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Abstract

We consider a Dirac operator H acting in the Hilbert space LQ(IRS; C4) ® C?,
which describes a Hamiltonian of the chiral quark soliton model in nuclear physics.
The mass term of H is a matrix-valued function formed out of a function F : IR® —
IR, called a profile function, and a vector field n on IR?, which fixes pointwise
a direction in the iso-spin space of the pion. We first show that, under suitable
conditions, H may be regarded as a generator of a supersymmetry. In this case, the
spetra of H are symmetric with respect to the origin of IR. We then identify the
essential spectrum of H under some condition for F'. For a class of profile functions
F, we derive an upper bound for the number of discrete eigenvalues of H. Under
suitable conditions, we show the existence of a positive energy ground state or a
negative energy ground state for a family of scaled deformations of H. A symmetry
reduction of H is also discussed. Finally a unitary transformation of H is given,
which may have a physical interpretation.

Keywords: Dirac operator, chiral quark soliton model, supersymmetry, spectrum,
ground state

1 Introduction

Let 0; (j = 1,2, 3) be the Pauli matrices:

{01 (0 —i (10
=1 0) 27 o) T lo —1

(o O . _ [ 02 1o
a] _<02 _O.J> (]_17273)7 6_<12 02>7

and
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where 0, and 15 are the 2 x 2 zero matrix and the 2 x 2 identity matrix respectively. The
matrix
V5 = —’iOélOéQOég (13)

is Hermitian with 72 = 14 (the 4 x 4 identity matrix) satisfying the following relations:
[aj, 7] =0 (i =1,2,3), {8,%}=0, (1.4)
where [A, B] := AB — BA and {A, B} :== AB + BA. We set
o = (01,09,03), a:=(a1,as,a3). (1.5)

For objects A = (A, Ay, A3) and B = (B, By, B3) such that the products A;B,
(7 =1,2,3) and their sum are defined, we write A - B := Z?Zl A,B;.
We consider a Dirac operator acting in the Hilbert space

H = L*(R*CY e C? (1.6)

where L?(IR?; C?) is the Hilbert space of C*-valued square integrable functions on IR®.
Let V := (D, Dy, D3) with D, the generalized partial differential operator in the variable
x;, the j-th component of x = (21,2, 23) € IR3. Then the free Dirac operator with mass
zero is defined by

acting in H. To introduce a perturbation to Hy, let F': IR®> — IR be Borel measurable
and finite almost everywhere (a.c.) in IR® and set

Up:=cosF+iy &7 -nsin F (1.8)

where T := (71,72, 73) with 7; := 0, (j = 1,2,3), n := (ny,n9,n3) with n; a real-valued
measurable function on IR? such that

n(x)?=1, aexclR® (1.9)

Let M > 0 be a constant. Then, by the second relation in (1.4), M (8®15)UF is a bounded
self-adjoint operator on H. Hence, by the Kato-Rellich theorem, the operator

H = H0+M(,6®12)UF (1.10)

is self-adjoint with domain D(H) = D(H,). This is the Dirac operator we consider in
this paper. The operator H appears as the Hamiltonian of the so-called the chiral quark
soliton model in nuclear physics (e.g., [5] and references therein). In this context, M and

Op:=cosF+isinFRQT-n (1.11)

(Up with ~5 replaced by 14) denote the mass of a quark and the pion field respectively,
and [ is called a profile function. The Dirac operator H is not only physically important,
but also may have interests from purely mathematical points of view. As far as we know,
no mathematically rigorous analysis has been made on the Dirac operator H ( a study

2



of a Dirac operator with a variable mass is given in [1], but, in that paper, the mass is a
scalar function).

The present paper is organized as follows. In Section 2, we show that the Dirac oper-
ator H can be regarded as a generator of a supersymmetry, and describe its implications
on the spectra of H. In Section 3 we idetify the essential spectrum of H. We also de-
rive an upper bound for the number of discrete eigenvalues of H. In particular, for a
class of F' and n, the absence of discrete eigenvalues of H is proven. Sections 4 and 5
are concerned with existence of discrete eigenvalues of H. In Section 4 we introduce a
concept of a positive energy ground state and that of a negative energy ground state of
H and show, under some condition for F', that a scaled deformation of H has a positive
energy ground state or a negative ground state. In Section 5 we discuss a symmetry
reduction of H to smaller mutually orthogonal closed subspaces which are indexed by
triples (¢, s,t) € Z x {£1} x {£1}, where ¢ denote an eigenvalue of the third component
of the angular momentum operator, s/2 the spin of the quark and ¢/2 the iso-spin of
the pion. We prove that, under suitable conditions, each reduced part of H or its scaled
version has a discrete positive ground state or a discrete negative ground state. In the
last section we present a unitary transformation which brings H to a Dirac operator with
a magnetic moment.

