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Hokkaido University
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Abstract

We give a simple proof of the duality theorem for the Monge-
Kantorovich problem in the Euclidean setting. The selection lemma
which is useful in the theory of stochastic optimal controls plays a
crucial role.

1 Introduction.

Let P0 and P1 be Borel probability measures on Rd and A(P0, P1) denote the
set of all µ ∈ M1(R

d×Rd) for which µ(dx×Rd) = P0(dx) and µ(Rd×dx) =
P1(dx), where M1(R

d × Rd) denotes the complete separable metric space,
with a weak topology, of Borel probability measures on Rd × Rd (see e.g.
[1]). Take also a Borel measurable c(·, ·) : Rd × Rd �→ [0,∞).

The study of a minimizer of the following T (P0, P1) is called the Monge-
Kantorovich problem which has been studied by many authors and which has
been applied to many fields (see [2, 4, 6, 9, 10] and the references therein):

T (P0, P1) := inf
{∫

Rd×Rd
c(x, y)µ(dxdy)

∣∣∣∣µ ∈ A(P0, P1)
}
. (1.1)
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The duality theorem for T (P0, P1) plays a crucial role in the proof of
the Monge-Kantorovich problem and has been proved for a wide class of
functions c(·, ·) (see [5, 8-10]).

They say that the duality theorem for T (P0, P1) holds if

T (P0, P1) = sup
{∫

Rd
ψ(1, y)P1(dy) −

∫
Rd

ψ(0, x)P0(dx)
}
, (1.2)

where the supremum is taken over all ψ(t, ·) ∈ L1(Pt) (t = 0, 1) for which

ψ(1, y) − ψ(0, x) ≤ c(x, y). (1.3)

In [7] we obtained a stochastic control version of (1.2)-(1.3) and gave a
new approach to h-path processes for diffusion processes as its application.
We also showed that its zero noise limit yields (1.2)-(1.3) (see [8]).

In this paper we give a simple proof for (1.2)-(1.3) since known proofs
for (1.2)-(1.3) are complicated. Indeed, Kellerer used a functional version
of Choquet’s capacitability theorem (see [5] and also [9]) and Villani did a
minimax principle (see [10, sect. 1.1]).

Our proof relies on the Legendre duality of a lower semicontinuous convex
function of Borel probability measures on Rd and on the selection lemma
which is useful in the theory of stochastic optimal controls (see the proof of
Theorem 2.1).

2 A simple proof for Duality Theorem.

We first describe our assumption.
(A.1) c ∈ C(Rd × Rd : [0,∞)) and c(x, y) → ∞ as |y − x| → ∞, and
inf{c(x, y)|y ∈ Rd} is bounded.
(A.2) T (P0, P1) is finite.
(A.3) P0 is absolutely continuous with respect to the Lebesgue measure dx.

We give a simple proof to the following which can be obtained from the
known result (see [5] and also [9, 10]).

Theorem 2.1 (Duality Theorem) Suppose that (A.1)-(A.3) hold. Then
(1.2)-(1.3) holds.
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(Proof) We prove (1.2), where the supremum is taken over all ψ(t, ·) ∈
Cb(R

d) (t = 0, 1) for which (1.3) holds. This implies the duality theo-
rem for T (P0, P1) since (1.2)-(1.3) with “=” replaced by “≥” holds and since
Cb(R

d) ⊂ L1(Pt) (t = 0, 1).
The proof is divided into the following (2.1)-(2.3):

T (P0, P1) = sup
f∈Cb(Rd)

{∫
Rd

f(y)P1(dy) − T ∗
P0

(f)
}
, (2.1)

where for f ∈ Cb(R
d),

T ∗
P0

(f) := sup
P∈M1(Rd)

{∫
Rd

f(y)P (dy) − T (P0, P )
}
.

