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Maximal regularity for the Stokes system on noncylindrical
space-time domains

Jiirgen Saal

Abstract

We prove LP — L9 maximal regularity estimates for the Stokes equations in spatial
regions with moving boundary. Our result includes bounded and unbounded regions. The
method relies on a reduction of the problem to an equivalent nonautonomous system on a
cylindrical space-time domain. By applying suitable abstract results for nonautonomous
Cauchy problems we show maximal regularity of the associated propagator which yields
the result. The abstract results, also proved in this note, are a modified version of a
nonautonomous maximal regularity result of Y. Giga, M. Giga, and H. Sohr and a suitable
perturbation result. Finally we describe briefly the application to the special case of
rotating regions.

1 Introduction and main results

For T'> 0 let Q7 := U (o) 2t) x {t} C R"*!1 be a noncylindrical space-time domain. In
this note we consider the following Stokes equations:

Vt —AU+Vp - f in QTa
dive = 0 inQp
SE Q(t) )
(SE) 0, v o= 0 on U 9200) x {1},
V=0 = wp in Q(0) =: Qy,

with velocity field v and pressure p. Here we assume the moving boundary, i.e. the evolution
of the domain Q(t) to be determined by a level-preserving diffeomorphism

P x (OvT) - ma (f,t) = (l‘,t) = ¢(fat) = (¢(£;t)at)

such that for each ¢t € [0,T), ¢(-;t) maps Qg onto (). More precisely we assume the following
conditions on ¢ respectively .

Assumption 1.1. Let T € (0, 0], €9 C R” be a domain of class C? either bounded, exterior,
or a perturbed half-space. The domains Q(¢), ¢ € [0, T, shall all be of the same type as €y,
i.e. {Q(t)}epo,m is either a family of bounded domains, exterior domains, or perturbed half-
spaces.

1. For each t € [0,T], ¢(-;t) : Qo — Q(t) is a C3-diffeomorphism. Its inverse we denote by
¢ 1(-;t) (to emphasize that ¢! is merely the inverse w.r.t. the space variables we use
the semicolon notation (¢;t) for the argument of ¢ and ¢~ ).



2. If we regard ¢ as a function from Qg := Q¢ x (0, 7T) into R" it shall satisfy ¢ € Cg’l(Q[]) =
{f € C(Qo) : IFDLf € Cy(Qo), 1 < 2k + |af < 3,k € No,a € Ny}, where Cy(Qo
denotes the space of all bounded and continuous functions on Q).

3. We have det Vg (¢,1) =1, (€,¢) € Qo, (volume preserving).

4. If T = oo we demand 0Fp(-;t) — OFp(-;00) in 05’72'“(90), k =0,1, for t — co. (Note
that ¢(-; 00) does no more depend on ¢, i.e. the time derivative of ¢ tends to 0.)

Observe that for the case T' = oo Assumption 1.1.4 says that the moving domain (%)
tends to some fixed domain Q(o0) for large values of ¢.

We remark that in view of realistic physical situations problem (SE)%}? should be con-
sidered with a certain boundary condition v = b # 0. On the other hand, by assuming the
existence of a solenoidal field 8 such that 8 = b at ;o) 92(¢) x {t} the problem with
b # 0 can be reduced to the case b = 0 as described in [19] and [18]. Therefore we restrict
our considerations to the system (SE)?S? with zero boundary conditions.

Also, note that in certain concrete situations the existence of the diffeormorpism 1 is
established. For instance in [18] the authors give as a nice example of a moving domain Q(¢)
a bowl with swimming goldfishes (note that kisses are not allowed!). As a reference for the
existence of 9 in such a situation they gave [26] and [7].

Now define ZP(A) := (X, D(A)),_ L where the latter space denotes the real interpolation

space of a Banach space X and the domain D(A) of a closed operator A in X. For ¢t € [0,T)
we denote by

AQ(t) = —Pg(t)A defined on
D(Agq) = WHI(Q(t) N W (Q(t) N LE(RA(1))

the Stokes operator in the space of solenoidal fields L& (2(t)) = Cg’?,(Q(t))Lq(Q(t)), where
C(Qt) == {u € CX(Q()) : divu = 0}. Here Py : LI(Q(t)) — LI(Q(t)) denotes
the Helmholtz projection associated to the Helmholtz decomposition L4(Q(t)) = LE(Q(t)) @
G4(2(t)), where G4(2(t)) = {Vp ; p € /Wl’q(Q(t))}. Note that it is well known that there
exists a compatible family {Po,}qe(1,00) Of bounded projections Po = Po g : LY(2) — L& ()
for all types of domains €2 considered in this note, see e.g. [10], [34], [32]. For the above types
of moving domains our main result is

Theorem 1.2. Letn > 2,1 < p,q < oo, and T € (0,00]. Let the evolution of Q(t), t € [0,T],
be determined by a function 1 satisfying Assumptions 1.1 Then problem (SE)?S) has a unique

solution t — (v(t),p(t)) € D(Aq()) X /Wl’q(Q(t)), t € [0,T]. Furthermore, for T < oo, this
solution satisfies the estimate

T
/0 [Hvt(t)“%q(g(t)) + ||v(t)||€]/2,q(g(t)) + “Vp(t)“%q(gz(t))} dé

T
< O0) (I0nlagagyy + [ 1FOaot) (1)

for all vy € IP(Aq,) and f € LP((0,T); L1(2(t))). If Qo is bounded then the above inequality
is also valid for T = oo with a finite constant C'(oc0) > 0.



Remark 1.3. (1) The proof of Theorem 1.2 shows that the norms || - || p(a()) (graph norm)
and || - [[w2.4(qq)) are equivalent with equivalence constants independent of . In particular
we may replace Hv(t)||W2,q(Q(t)) by the term [[v(t)|| p(a(s) in inequality (1).

(2) By checking the details of the proof in Section 3 below one will realize that the assumption
on the family {€2(#) },c[o,7) which we intrinsically use is not the particular geometric type of the
domains, but the property of having maximal regularity of the correponding Stokes operator
Aqqy for each fixed t € [0,T]. Therefore Theorem 1.2 stays true for each family {(¢)}4co,7]
with Q(t) of the "same type” for all ¢ € [0,7] such that Ay has maximal regularity. This
property for instance is also known to be valid for families of asymptotically flat layers as
examined in [2], [1].

(3) Moreover, to prove the assertion for 7' = oo, in our proof we only need the additional
assumption that Aq() is boundedly invertible for ¢ close to infinity. This is also well known in
the case of asymptotically flat layers, see again [2], [1]. Hence the full assertion of Theorem 1.2
is valid for families of domains of that type.

