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Abstract. Let W be a nonnegative summable function whose logarithm is
also summable with respect to the Lebesgue measure on the unit circle. For 0 < p <
oo, HP(W) denotes a weighted Hardy space on the unit circle. When W =1, HP(WW)
is the usual Hardy space HP. We are interested in H?(WW), the set of all nonnegative
functions in HP(W). If p > 1/2, HY consists of constant functions. However H? (W),
contains a nonconstant nonnegative function for some weight W. In this paper, if p > 1/2
we determine W and describe H?(W),; when the linear span of HP(WW), is of finite di-
mension. Moreover we show that the linear span of HP(WW), is of infinite dimension for
arbitrary weight W when 0 < p < 1/2.



§1. Introduction and preliminaries

Let T be a nonnegative function in L' = L'(df/2n, 0D) where D is the open
unit disc and 9D is its boundary. For 0 < p < oo, a weighted Hardy space H? (W) denotes
the closure of all analytic polynomials in LP(W) = LP (Wdf/2r, 0D). We may assume
that log W is in L'. For otherwise H?(W) = LP(W). If W = 1, then H?(W) is the usual
Hardy space H?. Let N, be the Smirnov class (see [1]), then H? = N, N LP. A function
h in N, is called outer if it is invertible in NV, and a function ¢ in N, is called inner if
lgf =1 ae. on dD. If W = |h|P and h is an outer function in H”, it is known that
H?P(W) = h™'H? and so HP(W) is a subset of N,. Put

HP(W)y ={se HP(W); s >0 a.e. on 0D}.

If W = |h|P, then hHP(W), = {g € H? : argg = argh a.e. on dD}. In this paper, the
dimension of H?(W), means that of the linear span of H?(W), in HP?(W).

J. Neuwirth and D. J. Newman [7] showed that Hi/ > = R, = the set of all
nonnegative real constants. Hence HY = R, if p > 1/2. However H} # R, if0 <p < 1/2
because z/(1 + z)? belongs to (| H”. H'(W); has been studied because hH' (W), =

p<1/2

{g € H' : argg = argh a.e. on 9D} when W = |h|. In fact, this set is related to the set
of extremal functions of a well known linear extremal problem in H'. (cf. [5],[6],[3],[4]).
Hence H'(W), is known enough. However HP(TW), has not studied before when p # 1
and W # 1. In this paper, we study H?(W), for arbitrary p. In §2, we show that
HP(W), is of infinite dimension when 0 < p < 1/2 and W is arbitrary. In §3, we describe
HP(W)y when p > 1/2 and H?(W), is of finite dimension. In §4, we show that H? (W),
is of finite dimension if p > 1/2 and W is locally in L'/?’~! except at a finite set.

Now we give a general result about H?(W), for 0 < p < co. For any nonzero
function f in H?, put S]f ={g € H? ; argf = argg a.e. on 9D} for 0 < p < co. Put
(N ={s€ N.; s>0a.e. ondD}.

Proposition 1. Let 0 < p < oco. Suppose W = |h|P and h is an outer function
i HP.

(1) HY(W), = h"'S" and Ry C H? (W), C (N.),.

(2) If W is in L™ then HP?(W), 2 HY.

(3) If W=t is in L*>° then HP(W), C HY.

Proof. Since H?(W) = h™'H?, (1) follows from the definition of 8. (2) and (3)
are clear.

Lemma 1. If f and g are nonzero functions in N, such that f/g is nonnegative
and nonconstant almost everywhere on 0D, then f + g is not outer.
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Proof. Put h = f + g, then f/h+g/h=1, 0 < f/h <1land 0 < g/h <1 on
OD. If h is outer, then both f/h and g/h belong to N, N L>* = H*. Thus both f/h and

g/h are constant and so f/g is constant. This contradiction shows the lemma.

Proposition 2. Let 0 < p < oco. If HP(W), # R, then there exists a function
in HP(W), which is not outer. Hence the dimension of HP(W) is bigger than or equal
to three.

