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Uniqueness on identi�
ation of 
ubi

onvolution nonlinearityHironobu Sasaki∗and Mi
hiyuki Watanabe†
AbstractWe shall 
onsider the inverse s
attering problem for time depen-dent version of Hartree-Fo
k equation and nonlinear Klein-Gordonequation. The uniqueness theorem on identifying the 
ubi
 
onvolu-tion nonlinearity from the knowledge of the s
attering operator willbe shown.

1 IntroductionIn this paper we shall 
onsider the inverse s
attering problem of determin-ing the nonlinearity for Hartree-Fo
k equation
i
∂u

∂t
= −∆u+

∫

Rn V(x − y)U(x, y, t)u(y, t)dy (1.1)and Klein-Gordon equation with 
ubi
 
onvolution nonlinearity
∂2w
∂t2 = ∆w + w + (V ∗ w2)w (1.2)for (x.t) ∈ Rn × R, where u = t(u1, · · · , uN),

U(x, y, t) = (Ujk(x, y, t)) N × N matrix
Ujk(x, y, t) = uj(x, t)uk(y, t) − uk(x, t)uj(y, t)
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and
(V ∗ w2)w =

(∫

Rn V(x − y)w(y)2dy

)
w.The uniqueness theorem on identi�
ation of V(x) from the s
attering op-erator will be shown.Hartree-Fo
k equation (1.1) is derived in order to obtain an approximatesolution of an N-body S
hr�odinger equation

i
∂Φ

∂t
= −

N∑j=1 ∆jΦ+
∑i<j V(xi − xj)Φ,where xj = (x1j , · · · , xnj ) ∈ Rn, and ∆j =
∑ni=1(∂/∂xij)2. V(x) represents theintera
tion potential a
ting on between parti
les. In more details, we referto Isozaki [1, Introdu
tion℄. We would like to determine the intera
tionpotential V(x) from the knowledge of the s
attering operator.Hartree-Fo
k equation (1.1) is a kind of nonlinear S
hr�odinger equa-tion. So let us here review the inverse s
attering problem for nonlinearequation in short. The power type nonlinearity 
ase was initially studiedby Morawetz-Strauss [3℄ and Strauss [4, pp 64-70℄. For example, 
onsiderthe nonlinear S
hr�odinger equation

i
∂u

∂t
= H0u + V(x)|u|p-1u, (t, x) ∈ R × Rn,where H0 = −∆. Suppose that p is an integer, p ≥ 3 if n ≥ 3, p > 3if n = 2, p > 4 if n = 1 and V(x) is real valued 
ontinuous, bounded,whose derivatives up to order l > 3n/4 are bounded. Then the s
atteringoperator S

(Sφ)(x) = φ(x) +
1

i

∫

R

(
eitH0V |u|p-1u) (t, x) dtis well de�ned. It was shown that V(x) is re
overed from the s
atteringoperator S as follows. For any φ ∈ H1 ∩ L1+1=p,

V(x0) =
lim�!1λn+2I[φ�]

∫

R

‖e-itH0φ‖p+1Lp+1 dt

, (1.3)
2



where φ�(x) = φ(λ(x − x0)), x, x0 ∈ Rn and
I[φ] := lim"!0 i

εp ((S − I)(εφ), φ). (1.4)Later by Weder [7℄ above results was extended to more general 
ases.In the above mentioned result the method to obtain the re
onstru
tionformula (1.3) is not appli
able to our 
ubi
 
onvolution 
ase. The essentialpoint to prove the formula (1.3) is the 
hange of variables in the followingintegral
I[φ�] =

∫

R

∫

Rn V(x)|e-itH0φ�|p+1dxdt.Changing variable x by λ(x − x0), we have
I[φ�] = λ-n-2 ∫

