
Title Spectral Properties of a Dirac Operator in the Chiral Quark Soliton Model

Author(s) Arai, Asao; Hayashi, Kunimitsu; Sasaki, Itaru

Citation Hokkaido University Preprint Series in Mathematics, 678, 1-15

Issue Date 2004-12-16

DOI https://doi.org/10.14943/83829

Doc URL https://hdl.handle.net/2115/69483

Type departmental bulletin paper

File Information re678.pdf

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP



Spectral Properties of a Dirac Operator in the
Chiral Quark Soliton Model

Asao Arai∗, Kunimitsu Hayashi and Itaru Sasaki
Department of Mathematics

Hokkaido University
Sapporo 060-0810, Japan

December 16, 2004

Abstract

We consider a Dirac operator H acting in the Hilbert space L2(IR3; C 4) ⊗ C 2,
which describes a Hamiltonian of the chiral quark soliton model in nuclear physics.
The mass term of H is a matrix-valued function formed out of a function F : IR3 →
IR, called a profile function, and a vector field n on IR3, which fixes pointwise
a direction in the iso-spin space of the pion. We first show that, under suitable
conditions, H may be regarded as a generator of a supersymmetry. In this case, the
spetra of H are symmetric with respect to the origin of IR. We then identify the
essential spectrum of H under some condition for F . For a class of profile functions
F , we derive an upper bound for the number of discrete eigenvalues of H. Under
suitable conditions, we show the existence of a positive energy ground state or a
negative energy ground state for a family of scaled deformations of H. A symmetry
reduction of H is also discussed. Finally a unitary transformation of H is given,
which may have a physical interpretation.

Keywords: Dirac operator, chiral quark soliton model, supersymmetry, spectrum,
ground state

1 Introduction

Let σj (j = 1, 2, 3) be the Pauli matrices:

σ1 :=

(
0 1
1 0

)
, σ2 :=

(
0 −i
i 0

)
, σ3 :=

(
1 0
0 −1

)
(1.1)

and

αj :=

(
σj 02
02 −σj

)
(j = 1, 2, 3), β :=

(
02 12
12 02

)
, (1.2)

∗Corresponding author: arai@math.sci.hokudai.ac.jp
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where 02 and 12 are the 2× 2 zero matrix and the 2× 2 identity matrix respectively. The
matrix

γ5 := −iα1α2α3 (1.3)

is Hermitian with γ25 = 14 (the 4× 4 identity matrix) satisfying the following relations:

[αj, γ5] = 0 (j = 1, 2, 3), {β, γ5} = 0, (1.4)

where [A,B] := AB −BA and {A,B} := AB +BA. We set

σ := (σ1, σ2, σ3), α := (α1, α2, α3). (1.5)

For objects A = (A1, A2, A3) and B = (B1, B2, B3) such that the products AjBj

(j = 1, 2, 3) and their sum are defined, we write A ·B :=
∑3

j=1AjBj.
We consider a Dirac operator acting in the Hilbert space

H := L2(IR3; C 4)⊗ C 2, (1.6)

where L2(IR3; C 4) is the Hilbert space of C 4-valued square integrable functions on IR3.
Let ∇ := (D1, D2, D3) with Dj the generalized partial differential operator in the variable
xj, the j-th component of x = (x1, x2, x3) ∈ IR3. Then the free Dirac operator with mass
zero is defined by

H0 := −iα · ∇ ⊗ 12 (1.7)

acting in H. To introduce a perturbation to H0, let F : IR3 → IR be Borel measurable
and finite almost everywhere (a.e.) in IR3 and set

UF := cosF + iγ5 ⊗ τ · n sinF (1.8)

where τ := (τ1, τ2, τ3) with τj := σj (j = 1, 2, 3), n := (n1, n2, n3) with nj a real-valued
measurable function on IR3 such that

|n(x)|2 = 1, a.e.x ∈ IR3. (1.9)

LetM > 0 be a constant. Then, by the second relation in (1.4),M(β⊗12)UF is a bounded
self-adjoint operator on H. Hence, by the Kato-Rellich theorem, the operator

H := H0 +M(β ⊗ 12)UF (1.10)

is self-adjoint with domain D(H) = D(H0). This is the Dirac operator we consider in
this paper. The operator H appears as the Hamiltonian of the so-called the chiral quark
soliton model in nuclear physics (e.g., [5] and references therein). In this context, M and

ΦF := cosF + i sinF ⊗ τ · n (1.11)

(UF with γ5 replaced by 14) denote the mass of a quark and the pion field respectively,
and F is called a profile function. The Dirac operator H is not only physically important,
but also may have interests from purely mathematical points of view. As far as we know,
no mathematically rigorous analysis has been made on the Dirac operator H ( a study
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of a Dirac operator with a variable mass is given in [1], but, in that paper, the mass is a
scalar function).