Some special cases of the situation in Theorem 1.2 are considered in several former works.
First investigations of the solvability of (SE)?S}? and the corresponding Navier-Stokes equa-
tions can be found in [31]. However, until now there are only existence results in L?(£2(¢)) avail-

able under the restrictive assumptions that 7' < oo and {€(t) },cjo,r is a family of bounded
(t)

domains. In that situation for instance in [18] the existence of a unique solution of (SE);2 v

is proved. By regarding ¢ as a variable transform the authors reduced (SE)?SJ?
formed nonautonomous problem and then applied an abstract result in [36] to the associated

to a trans-

Cauchy problem. As an application of their result for the linear part, they also proved a local
existence result for the corresponding nonlinear Navier-Stokes equations in Q7. The existence
of global weak solutions in L?(£2(¢)) for the Navier-Stokes equations was already shown in [9]
(see also [5]). The periodic case was obtained in [25], i.e. if ¢ — Q(¢) is periodic then there
exists a periodic weak solution of the Navier-Stokes equations. Another result for more regu-
lar periodic solutions can be found in [23]. For periodic solutions of the Stokes equations we
refer to [37]. Another existence result of local strong solutions of the Navier-Stokes equations
on Q7 is obtained in [28]. There the authors could relax a restrictive decay condition on the
right hand side f assumed in [18], but nevertheless they obtained a more regular solution.
We want to remark that the assumptions on the evolution and regularity of 2(¢) differ in the
above cited papers. This depends mainly on the method that the authors use in their works.
The approach presented here is closely related to the method used in [18]. Therefore we have
similar assumptions on 9 (hence also on €(t)) as in that paper.

Theorem 1.2 generalizes the known results for (SE)?E}?
we handle L?-spaces for the full scale 1 < ¢ < oo and ot only the Hilbert space case.
Secondly, we also treat various families {€2(Z)};c(o,7) of unbounded domains. In the case of
bounded domains (and perturbed layers) we also obtain a result for the case T = oo under
the assumption that (¢) tends to some fixed domain Q(o0) in the sense of Assumption 1.1.4
Moreover, we do not only prove existence of solutions, but even maximal regularity for all
types of treated families of domains and L?-spaces.

in several directions. Firstly,

Although the results presented here are of independent interest, with our work we want
to establish the basis for further regularity investigations of the Navier-Stokes equations on
noncylindrical space-time domains. For example in the cylindrical case it is known, that the



maximal regularity of the linear equations can be used to obtain regularity of weak solutions of
the corresponding Navier-Stokes equations, see [14], or to prove uniqueness of mild solutions,
see [24], [20]. The results in [33] show that we even can get a global strong solution of
the two-dimensional Navier-Stokes equations by using the maximal regularity. Besides these
improvements we further hope that our methods can be used to obtain also higher regularity
for the solutions of free boundary value problems related to the Navier-Stokes equations. The
idea is that once existence is proved, the movement of the free boundary is known. Then we
are in the situation to apply a regularity result for a moving boundary problem.

As we already mentioned, our approach is similar to the one in [18], i.e. we transform

the problem (SE)?%t) via 1 back to a problem on the cylindrical domain Qg x (0,7"). To the

propagator Agq,(-) of the associated Cauchy problem we then will apply an abstract result.
In order to formulate this result let p € (1,00) and denote by MR, (X, K) the class of all
operators (and propagators) A(-) having maximal (LP-) regularity on X with a maximal
regularity constant not exceeding K, i.e. there exists a unique solution ¢ — u(t) € D(A(t)) of
the (eventually non-autonomous) Cauchy problem

v+ A()u = f, in(0,7),
{ u(®) = o, @)

satisfying the estimate

' | Lo 0,y x) + NAC) Lo 0,195x) < KL o (0,m);x) + llwollze o))

for f € LP((0,T); X) and ug € ZP(A(0)). We write A(:) € MR,(X) = Ug¢(9,00) MRp (X, K)
if the dependence of the maximal regularity constant K can be neglected. The abstract result
which we will use reads as

Theorem 1.4. Let X be a Banach space, 1 <p < oo, T € (0,00], and {A(t) };cjo,r) @ family
of boundedly invertible sectorial operators in X satisfying

1. D(A(t)) = D(A(0)), t € [0,T).

2. The mapping A(-) : [0,T) — L(D(A(0), X)) is continuous, where D(A(0)) is endowed
with the graph norm.

3. A(t) = A(T) in L(D(A(0), X)), ast —T.
4. For each t € [0,T] we have A(t) € MR, (X, C(t)), for some constant C(t) > 0.

Then A(-) € MRy, (X). More precisely, for each f € LP((0,T); X) and uo € IP(A(0)) there is
a unique solution u € WHP((0,T); X) N LP((0,T); D(A(0))) of problem (2) such that

lwllweo,r);x) + A u e 0,7)x) < CULF lzeo,m);x) + [lwollze(aco)) (3)
with a constant C' > 0 independent of f and uy.

Observe that assumption 4 is a pointwise condition, i.e. we assume that for each (fixed)
t € [0,T] the (autonomous) operator A(t) has maximal regularity. In Section 2 we will prove
that the assumptions of Theorem 1.4 imply the assumptions of the Theorem in [12]. This



will yield the assertion of Theorem 1.4. We want to remark that for the case of finite T' > 0
Theorem 1.4 can be found in [29]. There the authors give a comprehensive discussion of the
corresponding evolution operator. Another result of that type for UM D spaces X is given
in [3]. There, besides the continuity of ¢ — A(¢), the essential assumption, instead of the
poinwise maximal regularity in assumption 4, is the stronger property of bounded imaginary
powers of A(t). For our concrete application to the Stokes equations this might be no problem.
However, the additional assumption for the case T' = oo in [3] is different from the assumption
in [12] and to the author of the present note the condition in [12] seems to be more suitable
for our purposes.

For further results concerning the maximal regularity of nonautonomous abstract Cauchy
problems we refer to [35], and the references given there. However, there the authors also
deal with the case T' < oo only, and their results are based on commutator conditions on the
operators A(t), t € [0, T], which in general are not easy to verify. For this reason we decided

to base Theorem 1.4 on the result in [12].

After stating the abstract result, in Section 3 we will turn to the proof of Theorem 1.2.
By regarding 1 as a variable transform we will reduce (SE)?’SJ?
transformed equations on the cylindrical domain ()g. The price we have to pay is that we are

to an equivalent system of

now left with a nonautonomous system of partial differential equations, i.e. the coefficiants
of these transformed equations depend on space and time in general. Here Assumption 1.1.2
assures that they are at least continuous. Another important point is that the transformed
functions belong to the solenoidal space L (€), which relies essentially on Assumption 1.1.3.
More precisely this condition assures that the divergence operator is invariant under the
chosen transform.

Similar to the autonomous Stokes equations this will give us the possibility to formulate
an associated abstract Cauchy problem with operators acting in L& (). The idea here is to
use the family of projections Po,(t) : LY(Q) — L&(), which are exactly the transformed
Helmholtz projections Pq(;). In order to verify condition 2 of Theorem 1.4 for the operator of
the associated Cauchy problem, one difficulty is to show the continuity of ¢ — Pq,(t). This
will be handled by considering the associated transformed Neumann problems to Pqo, ().

Another problem is that in our case A(t) is not only given by the transformed Stokes
operator Aq,(t), but we also have a perturbation B(¢) which arises from the fact that the
transform 1 depends on ¢, and therefore does not commute with ;. Here we will apply an
abstract perturbation result for propagators established also in Section 2. This will lead to
the maximal regularity of the shifted propagator u+ Aq,(-) + B(-) which implies the assertion
of Theorem 1.2 for the case T' < co.

