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EXISTENCE RESULTS FOR VISCOUS POLYTROPIC
FLUIDS WITH VACUUM

YONGGEUN CHO AND HYUNSEOK KIM

ABSTRACT. We consider the full Navier-Stokes equations for viscous
polytropic fluids with nonnegative thermal conductivity. We prove the
existence of unique local strong solutions for all initial data satisfying
some compatibility condition. The initial density need not be positive
and may vanish in an open set. Moreover our results hold for both
bounded and unbounded domains.

1. INTRODUCTION

By ideal vacuums in a compressible or incompressible fluid, we mean
spatial domains occupied by the fluid where the (mass) density vanishes. In
the absence of vacuum, lots of results have been obtained for viscous heat-
conducting compressible fluids since the uniqueness result by J. Serrin [23]
and the local existence results by J. Nash [21] and N. Itaya [13]. We refer
the readers to the papers [5, 6, 12, 18, 19, 20, 28, 29, 32| for some local or
global results. The crucial observation for these results is that the energy
and momentum conservation equations are parabolic when the density is
assumed to be a known positive scalar field. But they lose the parabolicity
at the presence of vacuum.

This difficulty was overcome only for simpler fluid models without consid-
ering the energy conservation equation. For nonhomogeneous incompressible
fluids, the existence of global weak solutions and local strong solutions was
proved first by J. Simon [24, 25] and by H.J. Choe and the second author
[4], respectively. See also the works [2, 8, 14, 16, 27] for some related re-
sults and extensions. Then similar results have been proved for isentropic or
barotropic compressible fluids. For details, refer to [1, 3, 7, 10, 15, 17, 22].
But straightforward adaptations of the previous methods to heat-conducting
fluids have failed because the energy, velocity and pressure fields are strongly
coupled with each other especially when the density is not bounded away
from zero.

2000 Mathematics Subject Classification. 35Q30, 76N10.
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tions, vacuum.
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JSPS Postdoctoral Fellowship For Foreign Researchers.
1



2 YONGGEUN CHO AND HYUNSEOK KIM

In this paper, we develop a local existence theory for viscous polytropic
fluids with vacuum while the incompressible one will be discussed in a forth-
coming paper.

A wiscous polytropic fluid is a viscous compressible fluid obeying both
Joule’s and Boyle’s laws, and governed by the following system of equations

(1.1) pr +div(pu) =0,  p=(y—1)pe,
(1.2) (pe)¢ + div (peu) — kAe + pdivu = %|Vu + Vul |2 + M(divu)? + ph,
(1.3)  (pu)e +div(pu®@u) — pAu — (A + p)Vdivu + Vp = pf

in (0,7) x Q. Here we denote by p, e, p and u the unknown density, specific
internal energy, pressure and velocity fields for the fluid, respectively. The
known constants p, A are viscosity coefficients, ~ is the ratio of specific heats
and k is the thermal conductivity coefficient divided by the specific heat at
constant volume. In view of viscosity and classical thermodynamics (see the
book [16] by P.L. Lions), these constants are required to satisfy the natural
restriction

uw>0, 3A+2u>0, x>0 and ~v>1.

The known fields A and f denote a heat source and external force per unit
mass. Finally, (0,7") x € is the time-space domain for the evolution of the
fluid, where T is a finite positive number and {2 is either a bounded domain
in R? with smooth boundary or a usual unbounded domain such as the
whole space R3, the half space Ri and an exterior domain with smooth
boundary.

As was already suggested in [1, 3], the standard homogeneous and inho-
mogeneous Sobolev spaces are natural function spaces for our local theory in
both bounded and unbounded domains. Throughout this paper, we adopt
the following simplified notations for Sobolev spaces

L'=17(Q), Whr=whkrQ), H*=wk2
DET ={v e L} .(Q) : [v|prr < 00}, DF=DFZ
Dy ={veL%Q): [v[py < oo and v =0 on 9},
HY=DinL? |v|prr = |VF|rr and lvlpy = V[
Then it follows from the classical Sobolev embedding results that
[vlzs < Clolpy. oz < Clolwia and  [olz= < Clolpyrpe.

provided that ¢ > 3. Hereafter we denote by C a generic positive constant
depending only on the fixed constants u, A, k, v, ¢, T and the norms of h
and f. We also adopt the obvious notation

| |xny =] |x+| |y for (semi-)normed spaces X, Y.
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Moreover, we denote by H~! the dual space of H} with < -, > being the
dual paring of H~! and H&. A detailed study of homogeneous Sobolev
spaces may be found in the book [11] by G. Galdi.

The main result in this paper is Theorem 3.1, an existence result on local
strong solutions to the initial boundary value problem for a heat-conducting
viscous polytropic fluid (the case that x > 0). The most striking feature of
the theorem is that the existence and uniqueness are proved under a minimal
assumption on the initial density pg:

po>0 in Q@ and py—p® e H NnWwha

for some constants p> > 0 and ¢ > 3. The W' 4-regularity of pg — p> seems
inevitable to prove the local well-posedness in the framework of Sobolev
spaces for any compressible fluid model in three dimensions simply because
the Sobolev embedding W14 < L holds only for ¢ > 3. The H!-regularity
is necessary to prove the theorem for unbounded domains and can be re-
placed by W13 in case that p> > 0. Moreover, we allow pg and/or p™
to vanish and so we may consider both interior vacuum and vacuum at in-
finity. A similar result was obtained by H.J. Choe and the authors [1] for
barotropic fluids with p>° = 0. But even in this case, the strong coupling of
the energy and velocity fields prevents us from adapting the arguments in
[1] to prove Theorem 3.1.

As has been observed in [1, 3, 22], the lack of a positive lower bound of pg
should be compensated with some condition on the initial data (pg, eg, ug)-
If (p,e,u) is a sufficiently smooth solution of (1.1)-(1.3), then letting ¢t — 0
in the equations (1.2) and (1.3), we readily derive a natural condition: there
exists a pair (g1, g2) of scalar and vector fields such that

(1.4) —kAeg — Q(Vug) = pogr and Lug + Vpy = pog2 in £,
where we adopt the following notations
Q(Vug) = % Vo + Val | + A(divug)?,
Luy = —pAug — (A + p)Vdivuy and  py = (v — 1)poep.

But it turns out that a weaker condition than (1.4) is sufficient to prove the
existence and uniqueness of local strong solutions. Indeed our main exis-
tence result is proved under the assumption that the initial data (po, eg, uo)
satisfies the regularity

(1.5) po—p= € H nWh? and (e, ug) € D} N D?
and the compatibility condition
1 1
(1.6) —kAeg — Q(Vug) = pigr and Lug+ Vpy =pigs in Q

for some (g1,92) € L?. Roughly speaking, (1.6) is equivalent to the L2-
integrability of \/pe; and \/pu; at t = 0, as can be shown formally by letting
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t — 01in (1.2) and (1.3). Hence the condition (1.6) plays a key role in de-
ducing that (e;, u¢) € L*(0,Ty; DY) as well as (/pey, /puy) € L>=(0,T}; L?)
for some small time T} > 0. This was observed and justified rigorously first
by R. Salvi and I. Straskraba [22] and then by H.J. Choe and the second
author [3], independently, for barotropic fluids. Note that the compatibility
condition (1.6) is satisfied automatically for all initial data (pg, g, up) with
the regularity (1.5) whenever pg is bounded away from zero.

We also consider viscous polytropic fluids without heat-conduction (the
case that k = 0). Compared with the isentropic fluid models, one major
difficulty is the presence of the quadratic nonlinear term Q(Vu). However,
from the viewpoint of a local existence theory with vacuum, this case is much
easier than the previous heat-conducting one because the energy equation
(1.2) with K = 0 can be rewritten equivalently as a hyperbolic equation for
the pressure p

(1.7) pr+u-Vp+aypdivu = (v — 1) (Q(Vu) + ph) .

Assume for the sake of simplicity that h = 0 and p(0) = po € H' N Wh4
with 3 < ¢ < 6. Then from the standard estimate

t
POl irwie < (|po|Hmwl,q e /0 QY iy ds)

t
X exp (C’/ IVu|giaw q ds>
0

based on energy methods, we can deduce that

(1.8) sup  [p(t)|miwa < C(lpolainwra +1)

0<t<T:
for some small T, > 0, provided that the velocity u is sufficiently regular.
Moreover assume that pg € H' N W14, Then it also follows that

(1.9) sup |p(t)|miawra < Clpolminwia.
0<t<T.

In view of the local estimates (1.8) and (1.9), we may regard the equations
(1.1), (1.3) and (1.7) as a weakly coupled system at least for some small
time interval [0,7%]. This is the reason why the arguments in [1, 3] can
be adapted to prove the local well-posedness of the initial boundary value
problem for the equations (1.1), (1.3) and (1.7) in case that either Q is a
bounded domain or p>° = 0.