2 Supersymmetric Aspects
In this section we assume the following:
Hypothesis (I) Each n; (j = 1,2,3) is continuously differentiable on IR? and

(n1(x),na(x)) # (0,0), x € IR (2.1)

Let

£(x) = (rina(x) = Tin(X)), x € IR (2.2)
V(0?2 + na(x)?
Then ¢(x)? = 1, x € R?. For all x € IR?, we can define a matrix tensor

['(x) == araza38 @ {(x) (2.3)

acting on C* ® C?. Tt is easy to see that I'(x) is self-adjoint with I'(x)? = I (I denotes
identity). By the natural identification H = L*(IR?*; C*®C?), we denote the multiplication
operator by the matrix-tensor valued function I'(-) by the same symbol I'. Then T" is self-
adjoint and unitary on H.

Proposition 2.1 Suppose that Hypothesis (I) holds and &(x) is a constant matriz.
Then, for all v € D(H), I'y € D(H) and

(I, H} =0, o € D(H). (2.4)



Proof. By direct computations, we have

{asasf, o} =0(j =1,2,3), {{(x),7-n(x)}=0. (2.5)

Using these relations and the constancy of £(+), we see that, for all v € D(H) = D(H,),
'y € D(Hy) and Hol'p = —T'Hyep. Similarly, using (2.5) and [ayasasf3, 575] = 0, we see
that {M (8 ® 15)Up,I'}yp = 0. Thus (2.4) follows. |

Proposition 2. 1 shows that the Dirac operator H may be regarded as a generator of
a supersymmetry, i.e., a supercharge with respect to I' (e.g., [6, p.140]).

For a self-adjoint operator T', we denote by o(T") (resp. o,(T)) the spectrum of T" (resp.
the point spectrum of 7"). The discrete spectrum of T (the set of isolated eigenvalues of
T with finite multiplicity) is denoted oq(7T).

Theorem 2.2 Suppose that Hypothesis (I) holds and £(x) is a constant matriz. Then:

(i) o(H) is symmetric with respect to the origin of R, i.e., if A\ € o(H), then —\ €
o(H).

(11) o4 (H) (# = p,d) is symmetric with respect to the origin of R. The multiplicity
A € ou(H) coincides with that of —\ € ox(H).

Proof. By Proposition 2. 1 we have THT'™! = —H (the unitary equivalence of H and
—H). This implies the desired results. |

Remark 2.1 The properties stated in Theorem 2. 2 may differ from spectral properties
of the usual Dirac operator Hy + M + V, where V is a scalar potential.

3 The Essential Spectrum and Finiteness of the Dis-
cret Spectrum of H

3.1 Structure of the spectrum of H

For a self-adjoint operator T', we denote by cess(7) the essential spectrum of 7.

Theorem 3.1 Suppose that

le‘ILIlOO F(x) = 0. (3.1)
Then
Oess(H) = (—00, —M] U [M, c0), (3.2)

oa(H) C (=M, M).

Proof. We write H = Hy+ M (S ® Iy) +V with V := M(8 ® I5)(Ur — I). We have
|V (x)]| < M(|1—cos F(x)|+|sin F(z)|) = 0(]z] = o0). Hence we can apply [6, Theorem
4.7, Remark 2 on p.117] to H to obtain (3.2). This implies (3.3) |



3.2 Bound for the number of discrete eigenvalues of H

Assume (3.1). Then, by Theorem 3. 1, we can define the number of discrete eigenvalues
of H counting multiplicities:

Ny :=dimRanEy ((—M, M)), (3.4)

where Ep is the spectral measure of H and RanFEg((—M, M)) means the range of
Ey((—M, M)). To estimate an upper bound for Ny, we introduce a hypothesis for F' and
n:

Hypothesis (II)
(i) The functions F and n; (j = 1,2,3) are continuously differentiable on IR?.
(ii) The functions D,;F and D;ny, (j,k = 1,2,3) are bounded on IR”.