R

∫

Rn V
(
x0 +

x

λ

)
|e-itH0φ|p+1dxdt.Therefore, as λ → ∞, we 
an take the value V(x0) from the inside integral.Applying the same method to 
ubi
 
onvolution nonlinearity we obtain

I[φ�] =

∫

R

∫

Rn(V ∗ |e-itH0φ�|2)|e-itH0φ�|2dxdt

= λ-2n-2 ∫

R

∫

Rn(V
( ·

λ

)
∗ |e-itH0φ|2)|e-itH0φ|2dxdt.Sin
e the integral

∫

R

∫

Rn(V(0) ∗ |e-itH0φ|2)|e-itH0φ|2dxdtdoes not 
onverge, we 
an not make λ tend to in�nity. Thus, to identifythe 
ubi
 
onvolution nonlinearity is not 
lear. Re
onstru
tion formula wasgiven only in the spe
ial 
ase V(x) = β|x|-�, whi
h was proved in [6℄.Our purpose of this paper is to study the identi�
ation of 
ubi
 
onvo-lution nonlinearity whi
h dose not dire
tly apply the method in the 
aseof the power type nonlinearity but whi
h is physi
ally important.
Notations : Let us introdu
e some notations used throughout this paper.Let Hs;q(Rn) be the usual Sobolev spa
e of order s in Lq(Rn). Espe
iallywe use the abbreviationHs = Hs;2(Rn). We shall denote by Lp(R; Z) the setof Z-valued Lp(R) fun
tions. A set of bounded 
ontinuous fun
tions whose3



derivatives up to the mth order are bounded 
ontinuous will be denotedby Bm(Rn). The fun
tion spa
e S is inde�nitely di�erentiable on Rn andall of whose derivatives remain bounded when multiplied by polynominals.For a Bana
h spa
e H we shall denote H×H by [H]2.Fourier transform of φ is denoted by φ̂ or Fφ. For a ve
tor valuedfun
tion f = (f1, · · · , fN) we put
‖f‖X = ‖f1‖X + · · ·+ ‖fN‖X.

The plan of this paper is as follows. In Se
tion 2 we shall de�ne thes
attering operator for the evolution equation. The inverse problem for theHartree-Fo
k equation will be 
onsidered in Se
tion 3, whi
h is the mainpart of this paper. Nonlinear Klein-Gordon 
ase will be treated in Se
tion4. In Se
tion 5 we will give a remark for Hartree type equation in the s
alar
ase.
2 ScatteringBefore 
onsider the inverse problem we have to solve the dire
t problem.In this se
tion we shall mention the s
attering problem for the evolutionequation

i
∂v

∂t
(t) = Jv(t) + F(v(t)), (2.1)where J is a selfadjoint operator in Hilbert spa
e X with dense domain, vis a X-valued unknown fun
tion over R and F is a map form a suitablesubspa
e of X into X.In order to de�ne the s
attering operator, we refer the integral equation

v(t) = e-itJφ- +
1

i

∫ t-1 e-i(t-s)JF(v(s))ds. (2.2)and put
X� := {φ ∈ X; ‖φ‖X ≤ ρ}.4



Definition 2.1. Assume that there exist some ρ > 0 and some W ⊂
L1(R; X) su
h that for all φ- ∈ X�, there exists a unique solution v ∈ Wto (2.2) satisfying

‖v(t) − e-itJ(φ-)‖X −→ 0, as t → −∞.Then the operator S satisfying following properties is 
alled the s
atteringoperator for (2.2)
(1) S : X� ∋ φ 7→ φ+

1

i

∫

R

eitJF(v(t))dt ∈ X, (2.3)
(2) ‖v(t) − e-itJS(φ-)‖X −→ 0, as t → ∞.

3 Hartree-Fock equation

3.1 Scattering operatorWe shall see that the s
attering operator for Hartree-Fo
k equation (1.1)is well de�ned. Global existen
e of a solution for Hartree-Fo
k equationwas studied in [1℄. S
attering problem was 
onsidered in Wada [5℄. In thispaper we will de�ne the s
attering operator based on results whi
h wasproved by Mo
hizuki [2℄.We denote that
F(u(t)) =

∫

Rn V(x − y)U(x, y, t)u(y, t)dy (3.1)and J = H0 := −∆. Assume that V(x) is real valued fun
tion on Rn andsatis�es
|V(x)| ≤ C|x|-�, for 2 ≤ σ ≤ 4 and σ < n. (3.2)Let X = H1 and W := L3(R : H1;q)∩L1(R : H1), where 1/q = 1/2−2/(3n).Setting G(f, g, h) = [V ∗ (fg)](x)h(x), we have