A more general result, Theorem 4.1, is proved in the final section. We
prove the local existence of a unique strong solution under a minimal reg-
ularity assumption on the initial data: (po, po, up) is required to satisfy the
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regularity condition

po >0, po—p*e€ConH NWhH?,
po—p® € HinWh, o e D{nD?

for some constants p>°, p*™ and ¢ > 3, and the compatibility condition

1
Luy+Vpy = p5 g in § forsome ge& L2

We remark that the H!' N W 9-regularity of the initial density is replaced
by a slightly more general one, Co N H' N W3, Being the completion of
Wh4in L, the space Cy consists of continuous functions on € vanishing at
infinity. Moreover H!-regularity can be removed in case that p> > 0. We
also remark that the proof of Theorem 4.1 can be easily adapted to prove a
similar result for barotropic fluids, which generalizes the results in [1, 3, 22].

As indicated above, the local estimates (1.8) and (1.9) are crucial ingre-
dients to provide a rather simple proof of our existence result for the case
that k = 0. But in case that

(1.10) k>0  and igf po =0,

it seems impossible to derive an estimate analogous to (1.8) since p, e and u
are strongly coupled. To investigate this in some detail, we try to estimate
|Vp|r2 by means of a standard procedure. First, we observe that an estimate
for |Vp|2 requires some estimate for |Ve| 2 because of the equation of state
p = (7 — 1)pe. Then in order to estimate |Ve|r2, we make use of standard
energy methods: multiplying (1.2) by e; and integrating over 2, we obtain

Kk d

(1.11) /pef d:z—l—th/|Ve|2dx < C/|Vu|2|et|dx+(good terms).

The possibility of vanishing density forces us to estimate the first term of
the right hand side as follows

o/ VuPledd di < CIVuP e s < IVl g ler| .

Hence we need to estimate |e;|p;. Following the ideas in [1, 3], we differenti-
ate (1.2) with respect to ¢, multiply by e; and finally integrate over (0, t) x €.
Then from the compatibility condition (1.6), we formally derive

1 t
Z/pe%(t) d$—|—/{/ /[Vet|2dxd5
0

(1.12) ;
< C'/ /|Vu||Vut||et| dxds + (some terms).
0
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Taking a similar estimate for u; into account, we find that the only way to
estimate the worst term of the right hand side is

t t
C'/ /|Vu|\VutHet|dﬂsds§C’/ [Vulps|u| pyled py ds
0 0
2 Lo KON
< —
_C’<Os§1i§t\Vu|L3)/0 |ut|D5 ds + 2/0 |et\Dé ds.

Substituting this into (1.12) and then (1.11), we deduce that

t
]Ve(t)&z +/ \et|2D(1) ds
0

¢
<C < sup ]Vu|%3) (/ \ut|2Dé ds) + (some terms).
0

0<s<t

(1.13)

On the other hand, since L = —puA — (A + p)Vdiv is an elliptic operator
(see (2.33) below), it follows from the momentum equation (1.3) that

(1.14) |Vulgr < C|Vp|r2 + (some terms).

Combining (1.13) and (1.14), we may conclude that in case of a heat-
conducting fluid with vacuum (the case (1.10)), p and w are strongly coupled
with each other for any small time interval, that is, supg<,<; |Vp |72 depends
on supg<<¢ |Vu|g for any ¢ > 0 and vice versa. This is the main difficulty
in proviﬁg_Theorem 3.1.

Our proof of Theorem 3.1 is based on the following two key observations
that (i) the local estimates for supy<g<; |Vu|2 and f(f ]ut\QDé ds can be de-

rived without resort to the estimates for p and e, and (i7) |Vp|r2 depends
on |V2u|;2 via a half power. The latter fact follows immediately from (1.13)
because |Vul3; < C|Vu|z2|Vulgi. See also Remark 2.3 in the next sec-
tion. Then using the elliptic regularity result, we obtain the desired local
estimates for p and w.

The detailed proof of Theorem 3.1 is given in the next two sections. In
Section 2, we consider a linearized problem and derive some local estimates
for the solutions independent of the lower bound of the initial density and in
Section 3, we prove the theorem by applying a classical iteration argument
based on the uniform estimates. The final section, Section 4, is devoted to
proving Theorem 4.1.
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2. A PRIORI ESTIMATES FOR A LINEARIZED PROBLEM WITH Kk > 0

In this section, we consider the following linearized problem with x > 0:
) pr + div (pv) =0

) (pe) +div (pev) — kAe + pdive = Q(Vv) + ph in (0,T) x Q,

) (pw+div(p@u) + Lu+ Vp = pf

) (p; pe, pu)li=o = (po, poeo, pouo) in £,

) (e, u) =(0,0) on (0,7) x 09,

26) (p, e, u)(t,x) — (p>,0,0) as |z|] — o0, (t,z) € (0,T) x Q,
where v is a known vector field on (0,7) x Q. Recall that p = (v — 1)pe,
Q(Vv) =& Vv + V’UT‘2 + M(divv)? and Lu = —pAu — (A + p)Vdivu.

We first solve the linear transport equation (2.1)
Lemma 2.1. Assume that py and v satisfy the regularity

p0 >0, po—p=€Cy and ve L>®0,T;D,nD?) N L*0,T;D*7)
for some constants p>° € [0,00) and q € (3,6]. Then there exists a unique

weak solution p in p>™ + C([0,T]; Co) to the linear hyperbolic problem (2.1),
(2.4) and (2.6). Moreover the solution p can be represented by

t
(2.7) p(t,z) = po(U(0,¢,2)) exp [—/ divo(s,U(s,t,z))ds|

0
where U € C([0,T] x [0,T] x Q) is the solution to the initial value problem

0

—U(t =o(t,U(t 0<tT

28 U s ) = ot Uts,2),  0<t<
U(s,s,z) =z, 0<s<T, x€qQ.

Assume in addition that pg — p>° € WL for some r with 2 < r < q. Then

we also have

(2.9) p—p>eC0,T;Wh") and p; € L>=(0,T;L").

Proof. We provide an elementary and self-contained proof based on the clas-
sical method of characteristics; note that the existence of a unique solution
p in L*>(0,T; L*>) was already proved by R. J. DiPerna and P. L. Lions [9].

To begin with, we construct sequences {pf} and {v*} of smooth scalar
and vector fields such that

pk—p® e H2NC?(Q), o* e L%(0,T; DN D* nC%([0,T] x Q)
T
and Pk — po L= +/0 V(0 — o)) 3 dt — 0 as &k — oo.

For this purpose, we first recall that H* and L?(0,T; H3) are dense in Cj
and L2(0,T; H' N Wh4), respectively. Then since pg — p> € Cp and g =
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Vv € L2(0,T; H' N Wh), there exist sequences {pf} in p> + H* and {g*}
in L2(0,T; H?) such that pf§ — p>® — pg — p> in L™ (or Cp) and g% — g in
L2(0,T; H nWh4) as k — oo. For a.e t € (0,T), let w* = w*(t) € D} be
the unique weak solution to the elliptic boundary value problem

AuwF =divg® in Q and w* =0 on 89.

Then since |Vw*(t)|2 < |g¥(t)|2 for a.e t € (0,T) and g* € L?(0,T; H?), it
follows from the standard elliptic regularity result (see [1] for instance) that
[ (8) pyps < C (|div g* (1) 2 + 1w (1) py ) < Clg*(8)] o
for a.e t € (0,7) and wk € L2(0,T; D{ N D*). Tt is easy to show that

Wk (t) —v(t)lpy < 19°(t) —g(t)l2  forae. te(0,T).
Hence by virtue of the elliptic regularity result in [1], we deduce that
V(w* — )0l < C (|divg (1) — divg (D)2 + [0 (1) ~ v(1) )
< Clg" () = g(t)]
and

V(w* =) (t)|wa <C (Idivgk(t) — divg(t) e + [V (w* - v)(t)qu)

< € (I9() = g(®) o + IV (" =0)(®)]1m1 )

for a.e. t € (0,T), which implies that Vw* — Vv in L2(0,T; H' N W19) as
k — oo. Therefore, recalling that C°°([0, T]; DiND*) is dense in L%(0, T; D§N
D*), we conclude that there exists a sequence {v*} in C*([0,T]; D} N D*)
such that Vo* — Vo in L2(0,T; H' N W'9) as k — oo. In view of the
Sobolev embedding results

H* — C?(Q) and D{nD*— C*Q),

we have proved the existence of sequences {pf} and {v*} with the desired
properties. To treat the case of unbounded domains, we also need a cut-off
procedure. Assuming that € is an unbounded domain such as the whole
space, the half space and an exterior domain, we choose a sufficiently large
integer Ry > 1 so that