Under this assumption, we can define

3
Vp(x) = J IVEX)[2+ Y [Vng(x)2sin® F(x), x€ R (3.5)
k=1
Theorem 3.2 Assume (3.1) and Hypothesis (II). Suppose that
Cr:= / dedy < 0. (3.6)
R [x—y]?
Then Ny is finite with
M2
Ny < Cr. (3.7)
272

To prove this theorem we present a general lemma. Let K be a complex Hilbert space
and B(H) be the Banach space of bounded linear operators on K. Let V : R? — B(K)
(d € IN) be a measurable function. The function V' defines a unique multiplication
operator acting in the Hilbert space L*(IR%; K) of K-valued square integrable functions on
IR?. We denote it by the same symbol V. We assume the following (A is the d-dimensional
generalized Laplacian) :

(V.1) D((=A)Y2) ¢ D(|[V|¥?) N D(|]V*|*/?) and the form sum

AL VIO

acting in ®2L*(IR%; K) with form domain D((—A)Y?) defines a unique self-adjoint
operator bounded from below. Moreover, gess(Lg) C [0, 00).

(V.2) The operator

0o v
a0V

acting in @2L?(IR%; K) is self-adjoint on D(A), bounded from below, and oe(L) C
0, 00).



For a self-adjoint operator A, we denote by N_(A) the number of negative eigenvalues
of A counting multiplicities.

Lemma 3.3 Assume (V.1) and (V.2). Then N_(L) < N_(Ly).

Proof. Let
0 v*
Q._<V i )

2 (VP 0
Q - ( 0 |V*’2 9

Then @ is self-adjoint and

which imlies that

_ (VI 0
It is obvious that ) > —|Q|. Hence L > Ly. This inequality and the min-max principle
(e.g., [4, Theorem XIII.1, Problem 1]) imply the inequality N_(L) < N_(Ly). |

Proof of Theorem 3. 2

We note that H has the operator matrix representation

_ 0 @
H_H0+M<(DF . ) (3.8)
where ® is defined by (1.11). Hence
H?> = L(F)+ M? (3.9)
with
_ 0 Wg
L(F) = -A+ M ( W o ) , (3.10)

where Wp :=io - (V®p). Note that, by Hypothesis (II)-(ii), the second term on the right
hand side of (3.10) is a bounded self-adjoint operator and hence L(F) is self-adjoint with
D(L(F)) = D(A). By direct computations, we have

3
Wr(x)* Wr(x) = Wp(x)Wr(x)* = |[VF(x)]* + Y |[Vn;(x)]*sin® F(x),

j=1
where we have used (1.9). Hence |Wg| = |W}| = Vp. Let Lo(F) := —A — MVp. By
Theorem 3. 1, 0ess(L(F)) = [0,00). Condition (3.6) implies that Vp is a potential in the
Rollnik class [3, p.170]. Hence it follows from [4, p.118, Example 7] and Weyl’s essential
spectrum theorem [4, p.112, Theorem XIII.14] that gess(Lo(F)) = 0ess(—A) = [0, 00).
Therefore the assumption of Lemma 3.3 with L = L(F) and Ly = Lo(F') is satisfied.
Hence N_(L(F)) < N_(Lo(F)). It is well-known that N_(Lo(F)) < 8M?*Cr/(47)? ([4,
p.98, Theorem XIII.10]), where the factor 8 = dim C* ® C2. On the other hand, by the
spectral theorem, Ny < N_(Lg). Thus (3.7) follows. |

Theorem 3. 2 impilies the absence of discrete eigenvalues of H for F’s such that the
Rollnik norm of MV is sufficiently small:

Corollary 3.4 Assume (5.1) and Hypothesis (II). Let M*>Cr < 272, Then oq(H) = 0.



4 Existence of Discrete Ground States

For a self-adjoint operator A bounded from below, we set
Ey(A) :=info(A).

If Ey(A) € 0,(A), then we say that A has a ground state and we call a non-zero vector in
ker(A — Ey(A)) a ground state of A. If Ey(A) € 04(A), then we say that A has a discrete
ground state.

