
0 =T (~5,2)

We shall now prove

u <—;\,z> =u(A,z).

Recalling V(z) = iVEb(z), (5.2) and (5.14), we see that
u(A, z) = ex(z) —ivVEea(z)(Go(A)beau) (A, z), (5.19)

where

er(z) = 7t (3z42z)

Since b(x) is real valued function, we have by means of (5.12)

u(—;\,z) =ex(z —er)\ (AM)be_ )\u( ;\,'N(Z)» (5~20)

Let w(A,z) = w(A,z) —u(—1/A,z). Then, in view of the equations (5.19) and
(5.20) w(A, z) satisfy

z) = —iVE&A(2)[Go(A)be_\WI(A, 2).
Hence we obtain

[[1 + i\/EGO()\)b](é,Aw)} (A z) =0

and it is found W(A, z) = 0 because of invertibility of [I 4+ ivEGo(A)b]. Thus,
Theorem 5.1 has been completely proved.
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