The present paper is organized as follows. In Section 2, we show that the Dirac oper-
ator H can be regarded as a generator of a supersymmetry, and describe its implications
on the spectra of H. In Section 3 we idetify the essential spectrum of H. We also de-
rive an upper bound for the number of discrete eigenvalues of H. In particular, for a
class of F and n, the absence of discrete eigenvalues of H is proven. Sections 4 and 5
are concerned with existence of discrete eigenvalues of H. In Section 4 we introduce a
concept of a positive energy ground state and that of a negative energy ground state of
H and show, under some condition for F , that a scaled deformation of H has a positive
energy ground state or a negative ground state. In Section 5 we discuss a symmetry
reduction of H to smaller mutually orthogonal closed subspaces which are indexed by
triples (ℓ, s, t) ∈ ZZ× {±1} × {±1}, where ℓ denote an eigenvalue of the third component
of the angular momentum operator, s/2 the spin of the quark and t/2 the iso-spin of
the pion. We prove that, under suitable conditions, each reduced part of H or its scaled
version has a discrete positive ground state or a discrete negative ground state. In the
last section we present a unitary transformation which brings H to a Dirac operator with
a magnetic moment.

2 Supersymmetric Aspects

In this section we assume the following:

Hypothesis (I) Each nj (j = 1, 2, 3) is continuously differentiable on IR3 and

(n1(x), n2(x)) ̸= (0, 0), x ∈ IR3. (2.1)

Let

ξ(x) :=
(τ1n2(x)− τ2n1(x))√
n1(x)2 + n2(x)2

, x ∈ IR3. (2.2)

Then ξ(x)2 = 1, x ∈ IR3. For all x ∈ IR3, we can define a matrix tensor

Γ(x) := α1α2α3β ⊗ ξ(x) (2.3)

acting on C 4 ⊗ C 2. It is easy to see that Γ(x) is self-adjoint with Γ(x)2 = I (I denotes
identity). By the natural identificationH = L2(IR3; C 4⊗C 2), we denote the multiplication
operator by the matrix-tensor valued function Γ(·) by the same symbol Γ. Then Γ is self-
adjoint and unitary on H.

Proposition 2. 1 Suppose that Hypothesis (I) holds and ξ(x) is a constant matrix.
Then, for all ψ ∈ D(H), Γψ ∈ D(H) and

{Γ, H}ψ = 0, ψ ∈ D(H). (2.4)
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Proof. By direct computations, we have

{α1α2α3β, αj} = 0 (j = 1, 2, 3), {ξ(x), τ · n(x)} = 0. (2.5)

Using these relations and the constancy of ξ(·), we see that, for all ψ ∈ D(H) = D(H0),
Γψ ∈ D(H0) and H0Γψ = −ΓH0ψ. Similarly, using (2.5) and [α1α2α3β, βγ5] = 0, we see
that {M(β ⊗ 12)UF ,Γ}ψ = 0. Thus (2.4) follows.

Proposition 2. 1 shows that the Dirac operator H may be regarded as a generator of
a supersymmetry, i.e., a supercharge with respect to Γ (e.g., [6, p.140]).

For a self-adjoint operator T , we denote by σ(T ) (resp. σp(T )) the spectrum of T (resp.
the point spectrum of T ). The discrete spectrum of T (the set of isolated eigenvalues of
T with finite multiplicity) is denoted σd(T ).

Theorem 2. 2 Suppose that Hypothesis (I) holds and ξ(x) is a constant matrix. Then:

(i) σ(H) is symmetric with respect to the origin of IR, i.e., if λ ∈ σ(H), then −λ ∈
σ(H).

(ii) σ#(H) (# = p, d) is symmetric with respect to the origin of IR. The multiplicity
λ ∈ σ#(H) coincides with that of −λ ∈ σ#(H).

Proof. By Proposition 2. 1 we have ΓHΓ−1 = −H (the unitary equivalence of H and
−H). This implies the desired results.

Remark 2. 1 The properties stated in Theorem 2. 2 may differ from spectral properties
of the usual Dirac operator H0 +Mβ + V , where V is a scalar potential.

3 The Essential Spectrum and Finiteness of the Dis-

cret Spectrum of H

3.1 Structure of the spectrum of H

For a self-adjoint operator T , we denote by σess(T ) the essential spectrum of T .