Definition 4.1 Let
Ef(H) :=inf (c(H)N[0,0)), E,(H):=sup(c(H)N(—00,0]). (4.1)

If Ef(H) (resp. E; (H)) is an eigenvalue of H, then we say that H has a positive (resp.
negative) energy ground state and we call a non-zero vector in ker(H — Eg (H)) (resp.
ker(H — Ey (H)) a positive (resp. negative) energy ground state of H. If Ef (H) (resp.
Ey (H)) is a discrete eigenvalue of H, then we say that H has a discrete positive (resp.
negative) energy ground state.

Remark 4.1 If the spectrum of H is symmetric with respect to the origin of IR as in
Theorem 2. 2 | then Ej (H) = —E, (H), and H has a positive energy ground state if and
only if it has a negative energy ground state.

We assume Hypothesis (II). Then the operators
Si(F):=—=A+£M(Dscos F') = —AF M(DsF)sin F. (4.2)
are self-adjoint with D(S4(F")) = D(A) and bounded from below.

Theorem 4.2 Assume Hypothesis (II) and (3.1). Suppose that Ey(Sy(F)) < 0 or
Eo(S_(F)) < 0. Then H has a discrete positive energy ground state or a discrete negative
ground state.

Proof. For each f € D(A) and u € C? with |jul| = 1, we define
Vi = (f®u,0,if ®u,0) € H, ;= (0,f@u,0,if ®u)cH.
Then we have
(VF, LIF)$7) = 2(f, Sx(F)f) .
In the case where Ey(Sy(F)) < 0, there exists a unit vector f € D(A) such that
(f,S+(F)f) < 0. Hence <w},L(F)¢JT> < 0. By Theorem 3.1 and the spectral the-

orem, we have
Oess(L(F)) = [0, 00). (4.3)
Thus, by the min-max principle, L(F') has a discrete ground state. Similarly, in the case

where Ey(S_(F)) < 0 too, L(F) has a discrete ground state. This implies that H has a
discrete positive energy ground state or a discrete negative ground state. [ |

To construct examples of F' satisfying the conditions as stated in Theorem 4. 2, we
consider a scaling. For a constant € > 0 and a function f on IR, we define a function f.
on IR? by

fo(z) == f(ex), =z €R%



Lemma 4.3 Let V :IR? = R be in L} (IR?) and, for a constant ¢ > 0,

loc
S. = —-A+V.
Suppose that the following conditions are satisfied:
(i) For alle >0, S, is self-adjoint and bounded from below and oess(S:) C [0, 00).
(i) There exists a non-empty open set Q C {x € RV (z) < 0}.
Then there exists a constant g > 0 such that, for all e € (0,eq), S: has a discrete ground

state.

Proof. By condition (ii), we can take a non-zero vector f € C5°(€2) (the set of infinitely
differentiable functions on IR? with compact support in ). Then it is easy to see that
(fey Sofe) = e7%(ase? — |bs|), where ay := |V f||%, by = (f,Vf) < 0. Hence, taking

€0 := 1/|bf|/as (note that ay # 0), we have (f., S:f.) < 0 for all ¢ € (0,¢¢). Hence, by
the min-max principle and condition (i), Ey(S:) € 04(S:). u

Lemma 4.4 Let V : R — R be continuous on R with limx 00 V(x) = 0. Suppose
that Q_ = {x € RV (2) <0} # 0. Then the following hold:

(i) —A+V acting in L*(IRY) is self-adjoint and bounded from below.
(11) Oess(—A + V) =1[0,00).
(111) S: has a discrete ground state for all € € (0,gq) with some g9 > 0.

Proof. Part (i) follows from the Kato-Rellich theorem. Part (ii) is proven by a simple
applcation of [4, p.119, Theorem XIII.15-(b)].

Since V' is continuous, the set €2_ is open. Hence Lemma 4. 3 implies the existence of
a ground state of S. for all € € (0,&¢) with some g > 0. [ |

We consider a one-parameter family of Dirac operators:
1
]‘I‘S = H0+EM(/8®12)UFE7 (44)
which is a scaled deformation of H.

Theorem 4.5 Assume Hypothesis (II) and (3.1). Suppose that Dz cos F' is not identi-
cally zero. Then there exists a constant €9 > 0 such that, for all € € (0,e9), H: has a
discrete positive energy ground state or a discrete negative ground state.