In order to prove the statement for bounded 2y and T' = 0o, Assumption 1.1.4 will be the
essential ingredient. It allows us to apply again the abstract perturbation result to the full
operator Aq,(t) + B(t) for t close to infinity, since then the coefficiants of B(t) are small. In
combination with the result for the case T' < oo this completes the proof.

In the last section we will give a brief application of Theorem 1.2 to the special case of
rotations, as they are of greatest interest in the present research.

We introduce some notation used in the sequel. By C*(Q2) we denote the space of all
k-times continuously differentiable functions in an open subset 2 of R”, and by Cf(Q) its

subspace of k-times bounded continuously differentiable functions. As usual W*4(Q) is the
Sobolev space with norm || - ||z, = (Z;?:o V7 - |99 and LI(Q) = W9(Q) the Lebesgue

5



space of g-integrable functions. We also make use of the homogeneous Sobolev space Wl’q(Q),
consisting of all locally integrable functions f in Q with ||V f||, < oo, modulo constants. Fur-
thermore, £(X,Y) denotes the class of all bounded operators from X to Y and Zsom(X,Y) its
subclass of isomorphisms. If X =Y we set L(X) := L(X, X) and Zsom(X) := Zsom(X, X).
The domain of an operator A in a Banach space X we denote by D(A), its range by R(A), and
its resolvent set by p(A). Finally, by a sectorial operator in X we understand a closed injec-
tive operator A, such that D(A) = R(A) = X, (0,00) C p(—A), and [[A(X+ A) |z x) < C,
A > 0, for some C' > 0. Note that ¥,_, := {2z € C\ {0} : |argz| <7 — o} C p(A) for some
@o € (0,7) if A is sectorial and the resolvent estimates are still valid for all A € ¥,_,, with
a certain constant Cy,, > 0. See [6] for more information about sectorial operators.

Acknowledgements: The author is very grateful to Professor Yoshikazu Giga for attracting
his attention to this problem. Moreover, I would like to thank Professor Yoshikazu Giga and
the members of his research group for their hospitality and many fruitful discussions during
my stay as a COE postdoctoral fellow at Hokkaido University in Sapporo. Kind thanks also
to Professor Herbert Amann for helpful discussions concerning the content of Section 2 and
to Professor Alex Mahalov for pointing out the relation to rotations as described in Section 4.

2 The abstract nonautonomous maximal regularity result

We start with a simple but in the sequel useful lemma about uniform boundedness of families
of operators.

Lemma 2.1. Let X,Y be Banach spaces and T € (0,00]. Let {¥(t)}icpo,r) be a family of
operators V(t) € L(Y,X), t € [0,T], such that ¥ : [0,T) — L(Y,X) is continuous and
U(t) = U(T) in L(Y,X). Then there is a constant Cy > 0 such that

() llzex) < Co, t€0,T]. (4)

If {¥(t)}ieom is additionally assumed to be a family of isomorphisms, i.e. V(t) €
Zsom(Y,X), t € [0,T], then we even have

1)l 2v,x) € [eo,Co], €[0T, (5)

for certain constants Co > ¢y > 0. In particular, ¥(-) 1 : [0,T] — L(Y, X) is continuous and
we can choose Cy > co > 0 in a way such that also || (t) |z (x,y) € [co, Col, t € [0,T].

Proof. By ¥(t) — U(T) if t — T, for large ¢, say t > Ty > 0, the norm of ¥(¢) is close
to [[¥(T)||z(v,x)- Together with the continuity of ¢ + W(t) on [0,7p] this implies (4). If
{¥(t)}sepo,m) is a family of isomorphisms we have additionally [|W (%) zyv,x) > 0, t € [0,T].
Hence, the argumentation above even yields (5). O

Before turning to the proof of the abstract maximal regularity result we list some prop-

erties of the operator
L(t,s) == A(t)A(s)™', t,s €[0,T],

where {A(t)}icpo,r) is a family satisfying the assumptions of Theorem 1.4. Note that L is
well-defined by assumption 1. Moreover we have



Lemma 2.2. Let X be a Banach space, T € (0,00], and let {A(t) },cj0,1) satisfy the assump-
tions of Theorem 1.4 (it is not necessary to assume condition 4). Then

1. For each (t,s) € [0,T] the operator L(t,s) is an isomorphism on X and there is a
uniform K > 0 such that

IL(t, )l ey < K, t,5 €[0,T].

2. The mapping (t,s) = L(t,s) is continous from [0,T)? into L(X).
3. We have L(t,s) — I fort,s = T in L(X).

Proof. 1. Since A(t) is assumed to be boundedly invertible, for each ¢,s € [0,T] the
operator L(t,s) is an isomorphism on X with L(t,s) ! = L(s,t) and L(t,t) = I, t € [0,T].
Now assumption 2 of Theorem 1.4 implies ¢ — L(%,0) to be continuous from [0,7") into £(X).
Furthermore, assumption 3 of Theorem 1.4 yields L(¢,0) — L(7T,0) in £(X). Thus we can
apply Lemma 2.1 obtaining

||L(t7 0)“£(X)7 “L(Oat)HE(X) € [CO,CU]a te [OaT]
Consequently,
IL(t, )l 2(x) = IL(E,0)L(0, 8)l| £ ox) < CF =2 K, t,s € [0,T].

2. First observe that L(0,-) : [0,7) — L£(X) is continuous in view of the continuity of
t — L(t,0) and the identity L(0,t) = L(¢,0)"!. By the calculation

| L(t2, 82) — L(t1,51)lc(x) <

< | L(t2,52) — L(t1, s2) [l o(x) + 1L(t1, 52) — L(t1, 81)l2(x)
[[(L(t2,0) = L(t1,0)) L(0, s2) || £(x) + [[L(21,0)(L(0, s2) — L(0, 1)) | £(x)
< K (|| L(t2,0) = L(t1,0)|l £(x) + 110, 82) — L(0, 51) | £(x))

for t1,t9, 51,82 € [0,T], we can see that the continuity of (¢, s) — £(X) from [0,7)? into £L(X)
can be reduced to the continuity of ¢ +— L(¢,0) and ¢ — L(0,?).

3. Here we compute

1L, s) = Illexy = I(L(#0) = L(s, 0) L0, 5) [ (x)
< K||L(t70)_L(370)H£(X) - 0

for t, s — oo, valid again in view of L(¢,0) — L(T,0). O

As we mentioned in the introduction we intend to show that the assumptions of Theo-
rem 1.4 imply the assumptions of the following result:

Theorem 2.3. [12, Theorem]
Let X be a Banach space, 1 < p < oo, T € (0,00], and let { A(t) },c0,1) be a family of sectorial
operators in X satisfying

(a) D(A(t)) = D(A(0)), t € [0,T], where D(A(0)) is endowed with the graph norm.



(b) The operator L(t,s) = A(t)A(s)™! extends to a bounded operator on X and we have
IL(t, $)lcxy < K for all0 <s <t <T.