Theorem 3. 1 Suppose that
lim

|x|→∞
F (x) = 0. (3.1)

Then

σess(H) = (−∞,−M ] ∪ [M,∞), (3.2)

σd(H) ⊂ (−M,M). (3.3)

Proof. We write H = H0 +M(β ⊗ I2) + V with V := M(β ⊗ I2)(UF − I). We have
∥V (x)∥ ≤M(|1−cosF (x)|+ | sinF (x)|) → 0 (|x| → ∞). Hence we can apply [6, Theorem
4.7, Remark 2 on p.117] to H to obtain (3.2). This implies (3.3)
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3.2 Bound for the number of discrete eigenvalues of H

Assume (3.1). Then, by Theorem 3. 1 , we can define the number of discrete eigenvalues
of H counting multiplicities:

NH := dimRanEH((−M,M)), (3.4)

where EH is the spectral measure of H and RanEH((−M,M)) means the range of
EH((−M,M)). To estimate an upper bound for NH , we introduce a hypothesis for F and
n:

Hypothesis (II)

(i) The functions F and nj (j = 1, 2, 3) are continuously differentiable on IR3.

(ii) The functions DjF and Djnk (j, k = 1, 2, 3) are bounded on IR3.

Under this assumption, we can define

VF (x) :=

√√√√|∇F (x)|2 +
3∑

k=1

|∇nk(x)|2 sin2 F (x), x ∈ IR3. (3.5)

Theorem 3. 2 Assume (3.1) and Hypothesis (II). Suppose that

CF :=
∫
IR6

VF (x)VF (y)

|x− y|2
dxdy <∞. (3.6)

Then NH is finite with

NH ≤ M2CF

2π2
. (3.7)

To prove this theorem we present a general lemma. Let K be a complex Hilbert space
and B(H) be the Banach space of bounded linear operators on K. Let V : IRd → B(K)
(d ∈ IN) be a measurable function. The function V defines a unique multiplication
operator acting in the Hilbert space L2(IRd;K) of K-valued square integrable functions on
IRd. We denote it by the same symbol V . We assume the following (∆ is the d-dimensional
generalized Laplacian) :

(V.1) D((−∆)1/2) ⊂ D(|V |1/2) ∩D(|V ∗|1/2) and the form sum

L0 := −∆+̇

(
−|V | 0
0 −|V ∗|

)

acting in ⊕2L2(IRd;K) with form domain D((−∆)1/2) defines a unique self-adjoint
operator bounded from below. Moreover, σess(L0) ⊂ [0,∞).

(V.2) The operator

L := −∆+

(
0 V ∗

V 0

)

acting in ⊕2L2(IRd;K) is self-adjoint on D(∆), bounded from below, and σess(L) ⊂
[0,∞).
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For a self-adjoint operator A, we denote by N−(A) the number of negative eigenvalues
of A counting multiplicities.

Lemma 3. 3 Assume (V.1) and (V.2). Then N−(L) ≤ N−(L0).

Proof. Let

Q :=

(
0 V ∗

V 0

)
.

Then Q is self-adjoint and

Q2 =

(
|V |2 0
0 |V ∗|2

)
,

which imlies that

|Q| =
(

|V | 0
0 |V ∗|

)
.

It is obvious that Q ≥ −|Q|. Hence L ≥ L0. This inequality and the min-max principle
(e.g., [4, Theorem XIII.1, Problem 1]) imply the inequality N−(L) ≤ N−(L0).

Proof of Theorem 3. 2
We note that H has the operator matrix representation

H = H0 +M

(
0 Φ∗

F

ΦF 0

)
, (3.8)

where ΦF is defined by (1.11). Hence

H2 = L(F ) +M2 (3.9)

with

L(F ) := −∆+M

(
0 W ∗

F

WF 0

)
, (3.10)

where WF := iσ · (∇ΦF ). Note that, by Hypothesis (II)-(ii), the second term on the right
hand side of (3.10) is a bounded self-adjoint operator and hence L(F ) is self-adjoint with
D(L(F )) = D(∆). By direct computations, we have

WF (x)
∗WF (x) = WF (x)WF (x)

∗ = |∇F (x)|2 +
3∑

j=1

|∇nj(x)|2 sin2 F (x),

where we have used (1.9). Hence |WF | = |W ∗
F | = VF . Let L0(F ) := −∆ −MVF . By