Proof. We write So.(F, M) := S.(F') to make explicit the dependence of Sy (F') on M.
At least one of the sets {x € IR?|(Dzcos F)(x) > 0} and {x € IR*(D3cos F)(x) < 0} is
not empty. The function D3 cos F' = —(D3F)sin F' is bounded and continuous satisfying
lim k|00 (D3 F)(x) = 0. Hence we can apply Lemma 4. 4 to conclude that Sy (F.,e ' M)
or S_(F.,e 'M) has a discrete ground state for all € € (0,gp) with some gy > 0. This
fact and Theorem 4. 2 yield the desired result. [ |



5 Symmetry Reduction of H

In this section, we show that, if F'is invariant under the rotations around the x3-axis, then
there exist infinitely many mutually orthogonal closed subspaces of H that reduce H. for
all € > 0 and each reduced part of H, may have a positive energy ground state or a negative
energy ground state. We use the cylindrical coordinates for points x = (21, 79, v3) € IR*:

r1=rcosf, x9=rsinf, x3=2z,
where 6 € [0,27), r > 0. We assume the following:

Hypothesis (III) There exists a continuously differentiable function G : (0,00) x R —
IR such that (i) F(x) = G(r,2z), x € R*\ {0} ; (i) lim,y 200 G(r, 2) = 0 ; (iii)
SUP;»0,em ([0G (1, 2) /07| + [0G(r, 2) /92]) < o0.

We take the vector field n to be of the form
n(x) := (sin O(r, z) cos(m#h), sin O(r, z) sin(mb), cos O(r, 2)) , (5.1)

where © : (0,00) x R — IR is continuous and m is a real constant.

Let Ls := —ix1Dy + 129D, the third component of the angular momentum. It is
well-known that Ls is essentially self-adjoint on C{°(IR®). We denote its closure by the
same symbol L3. We set

Y3 := 03 @ 03

acting on C* and define

1
K3 = L3®12+523®12+%[®T3, (52)

which is a self-adjoint operator acting in H.
We denote by 7. (¢ > 0) the unitary dilation on L?(IR*) with power &:

(T.f)(x) :=*?f(ex), f € L*R%), aex. (5.3)

Lemma 5.1 Foralle >0, T.L3T-' = L. Hence (T. ® 15)K3(T. ® 15)7! = K3 for all
e > 0.

Proof. Tt is straightforward to see that, for all f € C5°(IR?), T.Lsf = LsT.f. Since
Ce°(IR?) is a core of Ls, this equality extends to all f € D(Ls) showing that Ly C T LsT..
The both sides are self-adjoint. Hence they conincide. [ |

Lemma 5.2 Assume that
O(er,ez) =0O(r,z), (r,z) € (0,00) xR, € > 0. (5.4)
Then, for allt € IR and € > 0, the operator equality
s e~ HKs — [, (5.5)

holds.



Proof. We first prove (5.5) with ¢ = 1. We have for all t € IR
eitK3 — eitLgeitzg/Q ® e’itng/Q.
For all f € C5°(IR?), we have

("3 f)(x) = f(wicost — wysint, zy sint + x5 cost,z), x € R”.

Hence e*ls leaves C$°(IR?) invariant. It follows that, for all f € C°(IR* C*) ® €2,
¢S5 f € D(Hy) = D(H) and

Hoe's f = ™3 {( i cost + iaysint) Dy f + (—iay sint — iay cost) Dy f — iz Dsf} .

Using the matrix representation of «;, one can check that >0
;e = 720 (7 =1,2), [ag, "] = 0.
It follows from these relations and (5.6)
Hye™Ss f = ¢"Kspp f. (5.7)
We have
T2 M2 Ty (] ) pyeitmTa/2  gitms/2
and
e Esn(x)ets = (sin O(r, 2) cosm( — t),sin O(r, z) sinm(f — t), cos O(r, 2)).

It follows from these relations that

B @ 1,Upe™3 f = ™3(3® 1,)Upf. (5.8)

Combining (5.7) together with (5.8), we obtain He f = ¢ 3 H f. Since C°(IR?*; C*) ®
C? is a core of H, this equality extends to all f € D(H) = D(H,) showing H C
e s He s, The both sides are self-adjoint. Thus (5.5) follows.