(c) The map (t,s) — L(t,s) is continuous from {(¢,s): 0 <s <t < T} into L(X).
(d) L(t,s) = I fort>s—T in L(X).
(e) A(t) € MR,(X,Cy) for all t € [0,T).
Then A(-) € MR, (X).
Remark 2.4. (1) In [12] instead of (e) it is assumed that
JA®) |lexy < Cell, 0<t<T, seR, (6)

for some @ € (0,7) and C > 0, i.e. A(t) has bounded imaginary powers. But by checking the
proof one realizes that only the condition (e) above is used. Therefore we also can skip the
assumption of the {-convexity of the underlying Banach space X which is needed to conclude
(e) from (6).

(2) Comparing the above result with Theorem 1.4 we see that we only assume the continuity
of (t,s) — L(t, s) in the first component. Moreover, note that in (e) there is the condition of a
uniform constant Cj, which is rather unwieldy for concrete applications. Instead, assumption
4 in Theorem 1.4 is only a pointwise condition. In that sense Theorem 1.4 is an improvement
of Theorem 2.3. On the other hand here we assume A(t), ¢ € [0, 7], to be boundedly invertible
which is not assumed in [12].

(3) In [12] the space for the initial data is 7P = {z € X : (fOT |A(0)e=tAO) z||PdE) /P < oo}
It is well known that our space ZP(A(0)) := (X,D(A(O)))l_zl_)’p

{r € X :|z||x + (fOT |A(0)e P40 g||PdE)/P < 0o} if A(0) is the generator of a holomorphic
semigroup on X (see e.g. [4], [21]). Hence our choice of the space for initial data is compatible.

coincides with the space

Proof. (of Theorem 1.4)
In virtue of Lemma 2.2 it remains to prove the existence of the uniform constant Cj in
condition (e) of Theorem 2.3. To this end we define the spaces

Y := LP((0,T); D(A(0))) NW'P((0,T); X) and
Z = LP((0,T); X) x IP(A(0))

equipped with their canonical norms. Note again that it is well known, that ZP(A(0)) is exactly
the trace space of Y in ¢ = 0 under the assumptions A(0) € MR, (X) and A(0)~! € L£(X)
(see e.g. [21, Section 1.2.2]), in particular |uli=ollzr(a(0)) < Cllully, u € Y. Furthermore,
observe that in view of Lemma 2.2.1 the graph norms ||-|| p(4(0)) and ||+ || p(a(r)) are equivalent
with equivalence constants that do not depend on 7 € [0, T]. These two facts together with
assumption 4 of Theorem 1.4 imply that for each 7 € [0,T] the operator

U(r): Y = Z, U(r)u:= < (04 A(1))u )

U|t:0



is an isomorphism. Furthermore we have

1(T(r) = T(s))ullz = H( (A(T)—OA(S))U> Z

T 1/p
_ ( INCEE A(s))u(t)ll”dt>
I(A(T) = A(s)lz(pcaoy),xnllully, 7,5 €[0,T].

This shows the continuity of ¥ : [0,T) — Zsom(Y, Z) according to assumption 2 of Theo-
rem 1.4. On the other hand, if we set s =T, we obtain ¥(7) — U(T') in Zsom(Y, Z) in virtue
of assumption 3 Applying Lemma 2.1 we conclude

IA

H\Ij(T)ilnﬁ(Z,Y) S K7 T € [OvT]a
which yields (e). Theorem 2.3 then yields A(-) € MR, (X). But since
IA®) ™ lzex) < CIAO)AMD ™ igx) < CK,  t€[0,T],

it is easy to see that we even have u € WP((0,T); X) N L?((0,T); D(A(0))), hence also the
stronger estimate (3). This proves Theorem 1.4. O

In our applications we will also employ the following perturbation result.

Theorem 2.5. Let X be a Banach space, 1 <p < 00, and T € (0,00]. Let {A(t)}ycpo,r) be a
family of boundedly invertible operators such that D(A(t)) = D(A(0)), [JA#)A(s) Hzex) <
Cy, t,s € [0,T), and A(0) € MR,(X) as well as A(-) € MR,(X). Furthermore let
{B(t)}1ero,r) be a family of linear closed operators satisfying D(A(0)) C D(B(t)), t € [0,T),
and for some k < 1 assume

I1B(t)z]| < kl|A()zll, =€ D(A(0)), t € Ip.
Then D(A(t) + B(t)) = D(A(0)), t € [0,T), and we have
I(A®®) + B(#))(A(s) + B(s) ey < Cis tys €[0,T). (7)

Furthermore, if k is small enough, for each f € LP((0,T); X) and ug € IZP(A(0)) there is a
unique solution u € WP((0,T); X) N LP((0,T); D(A(0))) of problem (2) satisfying

lullwre(o,ry:x) + 1A+ B)C)ulleo,ry:x) < Colllfllzeor)x) + lluollzoay)s — (8)
ie. (A+ B)(-) € MR,(X).

Proof. First fix ¢t € [0,T"). By the invertibility of A(t) this operator is an isomorphism from

D(A(t)) to X. The relative boundedness of B(t) with x < 1 implies that also A(t) + B(t) :
D(A(t)) — X is an isomorphism. Hence A(t) + B(t) is a closed operator in X with domain
D(A(t) + B(t)) = D(A(t)) = D(A(0)). To see estimate (7) we compute

I(A() + B®)(A(s) + B(s)) ey < (L+w)[AGA() I+ B(s)Als) ™ leex)
Since ]|B(3)A(s)_1]|£(X) < k < 1 uniformly in s € [0,7T), the Neumann series yield

II7 +B(s)A(s) " ey <G s €[0,7).



Together with the assumptions on A(-) this implies (7).

Now let Y, Z be defined as in the proof of Theorem 1.4. We already mentioned that
the trace operator v : Y — ZP(A(0)), yu := ul;=¢ is bounded by taking into account that
A(0) € MRy(X). Together with the assumptions A(0)~" € L(X), [[A(£)A(0)™ |lzx) < Co
and A(-) € MR, (X) this implies

V.Y 57, Uy:— < (0 +7121L(-))u )

to be an isomorphism. Now set B : Y — Z, Bu := (B(-)u,0)”, u € Y. Then

(U + B)u = ( (3+A(-7);B(-))u ) |

To show invertibility of this operator we write formally
(T+B) =0 Y(I+By H)!
and calculate

1BY ' (f,u0) 2 = IBCY®(fyu0)" llw(o,),x) + 0

- (/OT 1B@)[T(f, UO)T](t)det>

1/p

T 1/p

< w10 g olra)

< Ka’“(fau(])HZ? (fauU) € Za
where @ := ||A(-)\If*1||£(Lp((0’T);X)). Thus, for £ < 1/a we can employ the Neumann series
obtaining

~ 1
—1 -1
I+ B) ey < 7o I gz,

This implies ¥ 4+ B : Y — Z to be an isomorphism. In combination with

I(A(#) + B(#))ul I(A() + B(#))(A(0) + B(0)) "' (A(0) + B(0))u]
Ci(1 +#)[[AO)ullz(x), w e D(A0)), t€l0,T),

IN

this yields the assertion. O

3 The Stokes equations on noncylindrical domains

Now we turn to the proof of Theorem 1.2. First let us list some obvious consequences of
Assumption 1.1. In view of det V¢ (&,t) = 1 and (&, t) = (4(&;t),t) we also have det Vi) = 1.
Moreover, Assumption 1.1.2 implies 1) € Cg ’I(QU;R”‘H). In virtue of the implicit function

theorem we therefore have ¢! € Cg”l(Q;R”H) and since ¢ (z,t) = (¢ Y(z;t),1), (z,t) € Q,
also ¢~ € Cg’ ’I(Q; R™). Furthermore we calculate
0 = 0 =0 " ($(&1)t)
= (Vo )& 1) )(0) (& 1) + (0™ ) ($(& 1)3t)-
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Hence
(@™ ) (P& ):8) = =(Vep) (&) (AP (1), (1) € Qu,
and we see that Assumption 1.1.4 yields
in Cy(2p) for the case T' = oo.
(t)

In order to apply the abstract results of the previous section we transform (S’E‘)j}0 to a
system on a fixed domain as follows. For a function v : Q7 — C" we set

0(&,1) :=v(@(&1),1),  (&,1) € Qo x [0,T].