Proof. If s € HP(W), is nonconstant, by Lemma 1 s+ 1 is not outer and so this
implies the first part. Hence qg = s + 1 belongs to H?(W), where ¢ is a nonconstant
inner part of s+ 1. Since both (1+¢)?g and 1 belong to H?(W),, this implies the second
part.

§2. General weights for 0 < p < 1/2.

If 0 < p<1/2, then (z —b)(1 —b2)/(z — a)(1 — az) belongs to HP where |a| = 1
and |b] < 1 and so HY is of infinite dimension. In this section, we show that H?(WW), is
of infinite dimension for arbitrary weight WW.

Lemma 2. If0 < p < 1/2 and if h is a function in H?, h(z)/(z — e)(1 — eitz)
belongs to HP for a.e. e®.
Proof. If k(z) = z/(1—2)?, |k|P and |h|P belongs to L' and hence |k|P x|h|P € LL.

) 27 ) )
k[P« [RP(e") = / k(") h(e)|Pd6 /2m
0
_ /27r eieh(eie) p
n 0

(et — eit)(1 — Jeie)
This implies that h(z)/(z — e")(1 — €itz) belongs to H? for a.e. e’

df/2m < oo

Theorem 1. For arbitrary weight W, HP(W), is of infinite dimension.
Proof. Suppose that W = ||’ and h is an outer function in HP. Since H?(W), =
h_lSh by (1) of Proposition 1, it is enough to prove that S{} is of infinite dimension. By

Lemma 2, for any finite n, h(z H z — b)) sz)/H(z —a;)(1 — a;z) belongs to HP

n

where |b;| < 1 and |a;| =1 for 1 < j < n. Since H z—b))(1=b;2)/]](z — a;)(1 — a;z)

j=1 j=1
is nonnegative on D, S is of infinite dimension.



§3. General weights for 1/2 <p < o0

Unlike when 0 < p < 1/2, if 1/2 < p < oo, then H?(W), may be of finite
dimension for some weight W. In this section, we describe H?(W), when HP(W), is of
finite dimension.

Lemma 3. Let 1/2 < p < co. If W = WiWy, and Wi = []|z — a;|*" where
j=1
la;l =1 (1 < j <n) and H*(Wy)+ = Ry, then HP(W) C HP(W)4. If Wy is in L,
then HP(W)+ - HP(W1)+'

Proof. Let hy = ] (2 — a;)(1 — a;2) and hg an outer function in H? with |heP =
j=1
Wo. Put h = hlho, then W = ’h’p = |h1|p X |h0’p = W1W0. Since EnH<Z—6L]’)(1 —C_LjZ) =
j=1

111z — ;1. |h|/h = z"|ho|/ho. Hence

j=1
HP (W), = h™'Sh = h182"h

and S)° = {vho ; v € Ry}. Now we will prove that §;"" C SZ" x hy. Then the lemma
follows.

, We will prove it by induction on n. It is clear when n = 0. We assume that
S0 C 87 X hg for j =0,1,---,n—1. If f € S and f is not a scalar multiple of
2"hg, then by Lemma 1 2"hg + f has the form gg for some nonconstant inner function gq.
By a theorem of Frostman, there exists a sequence {d;} in D such that dy — 0 (£ — o0)
and (¢ — d;)/(1 — dyq) is a Blaschke product for each £. Then (¢ — d,)(1 — deq)g € S;"ho
because qg € 8. If (¢ — dg)(1 — dyq)g belongs to 82" x hg, then qg € 8" x hg as
¢ — oo. Since z"hy € Sgn X hg, f belongs to S;n X hg because z"hg + f = qg and so
S0 C 87" % ho. Now we will show that (g — dy)(1 — deq)g belongs to S2" x hg for all £.
For each /¢, there exist a complex constant z, € D

(¢ —de)(1 = deq)g = (z — 20) (1 — Z02)Qu(1 — Z2) *(1 — dyq)*g

1-2 —d

and Q, = 2 47 % 45 4 Blaschke product. Since (z — z¢)(1 — Z2)/2 > 0, Q¢(1 —
z—z 1—dyg

zp2)72(1 — dyq)* belongs to S;n_lho. By hypothesis on the induction, Qy(1 — zz) (1 —

deq)%g € S;WI x ho and so (¢ — dy)(1 — dyq)g belongs to S:" x hg and so 87" C 82" x hy.