R*\Q C Bg,p if R*\QCCR?,
where for each R > 0, Bgr denotes the open ball of radius R centered at
the origin: Bg = {z € R3 : |z| < R}. Then taking a cut-off function
¢ € C°(B1) such that ¢ =1 in By /5, we define
e(x) =@ (@/R), pg(x) =p™ +o"(z) (po(x) — p>)
and  o(t,x) = T (x)v(t, z) for (t,z) €[0,7] xQ and R > Ry.
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Note that pff = p> and v = 0 in (0,7) x (2 \ Qg), where Qg = QN Bg.
Moreover, it is easy to show that

T
o= poli= + [ V0T = 0)OBnyeradt 20 as B
0
Hence applying this cut-off technique to plg and v* for each k > 1, we may
assume without loss of generality that if € is an unbounded domain, then
(2.10)  pk(x) =p>® and F(t,x) =0 for t€[0,T], z€Q\Qg,,

where {Ry} is a sequence such that Ry < R; < Ry < --- and Ry — oc.
Now we consider the following regularized problem

(2.11)  p; +div(pp®) =0 in (0,7) x Q and p(0)=pk in Q

for k > 1. Then since pf € C?(Q), v* € C?([0,7] x Q) and v* = 0 on
[0,T] x 09, it follows from the classical linear hyperbolic theory that there
exists a unique solution p¥ € C?([0,T] x Q) to the problem (2.11) and the
solution p¥ can be represented by

(2.12) Pt (t,x) = pE(U*(0,t,z)) exp {—/0 divo® (s, Uk(s, t,z)) ds| ,

where U* € C2([0, T] x [0, T] x Q) is the solution to the initial value problem
0
—Uk t,s,x =k t,Ukt,s,m , 0<t<LT
013 S UML) = MU s 0), 0SS
Uk(s,s,a:):a;, 0<s<T, ze.
It should be noted from (2.10) that if Q is an unbounded domain, then
Uk(t,s,x) =2 and pf(t,z) =p> for t,s€[0,T], z€Q\Qg,.

We will prove that the sequence {p*} converges to a solution of the original
problem. To show this, we first observe that

(7, UM, 5,2)) = o (7, U (7, 5,2) )| dr

t
UK (t,5,2) — U(t, 5,2)] < /

t t
< / |vk(7') — vl(T)\Loo dr + / |V’Ul(7')|Loo|Uk(T,S,I‘) — Ul(T,s,x)] dr.
Then Gronwall’s inequality implies that

\U*(t,s,2) — Ult, s, z)|

< ([ @ -l ar) oo ([ 9 ar)

<o ([ 10 = ngee i) esw (0 [ 190l
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for each s,t € [0,7] and x € Q, and thus

(2.14) sup |UF(t,s) — Ul(t,s)|p~ — 0 as k,l — oo.
s, t€[0,T]

Hence it follows from the well-known embedding result W14 — C%¢ with
Hzl—gthatask,l—u)o,

T
/ ‘divv(s,Uk(s,t,x)) - divv(s,Ul(s,t,a:))‘ ds
0
T 0
< c/ Vol o [U(s,t,2) — U'(s t,2)] ds — 0
0
uniformly in (¢, z) € [0, T] x Q. Therefore, observing that
t
/ ‘divvk(s,Uk(s,t@)) - divvl(s,Ul(s,t,x))‘ ds
0
T
< / (|divvk(s) —divo(s)|pe + |[divol(s) — divv(s)\Loo) ds
0

T
/
0

we easily deduce from (2.12) that

divo(s, UF(s,t,z)) — divu(s, Ul(s,t,x))’ ds,

sup |p"(t) — pl(t)|lc, = 0 as k,l — oo.
tel0,7

This proves the existence of a limit p in p> + C([0,T7]; Cp) such that
(2.15) pF—p>*—p—p> in C([0,7);Co).

It is easy to show that p is a weak solution to the original problem (2.1), (2.4)
and (2.6). Then the uniqueness of solutions in the class p> + C([0,T]; Cop)
follows immediately from a result by R. J. DiPerna and P. L. Lions in [9].

To prove a higher regularity result, we will derive an uniform estimate for
of = pF — p> in WbHT assuming that pg — p> € W™ for some r € [2,q].
From (2.11), it follows that

(e}

(2.16) o +oF Vo 4 oFdivel = —p>divo® in Q.

Then multiplying (2.16) by |0*|"~2¢* and integrating (by parts) over 2, we
obtain

d T T (0.9] rT—
e N (R U R
and

d\ gy k k k -
(2.17) |0t < CIVVE oo™ + Co> Vb | fo
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Similarly, taking the operator V to (2.16), multiplying by |Vo*|"2Vo* and
integrating over {2, we obtain

d , .
(2.18) %WJ% < CIVO o Vo e + OIV20¥|Lalo™| | ar [Vo* (7
+ Cp=|V20F| e | VaF |7t
Butsincer<%<%if2§r§3andr<q’i—rrgooif3<7“§q,it
follows from the well-known embedding results (see Chapter II in [11] for
instance) that |ak\L r < C|o*|yn.r. Hence combining (2.15), (2.17) and

_qr_
q—r
(2.18), we have
d _
g\akmﬂw < CIVF a5 + Cp Vo o ;/Vll»r

and in view of Gronwall’s inequality, we thus obtain

t
5 = 9%l < (105 = plwir +Cp° [ V05 (8) e ds
0

t
X exp <C'/ |V (). q ds)
0

for each ¢t € [0,T]. As a consequence of (2.15) and (2.19), we deduce that
pr—p> 2 p—p> i L®0,T;WhT).

(2.19)

Moreover since p; = —div (pv) € L*(0,T; L"), it follows from the classi-
cal embedding result (see [30] for instance) that p — p> € C(]0,T]; L") N
C([0,T); Wh"™ — weak). To prove the strong time-continuity of p — p™ in
WLT we observe that for each fixed t € [0,T], p*(t) — p> — p(t) — p™
weakly in W1, Hence from (2.19), it follows immediately that

t
1p(6) = Pl < (rpo e + Cp /0 Vo(s)]wir ds)

t
X exp (C/ |Vv(8)|W1,qu>
0

for each t € [0,T]. In particular, we have

(2.20)

1ifﬂ Sup lp(t) = p>lwrr < lpo — P> lwr,

which implies that p — p™ is right-continuous in Wh" at ¢t = 0. Since the
equation (2.1) is invariant under the reflections and translations in time, we
conclude that p — p> € C([0,T]; Wt ™).

Hence in order to complete the proof of the lemma, it remains to prove
the assertions about the representation formula (2.7) for the solution p.
First, recalling that Vo € L2(0,T; L°°), we can easily prove the uniqueness
of solutions to the problem (2.8). Then the existence of a solution U €
C([0,T] x [0,T] x Q) follows immediately from (2.13) and (2.14). Finally,



12 YONGGEUN CHO AND HYUNSEOK KIM

(2.7) follows from (2.12), (2.14) and (2.15). We have completed the proof of
Lemma 2.1. U

Throughout the section, we assume that the known data satisfy the fol-
lowing regularity
p0 >0, po—pXewWtrnwha, (eo,up) € D(l) N D?,
(2.21)  (h,f) € C([0,T}; L*) N L*(0,T5 L), (hy, f;) € L*(0, T; H™Y),
v e C([0,T); DN D*) N L*(0,T; D*9) and v, € L*(0,T; D})
for some constants p*°, ¢ and r such that p* > 0and 2 <r <3 < g <
6. Then the global existence of a unique strong solution (p,e,u) to the

linearized problem (2.1)—(2.6) can be proved by standard methods at least
for the case that pg is bounded away from zero.

Lemma 2.2. Assume in addition to (2.21) that pg > § in Q for some
constant § > 0. Then there exists a unique strong solution (p,e,u) to the
initial boundary value problem (2.1)—(2.6) such that

p—p* eC0,TEWH nWha), p, e C([0,T); L7 N L),
(e,u) € C([0,T]; D} N D*) N L*(0,T; D*9),
(er,ur) € C([0,T); L*) N L*(0,T; HY), (es,usr) € L*(0,T; H )
and p>d on [0,T]x Q  for some constant § > 0.

(2.22)

Proof. The existence and regularity of a unique solution p of the linear hy-
perbolic problem (2.1), (2.4) and (2.6) was proved in Lemma 2.1. Moreover,
it follows from the representation formula (2.7) that

t
(2.23) p(t,z) > (igfp0> exp <—C’/ IVu(s)|wi ds) >6>0
0

for (t,z) € [0,T] x Q. Hence we can rewrite the equations (2.2) and (2.3) as
a linear parabolic equation

et +v-Ve+ (v —1edive — kp tAe = p'Q(Vv) + h
and a linear parabolic system
ug+v-Vu+p 'Lu=f—(y—1)p 'V(pe).