Theorem 3. 1 , σess(L(F )) = [0,∞). Condition (3.6) implies that VF is a potential in the
Rollnik class [3, p.170]. Hence it follows from [4, p.118, Example 7] and Weyl’s essential
spectrum theorem [4, p.112, Theorem XIII.14] that σess(L0(F )) = σess(−∆) = [0,∞).
Therefore the assumption of Lemma 3. 3 with L = L(F ) and L0 = L0(F ) is satisfied.
Hence N−(L(F )) ≤ N−(L0(F )). It is well-known that N−(L0(F )) ≤ 8M2CF/(4π)

2 ([4,
p.98,Theorem XIII.10]), where the factor 8 = dimC 4 ⊗ C 2. On the other hand, by the
spectral theorem, NH ≤ N−(LF ). Thus (3.7) follows.

Theorem 3. 2 impilies the absence of discrete eigenvalues of H for F ’s such that the
Rollnik norm of MVF is sufficiently small:

Corollary 3. 4 Assume (3.1) and Hypothesis (II). Let M2CF < 2π2. Then σd(H) = ∅.
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4 Existence of Discrete Ground States

For a self-adjoint operator A bounded from below, we set

E0(A) := inf σ(A).

If E0(A) ∈ σp(A), then we say that A has a ground state and we call a non-zero vector in
ker(A−E0(A)) a ground state of A. If E0(A) ∈ σd(A), then we say that A has a discrete
ground state.

Definition 4. 1 Let

E+
0 (H) := inf (σ(H) ∩ [0,∞)) , E−

0 (H) := sup (σ(H) ∩ (−∞, 0]) . (4.1)

If E+
0 (H) (resp. E−

0 (H)) is an eigenvalue of H, then we say that H has a positive (resp.
negative) energy ground state and we call a non-zero vector in ker(H − E+

0 (H)) (resp.
ker(H − E−

0 (H)) a positive (resp. negative) energy ground state of H. If E+
0 (H) (resp.

E−
0 (H)) is a discrete eigenvalue of H, then we say that H has a discrete positive (resp.

negative) energy ground state.

Remark 4. 1 If the spectrum of H is symmetric with respect to the origin of IR as in
Theorem 2. 2 , then E+

0 (H) = −E−
0 (H), and H has a positive energy ground state if and

only if it has a negative energy ground state.

We assume Hypothesis (II). Then the operators

S±(F ) := −∆±M(D3 cosF ) = −∆∓M(D3F ) sinF. (4.2)

are self-adjoint with D(S±(F )) = D(∆) and bounded from below.

Theorem 4. 2 Assume Hypothesis (II) and (3.1). Suppose that E0(S+(F )) < 0 or
E0(S−(F )) < 0. Then H has a discrete positive energy ground state or a discrete negative
ground state.

Proof. For each f ∈ D(∆) and u ∈ C 2 with ∥u∥ = 1, we define

ψ+
f := (f ⊗ u, 0, if ⊗ u, 0) ∈ H, ψ−

f := (0, f ⊗ u, 0, if ⊗ u) ∈ H.

Then we have ⟨
ψ±
f , L(F )ψ

±
f

⟩
= 2 ⟨f, S±(F )f⟩ .

In the case where E0(S+(F )) < 0, there exists a unit vector f ∈ D(∆) such that

⟨f, S+(F )f⟩ < 0. Hence
⟨
ψ+
f , L(F )ψ

+
f

⟩
< 0. By Theorem 3. 1 and the spectral the-

orem, we have
σess(L(F )) = [0,∞). (4.3)

Thus, by the min-max principle, L(F ) has a discrete ground state. Similarly, in the case
where E0(S−(F )) < 0 too, L(F ) has a discrete ground state. This implies that H has a
discrete positive energy ground state or a discrete negative ground state.

To construct examples of F satisfying the conditions as stated in Theorem 4. 2 , we
consider a scaling. For a constant ε > 0 and a function f on IRd, we define a function fε
on IRd by

fε(x) := f(εx), x ∈ IRd.
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Lemma 4. 3 Let V : IRd → IR be in L2
loc(IR

d) and, for a constant ε > 0,

Sε := −∆+ Vε.

Suppose that the following conditions are satisfied:

(i) For all ε > 0, Sε is self-adjoint and bounded from below and σess(Sε) ⊂ [0,∞).

(ii) There exists a non-empty open set Ω ⊂ {x ∈ IRd|V (x) < 0}.

Then there exists a constant ε0 > 0 such that, for all ε ∈ (0, ε0), Sε has a discrete ground
state.