Then
(Vo) (9(&51),1) = [(Ved) ™ Ved] (€, 1), (10)
where M~7 denotes (M7)~! and M" stands for the transposed Matrix. Now define
u(€,t) = (R(t)v) (€, 1) := [(Ved)"'0] (&,1), (&) € 2 x [0,T]. (11)

If T = oo, note that ®(c0) is the corresponding operator to the limit function ¢(-, 00) which
exists according to Assumption 1.1.4. Assumption 1.1.1, 2, and 3 on ¢ imply that ®(¢) :
WHEA(Q(t)) = WFI(Q) and (1) : WEU(Q(t)) — WE(Qp) are isomorphisms for k = 0, 1,2
and t € [0,T], and we even have the uniform estimates

[2(@&)vllwerag) < Cillvliwesaey)y < Coll®@)vllwrp g (12)

for all v € WFP(Q(t)), t € [0,T], k = 0,1,2. Tt is also easy to see that ® preserves the outer
normal, i.e. if v(z,t) is the outer normal on 0€2(¢) at = then (®(¢)v)(&,t) is the outer normal
on dQq at £&. Moreover, under Assumption 1.1 (in particular 2) in [18, Proposition 2.4]" it is
proved that
diveu(é,t) = divyo(d(€;t),t),  (€,1) € Qo x [0,T].

This implies that ®(t) : LL((t)) — LL(Qo) is an isomorphism as well. This property of ®,
which is essential in what follows, is the reason why we have to choose the special transform
given in (11). On the other hand note that this transform is responsible for the fact, that we
have to assume C® boundary instead of C? only.

In view of (10) it is clear that ®(¢)A,®(¢) ' has a representation as

O(t)A2(t) ' = > an(-t)D° (13)

la|<2
with certain matrices a, € C,La"%(ﬁ x (0,7))™*", |a| < 2. Explicitly we have
@)A1 u)(€1) = [(Ved)™ (Ved) ™ Ve (Ved) ™ Ve(Vep)ul(&, 1)

= Y [0t Oy @071 (Bl 1), 1) -

1,5,k L,m=1
' [(3& O, 0e,, ¢")u™ + (O, 0, ¢") O u™
+ (D, Dy, ) u™ + (9,0 61, O™ | (1), (14)

! Actually in [18] only bounded Qo are treated. But since it is a pointwise condition the proof given there
applies to each Q C R™.
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We also have

dw(z,t) = &[(Vep)ul (6~ (x31),1)

n

= ) (37 (w5t) [(96: 0 p)u’ + (9, 9)0g,u’] (67 (w31), 1)

i,j=1
+ Y [0 0b)u’ + (O $)0u’] (¢ (m38),1). (15)
=1
Thus
()OR(t) =0+ > bs( (16)
BI<1

with certain bg € C’mm"m(ﬁ x (0,7))™", |B] < 1. If we set F := &f and ug := ®(0)vy, as
well as VO(t) := (Veo() 1 (Veh(t)) "7 Ve and p := p o 9, the transformed equations become

ur+ 2 51<1 bpDPu — 3 0 j<cr aaD*u+VO()p = F  inQyx (0,7T),
dive = 0 in Qo x (0,7)
TSE)o 0 4 ),
( Vo u = 0 ondQx(0,7T),
u|t:0 = U n Qo.

Since ®(t) is an isomorphism, clearly (u,p) satisfies (TSE)%?UO if and only if (v,p) fulfills
(SE);, () Obviously

Poy(t) := @(t) Py ®(t) ™" : L9(Q0) — LL(Q), t € [0,T],
is again a projection, where Po(;) denotes the Helmholtz projection on L9(£(t)). Note that
Gy(t) == (I = Py (£)L9(Q0) = {V*(t)(r 0 9)); m € WH(Q(t))}.
Thus, Pq,(t) is not the Helmholtz projection on L?(£2) in general. As G,(t) depends on ¢

we see that also the projection Py, (t) does, although its range, L&(€y), does not depend on
t. Defining

Aqgy(t) = —Poy(t) Y aa(t)D* on (17)
la|<2
D(Aqy(t)) = ®(t)D(Aqau)) = W>I(Q) N Wy () N LL()
= D(Aq,), te€[o,T],
and
- PQO Z bﬁ 7 te [OaT]a (18)
18I<1

the system (TS’E‘)%"U0 can be rephrased as the nonautonomous Cauchy problem

+ (Aq,(t) + B(t))u(t) = F(t), te(0,T),

u'(t)
(CP)F’UO{ u(0) = wu,

12



on the space L (). Observe that Aq, (t) = ®(£)Aq®(t)™", i.e. it is exactly the transformed
Stokes operator on Q(t) for ¢ € [0,T]. In particular we have Ag,(c0) = ®(00)Aq () P(c0)
if t =T = oco. Moreover, we see that the domain of Aq,(t) does not depend on ¢ and equals
the domain of the Stokes operator Aq, in L& (o).

We proceed by stating the maximal regularity result for the shifted propagator p+ Aq,(+).
Then the abstract perturbation result Theorem 2.5 will give the result for the shifted full
operator 4+ Aq, () + B(+) for some p > 0 and general € as assumed in Assumption 1.1. On
the other hand, if Qg is assumed to be bounded, we will show the maximal regularity even
for 4 = 0. This will yield Theorem 1.2.

One ingredient in the proof of the above mentioned results will be the continuity of
t — Pq,(t). This is a consequence of

Lemma 3.1. Let T € (0,00] and Qy, ¢ as in Assumption 1.1. We have
1Py () = Pou(5) ety < CHTA0)" = (Vo(55)  oos 5 € [0,T,
In particular this yields || Pay (t) || £(ra(a,)) < C uniformly in t € [0,T] and, if T = oo,
Py (£) — Pay(00) = (00) Py ®(00) "L in L(LI(Q)) for ¢ = oo.