The existence and regularity of solutions e and then u to the corresponding
linear parabolic problems have been well-known and in fact can be easily
proved by classical methods. For instance, in case of bounded domains, we
may apply a semi-discrete Galerkin method (as in [2]) or the method of
continuity (as in [31]). Then the case of unbounded domains can be easily
treated by means of the usual domain expansion technique (see [1] or [4]).
Finally, for a proof of the uniqueness, see the proof of Lemma 2.4 below. [
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The purpose of the section is to derive local (in time) a priori estimates for
strong solutions to the linearized problem (2.1)—(2.6), which are independent
of the lower bound ¢ of the initial density po. Let (po, €o, ug) be a given initial
data satisfying the hypotheses of Lemma 2.2, and let us choose any fixed ¢
so that

co = 1+ p™ + |po — p™|wr.rawr.a + [(€0, uo)| pprp2 + (91, 92)[72,

_1 _1
where 2 < r <3 < ¢ <6, g1 = py°(—rAeg — Q(Vuy)), 92 = py > (Lug +
Vo) and pg = (v — 1)pg eg. Moreover let v be a vector field satisfying the
regularity stated in Lemma 2.2, and assume that v(0) = up and

sup ( [v(t) g + B~ ()] p2 )
0<t<T%
(2.24)

T
[ (g + o) dt < o
0
for some fixed constants ¢y, 8 and time T} such that
1<cy<c <cog= 0 and 0<T, <T.

Then we will derive some a priori estimates for the solution (p, e, u) which
are independent of §. It should be emphasized again that throughout the
paper, we denote by C' a generic positive constant depending only on the
fixed constants u, A\, k, v, ¢, T and the norms of h and f.

2.1. Estimates for the density. To estimate the density p, we first recall
from (2.20) that

t
1p(t) = P wrrwa < Cegexp (c /0 Vol ds)

for 0 <t < Ty. Then using the estimate

N|=

)

1
t t b
/0 Vol giawte ds < t% [/0 \Vv]%pﬂwl,q ds] <C (02t + (cat)
together with the equation (2.1), we conclude that
(2.25) o(t) = p=lwrrawra < Ceo and  |py(t)|Lrare < O3

for 0 < ¢t < min(T},T1), where 71 = ¢ 1 < 1. Moreover it follows from
(2.23) and (2.25) that

(2.26) C 16 <p(t,z) <Ccy for 0<t<min(T,,Ty), = €.
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2.2. Estimates for the internal energy and pressure. We first derive
estimates for the internal energy e. Then estimates for the pressure p follow
immediately from the equation of state p = (v — 1)pe. To derive estimates
for e, we differentiate the equation (2.2) with respect to ¢ and obtain
pew + pv - Ve — kAep + (pdivo),
= Q(Vv)r + (ph)r — prv - Ve — pvy - Ve — peey.

Then multiplying this by e;, integrating over 2 and using (2.1), we have

1d
T pel dx + /i/ Ve da + /(pdivv)tet dx
(2.27)
= / (—ptv - Ve — pug - Ve + div (pv)er + Q(Vv)e + (ph)t) er dx
and
1d
T pe? dx + /1/ |Ves|? da
< [ (ndlolwelle + prod Velle + phl|Fered
2.28
(2.28) pulIVolled] + plel[Vurlled + Vol Verller] + oullklled] ) da
8
+ < hg, per > = le.
j=1

Making use of (2.24), (2.25) and (2.26), we can estimate each term I; = I;(¢)
for 0 <t < min(7%,T1) as follows:

K
Iy < Clpi|pslv|pee | Vel 2| Vel 2 < CS|Vel7, + ﬁ!Vet@Q,

1 3 1 1
Io, Is < Clpljoo | Vvl 12| Vel 2|y/perl s < Clplio Vel 12|Velp2|y/pet] 121 Ve o
K
< Cj|Velfalvpedlt + —IVeilfs + Vol

K

1
Is < Clplfolvlo=|Verl2lvped 2 < ClVperlis + | Verlia,

1
Iy < pe| 2|Vl psledl s < C(lplio Vet 2 + [pel 23| Vel12) |Vl Ve 2
K
< Caalvperis + Ce|Velps + 111 Verlre,

1 1 K
Is < C|V[ .|Vl 51 Vo 12| Ve 2 < Ceiea|Vorl7s + ﬂ]Veﬂ%Q,
and

K
I+ Is < CcglhlF—1 + Cea |7 + |/per|72 + ﬁ!vet\%%
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Substituting these estimates into (2.28), we have
d 2 2
%‘\/ﬁet‘p + K|Ver|72

< O (1+[Velts) (1+ [Vperlia) + Clercal Vurla + lhelly + chlhl22)

and then integrating this over (7,t), we also have

t
lper(t)|22 + m/ Ver|22 ds < |\/per(T)|32 + Cciea + Ccht
(2.29) g

t
+ch/ (1 + ‘V€|%2) (1 + ]\/,Eetlig) ds

for 0 < 7 <t < min(7},T}). To estimate limsup,_ |/pe:(T)|%2, we observe
from the equation (2.2) that

/ petdr < C / (1P + plo2IVel? + pleP Vol + o7t [rde + Q(V0) ) da

and thus

lim sup [vper(r)[72 < C (|pol o= [R(0)[Z2 + |polpoe [Vuo 3 [Veo|72 + 191]72)
< Cc}.

Hence, letting 7 — 0 in (2.29), we deduce that

t
NZO / Verl2a ds
(2.30) 0

< Celer+ O [ (14 V) (1-+ Valh) ds
for 0 <t < min(T%, 1), where Ty = 054 < Ty. On the other hand, since
%Weﬁ:g = 2/Ve -Veydr < 2|Vel|r2|Vey 2,
it follows that
IVe(t)|72 < C|Veo|?s + C’/Ot Ver|7zds for 0 <t <min(T},T3).

Combining this and (2.30), we deduce that

t
Ve(t) s+ [y/per(t)2 + / Verl2, ds
(2.31) 0

t

< Ccjeg + ch/ (1+ \Veﬁg) (1+ lV/pet|32) ds
0

for 0 <t < min(7%,T>). Now we define a function I'(¢) by

() = 1+ le(t)] 5y + lv/peu(t)[22-
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Then it follows from (2.31) that
t
I(t) < Ccley + ch/ I(s)3ds for 0<t<min(Ty,T3).
0

Solving this integral inequality, we easily derive
[(t) < Cejea(l — Cc%%)fé for all small ¢ > 0.
Therefore, taking T3 = (2Cci®) ™! with a large C > 1, we conclude that

t
232 ey +IVEe®s + [ o)y ds < Celey
0

for 0 <t < min(Ty, T3).
To obtain further estimates, we recall the following elliptic regularity re-
sult: if (c,w) € Dy N D7 is a solution of the elliptic system

—kAc=F and Lw=G in
with (F,G) € L" for some r € (1,00), then (¢,w) € D*",
(233) |C|D2,r S C(|F‘Lr -+ |C|D1,r) and |w‘D2,T S C(‘G’Lr + |w]D1,r).

For a detailed proof, one may refer to [1]. It should be noted that the
estimate (2.33) holds for both bounded and unbounded domains. Applying
the elliptic regularity result (2.33) to the equation —kAe = F' in 2, where
F=ph—-e —v-Ve)—pdive+ Q(Vv), we have

IVelm
< C(lphlrz + |ped|rz + |pv - Vel2 + [pedivulrz + |Q(V)|r2 + [Ve[2)
< O (L+ |V/ped| 2 + Vel 2)

and
t
Cl/ Vel q ds
0
t
< / (|Ph‘2Lq + |P€t|%q + |pv - Ve|%q + |pe divv\%q + |Q(VU)‘2LQ + |Ve\2Lq)ds
0

t
< / (e31hlLa + c5(|Vped e + [Verlza) + cges| Velin + ¢ Volio)ds
0
for 0 <t < min(7%,T1). Hence by virtue of (2.32), we deduce that
t
(2.34) le(t)|p2 < Ccj  and / le(s)[32.q ds < Cc}
0

for 0 < ¢t < min(7%,T3). Finally, recalling that p = (v —1)pe, we also deduce
from (2.32) and (2.34) that

1
(2.35) \Vp(t)|r2 < Ccies,  |Vp(t)|pa < C and  |pi(t)|2 < Cc)
for 0 <t < min(7y,T3).
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Remark 2.3. We emphasize that |Vp(t)|r2 depends on a half power of co for
all sufficiently small time t. This is the key observation to proving Theorem
3.1, the main result in this paper.