We next consider the case where ¢ # 1. We write Up = U(F,n). By Lemma 5. 1, (5.8)
and the fact that 7} is a bijection from C§°(IR?) onto itself, we have f@1,U (F., n,)efs f =
(B @ 1,)U(F.,n.)f. By condition (5.4), n. = n. Hence 8 ® 1,U(F.,n.)e5s f =
™53 (B ® 1)U (F.,n) f. Therefore (5.8) holds with F replaced by F.. Thus, in the same
way as in the preceding paragraph, one can prove (5.5). [ |

We say that two self-adjoint operators on a Hilbert space strongly commute if their
spectral measures commute.

Lemma 5.3 Assume (5.4). Then, for all e > 0, H. and K3 strongly commute.

Proof. Tt follows from Lemma 5. 2 and the functional calculus for self-adjoint operators

that eifseistle — isHegitKs for g]] 5+ € IR and all ¢ > 0. This implies the strong
commutativity of H. and K3 (see [2, p.271, Theorem VIII.13] for general criteria of the
strong commutativity of self-adjoint operators ). [ |
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Let
E:=(0,00) x [0,27) x R = {(r,0,2)|r > 0,0 € [0,27), 2 € R}

and dp = rdr ® df ® dz, a measure on E. Then one can define a unitary operator
Y : L¥(IR?) — L*(E,du) by

(Y£)(r,0,2) .= f(rcos,rsinf, z), fec L*(IR?).

For each ¢ € Z, we define ¢, : [0,27) — C by

¢e(0) == \/12_7Teim, 0 € [0,2m). (5.9)

It is well-known that {¢,}, 7z is a complete orthonormal system of L?([0,2r)). For each
f € L*(E,du), we define f : (0,00) x Z x IR by

frt,2) = /0 T u(0) (1,0, 2)db.

We define an operator Dy on L*(E, du) as follows:

Oodrr dz| f(r, 0, 2)> < 0o
Jdrr [ delft.2) }

(Dof)(r,€,0) = ilf(r, ¢, e), f € D(Dy).

D(Dy) := {f € L*(

Then —iDy is self-adjoint with
0(=iDp) = 0p(=iDg) = {l}icz = Z, (5.10)
ker(—iDy — 0) = {g@ g:(0,00) x R — (D,/oo drr/ dz|g(r, 2)|* < oo} (5.11)
0 R

It is not so hard to see that

YL3Y ' = —iDy. (5.12)
Hence
O'(Lg) = O'p(Lg) =Z. (513)
Let
My =ker(Ls — ) = Y ' ker(—iDy — {). (5.14)

Then we have the orthogonal decomposition
L*(R*) = @2 M, L*Edu)=ao2  YM,. (5.15)

By (5.13), we have

o (Ks) = 0(Ks) = {£ . ’£ €Z,s—+1,1— il} (5.16)
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The eigenspace of K3 with eigenvalue ¢ 4 (s/2) + (mt/2) is given by
Mo =M@C, 7T, (5.17)

under the natural identificaion H = L*(IR*) ® C* ® C?, where C, := ker(X3 — s) and
T: := ker(m3 — t). Then H has the orthogonal decomposition

H =Bz speznMust (5.18)
Lemma 5. 3 implies the following fact:
Lemma 5.4 Assume (5.4). Then, for all e > 0, H. is reduced by each My.,.
We denote by H.(¢,s,t) by the reduced part of H. to My, and set
H(l, s,t) = Hi({,s,1), (5.19)

the reduced part of H to M.
For s = +1 and ¢ € Z, we define

”? 10 2 0 dcos G
Ss(G,0) := 5z ;5+ﬁ+@+sM o (5.20)
acting in L?((0,00) x IR, rdrdz) with domain D(S,(G,¢)) := C5°((0,00) x IR) and set
50(55<G7€)) = inf <f7 SS(G7£)f> :

FeCF((0,00) xR, I fll 120, 00) xR, rdrdz) =1

Theorem 5.5 Assume Hypothesis (III). Fix an ¢ € Z arbitrarily and s = +1. Suppose
that E(Ss(G,L)) < 0. Then, for each t = £1, H({,s,t) has a discrete positive energy
ground state or a discrete negative ground state.