∥∥∥
∫ t-1 e-i(t-s)H0{G(u1, u2, u3)−G(v1, v2, v3)}(·, s)ds

∥∥∥W
≤ C(‖u1 − v1‖W‖u2‖W‖u3‖W

+ ‖u2 − v2‖W‖v1‖W‖u3‖W
+ ‖u3 − v3‖W‖v1‖W‖v2‖W). (3.3)5



Using this estimate (3.3) it follows that
∥∥∥

∫ t-1 e-i(t-s)H0{F(u) − F(v)}(s)ds
∥∥∥W

≤ C‖u− v‖W(‖u‖2W + ‖v‖2W). (3.4)A

ording to the argument in Mo
hizuki [2℄, with the help of the estimate(3.4) the s
attering operator (2.3) in De�nition 2.1 is well de�ned.
3.2 Inverse scattering problemWe shall now 
onsider the inverse s
attering problem of determining V fromthe s
attering operator S de�ned by (2.3).
Assumption : We assume that V satis�es following 
onditions.(i) V ∈ B1(Rn) su
h that

|V(x)| ≤ C|x|-�, for 2 ≤ σ ≤ 4 and σ < n.(ii) V(x) is the real valued and radial symmetri
 fun
tion; V(x) = V(|x|).It is noted that V̂(ξ) is also real valued and radial symmetri
 fun
tion inview of assumption (ii). Our main result is the following
Theorem 3.1. Let Sj be the s
attering operator 
orresponding to Vj(x),
j = 1, 2. If S1 = S2 then we have

V1 = V2 in Rn.
3.3 LemmaFor simpli
ity, we will prove Theorem 3.1 in the 
ase of N = 2. To denotethe nonlinearity F(u) more simple, we shall employ the following symbols.For a ve
tor a = t(a1, a2), set a⊥ = t(a2, −a1) and

[t(a⊥) ⊗ �a⊥]a :=

[
a2�a2 −a1�a2

−a2�a1 a1�a1 ][a1
a2] .Then we 
an write the nonlinearity in the form

F(u) = [V ∗ {t(u⊥) ⊗ �u⊥}]u.6



For two ve
tors a = t(a1, a2) and b = t(b1, b2) we shall write ab =t(a1b1, a2b2). The following lemma is essentially due to Strauss [4, pp.65-66℄
Lemma 3.1. Let ε > 0. Then for any φ ∈ [H1]2 we havelim"!0 i

ε3 ([S − I](εφ),φ) =

∫

R

∫

Rn F(e-itH0φ)e-itH0φ(x)dxdt. (3.5)Proof. Let u" be a solution of (2.2) with initial data εφ. Then we have
F(u") = [V ∗ {t(u⊥" ) ⊗ �u⊥" }]w"

+ [V ∗ {t(u⊥" ) ⊗ �w⊥" }]u0
+ [V ∗ {t(w⊥" ) ⊗ �u⊥0 }]u0 + F(u0),where w" = u"−u0 and u0 = e-itH0(εφ). Making use of the estimate (3.4)we obtain

‖w"‖W ≤ C‖u"‖3W,

‖u"‖W ≤ Cε‖φ‖H1.A

ording to the proof of Strauss [4, pp. 65-66℄ the formula (3.5) follows.
3.4 Proof of Theorem 3.1By means of the Plan
herel's theorem the formula (3.5) is rewritten in theform

T[φ] =

∫

R

∫

Rn [V̂(ξ){F(|u
(2)0 |2)F(|u

(1)0 |2) − |F(u
(1)0 �u(2)0 )|2}

V̂(ξ){F(|u
(1)0 |2)F(|u

(2)0 |2) − |F(u
(2)0 �u(1)0 )|2}]dξdt, (3.6)where T[φ] = lim"!0 i

ε3 ([S − I](εφ),φ) and u
(j)0 = e-itH0φj, j = 1, 2. Sin
e

S1 = S2 we have T[φ] = 0. Putting w(ξ) = V̂1(ξ) − V̂2(ξ) then it followsby adding the �rst 
omponent and the se
ond 
omponent in the relation(3.6) that for any φ ∈ [H1]2
0 =