Proof. Fix t € [0,7] and let v € LI(S2(t)). It is well known that Poyv = v — Vr, where

€ Wl’q(Q(t)) is the unique solution of the weak Neumann problem
(V7. Vo) = (0, V9), @ €W (1))

Since Po,(t) = ®(t)Poy®(t) ', we therefore deduce Po,(t)u = u — V?(t)p, where p €
(/Wl’q(Qo), [V2(¢) - ||4) is the unique solution of the transformed weak Neumann problem

(VO(t)p, Vo) = (u, V), e W (Q), (19)

for u € L9() and as former V?(t) = (V¢)~!(t)(V¢) "7 (t)V. For t,s € [0,T] and u € LI()
this allows us to write

Poy (t)u — Poy(s)u = V?(£)p(t) = V(s)p(s)

and to prove the estimate under discussion for the solutions of the corresponding transformed
Neumann problems.

To this end first note that in view of det V¢ = 1, the family {||V?(¢) - llg}eepm is a

collection of equivalent norms on the space Wl’q(Qo), and the equivalence constants even do
not depend on ¢t. Next we write the difference above as

VOWp(t) ~ VO()p(s) = VOB~ p(s) + (V) = VO)p(s).  (20)
For the first addend of (20) observe that in view of (19),
(V2p(t) = VO (tp(s), Vo) =
= (V@) - ((V*®) - V()p(s), Vo) = (V9()p(s), V)
= ((9%(s) = V*(0)p(s), Vo) (21)
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for ¢ € /Wl’q'(Qo). By the Helmholtz decomposition we know (Gy(Q(t)))" = G4 (2(t)). This
fact implies for arbitrary w € W19(Qyp)

IV wlzaey = 12EV(wo ¢ ML)
< CV(wog™ )||Lq Q(t))
= C sup ‘(V(w ° ¢, Vn)ﬂ(t)‘
ne /Wl’ql(Q(t)), ||V77HL‘1(Q(t))
n#0

By the change of variables z — ¢ = ¢~ !(z;¢) and by putting ¢ := 1 o ¢ we can continue this
calculation obtaining

(Vo) Vo),

IV?(wllzey < C sup
(520) = /Wl,q’(QO) HV()OHL‘I(QO)

e #0

where we used [Vl L) > Cl®#) Vi) = CIIV?H)¢llLeay) > ClIVellLiqy- If we
set w = p(t) — p(s) this yields in virtue of (21),

(T2@(p() = p(s)), To) g,
IVellLaao)

IV ) = pDlla@y < € sup
p € WH' (Q),
e #0
((V9(8) = V9(5)p(s), Vo) g,
||V<P||LQ(QO)

= C sup
p € Wh (),
e #0
CI(V(t) = V()p(s)ll Laa)- (22)

This shows that the estimate for the first addend of (20) can be reduced to the one for the
second addend. Considering that addend we may estimate

1(V2 () = V2 (s))p(s) g <

IN

< VR (V)T (1) = (V) T (5)(Vh) ™" (8)lloo | VD(s) g
< OV (1) = (V)T ()l I VD(5)lg (23)
due to
(V) (#)(Vh) T (t) = (V§) " (5)(Ve) T (5)]lo <
< (V) Dlloo + (V) () o) 1(VD) () = (Vh) () lloo
< O(Ve) (1) = (V) (5)]loos (24)

which is valid by our Assumption 1.1.3 on ¢.
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Now let L(t) : L1(Qg) — /Wl’q(Q[]), u +— L(t)u := p(t) be the solution operator to the
transformed weak Neumann problem (19). Since that problem is uniquely solvable, L(t) is well
defined and we have L(t) € L(LI(Q), WH(Qy)), t € [0,T]. Inequality (22) in combination
with (23) now yields

L) = L) ullgrag,y < CIVL)ullgl(VE) ™ (#) = (V4) ™ (s)lloo

for t,s € [0,T]. By Assumption 1.1.3 this implies the continuity of L : [0,T) —
/_',(L‘I(QO),WLQ(QO)) and, if we set s = T, in virtue of Assumption 1.1.4 we also obtain
L(t) — L(T) in L(L9(), W\I’Q(QO)), even if T = co. Employing Lemma 2.1 we deduce for
the family {L(#)}ie(o,11,

I1L() <C, tel0,T].

le(zs o). 1.0(20))

This fact applied on estimate (23) and (22) implies in view of p(s) = L(s)u,

(V1) = V2(s)p(s)lg < CII (V) () = (V)™ (5)lloolullg
and
IV2(@) () = p()lg < CUVH) ' (1) = (V)™ (5) oo llull
for s,t € [0,T] and u € L1(€). Combining these two estimates yields the assertion. O
In order to prove the maximal regularity for u + Aq,(-) we will apply Theorem 1.4.

Theorem 3.2. Let T € (0,00] and pp > 0. Let Qq, ¢ as in Assumptions 1.1 and the family
{Aq, (t) }eo) defined as in (17). Then p+ Ag,(-) € MR(LE(Q), C). In particular, estimate
(3) holds for p+ Aq, (). If Qo is bounded the assertions are also valid for p = 0.

Proof. If T = oo first observe that in view of Assumption 1.1.4 on ¢ and representation (14)
we obtain for the coefficiants of Aq, (%),

a’a('at) - a’a('aoo) in C|a‘(Q_0)7 |0(| < 27

where a,(-,00) are the corresponding coefficients to the limit variable transform ¢(-,o0).
Furthermore, by Lemma 3.1

Pay () — Pa,(00) = ®(00) P(oo)®(00) ™! in L(L(S)).

This implies u+Aq, (t) = p+Aq,(00) in L(D(Aq,), L1(p)), hence condition 3 of Theorem 1.4
is satisfied for the family {u + Aq, () }iepo,r and p > 0.
In order to see condition 2 we write
Pay (t)aa(t) — Pay(s)aa(s) = (Pag(t) = Pay(s))aa(t) — Pa,(s)(aa(t) — aa(s)).

Note that ||PQO(S)||E(L‘1(QO)) <C, s¢ [OaT]a and Ha’oé(t)HOO <C,t¢ [OaT]a |0(| < 2, ac-
cording to Lemma 3.1 and Assumption 1.1.3, respectively. Thus, by Lemma 3.1 and again
representation (14) we obtain

1Pag (B)aa(t) = Pay(s)aa(s)llera(ne)) <
0 (I1(79(0) " ~ (Vo(s) oo + 16(8) — #() e
CHQS(t) - QS(S)HCg(QO)v t,s € [OvT]v |0{| <2

IA

IA
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We conclude

(e + Any (1) = (n+ AggM))ully < Y~ 1Py (Daa(t) = Pag(s)aa ()l e(zage) 1Dl
la|<2

< Cllg(t) = ()l op g llullpiag,)

for all ¢,s € [0,7] and g > 0. The continuity of u+ Aq,(-) : [0,T) — L(D(Agq,), L&(Q0)) now
is an immediate consequence of Assumptions 1.1.3.

Note that the property of having maximal regularity is invariant under conjuga-
tion with isomorphisms. Therefore the pointwise maximal regularity, i.e. pu + Aq,(t) €
MR(L%(Q),C(t)), t € [0,T], p > 0, is a consequence of the pointwise maximal reg-
ularity for the Stokes operator u + Agq) on Q(t) (see e.g. [34], [27], or [30] for ref-
erences that include all types of domains handled in this note) and the representation
p+ AQo(t) = q)(t)(:u* + AQ(t))(I)(t)_lv te [OvT]a p = 0.