Lemma 4. Let 1/2 < p < oo. If HP(W) is of finite dimension n the inner part
of any nonzero function s in HP(W), is a finite Blaschke product of degree < n — 1.



Proof. Suppose that 0 # s € HP(W), and s = gk where ¢ is inner. If ¢ = qu
j=1
and ¢; (1 < j <m) is a nonconstant inner function then put for each ¢ <m

) )

Then {s;}7L, is a system of independent elements in H?(W) . This implies that dim H? (W), >
m + 1.

Theorem 2. Suppose HP(W) (1/2 < p < o0) is of finite dimension n. Then,
(1) W =W Wy, W= H|Z — a;|* where |a;] =1 (1 < j <n) and HP(Wp), =

7=1

, —b)(1—b;2)
(2) H( {71—[ (z —aj)(1 —a;z)

Proof. Suppose W = |h|P and h is an outer function in H?. By Lemma 4, for any
function f € S;} the inner part ¢ is a finite Blaschke product of degree < dim H?(W), —1
because HP(W),; = hflSZ’}. Then there exists at least a function in SZ’} such that the

degree of the inner part ¢ is the largest n. If gk € Sg then there exists a function hy € HP
such that z"hg € 51};' Then

;y>0and |bj] <1 (j=1,---,n)

S;} = S;nho and Sg“ = {vho ; v € R;}.

In fact, if there exists a function g in S"\{vhg ; 7 € R, }, then by Lemma 1 g+ho = g1/
where ¢ is a nontrivial inner function. Then z"g1h; € S;} and by Lemma 4 this contradicts
the definition of n. By the proof of Lemma 3, S;nho C S;n X hg. By a lemma of H. Helson
and D. Sarason [2], because p > 1/2

{ Hz—b )(1—b;2) ; |bj|§1(1§j§n),7€R+}.

This implies that
2"he _ Q2" __¢ch
S, =38, xhy=S§,

and h = v][[(z — a;)(1 — @jz)ho where |a;] =1 (1 < j < n)and y € Ry. Put Wy =
7=1
H|z — a;*” and Wy = |ho|*, then (1) follows. By Proposition 1, H?(W), = h™'S" and

J=1
so (2) follows.



§4. Special weights for 1/2 <p <

It is known that a nonnegative function in H'/? is constant almost everywhere on
OD. Lemma 5 is a generalization of it and known in [4]. This is important in the proof
of Theorem 3. If W' is in L>® by Proposition 1 H'?(W), = R,. In this section, we
study HY2(W), when W~! locally belongs to L> except a finite set. By [4, Theorem 1]
and Proposition 1, H'(W), is of finite dimension when W ™! locally belongs to L' except
a finite set.

Lemma 5. Let F' be a function in N, such that

(a) F belongs to H? for some p > 0,

(b) F locally belongs to HY? except a finite set of OD,

(c) F'is outer and F is nonnegative a.e. on 0D.
Then F' can be extended to a rational function.

Theorem 3. Let p > 1/2. Suppose W1 is in L? for some ¢ > 0. If W1 belongs
locally to LY?*=Y except a finite set A of OD, then HP(W), is of finite dimension and
dim HP(W), = 2N + 1 for some nonnegative integer N. If A is an emptly set, then
H*(W)y = Ry. If A ={a; ; j = 1,2,---,n} then there exist nonnegative integers

my, -+, my such that the following (1) and (2) are valid for N = m;.

j=1
(YW =W1Wo, Wi = [[lz—a;*™", H?(W1): = H (W), and HP(Wy)+ = R..
=1
N ’ B n
(2) H*(W)y = {v[[(z = b;))(1 = b;2)/[[(z — a;)™ (1 — a;z)™ ; v > 0 and
j=1 j=1