∫

R

∫

Rn w(ξ)H(t, ξ)dξdt, (3.7)7



where
H(t, ξ) = Re{F(|u

(2)0 |2)F(|u
(1)0 |2)} − {|F(u

(1)0 �u(2)0 )|2 + |F(u
(2)0 �u(1)0 )|2}.First we shall prove w(0) = 0. Suppose that w(0) > 0. Then by virtue ofthe 
ontinuity of w(ξ) there exists ε > 0 su
h that

w(ξ) > 0 in B",where B" = {ξ ∈ Rn ; |ξ| < ε}.On the other hand, sin
e H(t, 0) > 0 for any 0 6≡ φ ∈ [H1]2 and t ∈ R,with the help of 
ontinuity of H(t, ξ) we have
H(t, ξ) > 0 in B" ′for some ε ′ > 0.Let D" := {φ ∈ [S]2 ; φ1 6≡ φ2, supp φ̂j ⊂ B", j = 1, 2}. Obviously wehave D" ⊂ H1. Moreover it is noti
ed that there exists ψ ∈ D� satisfyingsupp� H(t, ξ) ⊂ B�, where η = min{ε, ε ′}. Consequently, for this ψ ∈ D�we have

∫

R

∫

Rn w(ξ)H(t, ξ)dξdt > 0.This 
ontradi
ts with (3.7). Hen
e it follows that w(0) = 0.Nest we shall prove that w(ξ) = 0 in a neighborhood of ξ = 0. Assumethat w(ξ) > 0 in B" \ {0}. Then we see the 
ontradi
tion from the previousargument. Be
ause of the radial symmetry of w(ξ) and w(0) = 0 thefun
tion w(ξ) must be zero in B� for some η > 0.Changing variable ξ by ξ − η in the integral (3.7) the same argumentappli
able. Hen
e we know that
w(ξ) = 0, in 0 < |ξ| ≤ η ′for some η ′ > η. Repeating this argument it follows that w(ξ) = 0 in Rn.Thus the proof has been 
ompleted.

4 Nonlinear Klein-GordonLet
J = i

(
0 1

∆ − 1 0

) and f(u) = (V ∗ u2)u.8



Then we 
an rewrite the equation (1.2) into (2.1), where v = t(u, v) =t(u, ∂tu) and F(v) = t(0, if(u)).Assume that
|V(x)| ≤ C|x|-�, 2 ≤ σ ≤ 4 and σ < n. (4.1)In De�nition 2.1, taking X = H1 × L2 and W := L3(R : H1;q) ∩ L1(R : H1),where 1/q = 1/2 − 2/3(n − 1 + θ) with some 0 ≤ θ ≤ 1 whi
h dependson σ. it follows from results of Mo
hizuki [2℄ that the s
attering operator(2.3) is well de�ned.

4.1 Inverse scattering problemInverse s
attering problem for the nonlinear Klein-Gordon equation wasinitially studied by Morawetz-Strauss [3℄. For the following equation
utt − ∆u + m2u + gu3 = 0,it was proved that the s
attering operator S uniquely determines the 
ou-pling 
onstant g. Later in [4℄ it was proved that a fun
tion g = g(x) isuniquely determined by the s
attering operator. As we mentioned in Se
-tion 1, the method for power type nonlinearity is not appli
able to ourproblem of identifying V(x) in the equation (1.2).In this se
tion we will show that the uniqueness on identifying V(x) alsoholds for the nonlinear Klein-Gordon equation.Let Sj, j = 1, 2 be the s
attering operator 
orresponding to Vj.

Assumption : We assume that Vj, j = 1, 2 satisfy (4.1) and following
onditions.(i) V is a real valued radial symmetri
 fun
tion.(ii) V̂(ξ) is a bounded 
ontinuous fun
tion.We here note that if V(x) is radial symmetri
 then V̂(ξ) is also radialsymmetri
.The result is the following.
Theorem 4.1. If S1 = S2 then we have

V1 = V2 in Rn.The poli
y of proof is almost same as the Hartree-Fo
k equation 
ase.But we pay attention to how to 
hoose the test fun
tion.9



4.2 Proof of Theorem 4.1A

ording to the proof of Strauss [4, pp. 65-66℄ and using estimates provedby Mo
hizuki [2℄ we have
K[φ,ψ] = −i