Proof. By condition (ii), we can take a non-zero vector f ∈ C∞
0 (Ω) (the set of infinitely

differentiable functions on IRd with compact support in Ω). Then it is easy to see that
⟨fε, Sεfε⟩ = ε−d(afε

2 − |bf |), where af := ∥∇f∥2, bf = ⟨f, V f⟩ < 0. Hence, taking

ε0 :=
√
|bf |/af (note that af ̸= 0), we have ⟨fε, Sεfε⟩ < 0 for all ε ∈ (0, ε0). Hence, by

the min-max principle and condition (i), E0(Sε) ∈ σd(Sε).

Lemma 4. 4 Let V : IRd → IR be continuous on IRd with lim|x|→∞ V (x) = 0. Suppose
that Ω− := {x ∈ IRd|V (x) < 0} ̸= ∅. Then the following hold:

(i) −∆+ V acting in L2(IRd) is self-adjoint and bounded from below.

(ii) σess(−∆+ V ) = [0,∞).

(iii) Sε has a discrete ground state for all ε ∈ (0, ε0) with some ε0 > 0.

Proof. Part (i) follows from the Kato-Rellich theorem. Part (ii) is proven by a simple
applcation of [4, p.119, Theorem XIII.15-(b)].

Since V is continuous, the set Ω− is open. Hence Lemma 4. 3 implies the existence of
a ground state of Sε for all ε ∈ (0, ε0) with some ε0 > 0.

We consider a one-parameter family of Dirac operators:

Hε := H0 +
1

ε
M(β ⊗ 12)UFε , (4.4)

which is a scaled deformation of H.

Theorem 4. 5 Assume Hypothesis (II) and (3.1). Suppose that D3 cosF is not identi-
cally zero. Then there exists a constant ε0 > 0 such that, for all ε ∈ (0, ε0), Hε has a
discrete positive energy ground state or a discrete negative ground state.

Proof. We write S±(F,M) := S±(F ) to make explicit the dependence of S±(F ) on M .
At least one of the sets {x ∈ IR3|(D3 cosF )(x) > 0} and {x ∈ IR3(D3 cosF )(x) < 0} is
not empty. The function D3 cosF = −(D3F ) sinF is bounded and continuous satisfying
lim|x|→∞(D3F )(x) = 0. Hence we can apply Lemma 4. 4 to conclude that S+(Fε, ε

−1M)
or S−(Fε, ε

−1M) has a discrete ground state for all ε ∈ (0, ε0) with some ε0 > 0. This
fact and Theorem 4. 2 yield the desired result.
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5 Symmetry Reduction of H

In this section, we show that, if F is invariant under the rotations around the x3-axis, then
there exist infinitely many mutually orthogonal closed subspaces of H that reduce Hε for
all ε > 0 and each reduced part ofHε may have a positive energy ground state or a negative
energy ground state. We use the cylindrical coordinates for points x = (x1, x2, x3) ∈ IR3:

x1 = r cos θ, x2 = r sin θ, x3 = z,

where θ ∈ [0, 2π), r > 0. We assume the following:

Hypothesis (III) There exists a continuously differentiable function G : (0,∞)× IR →
IR such that (i) F (x) = G(r, z), x ∈ IR3 \ {0} ; (ii) limr+|z|→∞G(r, z) = 0 ; (iii)
supr>0,z∈IR(|∂G(r, z)/∂r|+ |∂G(r, z)/∂z|) <∞.

We take the vector field n to be of the form

n(x) := (sinΘ(r, z) cos(mθ), sinΘ(r, z) sin(mθ), cosΘ(r, z)) , (5.1)

where Θ : (0,∞)× IR → IR is continuous and m is a real constant.
Let L3 := −ix1D2 + ix2D1, the third component of the angular momentum. It is

well-known that L3 is essentially self-adjoint on C∞
0 (IR3). We denote its closure by the

same symbol L3. We set
Σ3 := σ3 ⊕ σ3

acting on C 4 and define

K3 := L3 ⊗ 12 +
1

2
Σ3 ⊗ 12 +

m

2
I ⊗ τ3, (5.2)

which is a self-adjoint operator acting in H.
We denote by Tε (ε > 0) the unitary dilation on L2(IR3) with power ε:

(Tεf)(x) := ε3/2f(εx), f ∈ L2(IR3), a.e.x. (5.3)

Lemma 5. 1 For all ε > 0, TεL3T
−1
ε = L3. Hence (Tε ⊗ 12)K3(Tε ⊗ 12)

−1 = K3 for all
ε > 0.