Proof. At first we prove that H?(W), is of finite dimension. Since HP(W), =
h™'S! where W = |h|P and h is an outer function in H?, it is enough to show that S is
of finite dimension. If ¢ is an outer function in Sg, put ' = g/h. Then F > 0 a.e. on
0D, F € H? for some g > 0. For a measurable subset £ C 0D\ A

1(1/2 1/21¢ L 1/21k 1/k
) § )
/Eygh 11246 /27 < ([E(\g\ )d@/%) (/E]h |d9/27r>

where 1/0+ 1/k = 1. If £ = 2p, then k = 2p/(2p — 1) when p # 1/2, and k = oo when
p=1/2. If k # oo, then

2| = |h| 7T = W
and so F locally belongs to H'/? except A by hypothesis on . Hence by Lemma 5 F is
a rational function and

_ iz =by)(1 —bs2)
F(z) = 71_[221(2 —a )
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where v > 0, N =my+---+my,, [bj] =1 (1 <j<N)and |q;] =1 (1 <5 <n).
Since h~! locally belongs to HP/»=D {a;}"_; C A. Therefore by finiteness of A and
Theorem 2 there exists a positive integer Ny < oo such that N < Ny. This implies that
Sl is of finite dimension. (1) and (2) are clear by the above proof and Therem 2. If A

is empty, then F belongs to HY? by the proof above and so F is constant. This implies
that S} = {yh ; v € Ry} and so dim H?(W), = 1.

1
Corollary 1. Let 5 < p < 00. Suppose that W = |h|P and h is a rational outer

function, that is,
n k

h(z) = [1(z = a)™ / ][ (= = ¢;)"
j=1 j=1
where gl =1 (LS j<n) ayfa (j£9) andle) =1 (1<), & £ (j #
i), 0 <pk; <1(1<j<k). Then H* (W), is of finite dimension. Moreover there exist
nonnegative integers £y, - - -, £, such that
1

1 1 1 )

and N =Y {;, and the following (1) and (2) are valid.

j=1

n n k
(D)W =WiWo, Wi = ]Iz — a;*?, Wy = [[Iz — a7 257/ T] |z — e
n

(2) H* W), = {7][[(z = b)(1 = b;2)/ T (z — a;)5 (1 = @;2)% ; v > 0, |b;| <

J=1 Jj=1
1(j=1,-,N)}
Proof. Since W~ belongs locally to L> except {a;}7_,, by Theorem 3 H?(W),
is of finite dimension. If ¢y, ---, /¢, are nonnegative integers such that

1 1 1 1
—(m;+-)—1<l; < —=(m; + - 1< <
2<m]+p) ]—2<m3+p) ( Jj<n)

and N = Y ¢;, then put Wy = [[|z — a;*"? and Wy, = W/W;. Then by Theorem 3
j=1 j=1

HP(Wy)y = Ry. For Wyt € LYY because —1 < (20;p — m;p)/(2p — 1) < 1/(2p — 1).
Hence (1) and (2) follows from Theorem 3.

Remark. (1) Let p > 1/2. Suppose W' is in L? for some ¢ > 0 and W' belongs
locally to L'/?P=! except at z = —1. Then by Theorem 3 HP?(W), is of finite dimension.
Moreover, dim HP? (W), = 2N +1 if and only if W|1+z|7%N € L' and W|1 + z|~22(N+1) ¢
L' (2) Let p > 1/2. Suppose W = |1 + z|* and —1 < a < oo. Then the following

8



(i) ~ (di7) are equivalent. (7)dim H?(W); = 2N + 1. (i) max((2N)p — 1,—1) < a <

2N 4 3)p — 1. (i) max(:2£L, 1) < p < & For by Theorem 3, dim HP(W), = 2N +1
2N+37 2 2N

N
for some nonnegative integer N and H? (W), = {v][ (z—b;)(1—b;2)/(14+2)*" ; v > 0 and
j=1

bl <1(j=1,---,n)}. Since hRH?(W), = S! and h = (1 +2)7, (1+2)» H (W), C HP
and so (1+2z)» 2" belongs to H?. Hence a—(2N)p > —1 and so o > max((2N)p—1, —1).
Since dim H?(W), =2N +1, a < (2N + 1)p — 1.
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