For f ∈ Cb(R
d),

ϕ(x; f) := sup
y∈Rd

{f(y) − c(x, y)} ∈ Cb(R
d), (2.2)

T ∗
P0

(f) =
∫
Rd

ϕ(x; f)P0(dx). (2.3)

We first prove (2.1). We only have to prove T (P0, ·) : M1(R
d) �→ [0,∞)

is lower semicontinuous and convex. Indeed, this and (A.2) implies (2.1)
from [1, Theorem 2.2.15 and Lemma 3.2.3], by putting T (P0, P ) = ∞ for
P 	∈ M1(R

d).
Suppose that Qn → Q weakly as n → ∞. Then it is easy to see that

∪n≥1A(P0, Qn) is tight in M1(R
d). Take µn ∈ A(P0, Qn) (n ≥ 1) for which

T (P0, Qn) +
1

n
>

∫
Rd×Rd

c(x, y)µn(dxdy) ≥ T (P0, Qn). (2.4)

For any convergent subsequence {µk(n)}n≥1 of {µn}n≥1 and its weak limit µ0,
µ0 ∈ A(P0, Q) and

lim inf
n→∞

∫
Rd×Rd

c(x, y)µk(n)(dxdy) ≥
∫
Rd×Rd

c(x, y)µ0(dxdy) (2.5)

since c ≥ 0 from (A.1). Hence T (P0, ·) : M1(R
d) �→ [0,∞) is lower semi-

continuous. T (P0, ·) : M1(R
d) �→ [0,∞) is also convex since for any P ,

Q ∈ M1(R
d) and λ ∈ (0, 1),
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{λµ + (1 − λ)ν|µ ∈ A(P0, P ), ν ∈ A(P0, Q)} ⊂ A(P0, λP + (1 − λ)Q).

We next prove (2.2). From (A.1), for f ∈ Cb(R
d) and x ∈ Rd,

−∞ < inf
y∈Rd

f(y) − sup
y∈Rd

{ inf
y∈Rd

c(x, y)} ≤ ϕ(x; f) ≤ sup
y∈Rd

f(y) < ∞, (2.6)

which implies that ϕ(·; f) is bounded.
From (A.1), the following set is not empty for any x ∈ Rd and is bounded

on every bounded subset of Rd:

Dx := {y ∈ Rd|ϕ(x; f) = f(y) − c(x, y)}. (2.7)

Suppose that xn → x as n → ∞. Take yn ∈ Dxn and y ∈ Dx. Then
there exist a convergent subsequence {yk(n)}n≥1 and ỹ such that yk(n) → ỹ as
n → ∞ and such that

lim sup
n→∞

ϕ(xn; f) = lim
n→∞

{f(yk(n)) − c(xk(n), yk(n))} (2.8)

= f(ỹ) − c(x, ỹ) ≤ ϕ(x; f).

The following together with (2.8) implies that ϕ(·; f) ∈ C(Rd):

lim inf
n→∞

ϕ(xn; f) ≥ lim
n→∞

{f(y) − c(xn, y)} = ϕ(x; f). (2.9)

We prove (2.3) to complete the proof. For f ∈ Cb(R
d),

T ∗
P0

(f) (2.10)

= sup
P∈M1(Rd)

{
sup

{∫
Rd×Rd

(f(y) − c(x, y))µ(dxdy)
∣∣∣∣µ ∈ A(P0, P )

}}

≤
∫
Rd

ϕ(x; f)P0(dx).

(A.1) implies that the set ∪|x|≤r{x} × Dx is compact for any r > 0. Indeed,
this set is closed from (2.2) and is bounded as we mentioned in (2.7). Hence
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there exists a measurable function u : Rd �→ Rd such that u(x) ∈ Dx, dx-a.e.
by the selection lemma (see [3, p. 199]). In particular, from (A.3) and (2.10),

T ∗
P0

(f) ≤
∫
Rd×Rd

{f(y) − c(x, y)}P0(dx)δu(x)(dy) ≤ T ∗
P0

(f). (2.11)

Q.E.D.
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