Proof. Let

1 2m ) 1 2m )
Cp = \/%/o dfe™ " cos(mb), dy = \/ﬂ/o dfe™" sin(m#),
nj(r, 2) == (sin O(r, 2)ce, sin O(r, 2)dy, cos O(r, 2)),

Dgor i=cosG +1 Z n;esin G @ 7; + itnz e sin G,

7j=1
L 0 d@ 0 L 0 Cy 0
Dro=cg = oe Pre=dig 45

and
2
WGE,K,s,t =1 Z O'ij,éq)Gg,ﬂ,t —+ ZSDz(I)GE,Z,ta e > 0.
i=1
Then we have

0? 10 2 9?
Y ®1,)H WYol) ! = ——5 - +5+55
Y @ 12)He((,5,)(Y @ 1) or2  ror + rz 022

0 W¢
4+e M Gelosit | 4 M2
( Wa. e

= L.(0,s,t)+ M?
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on C§°((0,00) x R).
For each f € C$°((0,00) x IR) and u, € C? satisfying ||f|| = 1, |lw|| = 1 and 73w, = tu,
(t = +1), we define

¢}1) = (f®ut707if®ut70) S M(f, 17t)7
O = (0, f @ up, 0,if @ u) € ML, —1,1).

Then we have

(WF YLl s, )Y ) = 2(f, S(F, 0 ).

By the present assumption, there exists a unit vector f € C§°((0,00) x IR) such that
(f,Ss(F,0)f) < 0. Note that oes(L1(¢,s,t)) C [0,00). Hence, by the min-max principle,
Lyi(¢,s,t) has a discrete ground state. This implies that H (¢, s,t) has a discrete positive
energy ground state or a discrete negative ground state. [ |

Theorem 5.6 Assume Hypothesis (11I) and (5.4). Suppose that O cos G/0z is not iden-
tically zero. Then, for each { € Z, there exists a constant ¢, > 0 such that, for all
e € (0,e¢), each H.({,s,t) has a discrete positive energy ground state or a discrete nega-
tive ground state.

Proof. We write Ssa(F,0) := Ss(F,¢) to make explicit the dependence of S,(F,?)
on M. In the same way as in the proof of Theorem 4.5, one can take a vector f. €
C5°((0,00) x IR) such that (f., Ssc-1a(F:(€)) f) < 0 for all sufficiently small € > 0, where
the smallness depends on ¢. It follows from the proof of the preceding theorem that
L.(¢,s,t) has a discrete ground state. |

Corollary 5.7 Assume Hypothesis (III) and (5.4). Suppose that O cos G/0z is not iden-
tically zero. Let €y be as in Theorem 5. 6 and, for each N € IN and k > n (k,n € Z),
Vkpn = Wil 1<<k €. Then, for each ¢ € (0,v4,), He has at least (k — n) discrete
eigenvalues counting multiplicities.

Proof. We have o,(H.) = Upcz o 1—210p(H(4,5,1)). By the preceding theorem, for
each ¢ =n+1, -k, H.(¢,s,t) has a discrete eigenvalue. Thus the desired result follows.
|

Remark 5.1 This result is consistent with Theorem 3. 2 | because it reads in the present
case

1 M?Cr
et 272

and the right hand side diverges as ¢ — 0.

He
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6 A Unitary Transformation

In this section we show that, under Hypothesis (IT), the Hamiltonian H is unitarily equiv-
alent to an operator which resembles a Dirac operator with a magnetic moment.
It is easy to see that the operator

eFeT n/2 0
Xp = ( 0 e~ iF®T m/2 > (6'1>

is unitary. Under Hypothesis (II), we can define the following functions:

1
Bj(x) = 5Di(F(x) ® T n(x)), x¢€ R? j=1,2,3. (6.2)
We set
B = (Bl, 327 Bg) (63)
and introduce
HB):=Hy+Mp—-o0-B (6.4)

acting in ‘H. Note that, under Hypothesis (II), the operator —o - B is a bounded self-
adjoint operator. Hence, by a simple application of the Kato-Rellich theorem, H(B) is
self-adjoint with D(H(B)) = D(H,).

Proposition 6.1 Assume Hypothesis (1I). Then
XpHX;' = H(B). (6.5)
Proof. Noting the fact that (7 -n)? = 15, we have

®F — eiF@T-n

It follows from this fact and (3.8) that XpH X "¢ = H(B)y for all ¢ € [©*Cs°(IR?)| @ C 2.
Since [©*C5°(IR*)] ® C? is a core of H(B), the opeartor equality (6.5) follows. [
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