Proof. It is straightforward to see that, for all f ∈ C∞
0 (IR3), TεL3f = L3Tεf . Since

C∞
0 (IR3) is a core of L3, this equality extends to all f ∈ D(L3) showing that L3 ⊂ T−1

ε L3Tε.
The both sides are self-adjoint. Hence they conincide.

Lemma 5. 2 Assume that

Θ(εr, εz) = Θ(r, z), (r, z) ∈ (0,∞)× IR, ε > 0. (5.4)

Then, for all t ∈ IR and ε > 0, the operator equality

eitK3Hεe
−itK3 = Hε (5.5)

holds.
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Proof. We first prove (5.5) with ε = 1. We have for all t ∈ IR

eitK3 = eitL3eitΣ3/2 ⊗ eitmτ3/2.

For all f ∈ C∞
0 (IR3), we have

(eitL3f)(x) = f(x1 cos t− x2 sin t, x1 sin t+ x2 cos t, z), x ∈ IR3.

Hence eitL3 leaves C∞
0 (IR3) invariant. It follows that, for all f ∈ C∞

0 (IR3; C 4) ⊗ C 2,
eitK3f ∈ D(H0) = D(H) and

H0e
itL3f = eitL3 {(−iα1 cos t+ iα2 sin t)D1f + (−iα1 sin t− iα2 cos t)D2f − iα3D3f} .

(5.6)
Using the matrix representation of αj, one can check that

αje
itΣ3/2 = e−itΣ3/2αj (j = 1, 2), [α3, e

itΣ3 ] = 0.

It follows from these relations and (5.6)

H0e
itK3f = eitK3H0f. (5.7)

We have
τje

itmτ3/2 = eitmτ3/2τje
itmτ3 (j = 1, 2), τ3e

itmτ3/2 = eitmτ3/2τ3

and

e−itL3n(x)eitL3 = (sinΘ(r, z) cosm(θ − t), sinΘ(r, z) sinm(θ − t), cosΘ(r, z)).

It follows from these relations that

β ⊗ 12UF e
itK3f = eitK3(β ⊗ 12)UFf. (5.8)

Combining (5.7) together with (5.8), we obtain HeitK3f = eitK3Hf . Since C∞
0 (IR3; C 4)⊗

C 2 is a core of H, this equality extends to all f ∈ D(H) = D(H0) showing H ⊂
e−itK3HeitK3 . The both sides are self-adjoint. Thus (5.5) follows.

We next consider the case where ε ̸= 1. We write UF = U(F,n). By Lemma 5. 1 , (5.8)
and the fact that Tε is a bijection from C∞

0 (IR3) onto itself, we have β⊗12U(Fε,nε)e
itK3f =

eitK3(β ⊗ 12)U(Fε,nε)f . By condition (5.4), nε = n. Hence β ⊗ 12U(Fε,nε)e
itK3f =

eitK3(β ⊗ 12)U(Fε,n)f . Therefore (5.8) holds with F replaced by Fε. Thus, in the same
way as in the preceding paragraph, one can prove (5.5).

We say that two self-adjoint operators on a Hilbert space strongly commute if their
spectral measures commute.

Lemma 5. 3 Assume (5.4). Then, for all ε > 0, Hε and K3 strongly commute.

Proof. It follows from Lemma 5. 2 and the functional calculus for self-adjoint operators
that eitK3eisHε = eisHεeitK3 for all s, t ∈ IR and all ε > 0. This implies the strong
commutativity of Hε and K3 (see [2, p.271, Theorem VIII.13] for general criteria of the
strong commutativity of self-adjoint operators ).
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Let
E := (0,∞)× [0, 2π)× IR = {(r, θ, z)|r > 0, θ ∈ [0, 2π), z ∈ IR}

and dµ := rdr ⊗ dθ ⊗ dz, a measure on E. Then one can define a unitary operator
Y : L2(IR3) → L2(E, dµ) by

(Y f)(r, θ, z) := f(r cos θ, r sin θ, z), f ∈ L2(IR3).

For each ℓ ∈ ZZ, we define ϕℓ : [0, 2π) → C by

ϕℓ(θ) :=
1√
2π
eiℓθ, θ ∈ [0, 2π). (5.9)

It is well-known that {ϕℓ}ℓ∈ZZ is a complete orthonormal system of L2([0, 2π)). For each

f ∈ L2(E, dµ), we define f̂ : (0,∞)× ZZ× IR by

f̂(r, ℓ, z) :=
∫ 2π

0
ϕℓ(θ)

∗f(r, θ, z)dθ.