2.3. Estimates for the velocity. To derive estimates for the velocity u,
we differentiate the equation (2.3) with respect to ¢, multiply by u; and
integrate over Q. Then using the equation (2.1), we derive
1d
2dt
= /(—th + (pf)e — prv - Vu— p(2v - Vuy + v - V) ) - ug da.

p\utIQ dx + / (u]Vut\g + (A + ,u,)(divut)z) dx
(2.36)

Making repeated use of Holder, Young’s and Sobolev inequalities, we easily
deduce that

%!ﬁut\%z + 1| Vg | 7
< C(Ipeliz + lpleoelvouliz + (Ipli +1VplLs) 1filf
+ o2l 122 + el Zalvliee [ VulZa + lplooe [ulFoe [V/puel72 )
+ 17 Clploe< | Vul 2| Vul g+ | Vo 72 /puel 2.
Then it follows from the estimates (2.25), (2.26) and (2.35) that

d
SVl + ulVults < CA¥ + OISl +C (6 +nVurl2a) |/l

“2¢0) [Vultz + |VulFn

+C (5 +
for 0 <t < min(T},T3). Hence taking n = cfl and using the facts that
p(r) 73 (Lu(r) + Vp(r)) g in L? as 70
and

t
Vu(t)22 < ClVuol2 + c/ﬂ VuZads for 0<t<min(T,,Ty).
we easily obtain
t
Vul) s + V(s + [ [Vl ds
t t
< Ccy+ C/ (5 + cr MV 32) (IVulZe + [vowl32) ds + C/ |Vul2: ds
0 0
for 0 <t < min(7%,T3). In view of Gronwall’s inequality, we thus have

t t
37 [VulO): + [Vt + [ [Vulieds <O +C [ [Tuy ds
0 0

for 0 <t < min(7y,T3).
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To estimate |Vu|g1, we apply the elliptic regularity result (2.33) to the
equation (2.3). Then it follows from (2.25), (2.26) and (2.35) that

|Vulgr < C(pflrz + |put|p2 + |pv - Vulrz + V|2 + [Vulp2)
1 1 1 1
< Cler + b [ypulze + EIVul LI Vulby + ek + V)
1 1
< Ccjed + Ccf (Iy/pue| 2 + [Vul2) + §|Vu(t)|H1
and thus
1
IVu(t) | < Ccled + Cct (|Vulpz + [v/pu r2)

for 0 < ¢ < min(Ty,T3). Therefore, substituting this into (2.37) and using
Gronwall’s inequality again, we conclude that

t
Oy + V(O + [ u)l, ds < O
(2.38) D} VP 27 D} 0
1
and [u(t)|p2 < Ccfe3 for 0<t<min(7,T3).
Moreover, it follows from (2.33) with r = ¢ that if 0 < ¢ < min(7}, T3), then
Vo < C (colflue + colly/Pual + [Vl 2) + cocal Val 1 + )

and thus
t

(2.39) / IVu(s)|Zr.q,ds < Ccfy for 0 <t < min(T},T3).
0

Combining (2.38) and (2.39), we finally conclude that

1

[u()] py + cier ey [u(t) [ p2 + |v/pur(t)] 2

(2.40) t
+ [ (1@l + e.) s < 0

for 0 <t < min(7},T3). Note that the constant C' > 1 in (2.40) is indepen-
dent of any one of ¢y, ¢; and co.

2.4. Conclusion. Let us define ¢q, 8 and ¢y by
(2.41) ¢ =Ccl, B=cyte® and ca = Ber = (cplter),

where C' > 1 is the constant in the estimate (2.40). Then choosing any T
such that 0 < T, < Ty = min(7T, T3(c2)), we conclude from (2.25), (2.32),
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(2.34) and (2.40) that

sup (1p(t) = ™ lwrrewra + 1or(®)lrona + el pyop2 ) < Cck,
0<t<Ty

Ty
ess sup |(y/per, v/pue)(t)|2 +/ (lec®)| %1 + le(t)[32) dt < Oc,
(2.42) ==T 0 '

sup ( [u(t)]py + B u(t) s )
0<t<Tx

T*
[ (Ol + (0. dt < ea
0 0

Here it deserves to emphasize that the constants c1, 3, co and Ty (or Tyy)
depend only on ¢y and the parameters of C, but not on the lower bound §
of the initial density pg.

Now we can prove the key lemma to prove our main result.

Lemma 2.4. Assume in addition to (2.21) that the initial data (po, e, ug)
satisfies the compatibility condition
1 1
(2.43) —kAeyg — Q(Vug) = pigr and Lug+ Vpo=p3g2 in
for some (g1, g2) € L%, where py = (v — 1)poeo. Assume further that
T
sup (Io(®log + 87 (Olbe ) + [ (1o + o) de < o
0<t<T% 0 0

for the positive constants ¢y, 3, co = (c1 and Ty, chosen as before and
dependent only on cy (and of course on the parameters of C'), where

co =2+ p> +[po = p¥|wrrawa + [(e0s wo)| pypz + (91, 92)1 72

Then there ezists a unique strong solution (p,e,u) to the linearized problem
(2.1)(2.6) in [0,T] satisfying the estimate (2.42) as well as the regularity

p— poo € C([O,T*], WLT N WLQ)’ Pt € C([Oa T*]a L N Lq)7
(e,u) € C(0,T,]; D} N D?*) N L*(0,T,; D*9),
(er,ur) € L*(0,Ti; DY) and  (\/per, /pur) € L>(0,Ts; L?).
Remark 2.5. It follows from Lemma 2.1 that the solution p of the linear
transport equation (2.1) indeed exists for the whole interval [0,T]. Then

following the arguments in [1], we can also prove the global existence of the
solution (e, u).

Proof. We define p = po+6 for each § € (0,1). Then from the compatibility
condition (2.43), we derive

—kAeo — Q(Vug) = (p§)2g] and  Lug + (v — DV (pheo) = (pf)2 43,
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where

1 1
o\ 2 po )2
9‘15:(5) g1 and 93=<5> g2+ (v —1)
Po Po

Moreover we observe that for all small § > 0,

co > 1+ (p™ +6) + |pg — (0™ + &)lwrrawr.a + (0, w0) [ pyrp2 + (91 93) |72

Hence from the previous results for positive initial densities, we deduce that
corresponding to the initial data (pg, €0, up) with small § > 0, there exists
a unique strong solution (p°,e®,u®) of the linearized equations (2.1)(2.3)
satisfying the local estimate (2.42). From this uniform estimate on ¢§, we
conclude that a subsequence of solutions (p5,e5,u5) converges to a limit
(p,e,u) in an obvious weak or weak-* sense. It is then easy to show that
(p,e,u) is a weak solution to the linearized problem (2.1)—(2.6) in [0, 7%].
Finally, thanks to the lower semi-continuity of various norms, we find that
(p,e,u) also satisfies the estimate (2.42). This proves the existence of a
strong solution (p, e, u) with the regularity

p—p= € L®0,T;Whnwh ), p, € L>(0,T,; L" N LY),
(2.44) (e,u) € L*°(0,T,; D N D*) N L?(0, Ty; D*9),
(er,ur) € L*(0,T; DY) and  (y/per, /pur) € L>(0,Ts; L?).

Now we prove the uniqueness of solutions in this regularity class. Let
(p1,e1,u1) and (p2,e2,us) be two solutions to the problem (2.1)—(2.6) sat-
isfying the regularity (2.44), and we denote

p=p1—p2, €=e —e and U=wu —us.

First, since p € L>°(0,Ty; L?) is a solution of the linear transport equation
Py + div (pv) = 0, it follows from a uniqueness result by R. J. DiPerna and
P. L. Lions in [9] that 5 = 0, that is, p1 = po2 in [0,T}] x Q. Next, to show
that € =0 in [0, T%] x Q, we multiply the both sides of

(2.45) p1€: + p1v - Ve — kAe + (v — 1)pjedive = 0.

by € and integrate over (0,t) x . Then since (p1); + div (p1v) = 0 and
€(0) = 0 in 2, we deduce at least formally that

1 t
2/p1|e|2(t) dx—i—/ﬁ//Wededs
0
t
- —(y-— 1)//p1|e|2|divv|dxds
0

and applying Gronwall’s inequality, we also conclude that € = 0 in (0,7") x €.

(2.46)

But this argument is somewhat formal since it is not obvious that \/p,;e €
L>®(0,Ty; L?) and € € L%*(0,Ty; H}) for the case of unbounded domains.
Hence we have to justify this formal argument by deriving the identity (2.46)
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rigorously. For this purpose, we assume that €2 is an unbounded domain and
define g € L>°(0, Ty; HL(QR)) by

er(t,z) =e(t,z) pr(x) for (t,x) € [0,Ty] x Q,

where g is the same cut-off function as in the proof of Lemma 2.1. Then
from (2.45), we derive

p1 (€r), + p1v - Ver — kprAe + (y — 1)piegpdive = pr1ev - Vyg.
Hence multiplying this by ez and integrating over [0, ¢] x €, we deduce that

1 t
2/,01|eR|2(t) d:n—{—/-;/ /cp%ﬂVePd:nds
0

t
=—(y-— 1)/ /p1 [er|?div v deds + Ig(t),
0

where the remainder term Ir(t) satisfies

(2.47)

t
|mansc/”/mmde+mwmmwwwwm¢w&

Since p; € L>(0, Ty; L) and (e,v) € L>(0,Ty; DY), it follows that

|[TR(t ]<C/ /p1|eR| dxds+/ / le|| Vel + pilel?v]?) dx
SC/ /,01‘63’2d$d8+é
0

for some constant C' independent of R. Therefore, substituting this estimate
into (2.47) and applying Gronwall’s inequality, we conclude that

T.
_N2 —4\12 A
oS OIS +/o IVe(t)|12(ay,,) 4t < C.

It follows that \/p,e € L>(0,T,; L?). As a consequence, we can estimate
IR(t) again to deduce that

T* l
O] <€ [ (196l + I el VByelizlolioe ) 1Velogon s

/T 3
<C (/0 |VE’%2(Q\BR/2) ds> —0 as R — oo.