∫

R

(F(e-itJφ), e-itJψ)Xdt (4.2)for any φ, ψ ∈ X = H1 × L2, where
K[φ,ψ] = lim"!0 1

ε3 ([S − I](εφ),ψ).Noting that Bφ ∈ X, for any φ ∈ X, where
B =

[
0 −ω-2
1 0

] and ω =
√

1 − ∆,it follows from the formula (4.2) and Plan
herel's theorem that
K[φ, Bφ] =

∫

R

∫

Rn V̂(ξ)|û0(t, ξ)|2dξdt (4.3)for any φ ∈ [H1]2, where u0(t, ξ) = 
os tωφ1 + ω-1 sin tωφ2.Let η be a positive number satisfying η < |ξ0|/2 for 0 6≡ ξ0 ∈ Rn. It isdenoted by BR(a) = {x ∈ Rn ; |x − a| ≤ R}. We shall de�ne the real valuedfun
tion φ��0 ∈ S as follows.(i) φ̂
��0(ξ) is real valued fun
tion su
h that φ̂

��0(ξ/2) 6= 0.(ii) supp φ̂
��0 ⊂ B�=2(ξ0/2) ∪ B�=2(−ξ0/2).(iii) φ

��0(x) = φ
��0(−x).(iv) φ̂

��0(ξ0/2 − ξ) = φ̂
��0(ξ0/2 + ξ) if ξ ∈ B�=2(0).Putting u

��0(t, x) = 
os tωφ
��0(x) then it is found thatsupp�(φ̂��0(ξ))2 ⊂ B�(ξ0) ∪ B�(0) ∪ B�(−ξ0).Let us now prove Theorem 4.1. There are three steps. We denote that

V(x) = V1(x) − V2(x). 10



Step 1 : First we shall prove V̂(0) = 0. Assume that V̂(0) > 0, then bymeans of 
ontinuity of V̂(ξ) we see that there exists η > 0 satisfying
V̂(ξ) > 0, in |ξ| < η. (4.4)Put φ̃ = t(φ�0 , 0). Obviously we have φ̃ ∈ [H1]2. Hen
e applying theformula (4.3) for this φ̃ it follows by assumption S1 = S2 that

0 =

∫j�j<� ∫

R

V̂(ξ){F(v20)(t, ξ)}2dtdξ, (4.5)where v0(t, x) = 
os tωφ
�0. Noting that |F(v20)(0, 0)|2 = ‖φ�0‖4L2 > 0 and(4.4) we see that the integral in the right hand side of (4.5) is positive.This is 
ontradi
tion. Thus, we have V̂(0) = 0.Step 2 : By virtue of the symmetry of V̂(ξ) and V̂(0) = 0, we 
an show inthe same way as the Hartree-Fo
k 
ase that
V̂(ξ) = 0 in B�(0). (4.6)for some η > 0.Step 3 : We shall 
omplete the proof of Theorem 4.1. Assume that V̂(ξ) >

0 in |ξ0 − ξ| < η for some ξ0 ∈ Rn. Put u
��0(t, x) = 
os tωφ

��0. Then wehave in view of de�nition of φ
��0

F((u��0)2)(0, ξ0) =

∫j�0=2-�j<�=2 φ̂��0(ξ0 − ξ)φ̂��0(ξ)dξ

=

∫j�j<�=2(φ̂��0(ξ0/2 − ξ))2dξ > 0. (4.7)Making use of the fa
t (4.6) and symmetry of φ̂
��0 it follows that

∫

R

∫

Rn V̂(ξ){F((u
��0)2)(t, ξ)}2dξdt

=

(∫B�(�0) + ∫B�(0) + ∫B�(-�0)) ∫

R

V̂(ξ){F((u
��0)2)(t, ξ)}2dtdξ

= 2

∫B�(�0) ∫R

V̂(ξ){F((u
��0)2)(t, ξ)}2dtdξ. (4.8)Taking φ = t(φ��0 , 0) in the identity (4.3) we see by assumption S1 = S2that the right hand side of (4.8) is equal to zero. Hen
e taking into a

ount11



the inequality (4.7) it must be that V̂(ξ
�0) = 0 at some point ξ

�0 ∈ B�(ξ0).Sin
e ξ0 ∈ Rn is a arbitrary point we see that
V̂(ξ) = 0 in Rn.Thus, Theorem 4.1 has been 
ompletely proved.