We define an operator Dθ on L2(E, dµ) as follows:

D(Dθ) :=

f ∈ L2(E, dµ)
∣∣∣∣ ∞∑
ℓ=−∞

ℓ2
∫ ∞

0
drr

∫
IR
dz|f̂(r, ℓ, z)|2 <∞

 ,
̂(Dθf)(r, ℓ, θ) = iℓf̂(r, ℓ, θ), f ∈ D(Dθ).

Then −iDθ is self-adjoint with

σ(−iDθ) = σp(−iDθ) = {ℓ}ℓ∈ZZ = ZZ, (5.10)

ker(−iDθ − ℓ) =
{
gϕℓ

∣∣∣∣g : (0,∞)× IR → C ,
∫ ∞

0
drr

∫
IR
dz|g(r, z)|2 <∞

}
.(5.11)

It is not so hard to see that

Y L3Y
−1 = −iDθ. (5.12)

Hence
σ(L3) = σp(L3) = ZZ. (5.13)

Let
Mℓ := ker(L3 − ℓ) = Y −1 ker(−iDθ − ℓ). (5.14)

Then we have the orthogonal decomposition

L2(IR3) = ⊕∞
ℓ=−∞Mℓ, L2(E, dµ) = ⊕∞

ℓ=−∞YMℓ. (5.15)

By (5.13), we have

σ(K3) = σp(K3) =
{
ℓ+

s

2
+
mt

2

∣∣∣∣ℓ ∈ ZZ, s = ±1, t = ±1
}
. (5.16)
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The eigenspace of K3 with eigenvalue ℓ+ (s/2) + (mt/2) is given by

Mℓ,s,t := Mℓ ⊗ Cs ⊗ Tt (5.17)

under the natural identificaion H = L2(IR3) ⊗ C 4 ⊗ C 2, where Cs := ker(Σ3 − s) and
Tt := ker(τ3 − t). Then H has the orthogonal decomposition

H = ⊕ℓ∈ZZ,s,t∈{±1}Mℓ,s,t. (5.18)

Lemma 5. 3 implies the following fact:

Lemma 5. 4 Assume (5.4). Then, for all ε > 0, Hε is reduced by each Mℓ,s,t.

We denote by Hε(ℓ, s, t) by the reduced part of Hε to Mℓ,s,t and set

H(ℓ, s, t) := H1(ℓ, s, t), (5.19)

the reduced part of H to Mℓ,s,t.
For s = ±1 and ℓ ∈ ZZ, we define

Ss(G, ℓ) := − ∂2

∂r2
− 1

r

∂

∂r
+
ℓ2

r2
+

∂2

∂z2
+ sM

∂ cosG

∂z
(5.20)

acting in L2((0,∞)× IR, rdrdz) with domain D(Ss(G, ℓ)) := C∞
0 ((0,∞)× IR) and set

E0(Ss(G, ℓ)) := inf
f∈C∞

0 ((0,∞)×IR),∥f∥L2((0,∞)×IR,rdrdz)=1
⟨f, Ss(G, ℓ)f⟩ .

Theorem 5. 5 Assume Hypothesis (III). Fix an ℓ ∈ ZZ arbitrarily and s = ±1. Suppose
that E0(Ss(G, ℓ)) < 0. Then, for each t = ±1, H(ℓ, s, t) has a discrete positive energy
ground state or a discrete negative ground state.

Proof. Let

cℓ :=
1√
2π

∫ 2π

0
dθe−iℓθ cos(mθ), dℓ :=

1√
2π

∫ 2π

0
dθe−iℓθ sin(mθ),

nj,ℓ(r, z) := (sinΘ(r, z)cℓ, sinΘ(r, z)dℓ, cosΘ(r, z)),

ΦG,ℓ,t := cosG+ i
∑
j=1

nj,ℓ sinG⊗ τj + itn3,ℓ sinG,

D1,ℓ := cℓ
∂

∂r
− dℓ

r

∂

∂θ
, D2,ℓ := dℓ

∂

∂r
+
cℓ
r

∂

∂θ

and

WGε,ℓ,s,t := i
2∑

j=1

σjDj,ℓΦGε,ℓ,t + isDzΦGε,ℓ,t, ε > 0.

Then we have

(Y ⊗ 12)Hε(ℓ, s, t)
2(Y ⊗ 12)

−1 = − ∂2

∂r2
− 1

r

∂

∂r
+
ℓ2

r2
+

∂2

∂z2

+ε−1M

(
0 W ∗

Gε,ℓ,s,t

WGε,ℓ,s,t

)
+M2

=: Lε(ℓ, s, t) +M2
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on C∞
0 ((0,∞)× IR).