Hence letting R — oo in (2.47), we derive the identity (2.46). From this
identity, it follows that € = 0 in (0,7) x Q. A similar argument also shows
that w = 0. This completes the proof of the uniqueness.

Finally, we prove the time-continuity of the solution (p,e,u) with the
regularity (2.44). The continuity of p follows immediately from Lemma 2.1
since the solutions in L>°(0, T}; LY) of the linear transport equation (2.1) are
unique. To show the time-continuity of (e, u), we first observe that (e, u) €
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C([0,T.); D§NC(]0, Ty]; D? —weak). From the equations (2.2) and (2.3), we
also observe that ( (pe;):, (pus)¢) € L2(0,Ty; H—1). Then since (pey, puy) €
L%(0,T,; HY), it follows immediately that (pes, pus) € C(]0,T%]; L?). Hence
we conclude that for each t € [0,7.], (e,u) = (e(t),u(t)) € D} N D? is
a solution of the elliptic system —xAe = F and Lu = G in ) for some
(F,G) € C([0,Ty]; L?). Using the elliptic regularity estimate (2.33), we
easily show that (e,u) € C([0,7%]; D*). We have completed the proof of
Lemma 2.4. (]

3. AN EXISTENCE RESULT FOR POLYTROPIC FLUIDS WITH k > 0

In this section, we consider the following initial boundary value problem
for a viscous polytropic fluid with x > 0:

(3.1) pt +div (pu) =0

(3.2)  (pe)s + div (peu) — kAe + pdivu = Q(Vu) + ph in (0,T) x Q,
(3.3) (pu)t +div (pu @ u) + Lu+ Vp = pf

(3.4) (p, pe, pu)li=o = (po, poeo, pouo) in £,

(3.5) (e, u) =(0,0) on (0,7) x 09,

(3.6) (p, e, u)(t,x) — (p=°, 0, 0) as |z|]— o0, (t,x) € (0,T) x Q.

Here we used the familiar notations: Q(Vu) = & |Vu + VUT‘Q + A(divu)?,
Lu=—pAu— (A + p)Vdivu and p = (v — 1)pe.

This section is devoted to proving the existence of a unique local solution
with minimal regularity, which is the main result in the paper.

Theorem 3.1. Let p™ > 0 and q > 3 be fized constants, and let us define
r by
r=2 if p>*=0 and r=2or3 if p>*>0.
Assume that the data (po,eo,uo, h, ) satisfies the regularity condition
po >0, po—p=eWh nwha (e, ug) € DN D2,
(h, f) € C([0,T]; L*) N L*(0,T; LY) and (hg, f;) € L*(0,T; H 1)

and the compatibility condition

1 1
(3.7) —kAeg — Q(Vug) = pgg1 and Luo+ Vpo=pig2 in

for some (g1,g2) € L?, where pg = (v — 1)poeo. Then there exist a small
time Ty > 0 and a unique strong solution (p,e,u) to the initial boundary
value problem (3.1)—(3.6) such that

p—p>= € C0, T, Wh nwhao)  p, e C([0,T.]; L™ N LP),
(3.8) (e,u) € C([0,T.]; Dy N D*) N L*(0, Ty; D> ),
(er,u) € L*(0,T; DY) and  (\/per, /pur) € L=(0,Ty; L?),
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where go = min(6, q).
Before providing a proof, we make a few remarks on this theorem.

Remark 3.2. The proof of the uniqueness part of Theorem 3.1 also shows
that the solution depends continuously in some weaker norms on the initial
data. We refer the readers to [3] for a detailed result for the isentropic fluids.

Remark 3.3. Using a standard technique (see Section 7.6 in [17] for in-
stance), we can obtain a similar result to Theorem 3.1 even though we impose
an inhomogeneous boundary condition on the internal energy e.

Proof of Theorem 3.1. It suffices to consider the case 3 < ¢ < 6. Our
proof will be based on the usual iteration argument and on the results (in
particular, Lemma 2.4) in the last section.

Let us denote

co =2+ p™ + |po = p>lwrrawra + [(€0, uo)l prapz + (91, 92) 72,

and we choose the positive constants c1, 3, co and Ty, as in Section 2.4,
dependently only on cg. Next, let u € C([0,00); D} N D?) N L2(0, 00; D3)
be the solution to the linear parabolic problem

wg—Aw=0 in (0,00)x and w(0) =up in Q.

Then taking a small time 77 € (0, T.], we have

T
sup (1u(0)lpy + 67 1Ol ) + [ (1O + [0 (OF.) dt < ex
0<t<Ty 0 0

Hence it follows from Lemma 2.4 that there exists a unique strong solution
(p', e, ul) to the linearized problem (2.1)—(2.6) with v replaced by u°, which
satisfies the regularity estimate (2.42) with 7% replaced by 7. Similarly, we
construct approximate solutions (p¥, e¥, u*), inductively, as follows: assum-
ing that u*~1 was defined for k > 1, let (p*, ¥, u*) be the unique solution to
the problem (2.1)—(2.6) with v replaced by «*~'. Then it also follows from

Lemma 2.4 that there exists a constant C' > 1 such that

sup (165(6) = p™lwrrewno + 0F(®) Lrrice)

0<t<Th
(39)  + sup (e )0 pyape + ess sup |(Vokek, V/oFub) (1)
0<t<Ty 0<t<Ty

Ty 3
[ (kb O+ 1 ) Oe) de <

for all k¥ > 1. Throughout the proof, we denote by C a generic constant
depending only on ¢y and the parameters of the constant C, but independent
of k.
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From now on, we show that the full sequence (p*,e*, u*) converges to a

solution to the original nonlinear problem (3.1)—(3.6) in a strong sense. Let
us define

—k+1 __ k+1 k —k+1 __ k+1 k
pr=p" =t T =

e Wk

e, =u

Then from (3.1)—(3.3), we derive the equations for the differences

(3.10) PP 4 div () 4 div (pFab) =0,
pk+1éf+1 + pk+1uk ekt Akt
= Q(Vu*) = Q(Vult) — ey

(311) _'_pk—‘,—l (h_uk‘—l -Vek—('y—l)ekdivuk_l)
pk“( ek + (v — Der L divek + (v — 1)e* divak),
PRIl | phtLyk gkl g gkl
(3.12) — ot (f e vuk) _ g gk
_ ('Y _ 1)v(pk+lék+1 _ ﬁkJrlek).

First, we consider the case that p> > 0. Multiplying (3.10) by 7! and
integrating over {2, we obtain

/’k—&-l 2
<c / (Il 2 + [9oH ¥ + o 97 da
< C ([9uHwral 7 B2 + (V0 o + 0|2 VT 12712 )
Hence, by virtue of Young’s inequality, we have
(3.13) rp’““ 12 < AP + | VE [,

where Ag(t) = C]Vuk(t)\wm +07tC (|IVPF(t) 25 + |oF(t )]%oo) Notice from
the estimate (3.9) that Af,( ) € L'(0,T1) and fo Ak )dt < C + Cyt for all
k > 1 and t € [0,77]. Here we denote by C a generic positive constant

1 and the parameters of C’ , where n € (0,1) is a small

depending only on 1~
number.