Since p+ Aq, (t) : D(Aq,) — L&(Qo) is boundedly invertible, we see that the assumptions
of Theorem 1.4 are fulfilled for {1 + Aq,(?)}scjo,rp and g > 0. On the other hand, if € is
bounded, obviously the invertibility of Ag : D(Aqq)) — Lg(€(t)) implies the invertibility
of Ag,(t) again by the representation Aq,(t) = ®(t)Aq®(t)~", t € [0, T]. Therefore, in this
case the assertion remains true also for u = 0. O

As a corollary we can show the maximal regularity of Aq (-) for general €, at least for
the case of finite T'.

Corollary 3.3. Assume the situation of Theorem 3.2. For T < oo we have Aq,(-) €
MR(LZ(Q0),C(T)). In particular Aq,(-) satisfies estimate (3).

Proof. Let u be the solution to the Cauchy problem (C'P)f,, with right hand side (F,uo)
associated to Aq,(+). Then the shifted function @(t) := e #lu(t) for some p > 0 solves the
Cauchy problem (CP)¢-utpy, associated to p + Ag,(-). Theorem 3.2 now implies

T T
/0 (la@®)lg + A, (a(®)I) dt - < C“/o (a@®Ng + 1w + Aa, (£))a(?)[I7)dt

T
c, ( [ temriar + ||uO||§p) .

IA

Consequently,
T T
[ (ol + haauolg) @t = [ (e awl + e an o) de
T

Oy ( [ iFga ||uO||§p) .

IA

0

In order to apply Theorem 2.5 to the full operator p + Aq,(-) + B(-) we need a uniform
relative bound « for the evolution family {B(#)}cjo,r)- This requires the following uniform
resolvent estimates.
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Lemma 3.4. Let T € (0,00] and €, ¢, and {Aq,(t)}icjo,r) as in Theorem 3.2. Then there
is & C' > 0 such that we have the uniform estimate

2
D INCTRETE N+ Agy ()M £ira 00y 1000y < Co tE[0,T], A > 1.
P

Proof. First fix t € [0,7] and let A > 1. From well known results for the Stokes operator
Aq(y) we obtain the equivalence of the norms S g AE=22) gk | za (o)) and [IA- [ zeae) +
Aoy (t) - [ ze(a(r)) on D(Aqy)) with equivalence constants independent of A > 1. Therefore
the same statement is valid for the corresponding situation in €2y, i.e. there are constants
C1,C5 > 0 (that may depend on t) such that

2
S OAED2 T )| oqy) < Cr (Il zaay) + 1Ay (B)ullLay))
k=0
2
< CQZA(IC_Q)/QHVk“HLq(QO)
P

for u € D(Aq,) and XA > 1. Denote by D)(Aq,) the Banach space D(Aq,) equipped with the
equivalent norm Zi:o AE=2)/2||7k . | La(0,)- By the observations above we see that

I+ Aog (1)l £(28(00).Dr (A0 ) S C(#), A > 1.

We will show that C(t) < Cy, t € [0,T], for a certain Cy > 0. To this end we write for
tatO € [OaT]a

A+ A£)™" = (A + A(t0)) ™ [T+ (A®) — Alto)) (A + A(t)) '] "

Note that for t5 € [0,T] we have

2
I+ Aoy (1) 2 (Le (@0).0(40,)) < C S IVI A+ Aay (t0)) ™l £(28 (0,19 (520))
=0
< OO+ Ay (£0) ™ ll£(£8 (€20).Dx (Any )

Hence we may compute

(A, () — Ay (t0)) (A + A, (£0)) ™"l £ (o))
1400 (1) = Aqy (t0)ll£(p(Agy )22 (20) (X + Aq (20)) ™l 222 (20,0 (A0, )

<
< Clto)l[ Ay (1) = Aoy (b))l o(p(ag,). 12 @0)), T to € [0,T].

Now set t := T'. Since condition 3 of Theorem 1.4 is satisfied for Aq,(-), there is a Ty € (0,7)
such that

1(Aaq (£) = Ay (T)) (A + Aey (T)) "l 212 (20)) < C(T)e
for t > Ty and A > 1. Putting € := 1/2C(T') we obtain by using the Neumann series,

I+ Ao (8) ™ £(18 (00),Da(40g)) < 2C(T), £ To, A > 1.
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On the other hand, if ¢y € [0, Tp], there is a 6(Tp) > 0 such that

1(Aqy () — Ay (t0)) (X + Agq (1))l (28 (00)) < Clto)e

fort € (t—0(to),t+0d(to))N[0,T) and A > 1, since also condition 2 of Theorem 1.4 is satisfied
for Aq,(-). Again by using the Neumann series this implies by choosing ¢ := 1/2C(t),

1Y+ Ao (1) ™ 228 (90),0x (4gy)) < 2C (o)

for t € (t — d(to),t + 0(tp)) N[0,7) and A > 1. Since [0,Tp] is compact we can achieve
[0,Ty] C U;-V:l(tj — (tj),t; + d(t;)) for certain t; € [0,Tp], j = 1,...,N. Setting Cy :=
2max{C(t1),...,C(tn),C(T)} then yields the assertion. O

Now we can apply the perturbation result Theorem 2.5.

Theorem 3.5. Let T € (0,00]. Let Qy, ¢ be as in Assumption 1.1 and the families
{Aq, (1) }ieo,ry and {B(t)}ieo,r be defined as in (17) and (18), respectively. For pu > 0
large enough we have p + Aq,(-) + B(-) € MR(L&(Q),C). In particular u+ Aq,(-) + B(")
fulfills (8).

Proof. In the proof of Theorem 3.2 we observed that all assumptions of Theorem 1.4 are
fulfilled for the family {x + Aq, (t) }icjo,r)- Together with Lemma 2.2.1 this shows that {u +
Ay (t) }iepo,r also satisfies the assumptions of Theorem 2.5 for each p > 0. Obviously,
D(Aq,) C D(B(t)), t € [0,00). Thus it suffices to verify the existence of a relative bound for
B(-). But, since B(-) contains lower order terms only, we can achieve by employing Lemma 3.1
and Lemma 3.4

IB@ull, < C > lPaynbs®llsoll DP (1 + Agy () ™" (1 + Aay ())ullg
1B1<1

C

< —

Y/

Hence, by choosing p arbitrary large, we can have the relative bound arbitrary small which
shows that all the assumptions of Theorem 2.5 are satisfied. Applying that result yields the
assertion. 0

1+ Aoy (D))ully,  p =1, t€[0,T).

Completely analogous to Corollary 3.3 we obtain by a shift back

Corollary 3.6. Assume the situation of Theorem 3.5. For T < oo we have Aq,(-) + B(-) €
MR(LZ(Q0),C(T)). Moreover estimate (8) is valid for Aq,(-) + B(:).

We turn to the case of bounded €.

Theorem 3.7. Assume the situation of Theorem 3.5 with bounded y. Then the assertion
there is valid for = 0, in particular Aq,(-) + B(:) € MR(L&(Q0), C).