For each f ∈ C∞
0 ((0,∞)× IR) and ut ∈ C 2 satisfying ∥f∥ = 1, ∥ut∥ = 1 and τ3ut = tut

(t = ±1), we define

ψ
(1)
f := (f ⊗ ut, 0, if ⊗ ut, 0) ∈ M(ℓ, 1, t),

ψ
(−1)
f := (0, f ⊗ ut, 0, if ⊗ ut) ∈ M(ℓ,−1, t).

Then we have ⟨
ψ

(s)
f , Y L1(ℓ, s, t)Y

−1ψ
(s)
f

⟩
= 2 ⟨f, Ss(F, ℓ)f⟩ .

By the present assumption, there exists a unit vector f ∈ C∞
0 ((0,∞) × IR) such that

⟨f, Ss(F, ℓ)f⟩ < 0. Note that σess(L1(ℓ, s, t)) ⊂ [0,∞). Hence, by the min-max principle,
L1(ℓ, s, t) has a discrete ground state. This implies that H(ℓ, s, t) has a discrete positive
energy ground state or a discrete negative ground state.

Theorem 5. 6 Assume Hypothesis (III) and (5.4). Suppose that ∂ cosG/∂z is not iden-
tically zero. Then, for each ℓ ∈ ZZ, there exists a constant εℓ > 0 such that, for all
ε ∈ (0, εℓ), each Hε(ℓ, s, t) has a discrete positive energy ground state or a discrete nega-
tive ground state.

Proof. We write Ss,M(F, ℓ) := Ss(F, ℓ) to make explicit the dependence of Ss(F, ℓ)
on M . In the same way as in the proof of Theorem 4. 5 , one can take a vector fε ∈
C∞

0 ((0,∞)× IR) such that ⟨fε, Ss,ε−1M(Fε(ℓ))fε⟩ < 0 for all sufficiently small ε > 0, where
the smallness depends on ℓ. It follows from the proof of the preceding theorem that
Lε(ℓ, s, t) has a discrete ground state.

Corollary 5. 7 Assume Hypothesis (III) and (5.4). Suppose that ∂ cosG/∂z is not iden-
tically zero. Let εℓ be as in Theorem 5. 6 and, for each N ∈ IN and k > n (k, n ∈ ZZ),
νk,n := minn+1≤ℓ≤k εℓ. Then, for each ε ∈ (0, νk,n), Hε has at least (k − n) discrete
eigenvalues counting multiplicities.

Proof. We have σp(Hε) = ∪ℓ∈ZZ,s,t=±1σp(Hε(ℓ, s, t)). By the preceding theorem, for
each ℓ = n+1, · · · , k, Hε(ℓ, s, t) has a discrete eigenvalue. Thus the desired result follows.

Remark 5. 1 This result is consistent with Theorem 3. 2 , because it reads in the present
case

NHε ≤
1

ε4
M2CF

2π2

and the right hand side diverges as ε→ 0.
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6 A Unitary Transformation

In this section we show that, under Hypothesis (II), the Hamiltonian H is unitarily equiv-
alent to an operator which resembles a Dirac operator with a magnetic moment.

It is easy to see that the operator

XF :=

(
eiF⊗τ ·n/2 0

0 e−iF⊗τ ·n/2

)
(6.1)

is unitary. Under Hypothesis (II), we can define the following functions:

Bj(x) :=
1

2
Dj(F (x)⊗ τ · n(x)), x ∈ IR3, j = 1, 2, 3. (6.2)

We set
B := (B1, B2, B3) (6.3)

and introduce
H(B) := H0 +Mβ − σ ·B (6.4)

acting in H. Note that, under Hypothesis (II), the operator −σ · B is a bounded self-
adjoint operator. Hence, by a simple application of the Kato-Rellich theorem, H(B) is
self-adjoint with D(H(B)) = D(H0).

Proposition 6. 1 Assume Hypothesis (II). Then

XFHX
−1
F = H(B). (6.5)

Proof. Noting the fact that (τ · n)2 = 12, we have

ΦF = eiF⊗τ ·n.

It follows from this fact and (3.8) that XFHX
−1
F ψ = H(B)ψ for all ψ ∈ [⊕4C∞

0 (IR3)]⊗C 2.
Since [⊕4C∞

0 (IR3)]⊗ C 2 is a core of H(B), the opeartor equality (6.5) follows.
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