Next, multiplying (3.11) by €*!, integrating over  and recalling that

(3.14) (") + div (p" ) =0 in Q,
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we obtain
;i/pk+1’ek+1|2 d.%’+/€/|vek+1|2d.7}
<C [ [(Iat14 1901 ) (Va1 [ ek
HAF (1] + bt k] o e divut ) e
([ IVeF] + [ div ] + e ldiva®] ) [ | de
By virtue of Holder and Sobolev inequalities, we also have

1d
2dt/pk+1ek+1|2dx+/€/]V6k+1|2dx
<€ (IVutlgs + Va1 ) [V 12l Vs a4 C [ 4 ekt o

+ CIP" P 2| s [VE T 2 + Clp T 2| Vb~ [ Ve [ VEM T 1o

+ C|Vu¥| o [/ pFHEE 7 +C\Pk+llLoo\Vuk|L2|V€k|H1!\/ R o
Hence it follows from (3.9) that

- 1/ k+1g k+1 2 +/€|V€k+1|2
(3.15) §Bk(t)< —k—+1 2 2+ | / FHIgh+1)2 )
+ VTR +C [ ek ds

for some B*(t) € L'(0,T}) such that fo BF(s)ds < C for 0 < t < Ty and

k>1.
Finally, multiplying (3.12) by @**! and integrating over €, we have

;jt/ PRt 2 da:+u/|Vuk+1|2 e
SC/[‘pk+1| <|f|+|uf|+|uk—1,vuk|> 5L 4 R [ [V
+ (‘pk+1|’ék+1| i |ﬁk+1”6k|> |Vﬂk+1|} de.
Then it also follows from (3.9) that
N AT
(3.16) < D’;(t) <’ﬁk+1‘%2 n ’\/Fﬂk—&-l‘%Q) + O/,

+mvw@r+c/wmﬂmmwﬁwm
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for some Dj(t) € L'(0,T1) such that fg Df(s)ds < C+Cyt for 0 <t < T}
and k > 1.
Therefore, combining (3.13), (3.15) and (3.16) and defining

l/JIH_l(t) k+1’L2 + 1 ‘ / k+1 —k+1 2 _}_‘ / k+1 k+1 2

we deduce that
¢k+1 + 77|Vek+1 2 .+ ,U/|vuk+1|2
(3.17) < Ef;( £yt 4 3nC|VaEr|2,

+C [ (alebie |+ uf[a1) do

for some EF(t) € L'(0,Ty) such that fot Ef(s)ds < C+Cyt for 0 <t < T}
and k > 1.

To estimate the last integral term in (3.17), we assume for the time being
that Q is an unbounded domain in R3. Then since pg — p>® € W7 and
Wh4 — Cy, where Cy consists of continuous functions on § vanishing at
infinity, we can choose a large radius R > 1 (of course, independent of k) so
that

3 5
(3.18) Zpoo < po(z) < Zpoo for x € Q\ By,
where B/, is the open ball of radius R/2 centered at the origin, and since
P () — polze — 0 as t— 0,
there exists a small time Ty € (0,7}) such that
3 5
(3.19) gpoo < pFH(t,z) < 5,000 for (t,x) € [0,T»] x (2\ Bg).

It is easy to show that T can be chosen independently of k. For this purpose,
we first observe that

Pt )

3.20 t
(3.20) = po(UFT1(0,t,2)) exp [—/ divu® (s, UM (s,t,2) ) ds| ,
0

where UF! = Uk+1(¢, 5, 2) is the solution to the initial value problem

0

8tUk+1(t s,x) = uF(t, U (¢, 5, 2)), 0<t<T)

Uk+1(s,s,$):x, 0<s<Ty, z€Q.

Moreover, in view of (3.9), we deduce that

t t ~
/ ‘divuk(s,Uk+1(s,t,$) )‘ ds < / |Vuk|peo ds < Gtz <In2
0 0
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and
U0, 2) — m} - ‘UHI(O,t,x) - UkH(t,t,m)‘

t
< [ o) dr < Gt < g
0

for all (¢,z) in [0, T5] x §2, where T3 is a small positive time depending only
on T; and the parameters of C. In particular, it follows that if 0 < t < T
and z € Q\ Bg, then U*1(0,t,2) € Q\ Bpjs. Hence the desired result
(3.19) follows immediately from (3.18) and (3.20).

Remark 3.4. The proof of (3.19) requires only that pg — p>™ € Cy. This
fact will be used later to prove Theorem 4.1.

We are ready to estimate the integral term in (3.17) as follows: for 0 <
t <171,

C [ (alebiet ! + a1 do
QNBgr

< O (IVelRa + Vil 32) [0 B 4 1 (WVE 2 4+ |11
and

C [ (e + el )
Q\BR

<o [ (eI )
< C(p™) (Ve o + IVuf B + 1) 4!
1 _ _
+ 7 (Ve e + vt )

for some constant C~'(p°°) depending also on p®. Therefore, substituting
these estimates into (3.17), we obtain

(321) %wk—kl ‘V k+1 2 ‘vuk-&-l 2 < Fk( )Qll)k—H +3né‘vﬂk|iz

for some F,é“( ) € Ll(() T5) such that fo t)ds < C(p™®) + Cyt for k > 1
and 0 <t <Ty. Note that this estimate holds also for a bounded domain 2
since we can choose a sufficiently large R so that Q C Bpg.

Now recalling that 1/**1(0) = 0 and using Gronwall’s inequality, we de-
duce from (3.21) that

wk-ﬁ-l(t)_i_/o (mvek-&-l‘L +u‘vfk+1‘22> ds

t
< (6770 / IVak |2, ds> exp (C(poo)—i-C'nt).
0
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Hence choosing small constants n > 0 and 73 > 0 so that

- ~ 1 =
61C exp (C’(poo)) =3 and exp(CyT3) = p,

we easily deduce that

o o0 T* _
> sup P + Z/ (n!VE’““!%Q + uyvﬂkﬂig) dt < €' < oo,
k=1 0<t<Tx k=1 0

where T, = min(T5,T3).

Therefore, we conclude that the full sequence (p*,e*, u*) converges to a
limit (p, e, u) in the following strong sense:

{ ph—p' = p—p' in L™0,T; L7,

3.22
( ) (eka uk) - (67 U) in L2(07 T*; Dé)

It is easy to show that the limit (p,e,u) is a weak solution to the origi-
nal nonlinear problem (3.1)—(3.6). Furthermore, it follows from (3.9) that
(p, e, u) satisfies the following regularity estimate:

T
ess sup (/v Vo) (Ol + [ (1(enu) (O + (e )0, )

0<t<T,

+ sup (Ip(t) = p=lwrrewra + lor(®lirass + (e w) (Ol pyapz ) < C.
0<t<T:

This proves the existence of a strong solution. Then adapting the arguments
in the proof of Lemma 2.4, we can easily prove the time-continuity of the so-
lution (p, e, u). One may also refer to [1] for a detailed proof. Now it remains
to prove the uniqueness of the strong solutions. To prove the uniqueness,
let (p1,e1,u1) and (p2, €2, u2) be two strong solutions to the problem (3.1)-
(3.6) with the regularity (3.8) and we denote by (p,e,u) their difference.
Then following the same arguments as in the derivations of (3.13), (3.15)
and (3.16), we can show that

% (1122 + |V/pyel32) + 5| Vel2.
< A) (192 + 1Vpiels2) + OVt + C [ [plliea)liel do
and
i!\f’IZ + p|Val?
gp VP12 T HIVUL2

< B(t) (Iplzz + Vpielie + Vo alzs) + C/ [Pll(u2)s| [l da
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for some A(t), B(t) € L*(0,Ty). Then from these results, it follows that

d (9 -y ~ —12 - 112

= (1732 + [Vpyeli + Clvaymlia ) + (wlelpy + Clafly)
< D(&) (jpl3 + Vel + Clvpyalis) + C [ 17l ((ealel + |(uzheal) de
for some D(t) € L'(0,T,). We observe that

sup [p1(t) — pF|e@\By) < C sup |p1(t) — p|wra@\Br) — 0
0<t<T., 0<t<T.

*

as R — oo. Hence, following the arguments used to derive (3.21), we easily
deduce that

d /_ _ ~ _ K _ P
= (1922 + |Vpyelie + Clyayuls ) + Slelpy + Cllh,
< B() (Ipl2 + [vp.elis + Clvpiali:)

for some E(t) € L'(0,T}). Therefore, in view of Gronwall’s inequality, we
conclude that p=¢ =0 and w =0 in (0,7%) x . This completes the proof
of the theorem for the case that p>= > 0.

Now we consider the case that p® = 0. To prove the convergence in this
case, we need to modify slightly the previous arguments. First, multiplying
(3.10) by sgn(p**t1)[p*+1|z and integrating over €2, we obtain

d
G [ < [IVatp I (19 a4 v o

3 1
< CIVuH ol 12y + Clo L [V 125",

1
Hence, multiplying this by |ﬁk+1\z 5, we have
2
d _y k(=K —k
(3.23) Py < AR 4 VR,

where Aﬁ(t) = O|Vu* ()| + n_IQkaEt)ﬁ{lﬂWLq. Notice from the uni-
form bound (3.9) that fg Af;(s) dt <C+Cytforallk>1andte|[0,T1]. In
a similar manner, we can also show that

d,_ _ _
(3.24) PG < BR0)p a4 0 Vat L,

for some BJi(t) € L*(0,T1) such that fot BE(s)dt < C+Cptfor 0 <t < Ty
and k > 1.
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Next, multiplying (3.11) by e**! and integrating over Q, we also deduce
formally that

1d
2dt/,Ok+1|ek+1|2dl‘—I—/{/|V€k+1|2dl‘

<C (|Vuk|L3 + yvu’f—l\m) IVak| 2| Ve 2

+Olp" 4 (|67lt€|D1 + |h|Ls + |Vuk71|H1W€k\H1) Vet

L20L2
+ C|Vu"| o [/ pF T 7 +C|pk+1|Lw,vuk|L2|vek|H1|\/ R

and thus

d . _

7 A /pk+1ek+1]%2 + H‘V@’H—l‘%g

< D) (12, + VAT ) 4 OVt

(3.25)

for some D¥(t) € L'(0,T1) such that [;* D¥(t)dt < C for k > 1.
Finally, from (3 12), we easily deduce that

L/ k+1uk+1 2 +M|vuk+1 2

(3.26) < E,’j(t) (|pk+1 k ‘\/Tﬂ—k-‘rl 2 )

L?mL2
+ CV et 2, + | Vat |2,

for some E,"]C( ) € LY(0,T}) such that fo Ek Yds < C+Cyt for 0 <t < T
and k > 1.