Proof. According to the latter corollary it remains to handle the case of T = oco and large t.
To this end let Tj € (0,00) and put

ATO (t) = AQO (T() + t), BTo (t) = B(TO + t), t>0.
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Obviously Ar,(-) € MR(LZ(y),C) by Theorem 3.2. From (15) and (18) we read off that
each coefficient bg of B(-) contains a time derivative of ¢ or ¢ ~'. By Assumption 1.1.4 on ¢
and (9) it follows

1016 ) (@C50). Dlcyine) =0 and 960, Dlcpg = 0. for - o0,

Consequently, bg(t) — 0 if £ — oo. This allows us to choose for ¢ > 0 a Ty = Tp(e) > 0
such that ||bg(t)||sc < € for all t > Ty and all coefficients bg. Furthermore, an application
of Lemma 2.1 to {Aq, () }iefo,r] With Y := D(Aq,) yields ||AQO(t)71||[/(Lg_(QO)’D(AQO)) < C,
t > 0, and therefore

AT, () Ml 222 (90) 2.0 (90)) = 1A (To + )l 222 (0) w20 (09)) S Cs 0.
Hence, in virtue of Lemma 3.1 we can calculate
I1Bry (tully < C Y l1bs(To + 1) l|ool | DP Ary (8) " Ary (2)ul,
181<1
Cel| Ay (t)ully, u € D(Ag,), t = 0.

IA

Setting € := k/C we may apply Theorem 2.5 to the pair Ar,(-) and Brg,(-) which yields
Ay (+) + Bry (1) € MR(L5(Q0), C).

Now let u be the solution of the Cauchy problem (CP)p,, associated to Aq,(-) + B(:).
Then ur, () := u(Tph + -) is the solution of (CP)FTO,u(To) associated to Ar,(-) + Br,(+), where
Fr,(-) := F(To+-) and Tj as before. Applying Corollary 3.6 for T' = Tj and Az, (-)+ Br, () €
MR(LZL (o), C) we conclude

/OOO(HU(??)HS’ + [1(Agy (¢) + B(¢))u(t)[lg)dt =
To
= /0 ()G + [[(Aay () + B(8))u(t)[[g)dt

+ /OOO(IIUTO O + (A7, (8) + B(#))ur, (£)[gde

oo
< o) ([ 1E R ol + T, (29
It remains to show that we can omit the last addend. We have (see e.g. [21, Section 1.2.2])
[w(To)llze = luz, (0)llz»
To 1/p
< C (/0 (II(A7, (0) + Br, (0))ur, ()11} + Il (1)1[7) dt) - (26)

Since the pair A, (-), Br,(-) satisfies the assumptions of Theorem 2.5, by estimate (7) we
obtain

1(A1, (0) + By (0)) (Ary (1) + Bry ()™l 22 00)) < C(To), ¢ € [0,00]-
By this fact and by an application of Corollary 3.6 for T' = 27T, we may continue the calculation
in (26) obtaining
1/p

To
lu(To)llze < C(/O (||(ATo(t)+BTo(t))uTo(t)||f§+IIU'TO(t)IIZ’)dt>

19



2To

= ¢ (I(Aqq () + BE)u@®)If + lu'(t)][) dt

2Ty
C/O (I(Aqq () + BE)u@®)If + lu'(t)][) dt

C(Ty) ( [ il + uuoné}p) |

IA

IN

Combining this with (25) completes the proof. O
We conclude with the proof of the main result.

Proof. (of Theorem 1.2)

First let Qg be an arbitrary domain as described in Assumption 1.1. Estimate (7) applied on
p+ Aq,(-) + B(+) implies the norms || - HD(AQO(t)—l—B(t)) and || - ||D(AQO(0)+B(O)) to be equivalent
with equivalence constants that do not depend on ¢ € [0, 00]. As ||| p( Ag, (0)+B(0)) 18 equivalent
to || - [|2,; we obtain

lullz,g < Cill - [Ip(ag,m)+B@) < Collullzg, w € D(Ag,), t € [0,00].

Thus, Corollary 3.6 gives us for T' < oo

[ (ol + ) ar < o (f

T
\F @2t + Huon%p) . (27)

This yields

T
/ (n(at £ be @ + a2, + IIV¢(t)ﬁ(t)||3>dt

18]<1
T
< om ( [ iroipa+ ||uUr|9p) .

for the solution (u,p) of (TSE)%?UO. In view of (12), (16), and since {®(t)},c(o,7) is a family
(®)

of isomorphisms, this implies estimate (1) for the solution of the original equations (S G)?’UO.
If Qg is bounded Theorem 3.7 implies that (27) is even valid for 7' = oo with a finite constant
C > 0. Hence the same arguments as above yield the assertion of Theorem 1.2 for bounded €.
The assertion concerning the equivalence of the norms is an easy consequence of Lemma 3.4
and the properties of the isomorphism ®(¢). O

4 An application to rotations

Since Stokes- and Navier-Stokes equations with rotations are of greatest interest in the current
research we want to close this note with a remark about the relation of that subject to our
problem. Indeed the Stokes equations with rotations can be regarded as a special case of the
much more general situation of Theorem 1.2.

For simplicity assume the rotation O in 3 dimensions around the z3-axis. Then ¢ is given
as

$(&;1) := O(wt)g,  (§,1) € Qo x [0, T,
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where w = (0,0,ws3). By (14) and (15) we see that here
(1) A1) 'u = Agu

and
()0, ®(t) 'u = dpu 4+ w x u — Vau(w x €).

We immediately observe that in this special case the coefficiants do not depend on ¢. Fur-
thermore, since [®(t)V;p]({,t) = Vep(O(wt)é, t), we see that also the transformed Helmholtz
projection is independent of ¢. Indeed it is exactly the Helmholtz projection Po, on L%(£p).
For this reason the transformed propagator Aq, () coincides with the Stokes operator Ag, in
L%(Qg). The full operator then is given by

(Aq, + B)u = =P, (Au — w x u+ Vu(w x £)).

This operator arises naturally in the studies of the Navier-Stokes flow around a rotating
obstacle and is the research object of several recent works, e.g. see [16], [8], [15], [11]. For
recent works related to rotating Navier-Stokes equations see also [22], [13]. If we assume
0 < T < oo and Qp to be bounded of class C? it is easy to see that the above ¢ satisfies
Assumption 1.1. Thus, Theorem 3.7 implies Ag, + B € MR(L&(£y),C), or Theorem 1.2 the
maximal regularity for the original Stokes equations on the rotated domain Q(t) = O(wt)Qy.
Note that a similar result can be obtained even if the angular velocity w depends on ¢, a
problem which is considered in [17].

However, we can not apply our results to the case of unbounded domains, since then
(z,t) = O~ (7;t) = (0;0(wt))z is not bounded in z, i.e. Assumption 1.1.2 is not fulfilled.
Indeed, this time derivative is responsible for the occurance of the linearly growing coefficiant
in the drift term Vu(w x £), which makes the examination of Ag, + B more delicate. On the
other hand we also do not expect the maximal regularity in the case of unbounded domains
Qo, since due to results in [16] or [15] it is well known that Aq, + B is not the generator of a
holomorphic semigroup even in L2(£)g) for g exterior or Qg = R”, respectively.
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