5 RemarkWe shall give a remark for Hartree type equation
i
∂u

∂t
= H0u + (V ∗ |u|2)u, (5.1)where H0 = −∆. In this s
alar 
ase, it will be shown that there is aformula (see (5.2)) to determine V̂(0), in other words a value of integral of

V(x), from the s
attering operator. Formulae similar to (5.2) 
ould not beobtained for Hartree-Fo
k equation (1.1) and Klein-Gordon equation (1.2).Assume that V(x) satisfy the 
ondition (3.2). Then the s
attering op-erator
(Sφ)(x) = φ(x) +

1

i

∫1-1 (eitH0(V ∗ |u|2)u) (t, x) dtis well de�ned on a neighborhood of zero in H1.If we set φR(x) = φ(x/R) and
T [φ] = lim"!0 i

ε3 ([S − I](εφ), φ), ε > 0then we have
Proposition 5.1. Let 2 ≤ n ≤ 6. Then for any φ ∈ H1(Rn) we have

V̂(0) = M limR!1 T [φR]
Rn+2 , (5.2)where

M = ‖e-itH0φ‖-4L4(R:L4) < ∞.

12



Proof. First we shall prove that if 2 ≤ n ≤ 6 then the following estimateholds.
‖e-itH0φ‖L4(R;L4) ≤ C‖φ‖H1, for any φ ∈ H1. (5.3)By means of H�older's inequality we have
∫

Rn |(e-itH0φ)(x)|4dx ≤ ‖e-itH0φ‖3L3p‖e-itH0φ‖Lp ′ .Making use of the Sobolev imbedding theorem we obtain
‖e-itH0φ‖Lp ′ ≤ C‖e-itH0φ‖H1 = C‖φ‖H1,
‖e-itH0φ‖L3p ≤ C‖e-itH0φ‖H1;qif p and p ′ satisfy

1

2
−

1

n
≤ 1

p ′
≤ 1

2
, (5.4)

1

q
−

1

n
≤ 1

3p
≤ 1

q
. (5.5)Sin
e

1

p
+

1

p ′
= 1 and 1

q
=

1

2
−

2

3n
,inequalities (5.4) and (5.5) 
an be rewritten in the form

1

2
≤ 1

p
≤ 1

2
+

1

n
, (5.6)

3

2
−

5

n
≤ 1

p
≤ 3

2
−

2

n
. (5.7)Under the 
ondition 2 ≤ n ≤ 6 we 
an take p su
h that inequalities (5.6)and (5.7). Remembering that the following estimate holds for any φ ∈ H1(see Mo
hizuki [2, p. 148, Proposition 3.3℄);

‖e-itH0φ‖L3(R:H1;q) ≤ C ‖φ‖H1,where 1/q = 1/2 − 2/(3n), we obtain the estimate
‖e-itH0φ‖4L4(R:L4) ≤ C‖φ‖H1‖e-itH0φ‖3L3(R:H1;q)

≤ C‖φ‖4H1.13



Let us return now to show the formula (5.2). Remember that freesolutions of the S
hr�odinger equation are represented by the formula
(e-itH0f)(x) =

1

(4πit)n=2 ∫

Rn e- jx-yj24it f(y)dy.Then we have
(e-itH0φR)(x) =

(
e
-i tR2H0φ)(x

R

)and
F(|e-itH0φR|2)(ξ) = RnF(|e

-i tR2H0φ|2)(Rξ). (5.8)Making use of the formula (5.8) it follows by virtue of the Parseval identitythat
T [φR] =

∫

R

(
V̂F(|e-itH0φR|2),F(|e-itH0φR|2))dt

= R2n ∫

R

∫

Rn V̂(ξ)|F(|e
-i tR2H0φ|2)(Rξ)|2dξdt.Consequently, we have

T [φR]
Rn+2 =

∫

R

∫

Rn V̂
(η

R

) ∣∣F(|e-isH0φ|2)(η)
∣∣2 dηds.Sin
e V̂(ξ) is bounded 
ontinuous fun
tion, we have the formula (5.2) bymeans of the estimate (5.3), Lebesgue's 
onvergen
e theorem and Plan
herel'stheorem.
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