Using the estimates (3.23)-(3.26) and following the same arguments as
in the proof of (3.22), we can show that the full sequence (p*,e*, u¥) also
converges to a limit (p, e, u) in the sense of (3.22). Then adapting the pre-
vious arguments for the case p> > 0, we can easily prove that (p,e,u) is a
unique solution to the problem (3.1)—(3.6) with the regularity (3.8). This

completes the proof of Theorem 3.1. O

Remark 3.5. Our proof is somewhat formal because it was not proved that
Pl e L0, Ty; L3 N L2) and (41, aF+)) € L2(0,Ty; HY) for unbounded
domains. But this can be easily Temedzed by means of the cut-off function
vr(x) defined in the proof of Lemma 2.1.

Adapting the proof of Theorem 3.1, we can also prove the following exis-
tence result for strong solutions with higher regularity. We omit a detailed
proof and refer the readers to [1] for the proof of a similar result on the
barotropic fluid models.
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Theorem 3.6. Let (po, e, ug, h, f) be a given data satisfying the hypotheses
of Theorem 3.1. Assume in addition that

po—p> € H? and (h,f) e L*0,T;HY).
Then there exist a small time Ty, > 0 and a unique strong solution (p,e,u)
satisfying the reqularity
p—p> eC(0,T.); H*), p: € C([0,T.]; H') and (e,u) € L*(0,T,; D?)
as well as (3.8).

4. RESULTS FOR POLYTROPIC FLUIDS WITH k = (0

In this final section, we consider the initial boundary value problem for a
viscous polytropic fluid with x = 0:

1) pe +div (pu) =0

2) petu-Vp+apdive=(y—1)(Q(Vu) + ph) in (0,T) x €
4.3) (pu)t +div (pu ® u) + Lu+ Vp = pf
4.4)  (p, p, pu)lt=0 = (po, Po; pouo) in € u=0 on (0,7) x I,
4.5) (p,p,u)(t,z) — (p>,p>,0) as |z| — oo, (t,z) € (0,T) x €.
Recall again that Q(Vu) = & |[Vu + VUT‘ + A(divu)? and Lu = —pAu —

(A + p)Vdivu.
We prove the following existence result for local strong solutions.

(4.
(4.
(
(
(

Theorem 4.1. Assume that the data (po, po, uo, h, f) satisfies the reqularity
condition

po>0, po—p*eConH NWhH3,
po—p>® € H'NnWh9, wye DiNnD?* h=0,
fec(o,T;L*) N L*(0,T; L) and f; € L*(0,T;H ')

(e}

for some constants p> and q > 3, and the compatibility condition

1
Lug+Vpy = p3g in Q for some ge¢ L.

Then there exists a small time Ty, > 0 and a unique strong solution (p,p,u)
to the initial boundary value problem (4.1)—(4.5) such that

p—p=cC(0,T.];Con H' nWh3), p—p>cC(0,T.); H nWho),
pi € C([0,T.]; L> N L3), ps € C([0,T.); L* N L3) N L*(0, T,; L),
u € C([0,T.]; Dy N D*) N L2(0, T,; D> %),
uy € L2(0,T; DY) and  /pus € L=(0, T,; L),

where go = min(6, q).
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Remark 4.2. In case that p™ > 0, the reqularity CoNHNWH3 of pg— p™
can be replaced by Co N W3, We can also prove a higher reqularity result
stmilar to Theorem 3.6.

Remark 4.3. Assuming that h € C([0,T]); L?> N L3) N L?(0,T; H n Wt 9)
and py — p>*° € H'NWh 4, we can prove a similar result to Theorem 4.1.

Proof. To establish the existence of local strong solutions, we follow the
same strategy as in the previous sections. Hence we consider the following
linearized problem:

(4.6) pr +div (pv) =0

(4.7) pt+v-Vp+apdive = (v — 1)Q(Vv) in (0,7) x Q;

(4.8) (pu)t +div (pv ® u) + Lu+ Vp = pf

(4.9) (p, P, pu)|i=0 = (po, Po, poup) in Q; wu=0 on (0,7) x 9N,
(4.10) (pyp,u)(t,x) — (p°°,p>,0) as |z| — oo, (t,z) € (0,T) x Q.

where the known data (pg, po, ug, v) satisfies the following properties
co = 14 p™ +p>* + |po — p>|conminws + [po = [ miawi.a
2
+ luol pynp2 + 1917

_1
3<q<6, po=>0>0, g=py>(Lug+Vpo), v(0)=up,

T*
. —1 2 2
2 (1ol + 57 ()l ) + /0 (I + 10(t) s ) dt < 4

for some fixed constants ¢y, c¢1, 8 and time T} such that
l<cy<c <cg=pc and 0< T, <T.

Then we derive local a priori estimates for the strong solution (p,p,u) to
the problem (4.6)—(4.10), which are analogous to the estimates (2.25), (2.34)
and (2.40) in Section 2.

First, using (2.7) and (2.20), we easily deduce that

t

@10 19t0) = Flagmews < Ceoosp ([ 190 oo ds)
0

and thus

(4.12) () = p=|conmawrs < Ceo and  |py(t)] 28 < O

for 0 < ¢t < min(7T%,Ty), where 17 = 051. To estimate the pressure p, we
observe that m = p — p™>° is a solution of the linear transport equation

(4.13) T+ v Vo +yndive = (v — 1)Q(Vv) — yp>dive
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in (0,7) x Q. Hence following the same arguments as in the derivation of
(2.20), we can also show that

t
|wunHMMﬂﬂszko(1+l/ MMVvMHMMnﬂdg)
0

t
X exp (C’/ IVulgiawt.a ds>
0

for 0 <t < min(T,T1). On the other hand, from the interpolation inequal-

(4.14)

ity
|Vv|pee < C\VU!%JVD\‘IA}G’Q for some 6 =6(q) € (0,1),

it follows easily that

|Q(VV)|inpe < C\Vv[};(’]VvH/;f,q,

QYY) 1215 < CIVUIT,  1Q(VY)lwra < CIVolGn Vol

(4.15) B
whta-

Therefore, using (4.14), (4.15) and the estimates

1
t t 2
/ |VU|H10W1"1 dS S t% |:/ |V’U|%{1OW1,q d8:| S 2(02t)%,
0 0

t t
/ |IQ(Vv)| g1 ds < CCQt%e and / 1Q(Vv)|wrads < C’cztg
0 0

together with the equation (4.7), we conclude that
p(t) = p*[mawa < Ceo,

(4.16) , t , ,
W%mﬁ&bM1/W%M%@2
0

for 0 <t < min(7Ty,T3), where Th = 02_% < Ty. Note that the estimate for
|Vp|r2 do not depend on ¢y contrary to (2.35) for the case that k > 0. To
estimate the velocity u, we observe that the estimate (2.40) relies only on
the estimates (2.25) and (2.35) for the density p and pressure p, not on the
internal energy e. Hence adapting the arguments used to derive (2.40), we
can easily show that

[u(®)|py + cher ' [ut) p2 + [y/pue(t)] 2

(4.17) :
+ [ (1l + e s < cd

for 0 <t < min(T%,T3), where T3 = min(CQ_S,Tg).
Therefore, if we define

ca=0ch, B=cyct® and ¢y = Per = (c5'ed)T



34 YONGGEUN CHO AND HYUNSEOK KIM

and choose any T, such that 0 < T, < Ty = min(7,T3(c2)), then we
conclude from (4.12), (4.16) and (4.17) that

O<Sll<PT (1p(t) = p™lconmrawr.s + [p(t) — 2= mawra + [pe(t)|L2aL3)

T
+ess sup |/pu(t)|p2 + sup  |pe(t)|p2nrs + 02_1/ Ipe(t) |24 dt < Cc3
0<t<T, 0<t<T, 0

and

T
sup (|l + 07 fult)lpe) + [ (ua®lhy + )b de < e
0<t<Tx 0

Based on these a priori estimates, we can prove the existence and regular-
ity of a unique local solution (p,p,u) to the original nonlinear problem by
following exactly the same arguments as in the proof of Theorem 3.1. This
completes the proof of Theorem 4.1. O
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